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1 Gentzen

1.1 G. GentzenͷֶҐ࿦จ [Gentzen34/35]

ࣗવԋ៷ (Natural Deduction) NJ, NK

Δ࡞Λܥతͳ࿦ཧମࣜܗͷܗΓ͍ۙݶͷਪ࿦ʹͰ͖Δࡍ࣮

࿦ཧه߸ ∨,∧,¬, ⊃ʢͳΒ͹ʣ∃, ∀͝ͱʹରΛ੒͢

ಋೖنଇɿͲͷΑ͏ͳͱ͖ʹͦͷه߸Λ݁࿦ͯ͠Α͍͔ʢه߸ͷఆٛʣ
আنڈଇɿಋೖنଇ͕ఆΊΔه߸ͷҙຯ͔Βͷ݁ؼ
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A0 A1

A0 ∧ A1
(∧I) A0 ∧ A1

Ai
(∧E)

(i = 0, 1)

[A]....
B

A ⊃ B
(⊃ I) A ⊃ B A

B
(⊃ E)

ಋೖنଇ (⊃ I)Λ༻͍ΔͱԾఆA͕ʮམͪΔʯ(closed, discharged)͋Δ͍
͸ଋറ͞ΕΔ.
͞ΒʹNJͰ͸ໃ६⊥ʹؔ͢Δنଇ (⊥)͕, ͦͯ͠NKͰ͸ೋॏ൱ఆͷ

আنڈଇ (¬¬) ͕༻͍ΒΕΔ.

⊥
A

(⊥) ¬¬A
A

(¬¬)
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ʢNJ, NK͸ʣ҃Δಠಛͳੑ࣭Λ΋͍ͬͯΔͱ͍͏͜ͱ΍, ͞Βʹ
ͦͷ఺ʹؔͯ͠͸,௚؍ओٛऀ͕൱ೝ͢Δͱ͜Ζͷ ‘ഉத཯’͕ಛघ
ͳ஍ҐΛ઎Ί͍ͯΔͱ͍͏͜ͱ΋Θ͔͖ͬͯͨ

Ͱͷʮ҃Δಠಛͳੑ࣭ʯͱ͸جຊఆཧ (Hauptsatz), ਖ਼نԽఆཧ (normaliza-
tion theorem)

७ਮʹ࿦ཧతͳূ໌͸, ͢΂ͯ҃Δಛఆͳඪ४ܗʹม͢ܗΔ͜ͱ
͕Ͱ͖Δ.

ඪ४ܗʹͳ͓͞Εͨূ໌ͷ࠷΋ຊ࣭తͳੑ࣭ΛҰ͑ݴͯ͠ʹݴ͹,
ͦΕ͸ ‘·ΘΓಓ͕ͳ͍’ͱ͍͏͜ͱͰ͋Δ. ূ໌ͷޙ࠷ͷ݁࿦ʹ
ؚ·Ε͍ͯΔ֓೦͸, ͦͷ݁࿦ΛಘΔͨΊʹඞવతʹ༻͍͟ΔΛ
ಘͳ͍΋ͷͰ͋Δ͕, ͦΕҎ֎ͷҰ੾ͷ֓೦͸, ͜ͷূ໌ʹ͸ݱΕ
ͳ͍
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ඪ४ܗʹͳ͍ͬͯΔূ໌Ͱ͸, ಋೖنଇʹଓ͍ͯআنڈଇΛ༻͍Δͱ͍
͏͜ͱ͕ͳ͍. ∧ͳΒࠨͷূ໌͸ඪ४ܗͰ͸ͳ͘, ͦΕ͸ӈʹม͞ܗΕΔɿ

.... π0
A0

.... π1
A1

A0 ∧ A1
(∧I)

Ai
(∧E)

❀

.... πi
Ai

·ͨ⊃Ͱ͸
[A].... ρ
B

A ⊃ B
(⊃ I)

.... π
A

B
(⊃ E)

❀

.... π
A.... ρ
B

ӈͷূ໌Ͱ͸, ূ໌ ρͰͷԾఆAͷͱ͜ΖʹAʹࢸΔূ໌ πΛ୅ೖͯ͠
͍Δ.
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• ࣗવԋ៷ͷಋೖͷӨڹ

[Prawitz65]ɿਖ਼نԽఆཧͷূ໌ͷग़൛ͱࣗવԋ៷ͷ෮ݖ, cf. [2ndScand71,
Kreisel71].
[Howard82]ɿCurry-HowardରԠ (isomorphism), ࣗવԋ៷Ͱͷূ໌ͱϓϩ
άϥϜͷରԠ͓Αͼ໋୊ͱܕͷରԠ, ͞Βʹূ໌ͷมܗͱܕ෇͖ϥϜμܭ
,ͱͷରԠࢉܭΔ͚͓ʹࢉ cf. [Girard89].
[Martin-Löf98]ɿܕཧ࿦
[Tait67]ɿ[Gödel58]ͷ T Λ,ܕ෇͖λ-ࣜͷ֦ுͱͯ͠, computability predi-
cateʹΑΔڧਖ਼نԽ (strong normalization,͋ΒΏΔࢉܭͷఀੑࢭ)ͷূ໌.
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• sequent calculi LJ, LKͷಋೖ

ʹΔ͜ͱ͕Ͱ͖ΔΑ͏͢໌ূ͠ݱͰදܗຊఆཧΛ͖ͬ͢Γͨ͠ج
͢ΔͨΊʹ͸, ಛʹͦΕʹదͨ͠࿦ཧࢉܭΛૅجʹ͓͔Ͷ͹ͳΒ
ͳ͔ͬͨ. ͜ͷ໨తͷͨΊʹ͸, ࣗવͳ࿦ཧ͕ࢉܭෆద౰Ͱ͋Δ͜
ͱ͸Θ͔͍ͬͯͨ. ͔֬ʹͦΕ͸جຊఆཧΛ੒ཱͤ͞ΔͨΊͷຊ
࣭తͳੑ࣭Λ͢Ͱʹࣔͯ͠͸͍Δ. ͔͠͠, લʹ΋஫ҙ͓͍ͯͨ͠
Α͏ʹ, ͜ͷੑ࣭ʹؔ࿈ͯ͠ഉத཯͕ಛघͳ஍ҐΛ઎Ί͍ͯΔݶ
Γ͸, ͜ͷ͜ͱ͸௚؍ओٛ࿦ཧʹͷΈݶఆ͞Εͯ͠·͏ͷͰ͋Δ.

ਖ਼نԽఆཧͱͯ͠ͷجຊఆཧ͸௚؍ओٛ࿦ཧNJʹ͍ͭͯ͸͖Ε͍ʹड़΂
ͯূ໌͢Δ͜ͱ͕Ͱ͖Δ͕, .య࿦ཧNKʹ͍ͭͯ͸ͦ͏Ͱ͸ͳ͍ݹ ྆ํ
ͷ࿦ཧʹڞ௨ʹ੒Γཱ࣮ͭࣄͱͯ͠ఆࣜԽͯ͠ূ໌͢ΔͨΊʹ࿦ཧࣗࢉܭ
ମΛมߋ.
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LK ͷ sequent Γ → ∆, Γ΍∆͸࿦ཧࣜͷ༗ྻݶ.
ެཧɿA → A.
ਪ࿦نଇ=ߏ଄ͷنଇ+࿦ཧه߸ͷنଇ+Χοτ (cut).

Γ → ∆, C C,Λ → Θ
Γ,Λ → ∆,Θ

(cut)

A,Γ → ∆, B
Γ → ∆, A ⊃ B

(⊃ R)
Γ → ∆, A B,Λ → Θ
A ⊃ B,Γ,Λ → ∆,Θ

(⊃ L)

ʣ׵଄ɿweakeningʢ૿΍͢ʣcontractionʢ·ͱΊΔʣexchangeʢަߏ
(cut)ͱ⊃ʹؔ͢ΔنଇҎ֎͸ࠨӈରশ.
(cut)Ҏ֎Ͱ͸ਪ࿦نଇͷ্ʹ͋Δ sequentʹݱΕΔ࿦ཧࣜ͸Լʹ͋Δ se-
quentͷ͋Δ࿦ཧࣜͷ෦෼࿦ཧࣜ, A(t)͸∃xA(x), ∀xA(x)ͷ෦෼࿦ཧࣜͱ
ͯ͠. cut-freeͳূ໌ʹݱΕΔ࿦ཧࣜ͸, ূ໌͞Ε͍ͯΔ sequent ΕΔݱʹ
ͲΕ͔ͷ࿦ཧࣜͷ෦෼࿦ཧࣜʹݶΔ.
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Γ → ∆
A,Γ → ∆

(wL)
A,A,Γ → ∆
A,Γ → ∆

(cL)
Γ, A,B,Λ → ∆
Γ, B,A,Λ → ∆

(eL)

Γ → ∆
Γ → ∆, A

(wR)
Γ → ∆, A,A
Γ → ∆, A

(cR)
Γ → Λ, A,B,∆
Γ → Λ, B,A,∆

(eR)

Γ → ∆, Ai

Γ → ∆, A0 ∨ A1
(∨R)

Ai,Γ → ∆
A0 ∧ A1,Γ → ∆

(∧L)
A0,Γ → ∆ A1,Γ → ∆

A0 ∨ A1,Γ → ∆
(∨L) Γ → ∆, A0 Γ → ∆, A1

Γ → ∆, A0 ∧ A1
(∧R)

Γ →,∆, A
¬A,Γ → ∆

(¬L) A,Γ → ∆
Γ → ∆,¬A (¬R)

Γ → ∆, A(t)

Γ → ∆, ∃xA(x) (∃R)
A(t),Γ → ∆

∀xA(x),Γ → ∆
(∀L)

A(b),Γ → ∆

∃xA(x),Γ → ∆
(∃L)

Γ → ∆, A(b)

Γ → ∆, ∀xA(x) (∀R)

(∃L), (∀R)Ͱͷ b͸ eigenvariableͰԼʹݱΕͳ͍.
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௚؍ओٛ࿦ཧͷ sequent calculus LJ ͸, LK ʹ͓͍ͯ sequentΛʮ໼ҹ
→ͷӈʹؚ·ΕΔ࿦ཧࣜ͸͔͔ͨͩͻͱͭʯͱͳΔ΋ͷʹ੍ͯ͠ݶಘΒΕ
Δ. sequent Γ → B1, . . . , Bn ͕LJͷ sequentͳͷ͸ n = 0, 1ͷ৔߹͚ͩ.

ࣗવԋ៷ sequent calculus
ಋೖنଇ ӈنଇ
আنڈଇ ଇ+(cut)نࠨ

A0 A1

A0 ∧ A1
(∧I) Γ → A0 Γ → A1

Γ → A0 ∧ A1
(∧R)

A0 ∧ A1

Ai
(∧E)

Γ → A0 ∧ A1

Ai → Ai

A0 ∧ A1 → Ai
(∧L)

Γ → Ai
(cut)

(cut)͸ࣗવԋ៷Λ sequent calculusͰ໛฿͢Δͱ͖ʹग़͢ݱΔ.
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,ຊఆཧج Χοτফڈఆཧ (cut elimination theorem)ɿLK [LJ] ʹ
͓͚Δূ໌Λ্खʹม͍ͯ͘͠ܗͱ͔ͦ͜Β (cut)͕͢΂ͯऔΓআ
͔Εͯ (cut)ແ͠ͷ LK [LJ]ͷূ໌͕ಘΒΕ, ͦΕ͕ূ໌͍ͯ͠Δ
sequent͸ݩͷূ໌ͷͦΕͱಉ͡Ͱ͋Δ

• [Gentzen34/35]ͰͷجຊఆཧͷԠ༻

௚؍ओ໋ٛ୊࿦ཧͷܾఆ໰୊ͷղ๏ͱ਺ֶతؼೲ๏Λؚ·ͳ͍ݹయత
.ज़PA−ͷແໃ६ੑূ໌ࢉ

య࿦ཧݹ LKͷແໃ६ੑ͸ one element modelʹΑΓ໌Β͔.
PA− =౳߸ެཧ, ∀x(x+ 1 ̸= 0), ∀x, y(x+ 1 = y+ 1 ⊃ x = y),+, ·ͷެཧ.
PA−͸ແݶϞσϧ͔࣋ͨ͠ͳ͍.
sequent PA− →ͷLKͰͷূ໌͔Β (cut)Λআ͢ڈΕ͹ͦͷΑ͏ͳূ໌͸
ଘ͠ࡏಘͳ͍͜ͱ͕෼͔Δ.
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య࿦ཧɿݹ ଇΛؚ·ͳ͍ن଄ͷߏ one-sided sequent calculus.
࿦ཧࣜ͸͢΂ͯ൱ఆඪ४ܗʢ¬͸ࢠݪ࿦ཧࣜʹͷΈ࡞༻ʣ

Γ,¬A,A (ax)
Γ, Ai

Γ, A0 ∨ A1
(∨)

Γ, A(t)
Γ, ∃xA(x) (∃)

Γ,¬A A,∆
Γ,∆

(cut)
Γ, A0 Γ, A1

Γ, A0 ∧ A1
(∧)

Γ, A(b)
Γ, ∀xA(x) (∀)

Γ΍∆͸࿦ཧࣜͷ༗ूݶ߹ͰΓ,∆ := Γ ∪∆, Γ, A := Γ ∪ {A}.

෦෼ߏ଄࿦ཧ (substructural logic)ͷͦͷޙͷൃలΛ͑ߟΔͱ,ߏ଄ʹؔ
͢ΔنଇΛGentzen͕෼཭ͯ͠औΓग़͓͍ͯͯ͘͠ΕͯΑ͔ͬͨ.
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1.2 [Gentzen74a, Gentzen36, Gentzen38, Gentzen43]

[Gentzen74a, Gentzen36, Gentzen38]Ͱࣔ͞Ε͍ͯΔ͜ͱΛ, PA ͷߏ੒త
ͳແໃ६ੑূ໌Ͱ͋Δͱཧղͯ͠͸͍͚ͳ͍.

[Kolmogorov25, Gödel33, Gentzen74b]ɿPA ↪→ HA.

PA ͷແໃ६ੑূ໌͸, Ϟσϧ N ͷଘࡏ, BHKղऍͰͷʢ॥؀ΛؚΉʣ
,੒ͷ֓೦ߏ Ͱ͸ෆՄ.

తͳख๏͸ݶఔ౓ͷ༗࡞ͷૢ߸ه PA ͰࣜܗԽͰ͖ΔͩΖ͏͔Βແཧ,
[Gödel31].
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༗ݶతͳํ๏ͷԆ௕ʹ͋Γͳ͕Β, ͦΕΛ௒͑ग़Δํ๏Λ͍ݟग़͢͜ͱ.
PAͷ࿦ཧࣜʹ, .੒తͰ΋ͳ͍ղऍΛ༩͑ΔߏయతͰ΋ݹ

༗ݶͷূ໌ proof figure ͸, ແݶͷ (cut)ແ͠ͷূ໌ cut-free ω-
derivation Λ encode͍ͯ͠Δ, ΋͘͠͸લऀ͸ऀޙͷදهͰ͋Δ

࿦ཧࣜ,ΑΓҰൠʹ͸sequent͕ਖ਼͍͠ͱ͸,ͦͷcut-free ω-derivation
͕ଘ͢ࡏΔ͜ͱͰ͋Δ

⊢ Γɿsequent Γͷ cut-free ω-derivation͕ଘࡏ.

· · · Γ, A(n̄) · · ·
Γ

ω-derivation͸ sequentsͷω-branching wellfounded treeͱͳΔ.
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ࣔ͢΂͖͸

PA ⊢ Γ(a, . . .)ͳΒ͹, ೚ҙͷn, . . .ʹ͍ͭͯ ⊢ Γ(n̄, . . .).

ຊ࣭తʹ͸, [Schütte51, Tait68, Mints75]ͰͷΑ͏ʹω-logicͰͷCE.
਺ֶతؼೲ๏ͷਪ࿦نଇɿ

Γ, A(0̄) Γ,¬A(a), A(a+ 1)
Γ

Λ (cut)ͷ࿈ͳΓ

Γ, A(0̄)

Γ, A(0̄) Γ,¬A(0̄), A(1̄)
Γ, A(1̄)

Γ, A(1̄) Γ,¬A(1̄), A(2̄)
Γ, A(2̄) · · ·

Γ

Ͱஔ͖͑׵Δ.
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ͦ͜Ͱ໰୊͸ͭ͗Λࣔ͢͜ͱɿ

Lemma 1.1 ⊢ Γ,¬C ͔ͭ ⊢ C,∆ ͳΒ͹ ⊢ Γ,∆.

Lemma 1.1͸⊢ Γ,¬C͓Αͼ⊢ C,∆ΛͦΕͧΕࣔ͢ wellfounded trees
ʹؔ͢Δؼೲ๏Ͱࣔ͞ΕΔ.

Lemma 1.1ͱͦΕ͔ΒಘΒΕΔղऍͷূڌͰ͋Δ PAͰূ໌Ͱ͖Δ se-
quent Γͷ cut-free ω-derivation͸, wellfoundedͰ͋Δ͔Βͦͷ heightΛ
ॱং਺ͱͯͯ͑͠ߟ, ॱং਺͕දʹग़ͯ͘Δ.
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ؔ༩͢Δॱং਺ (ordinal term)͸ ε0 = min{λ > ω : ∀α < λ(2α < λ)}.
ωΑΓେ͖͍ɿ਺ֶతؼೲ๏
਺ؔ਺ࢦ 2αͰด͍ͯ͡Δඞཁੑ͸ҎԼʹΑΔ.

⊢α
d Γɿdepth≤ α, ͦͷதͷ (cut)ͷ cut formulaͷෳ͞ࡶ< dͱ͍͏Γͷ

ω-derivation͕ଘ͢ࡏΔ.

Lemma 1.2 ⊢α
d+1 ΓͳΒ͹⊢2α

d Γ.

d = 0ͷ৔߹ͷ⊢α
0 Γ͸Γͷ cut-free ω-derivation Ͱͦͷ depth≤ αͳΔ΋

ͷ͕ଘ͢ࡏΔ͜ͱΛҙຯ͢Δ.
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[Gentzen38]ɿ proof figureͱ ordinal termͱ͍͏༗ݶͷର৅ʢͲͪΒ΋
ແݶͷର৅Λ denote͍ͯ͠Δʣಉ͕࢜௚ʹ݁ͼ͚ͭΒΕ͍ͯΔ.
[Schütte51, Tait68, Mints75]Ͱͷ infinitary derivationͷcut-eliminationΛ
ͦͷ code͋Δ͍͸ embeddingͷpreimageͰ͋Δ༗ݶͷূ໌ਤ্Ͱ͍ͯ͠
Δ, cf. [Buchholz97].
ͭͨ;Մೳؔ਺Λࢉܭ r : p -→ r(p), o : p -→ o(p)ͭͬͯ͘

ໃ६ (empty sequent) → ͷূ໌ਤͷ code p ʹରͯ͠, r(p)΋·
ͨໃ६ͷূ໌ਤͷ codeͰ, ·ͨ o(p)͸ ordinal term o(p) < ε0Ͱ,
o(r(p)) < o(p).

͕༗ݶతʹࣔ͞ΕΔ. ۩ମతʹͭ͘ΒΕͨordinal terms< ε0͕ແݶԼ߱ྻ
ʹͳΒͳ͍͜ͱΛ༗ݶత਺ֶʹ෇͚Ճ͑Ε͹, PAͷແໃ६ੑ͕ै͏.
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ब৬࿦จ [Gentzen43]ɿॱং਺ղੳ (ordinal analysis)ͷ࢝·Γ (?)
T ͷূ໌࿦తॱং਺ɿT ⊢ ∀x(∀y ≺ xE(y) → E(x)) → ∀xE(x)ͱͳΔܭ
Մೳͳࢉ strict partial order(irreflexive and transitive) ≺ ͷॱংܕ | ≺ |ͷ
.ݶ্

PA(E)ɿPA ʹ೚ҙͷड़ޠΛද͢ 1ม਺ͷड़هޠ߸ EΛ෇͚Ճ͑Δ.
order type ε0ͷॱং<ε0ʹ͍ͭͯ, ֤α < ε0ʹ͍ͭͯ

PA(E) ⊢ ∀x(∀y <ε0 xE(y) → E(x)) → ∀x <ε0 αE(x)

Մೳͳࢉܭʹٯ strict partial order ≺ʹ͍ͭͯ

PA(E) ⊢ ∀x(∀y ≺ xE(y) → E(x)) → ∀xE(x)

ͳΒ | ≺ | = sup{|n|≺ + 1 : n ∈ N} < ε0. |n|≺ = sup{|m|≺ + 1 : m ≺ n}.
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PA(E) ⊢ ∀x(∀y ≺ xE(y) → E(x)) → ∀xE(x)

ͰͷԾఆ ∀x(∀y ≺ xE(y) → E(x))ͷͱ͜ΖΛਪ࿦نଇ

· · · Γ, E(m̄) · · · (m ≺ n)
Γ, E(n̄)

Ͱஔ͖ͨ͑׵ (cut)෇͖ͷω-derivationʹ͓͍ͯ, ͋Δα < ω2, d < ω ʹͭ
͍ͯ ⊢α

d E(n̄) ͕೚ҙͷnʹ͍ͭͯ੒Γཱͭ.
cut-eliminationͯ͠β = 2d(α) < ε0ʹ͍ͭͯ⊢β

0 E(n̄)ͱͳΔͷͰ |n|≺ ≤
β.

PAͷূ໌࿦తॱং਺ |PA| = ε0.
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2 1950-70

[Gentzen74a, Gentzen36, Gentzen38, Gentzen43]ͷ༨೾ɿ[Gödel58]

͍ͯͭʹͷཱ৔ͷ͋Δ֦ுݶͰ༻͍ΒΕͨ͜ͱͷͳ͍༗·ࡏݱ

[Gentzen36, Gentzen38]Ͱͷॱং਺ ε0͔Βͷॱং਺ྻͷఀੑࢭͷ୅ସͱ͠
ͯͷ༗ܕݶͷؼ࠶࢝ݪత൚ؔ਺ (primitive recursive functionals of finite
types)ͷΫϥεT .

T ʹଐ͢Δࣗવ਺্ͷؔ਺ͷࢉܭ͸< ε0-recursionͰ͑ߦΔ, [Tait65].
[Schütte51]ʹ͓͚Δω-ruleΛ൐ͬͨ infinitary calculusͰͷcut-elimination
Λ·Ͷͯ, ൚ؔ਺Λແݶͷྻʹల։.
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[Ackermann40]
no-counterexample interpretation [Kreisel52, Gödel95, Tait05].
prenex nf A ≡ ∃x∀y∃z∀wB(x, y, z, w).

¬A ↔ ∀x∃y∀z∃w¬B(x, y, z, w) ↔ ∃f, g∀x, z ¬B(x, f(x), z, g(x, z))

A ↔ ¬∃f, g∀x, z¬B(x, f(x), z, g(x, z)) ↔ ∀f, g∃x, z B(x, f(x), z, g(x, z))

↔ ∃F,G∀f, g A′

A′ ≡ B(t, f(t), s, g(t, s)) (t ≡ F (f, g), s ≡ G(f, g))

[Kreisel52]ɿPA ⊢ A ͳΒ͹, ͋Δ< ε0-recursive functionals F,G͕ଘࡏ
ͯ͠A′ ͕ਖ਼͍͠.
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ͱ͘ʹΠ0
2-࿦ཧࣜʹ͍ͭͯPA ⊢ ∀x∃y B(x, y)ͳΒ, < ε0-recursive func-

tion fʹΑΓ ∀xB(x, f(x))(combinatorial independent results).
ϓϩάϥϜͷఀ͕ੑࢭ PAͰূ໌Ͱ͖ΔࢉܭՄೳؔ਺ (provably recur-

sive)͸, ୯ʹࢉܭՄೳͱ͍͏͚ͩͰͳ͘ΑΓখ͍͞Ϋϥεʹଐ͢.

([Kreisel58]) What more do we know if we have proved a theorem
by restricted means than if we merely know that it is true?

໋୊ͷࣜܗతͳূ໌͔Βͦͷ໋୊ͷਖ਼͠͞Ҏ্ͷ৘ใΛந͖ग़͢ϓϩάϥ
Ϝ (unwinding of proofs).
ʮૅج෇͚ʯͱͯ͠ͷແໃ६ੑূ໌Λٞ࿦͢Δ͜ͱ͸, ౰֘ͷʮແໃ६

ੑূ໌ʯΑΓ΋͸Δ͔ʹ೉͍͠. ແໃ६ੑͰ͸ͳ͘ଞͷԿ͔Λূ໌͍ͯ͠
Δͱͯ͑ߟΈͯ΋Α͔Ζ͏.
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2.1 SOA

[Hilbert-Bernays39]ɿ਺ֶΛࣜܗԽ͢Δ৔ॴͱͯ͠ͷ2֊ࢉज़ Second Order
Arithmetic (SOA)΋͘͠͸ߴ֊ͷࣗવ਺࿦.

[Stanford Report63, BFPS81, Feferman77]ɿSOAͷॾ෦෼ମܥΛఠग़͠
ͯͦΕΒͷ૬܎ؔޓ΍ূ໌࿦త͞ڧ, ਺ֶͷͲͷൣғ·Ͱ͕Ͳͷ෦෼ମܥ
ͰࣜܗԽͰ͖Δͷ͔ͳͲͷ໰୊͕૊৫తʹऔΓ্͛ΒΕͨ.

ज़ࢉ֊2 SOA ɿࣗવ਺͔Β੒Δू߹Λද͢ 2֊ͷม਺X, Y, Z, . . ..
2֊ͷ quantification ͷͨΊͷਪ࿦نଇ. ม਺͔ؔه܎߸Rͱ eigenvari-

able Y ʹ͍ͭͯ
A(R),Γ

∃X A(X),Γ
A(Y ),Γ

∀X A(X),Γ
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౳߸෇͖ͳΒ౳߸ʹؔ͢Δެཧ ∀X, x, y(x = y → X(x) → X(y)).

CA: ∃X∀z (X(z) ↔ A(z)) (A͸ʢ2֊ͷʣ೚ҙͷ࿦ཧࣜ)

Z2͸౳߸෇͖ͷ 2֊࿦ཧ্Ͱ, ެཧʢਤࣜʣ͸ PA−, CA ͱ
IND :≡ (∀X(X(0) ∧ ∀y(X(y) → X(y + 1)) → ∀aX(a))).

࿦ཧࣜͷΫϥεɿ
Π0

0 = Σ0
0 ɿquantifiers͕͢΂ͯ bounded ∃x < t, ∀x < t Ͱ͋Δ࿦ཧࣜ.

1֊ͷ࿦ཧࣜ/ࢉज़త࿦ཧࣜ Π1
0 = Σ1

0ʹ͸ 2֊ͷ quantifiers͕ݱΕͳ͍.
Π1

n-࿦ཧࣜ A ≡ ∀X1∃X2 · · ·QXnB (B ∈ Π1
0).

A ∈ Σ1
n ⇔ ¬A ∈ Π1

n.
Φ-CA͸ެཧਤࣜ CA ʹ͓͍ͯ A ∈ Φ ͱ੍ެͨ͠ݶཧਤࣜΛද͢.

25



ҎԼͰૅجʹͳΔ SOA(Π0
0-CA)0 ɿ౳߸෇͖ͷ 2֊࿦ཧ্Ͱ, ެཧʢਤ

ࣜʣ͸ PA−, Π0
0-CA, IND,

(Φ-CA)0͸, (Π0
0-CA)0ʹެཧਤࣜΦ-CAΛ෇͚Ճ͑Δ.

(Φ-CA)Ͱ͸ INDͷ୅ΘΓʹਤࣜA ∈ Π2
0 =

⋃
nΠ

1
0

Ind : ∀Y, y[A(0, Y, y) ∧ ∀x(A(x, Y, y) → A(x+ 1, Y, y)) → ∀xA(x, Y, y)].

∆1
n-CA ΛҎԼͷެཧਤࣜͱ͢Δ:

∀z(A(z) ↔ ¬B(z)) → ∃X∀z(X(z) ↔ A(z)) (A,B ∈ Π1
n)
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2.2 Predicativity, [Feferman64, Schütte65]

S = {x ∈ X|P (x)}ͷఆٛ͸, ৚݅ P (x) ͷҙຯ͕, ౰ͷू߹Sͷଘࡏͱແ
ʹఆ͍ͯ͠Δͱ͖֬ʹ܎ؔ predicative(Մड़త)ͱ͍͏.
ࣗવ਺ͷू߹SΛΠ1

1-࿦ཧࣜ ∀X ⊂ NB(X,n)ʹΑΓఆٛ͢Δ
S = {n ∈ N|∀X ⊂ NB(X,n)} ͷ͸ impredicative.
৚݅ ∀X ⊂ NB(X,n) ͷҙຯΛ֬ఆͤ͞Δʹઌཱͬͯू߹S ⊂ N͕࡞

ΒΕ͍ͯͳ͍ͱ͍͚ͳ͍.
ʮࣗવ਺͔Β੒Δू߹શମʯ͕զʑͷߏ੒ͱ͸ಠཱʹଘ͍ͯ͠ࡏΔͱߟ
͑ͣ, ू߹͸ߏ੒ɾఆ͍ٛͯ͘͠΋ͷͱ͑ߟΔͳΒ, ॥؀͍ͯ͠Δ.

Ͳͷൣғ·Ͱpredicativeͱ͍͏ΑΓ҆શͳํ๏Ͱ਺ֶ͕ల։Ͱ͖Δͷ͔ʁ
predicative/impredicative ͷըఆ͕໰୊.
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ʹີݫ predicative Ͱ͋Ζ͏ͱ͢Δͱ, ௚؍ओٛ࿦ཧͷBHKղऍ
ʮͳΒ͹ʯ΍ʮ͋Δ৚݅ʢؚΉ ∀n ∈ N, ∃n ∈ NʣΛΈͨ͢࠷খͷࣗવ਺ʯ
ʹΑͬͯࣗવ਺Λఆٛ͢Δ͜ͱ΋ෆՄ.
ଥͯ͠ڠ, ࣗવ਺ 0, 1, 2, . . .ͱ͍͏΋ͷ͸௚؍తʹ໌Β͔Ͱ͋Δ͔Βࣗ

વ਺શମNͱ͍͏΋ͷ͸ଘ͢ࡏΔ, ैͬͯࣗવ਺ʹؔ͢Δ quantifications
∀n ∈ N, ∃n ∈ N ͸ҙຯΛ࣋ͭͱ͠Α͏. ͜ͷԾఆʹཱͬͨ૬ରతͳ֓೦
ͱͯ͠ҎԼͰ͸ predicativity Λ͑ߟΔ.

predicative ⇔ ҙຯ͕֬ఆ ⇐ absolute.
೚ҙͷ M,N ⊂ P(N) ʹ͍ͭͯ ⟨N;M⟩ |= A[n] ⇔ ⟨N;N⟩ |= A[n]ͱͳͬͯ
͍ΔA[n]ʹ͍ͭͯू߹ੜ੒ {n ∈ N|A[n]}ΛೝΊΕ͹, ∆1

1-CA͸໰୊ͳ͍.
͔͜͠͠Ε͚ͩͰ͸ predicativeʹͭ͘ΕΔू߹͸ਚ͖ͳ͍ͩΖ͏.
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predicativeʹఆٛͰ͖Δࣗવ਺ͷू߹ (Russellͷ ramified type theory).

ω-modelM = ⟨N;M⟩ (M ⊂ P(N))্ͰఆٛՄೳͳS ⊂ N, S ∈ Df(M),
͸, ͋Δ 2֊ͷ࿦ཧࣜ A(x,X)ͱ X ∈ M ʹ͍ͭͯ
S = {n ∈ N|M |= A[n,X]}.

ࣗવ਺্ͷࢉܭՄೳͳ੔ྻॱং<ʹ͍ͭͯ, ࣗવ਺ͷू߹଒ RαΛؼ࠶
తʹ, R0 = ∅, Rα+1 = Df(Rα) = Df(⟨N;Rα⟩), Rλ =

⋃
α<λRα (λ:limit).

ྫɿR1=ࢉज़త֊૚ʹଐ͢ू߹ͷू߹଒.

{Rα}α=ʢ੔ྻॱং<ʹΑΔʣramified analytic hierarchy,͸predicative?
ʮॱং਺ʯ͋Δ͍͸ʮ੔ྻॱংʯͱ͍͏֓೦͸ predicative͔ͳʁ
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ఆٛͷ predicativity͚ͩͰͳ͘, ͦͷఆ͕ٛ well-definedͰ͋Δ͜ͱͷ
ʮূ໌ʯͷ predicativity΋໰͏.
ॱং਺α͕ predicativeͰ͋Δͱ͸, α·Ͱͷ௒ؼݶೲ๏

I(α) :⇔ ∀X[∀x(∀y < xX(y) → X(x)) → ∀x < αX(x)] ͕ predicativeʹ
ূ໌͞ΕΔͱ͖.

I(α)ͷূ໌͕predicativeͱ͸, I(α)͕α-stageΑΓ΋લʹ predicativeͱ
ೝΊͨମܥͰূ໌͞ΕΔ͜ͱ.

PAͷޠݴʹ֤ βʹରͯ͠RβͷཁૉΛ૸Δม਺XβΛՃ͑Δ.
2֊ͷ quantifiers ∀Xβ, ∃Xβ.
SOAͷޠݴͰͷ࿦ཧࣜ Aʹ͍ͭͯ, Aβ ͰAͷதͷม਺XΛXβͰஔ͖׵
͑ͨ࿦ཧࣜΛද͢ͱ͢Δ.
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RAͷެཧ͸͜ͷޠݴͰͷ਺ֶతؼೲ๏ͱ

∃Xα∀z(Xα(z) ↔ Aβ(z)) (β < α)

࿦ཧ͕ࣜRAαͷ࿦ཧࣜͰ͋Δͷ͸, ͦͷதʹݱΕΔม਺Xβ͕Έͳβ ≤
α.

RAͷূ໌͕RAαͷূ໌Ͱ͋Δͷ͸, ͦͷূ໌ʹݱΕΔ࿦ཧ͕ࣜ͢΂ͯ
RAαͷ࿦ཧࣜͰ͋Δͱ͖.

predicativeʹূ໌Ͱ͖Δ࿦ཧࣜͷू߹ RAΛ, RA0 ⊂ RAʢPA͸ pred-
icativeʣ∃β < α(RAβ ⊢ I1(α)) ⇒ RAα ⊂ RA (α·Ͱͷ௒ؼݶೲ๏͕ α
ΑΓখ͍͞ βʹ͍ͭͯRAβͰূ໌͞ΕͨͳΒ, RAαͰূ໌͞Εͨ΋ͷ͸
predicativeʹূ໌͞ΕͨͱΈͳ͢).
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(binary) Veblen function ϕɿϕα(β) = ϕαβ. Ω = ω1্ͷࣸ૾ͱͯ͠ϕα

͸ٛڱ୯ௐ૿Ճ͔ͭ࿈ଓ (normal function)Ͱ͋Γ, ͦͷ஋Ҭ rg(ϕα)͸Ω
Ͱ club(closed and unbounded)ͱͳΔ.

ϕ0(β) = ωβ, rg(ϕα) =
⋂

γ<α Fx(ϕγ) (α > 0), β ∈ Fx(ϕγ) ⇔ ϕγ(β) = β.
|RA| = Γ0 := min{α > 0 : ∀β, γ < α(ϕβ(γ) < α)},

RA = RA<Γ0 =
⋃

α<Γ0
RAα͕, N:givenͷ΋ͱͰͷpredicativityͷݶք.

|RA| ≤ Γ0͸ͭ͗ͷLemma 2.1ʹΑΔ. subsection 1.2ͷLemma 1.2͸
Lemma 2.1Ͱͷα = 0ͷ৔߹Ͱ͋Δ. (cut) formulaͷෳ͞ࡶ͸ͦͷ࿦ཧࣜ
ΕΔม਺Xβͷݱʹ superscripts β͔ͨͪΒܾΊΔ.

Lemma 2.1 ⊢β
d+ωα ΓͳΒ͹⊢ϕα(β)

d Γ.
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2.3 Inductive definitions

G. Kreisel͸ [Stanford Report63]ʹ͓͍ͯࣗવ਺্ͷਖ਼࡞༻ૉʹΑΔؼೲ
తఆٛͷެཧܥ ID (theories of positive inductive definitions over N) Λఠ
ग़͠, impredicative theories ͷূ໌࿦త෼ੳ΁ͷୈҰาΛ༩͑ͨ.

1ม਺ؔه܎߸X ͕ਖ਼ʹ͔͠ݱΕͳ͍ (occurs only positively) 1֊ͷ
࿦ཧࣜA(X, y)Λ positive operator formͱݺͿ. ͜Ε͸ N্Ͱ୯ௐͳ
(monotonic)࡞༻ૉ Γ : X -→ {n ∈ N : N |= A[X , n]} (X ⊂ N) ΛҾ
.͢͜ى͖ ͜ΕʹΑΓॱং਺ αͰఴ਺෇͚ΒΕͨNͷ෦෼ू߹଒ {Iα}α
͕ Iα = {n ∈ N : A[

⋃
β<α Iβ, n]}Ͱఆٛ͞Ε β < α ⇒ Iβ ⊂ Iα ͱͳ

Δ. ͦ͜Ͱ IA =
⋃

α Iαͱ͓͚͹, ͜Ε͕࡞༻ૉ Γͷ࠷খෆಈ఺ͱͳΔ
IA =

⋂
{X ⊂ N : Γ(X ) = X} =

⋂
{X ⊂ N : Γ(X ) ⊂ X}.
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ެཧܥ ID ͸, positive operator form Aͷ࠷খෆಈ఺ IAΛදؔ͢ه܎
߸ PA ͱ, ͦΕʹؔ͢ΔެཧΛPA ʹ෇͚Ճ͑ͯಘΒΕΔ.

• ਺ֶతؼೲ๏͸PAΛؚΉ࿦ཧࣜʹ֦ு.

• A(PA) ⊂ PA :⇔ ∀y[A(PA, y) → PA(y)].

• ௒ؼݶೲ๏ͷެཧɿA(F ) ⊂ F → PA ⊂ F Λ೚ҙͷ࿦ཧࣜ F ʹ.

ྫ͑͹ࢉܭՄೳؔ܎ ≺ ʹΑͬͯA(X, z) ⇔ (∀y ≺ z X(y)) ͱఆٛ͞Ε
͍ͯΔͱ͖ʹ͸, ͦͷ࠷খෆಈ఺ IA͸ؔ܎≺ͷwellfounded partΛද͢.

• IDͱ SOA (Π1
1-CA)

−
0 .ղऍՄೳʹ͍ޓ

(Π1
1-CA)

−
0 Ͱ͸Π1

1-CAΛ 2֊ͷࣗ༝ม਺Λؚ·ͳ͍Π1−
1 -࿦ཧࣜʹ੍ݶ. ୠ

͠ ACA = Π1
0-CA͸ؚΊͳ͍.
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[Feferman70]͸, inductive definitionsΛα-ճ܁Γฦ͢͜ͱ͕Ͱ͖Δެཧ
ܥ IDα Λಋೖͯ͠, Π1

1-CAͷ܁Γฦ͕͠ূ໌࿦తʹ͜ΕΒʹؼணͰ͖Δ͜
ͱΛࣔͨ͠. ID<α :=

⋃
β<α IDβ. IDΛ ID1ͱ΋ॻ͘.

(Π1
1-CA)0, (∆

1
2-CA)0͸ ID<ωͱ, (Σ1

2-DC)0͸ ID<ωωͱ, (Σ1
2-DC)͸ ID<ε0

ͱͦΕͧΕূ໌࿦తʹಉ౳.

SOA Λ inductive definitions ͷ܁Γฦ͠ʹূ໌࿦తʹؼணͨ͜͠ͱͷ
reductive proof theoryʢؐݩ࿦తূ໌࿦ʣͰͷҙٛ.
খෆಈ఺࠷ IA͕ stages Iα ʹ෼ղͰ͖ͯ IA =

⋃
α Iα, ֤ stage ͸ ͦΕ

Ҏલͷ stages ͔Β arithmetically definable, ͭ·Γ Π1
0-CAΛద༻ͯ͠ఆ

ٛ͞ΕΔ, Iα = {n ∈ N : A[
⋃

β<α Iβ, n]}.
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positive operator form A(X, z) ʹΑͬͯࢉܭՄೳؔ܎≺ͷwellfounded
partΛؼೲతʹఆٛ͢Δ͜ͱ͸௚؍తʹཧղ͠΍͍͢.
ͦͷΑ͏ͳ inductive definitionsΛ༻͍Ε͹, ໌Β͔ʹ impredicative Ͱ

͋Δ͍͔ͭ͘ͷ SOA͕ূ໌࿦తʹؼணͰ͖Δͷ͔ͩΒ, IαͰͷఴࣈͷॱ
ং਺α͑͞ෆ໰ʹ෇ͤ͹, SOAΑΓ΋͔ͳΓ҆શͦ͏ͳͱ͜Ζ΁མͱͤͯ
͍ΔͱΈͳͤΔ.
ୠ͠, ໰୊͸ IDα͕ݹయ࿦ཧʹެ͍ͨͮجཧܥͰ͋Δ͜ͱͰ, ͜ͷ࣌఺

Ͱ͸ະͩ౰֘ͷSOA͕ߏ੒తͳݪཧʹམͱͤͨͱ͸͑ݴͳ͍ঢ়ͨͬͩگ.
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3 Takeuti

2֊ͷ࿦ཧࢉܭ G1LCΛone-sided sequent calculusͰ༩͑Δ. abstract V ≡
{x}A(x)ʢҰൠʹ͸ଟม਺ʣͱ 2֊ͷม਺X͓Αͼ࿦ཧࣜ F (X)ʹ͍ͭͯ,
F (V )͸ F ͷதͷX(t)ΛA(t)Ͱஔ͖͑׵Δ.

Γ, F (Y )
Γ, ∀X F (X)

(∀2)
Γ, F (V )

Γ, ∃X F (X)
(∃2)

(∀2)ʹ͓͚Δม਺Y ͸ eigenvariable. (∃2)ʹ͓͚Δ abstract V ͸೚ҙ.
(∃2)͔ΒCA ∃X∀x (X(x) ↔ V (x)) ͕ग़͖ͯͯ, CAʹٯ ͱV ͕ม਺ͷ

৔߹ͷ (∃2) Ͱ (∃2)Λ୅༻Ͱ͖Δ.
ಉ༷ʹͯͭ͘͠ΒΕΔߴ֊ (finite-order)ͷ࿦ཧࢉܭ sequent calculusΛ

GLCͰද͢.
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ຊ༧૝ج (Fundamental Conjecture, FC)[Takeuti53]

G1LC, GLCʹ͓͚Δূ໌ਤʹର͢Δ۩ମతͳૢ࡞ΛԿճ͔͢Δ͜
ͱʹΑͬͯ, ূ໌ਤ͔Β (cut)͕औΓআ͔ΕΔ. ͦͷૢ࡞ͷճ਺ͷ
༗ੑݶ͸, ༗ݶత਺ֶͷԆ௕্ʹ͋Δํ๏Ͱࣔ͞ΕΔ.

G1LCͰͷ cut-elimination theoremʮG1LCͰূ໌Ͱ͖Δ sequent͸ (cut)
ແ͠Ͱ΋ূ໌Ͱ͖Δʯ͔Β 2֊ࣗવ਺࿦Z2 = (Π2

0-CA)0ͷ (1-)consistency
͕༗ݶతʹै͏ʢ࣮͸ಉ౳ʣ. GLCͱߴ֊ࣗવ਺࿦Zω΋ಉ༷.
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CEͷԾఆͷ΋ͱͰZ2 ⊢ ⊥ =⇒ PA− ⊢ ⊥.

N(a) :≡ (∀X(X(0) ∧ ∀y(X(y) → X(y + 1)) → X(a)) (1)

IND :≡ (∀X(X(0) ∧ ∀y(X(y) → X(y + 1)) → ∀aX(a)))
G1LC ⊢ ∀X [X(0) ∧ ∀y(N(y) → X(y) → X(y + 1)) → ∀a(N(a) → X(a))].

Z2ͷূ໌ਤશମΛNʹ੍ͯ͠ݶ Z2͕ໃ६͢Ε͹
G1LC ⊢ ¬PA−,¬∀X∀x, y(x = y → X(x) → X(y)).

E(X) :≡ (∀x, y(x = y → X(x) → X(y)))
G1LC ⊢ ∀X∀x, y(E(X) → x = y → X(x) → X(y)).
ͼূ໌ਤΛ࠶ Eʹ੍ͯ͠ݶG1LC ⊢ ¬PA−.
CEͯ͠ LK ⊢ ¬PA−.
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ຊ༧૝ج FC ͸ 2֊͋Δ͍͸ߴ֊ࣗવ਺࿦ Z2,Zωͷແໃ६ੑΛࣔ͢ͱ
͍͏, ໰୊ࣗମʹ͸ղ๏ͷಓ͕ےԿ΋ࣔ͞Ε͍ͯͳ͍໰୊ʹ, ਺ֶతํ޲
Λ༩͑ͨͱ͑ݴΔ. ͭ·ΓG1LC,GLCͷCEΛGentzen ͷํ๏ͷԆ௕ʹ͓
͍ͯࣔ͢ͱ͍͏਺ֶత໰୊ΛఆࣜԽͨ͠. ୠ͠, FCࣗମʹ͸ূ໌ਤ΁ͷૢ
,͸۩ମతʹ༩͑ΒΕ͍ͯΔ༁Ͱ͸ͳ͘࡞ ·ͨʮ༗ݶత਺ֶͷԆ௕্ʹ͋
Δํ๏ʯ͕͍͔ͳΔ΋ͷ͔΋ड़΂ΒΕ͍ͯͳ͍. Ή͠ΖͦΕΒΛಉ࣌ʹൃ
.ղ͍͍ͯ͜͏ͱ͍͏͜ͱͰ͋Ζ͏ͯ͠ݟ

G1LC,GLCͷCEࣗମ͕੒Γཱͭ͜ͱ͸ [Schütte60b, Tait66, Takahashi67,
Prawitz68]Ͱ͔֬ΊΒΕ͕ͨ, ͜ΕΒͷূ໌͸ FC ʹ͸د༩͠ͳ͍.
ҎԼ, FCͷ෦෼ղ.
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3.1 [Takeuti55]

Γ, F (V )
Γ, ∃X F (X)

(∃2)

abstract V ͕ม਺ͷͱ͖͔, ·ͨ͸ ∃X F (X)͕Σ1
1-࿦ཧࣜͷͱ͖ (2)

ʹ (∃)2Λ੍ͨ͠ݶମܥΛ LBI. F ͸ 1֊ͷ࿦ཧࣜ.

LBIͰͷCE͔ΒPAͷແໃ६ੑ͕༗ݶతʹै͏.

PA ⊢ ⊥ ⇒ LBI ⊢ ¬PA− ⇒CE PA− ⊢ ⊥.

PAͷূ໌ਤΛ (1)Ͱͷࣗવ਺Λఆٛ͢ΔN(a)ʹ੍͢ݶΔ. N(x)͕Π1
1-

࿦ཧࣜͳͷͰV (x) ≡ (N(x) ∧ AN(x))ʹΑͬͯ
LBI ⊢ ∀x(N(x) → AN(0) → ∀y(N(y) → AN(y) → AN(y + 1)) → AN(x)).

41



• CE procedure for LBI.

໰୊ͳͷ͸ 2֊ͷ quantifier͕བྷΉ (cut)Ͱ͋Δɿ

P =

....
Γ, ∀X¬F (X)

F (V ),∆
∃X F (X),∆

(∃2)
....

∃X F (X),Γ
Γ....
Φ

ແໃ६ੑͷͨΊͳΒPA−͕ͦ͏͔ͩΒ, Φ͸ 1֊ͷ sequentͱͯ͠Α͍.
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P =

....
Γ, ∀X¬F (X)

F (V ),∆

∃X F (X),∆
(∃2)

....
∃X F (X),Γ

Γ....
Φ !!

""

P0(X) =

....
Γ,¬F (X)

Γ,¬F (X)....
Φ,¬F (X)

IH

""

P ′ =

....
Γ, ∀X¬F (X)

.... P
cf
0 (V )

Φ,¬F (V ) F (V ),∆

∃X F (X),∆,Φ
(cut)

....
∃X F (X),Γ,Φ

Γ,Φ....
Φ,Φ P cf

0 (X) =

....
Φ,¬F (X)

X:=V
##
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P cf
0 (V )͸ 1֊ͷূ໌ਤ͔ͩΒ ‘؆୯’Ͱ͋Δ. ΑͬͯಘΒΕͨ (cut)͖ͭ

ͷূ໌ਤP ′͸ݩͷP ΑΓ΋શମͱͯ͠ ‘؆୯’Ͱ͋Δ.
ূ໌ਤʹݱΕΔ sequnt ʹ [Gentzen38]ͱಉ༷ʹͯ͠ ordinal term< ε0Λ

ష෇͚Δ. ͜͜Ͱ 1֊ͷূ໌ਤ͕ड͚औΔॱং਺͸༗ݶͰ͋Δ. ͔ͩΒ༧
Ί (∃2)ͷͱ͜ΖͰ͸ωΛ଍͓͚ͯ͠͹Α͍.

͜͏ͯ͠LBIͷ1֊ͷ sequent ΦʹࢸΔূ໌ਤ Pʹ, ಉ͘͡Φͷ cut-free
ͳূ໌ਤΛରԠͤ͞ΔP -→ CE(P )͕ ε0-recursionͰ࡞ΕΔ͜ͱ͕෼͔Δ.
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3.2 [Takeuti57, Takeuti58, Takeuti61]

(Π1
1-CA)0ʹ૬౰͢ΔG1LCͷ෦෼ମܥͷCE.
[Takeuti58]ɿ

Γ, F (V )
Γ, ∃X F (X)

(∃2)

abstract V ͕ม਺ͷͱ͖͔, ·ͨ͸ ∃X F (X)͕ isolated Ͱ͋Δͱ͖ (3)

.ݶ੍ʹ isolated ͳ࿦ཧࣜͰ͸ͦͷதʹݱΕ͍ͯΔ 2֊ͷ quantifiers ͕
nest ͤͣ, Σ1

1-࿦ཧࣜΛؚΈ, ୅ೖʹΑͬͯด͍ͯ͡Δ.
[Takeuti61]ɿG1LC−

∃X F (X)͕ 2֊ͷࣗ༝ม਺Λؚ·ͳ͍ͱ͖ (4)
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• ID<ω ⊢ ⊥ ⇒ G1LC− ⊢ ¬PA− ⇒CE PA− ⊢ ⊥.

ͳͥͳΒ͹X-positive operator form A(X, z, Y ) ʹ͍ͭͯͦͷ࠷খෆಈ఺
PA
n (n = 0, 1, 2, . . .) ͕ 2֊ͷ࿦ཧࣜͰؼ࠶తʹ 2֊ͷࣗ༝ม਺Λؚ·ͳ͍
Α͏ʹ

IAn (z) :⇔
(
∀X(A(X, IA<n) ⊂ X → X(z))

)

ͱॻ͚ͯ͠·͍, ͞Βʹ (1)Ͱͷࣗવ਺Λද͢࿦ཧࣜNʹ΋ 2֊ͷࣗ༝ม
਺ؚ͕·Ε͍ͯͳ͍͔Β.

[Takeuti58, Takeuti61]ͰͷCE procedure ʹ͓͍ͯ, ਪ࿦نଇ (∃2)΁ͷ
ݶ੍ (3), (4)͸, ΕΔ࿦ཧࣜʢͷݱʹ໌ূ occurrencesʣΛద੾ʹω-ॱংʹ
ฒ΂ΔͨΊʹཁ੥͞Εͨ΋ͷ.
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• SOA BIͰͷCE procedure

਺ֶతؼೲ๏͸೚ҙͷ 2֊ͷ࿦ཧࣜʹద༻Մͱ͠, ࿦ཧࢉܭ͸ subsection
3.1Ͱͷ LBIͱ͢Δ. ಛʹਪ࿦نଇ (∃)2͸੍ݶ (2)ͷ΋ͱʹͷΈ͑࢖Δ. ໌
Β͔ʹ ID1 ↪→ BI.

BIͰূ໌Ͱ͖Δ 1֊ͷ࿦ཧࣜA͕NͰਖ਼͍͜͠ͱΛࣔͨ͢Ίʹ, Aͷ
cut-free ω-derivationͷଘࡏΛ LBIͷͱ͖ͱಉ༷ʹࣔͦ͏ͱͯ͠ΈΔ.

P =

....
Γ, ∀X¬F (X)

F (V ),∆

∃X F (X),∆
(∃2)

....
∃X F (X),Γ

Γ....
Φ ❀ P0(X) =

....
Γ,¬F (X)

Γ,¬F (X)....
Φ,¬F (X) ❀IH? P cf

0 (X) =

....
Φ,¬F (X)
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P =

....
Γ, ∀X¬F (X)

F (V ),∆

∃X F (X),∆
(∃2)

....
∃X F (X),Γ

Γ....
Φ ❀ P0(X) =

....
Γ,¬F (X)

Γ,¬F (X)....
Φ,¬F (X) ❀IH? P cf

0 (X) =

....
Φ,¬F (X)

Ұൠʹ͸ cut-free ω-derivationsͨͪͷ depth͸Ω = ω1 Ͱ͔͠཈͑Δ
͜ͱ͕Ͱ͖ͳ͍ͷͰ, P cf

0 (X)ͷ depthͷ্ք͸ΩͰ͋Δ͔Β, ͱΓ͋͑ͣ
(∃2)ͷͱ͜ΖͰॱং਺ΩΛ଍͓ͯ͘͜͠ͱʹͯ͠΋, P cf

0 (X)ͷdepthͷ্
քΛΩΑΓখ͍͞ͱ͜ΖͰ .ͳ͍ͱ͍͚ͳ͍͠’ࢉܭ‘
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BIͰূ໌Ͱ͖Δ 1֊ͷ sequent͸ cut-free ω-derivationΛ࣋ͭ

͸, ௒ؼݶೲ๏Ͱࣔ͢ʹ͸ऑա͗Δ. ΑΓ͘ڧ

BIͰͷ1֊ͷsequent Φͷূ໌Pʹରͯ͠, Φͷcut-free ω-derivation
P cfͰͦͷ depth͕ߴʑ o(P cf) < Ω = ω1ͱͳΔ΋ͷ͕ଘ͢ࡏΔ

Λࣔ͢ඞཁ͕͋Δ.

P0(X) =

....
Γ,¬F (X)

Γ,¬F (X)....
Φ,¬F (X)

ࣗମ͕ਪ࿦نଇ (∃2)ΛؚΈಘΔͷͰͦͷॱং਺α = o(P0(X))͸, εΩ+1Α
Γ͸খ͍͕͞ΩΑΓ͸େ͖͘ͳΒ͟ΔΛಘͳ͍. ͦ͜Ͱα > Ωʹରͯ͠ॱ
ং਺ϑ(α) < ΩΛ༩͑ΔͳΜΒ͔ͷ collapsing function ϑ ͕ඞཁʹͳΔ.
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[Rathjen-Weiermann93, Takeuti57]Ͱͷ collapsing function ϑ(α) < Ω.

α < εΩ+1ʹ͍ͭͯॱং਺ͷ༗ूݶ߹ E(α)Λ, αΛωΛఈͱ͢ΔCantor
nfͰαΛॻ͍ͨͱ͖ʹݱΕΔ ε-number< ΩશମͰఆٛ͢Δ.

C(α, β) ⊂ εΩ+1 (α, β < εΩ+1)ͱϑ(α) ≤ ΩΛαʹؔ͢Δؼೲ๏Ͱಉ࣌ʹ.

1. {0,Ω} ∪ β ⊂ C(α, β).

2. γ, δ ∈ C(α, β) ⇒ γ + δ,ωγ ∈ C(α, β).

3. γ ∈ C(α, β) ∩ α ⇒ ϑ(γ) ∈ C(α, β).

4. ϑ(α) = min{β ≤ Ω : C(α, β) ∩ Ω ⊂ β, E(α) ⊂ C(α, β)}.
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1. {0,Ω} ∪ β ⊂ C(α, β). γ, δ ∈ C(α, β) ⇒ γ + δ,ωγ ∈ C(α, β).
γ ∈ C(α, β) ∩ α ⇒ ϑ(γ) ∈ C(α, β).

2. ϑ(α) = min{β ≤ Ω : C(α, β) ∩ Ω ⊂ β, E(α) ⊂ C(α, β)}.

Մࢉॱং਺βʹ͍ͭͯू߹C(α, β)΋ՄࢉͰ͋Γ, Ω͸ regular͔ͩΒ೚
ҙͷα < εΩ+1ʹ͍ͭͯϑ(α) < ΩͱͳΔ͜ͱ͕෼͔Δ.

ϑ(α) ͸ ε-਺Ͱ, E(α) ⊂ C(α,ϑ(α)) ∩ ΩΑΓE(α) < ϑ(α).
ϑ(α) < ϑ(β) ⇔ (α < β ∧ E(α) < ϑ(β)) ∨ ϑ(α) ≤ E(β).

C(εΩ+1, 0) ͸, ߸ه 0,Ω,ω,+,ϑ্ͷ termsͷू߹ͱΈͳͤ, ͦ͜Ͱͷେ
খؔ܎α < β͸ࢉܭՄೳ.
NB. Collapsing function ͸ Ω < α -→ ϑ(α) < Ω ͳΔ΋ͷͰ͋Δ͔Β, ॱ
ং͸อଘ͠ͳ͍. ྫ͑͹ Ω > ϑ(Ω) ͕ͩ ϑ(Ω) < ϑ(ϑ(Ω)).
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• o(P cf
0 (X)) ͷ্ք͸ α = o(P0(X)) ʹ͍ͭͯ ϑ(α) Ͱ༩͑ΒΕΔ.

Ұ࿈ͷૢ࡞

P0(X) =

....
Φ,¬F (X) ❀ P cf

0 (X) =

....
Φ,¬F (X) ❀X:=V P cf

0 (V ) =

....
Φ,¬F (V )

શମΛͻͱͭͷਪ࿦نଇ substitution (sub) ͷ͔ͨͪͰॻ͍ͯ,

Φ,¬F (X) : α
Φ,¬F (V ) : ϑ(α)

(sub)

ͱද͢.
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....
Γ, ∀X¬F (X)

F (V ),∆ : δ

∃X F (X),∆ : δ + Ω
(∃2)

....
∃X F (X),Γ

Γ : γ....
Φ : α

....
Γ, ∀X¬F (X)

....
Γ,¬F (X)

Γ,¬F (X)....
Φ,¬F (X) : α1

Φ,¬F (V ) : ϑ(α1)
(sub)

F (V ),∆ : δ

∃X F (X),∆,Φ : δ + ϑ(α1)
(cut)

....
∃X F (X),Γ,Φ

Γ,Φ : γ2....
Φ,Φ : α2
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(∃2)ͷओ࿦ཧࣜ∃X F (X)͕Լͷ (cut)·ͰͷؒͰ (sub)ͰมԽ͢Δ͜ͱ͸
ͳ͍. ͳͥͳΒ (sub)ͷ্ʹ͋Δ࿦ཧࣜ Φ,¬F (X)͸ 1֊͔ͩΒ. ैͬͯͦ
͜Ͱ͸ collapsing function ϑ ,ͳ͍ͷͰ͍ͯ͠༺࡞͕ ܎ؔ ϑ(α1) < Ω͕Ҩ
఻ͯ͠ γ2 < γΛಘΔ.

....
Γ, ∀X¬F (X)

F (V ),∆ : δ

∃X F (X),∆ : δ + Ω
(∃2)

....
∃X F (X),Γ

Γ : γ

....
Γ, ∀X¬F (X)

....
Φ,¬F (X) : α1

Φ,¬F (V ) : ϑ(α1)
(sub)

F (V ),∆ : δ

∃X F (X),∆,Φ : δ + ϑ(α1)
(cut)

....
∃X F (X),Γ,Φ

Γ,Φ : γ2
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Γ͔ΒΦͷؒʹ (sub)͕ͳ͍ͱͯ͠, α2 < α͔ͭ ϑ(α2) < ϑ(α).
ͳͥͳΒE(α2) ⊂ E(α) ∪ {ϑ(α1)}Ͱ͋Γ, E(α) < ϑ(α).

·ͨϑ(α1) < ϑ(α). ͸ऀޙ α1 < α ͔ͭ E(α1) ⊂ E(α) < ϑ(α).

....
Γ, ∀X¬F (X)

F (V ),∆ : δ

∃X F (X),∆ : δ + Ω
(∃2)

....
∃X F (X),Γ

Γ : γ....
Φ : α

....
Γ, ∀X¬F (X)

....
Φ,¬F (X) : α1

Φ,¬F (V ) : ϑ(α1)
(sub)

F (V ),∆ : δ

∃X F (X),∆,Φ : δ + ϑ(α1)
(cut)

....
∃X F (X),Γ,Φ

Γ,Φ : γ2....
Φ : α2

͜͏ͯ͠ʮBIͰূ໌Ͱ͖Δ1֊ͷ sequent ͸, ͦͷdepth͕ϑ(εΩ+1)ΑΓ
খ͍͞ cut-free ω-derivationΛ࣋ͭʯ͕ࣔ͞ΕΔ.

55



[Takeuti58, Takeuti61]Ͱ͸༗ݶͷ֊૚ʹ෼͚ΒΕͨ࿦ཧࣜΛѻ͏ͨΊ
ʹ, ॱং਺ α > Ωn = ωn Λ α′ < Ωn ʹͭͿ͢ collapsing functions ͕
ඞཁʹͳΔ. ͞Βʹ [Takeuti67]Ͱ͸͜ͷ֊૚͕ω·ͰԆ͹͞Εͯ, 2֊ͷ
ࣗવ਺࿦ Π1

1-CA+BI ͋Δ͍͸ূ໌࿦తʹ͸ಉ౳ͳ IDωͷແໃ६ੑূ໌͕
[Gentzen38]ͷԆ௕ઢ্Ͱ༩͑ΒΕ͍ͯΔ. ͦ͜Ͱ࢖ΘΕͨͷ͕ [Takeuti57]
Λແݶʹ·ͰԆ͹ͨ͠ [Takeuti60]Ͱ͋ͬͨ.

56



4 Buchholz-Pohlers-Jäger

[IPT70]ͷ͞࢒ʹޙΕͨূ໌࿦ͷେ͖ͳ՝୊ (S. Feferman)

IDαΛ௚؍ओٛ࿦ཧʹͮ͘ج IDi
α(O)ʹূ໌࿦తʹؼணͤ͞, IDαͷ

ূ໌࿦తॱং਺Λҙຯ͕෼͔Δ notation systems Ͱද͢͜ͱ

લऀ͸, ΑΓҙຯ͕͸͖ͬΓͨ͠Kleene Oͷ inductive definitionsʹݶΓ,
͔͠΋௚؍ओ্ٛͰͷΈͦΕΛٞ࿦͢Δ͜ͱͰ, ఴࣈͷॱং਺α͕Α͘෼
Δॱংʢྫ͑͹ ε0ʣͰ͋ΔݶΓ, IDi

α(O)͸ߏ੒తͱΈͳͤΔ. ͷऀޙͨ·
՝୊͸, [Takeuti57, Takeuti60]Ͱͷ ordinal diagrams ͸͍Θ͹ਤͦܗͷ΋
ͷͳͷͰ, ordinal diagramΛੜ੒͢Δԋࢉͷҙຯ͕ू߹࿦తʹ෼Βͳ͍.

[Takeuti67]ͷख๏ʹΑΓ, [Pohlers77, Pohlers78, Buchholz-Pohlers78]Ͱ
͜ͷ՝୊͸ҰԠͷղܾΛΈ͕ͨຬ଍͕͍͘ղܾͰ͸ͳ͔ͬͨ.

[BFPS81]Ͱಋೖ͞Εͨํ๏Λ;ུͨͭड़͠Α͏.
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4.1 Ωµ+1-rule [Buchholz77]

͜ΕʹΑͬͯΠ1
1-CA͋Δ͍͸ͦΕͱಉ౳ͳ IDͷূ໌࿦త෼ੳ͕ infinitary

derivationsΛ௨ͯ͡ಘΒΕΔ. ͜͜Ͱ͸࠷΋؆୯ͳ ID = ID1ͱͦͷͨΊ
ͷنଇΩ-ruleʹ͍ͭͯ͑ߟΔ. ઌͣ਺ֶతؼೲ๏ͷެཧ͸ω-ruleʹΑͬͯ
ʮূ໌ʯͯ͠͠·͏. ͭ͗ʹ subsection 2.3Ͱͷެཧ A(PA) ⊂ PAΛਪ࿦
ଇͰදͯ͠ن

Γ,A(PA, n)

Γ, PA(n)

͜͜·ͰͷنଇʹΑΔମܥΛ ID∞
0 ͱॻ͘. ID∞

0 Ͱ͸ negativeͳ¬PA(n)Λ
ಋೖ͢Δنଇ͕ແ͍͜ͱʹ஫ҙ. ΑͬͯͦΕ͸ຊ࣭తʹ͸ initial sequent
ʹ͓͍ͯΓ,¬PA(n), PA(n)ͱͯ͠ͷΈݱΕΔ.
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• ௒ؼݶೲ๏ͷެཧ A(F ) ⊂ F → PA(n) → F (n) Λʮূ໌ʯ͢Δ.

PA(n)͕negativeʹݱΕ͍ͯΔ࿦ཧࣜPA(n) → F (n)Λʮূ໌ʯ͢Δن
ଇΛಋೖ͢ΔͨΊ, ͦͷҙຯΛ [Gentzen34/35]΋͘͠͸BHK-ղऍʹΑΓ

PA(n)ͷʮূ໌ʯ͔ΒF (n)ͷʮূ໌ʯΛಘΔૢ࡞

͜͜ͰʮPA(n)ͷূ໌ʯͱ͍ͯͬݴΔ΋ͷΛ,ʮPA(n)ͷ ID∞
0 Ͱͷ cut-free

derivation dʯͱཧղ͢Δ. ͦͷͱ͖ૢ࡞ π͸͜ͷΑ͏ͳ derivations d Λ
F (n)ͷʮূ໌ʯπ(d)ʹม͢׵Δ.
ͦ͜Ͱderivations d ʹPA͕positiveʹ͔͠ݱΕ͍ͯͳ͍࿦ཧ͔ࣜΒ੒

Δsequent∆d͕෇͚ՃΘͬͨ৔߹΋͜͢ڐͱʹͯͦ͠ͷΑ͏ͳ derivations
શମΛ DnͰද͢.
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d ∈ Dn͸, d͕ ID∞
0 ͰͷͳΜΒ͔ͷ positive sequent ∆d, PA(n) ͷ cut-

free derivationͰ͋Δ͜ͱΛࣔ͢. ͞ΒʹʮF (n)ͷূ໌ʯΛΑΓҰൠʹ
ʮsequent Γͷূ໌ʯʹ͓͖ͯ͠, ม͢׵Δૢ࡞ͷ಺࣮Λ໰Θͳ͍͜ͱʹ͠
ͯDn-branchingͳ ruleΛಘΔɿ

· · ·
.... π(d)

∆d,Γ · · · (d ∈ Dn)

¬PA(n),Γ

͜͜Ͱ Γ͸೚ҙͷ sequentͰ, ruleͷ্͸ positive sequent ∆d, PA(n)ͷ
derivation d ∈ Dn͝ͱʹ∆d,Γͷ derivation π(d)͕ฒΜͰ͍Δ.
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cut eliminationΛ͑ߟΔͱ͖, ͜ͷ ruleͷ௚ԼͰͷ cut

Γ, PA(n)

· · ·
.... π(d)

∆d,Γ · · · (d ∈ Dn)

¬PA(n),Γ
Γ

Λ ruleʹ૊ΈࠐΜͰ͓͍ͨ΄͏͕Α͍ͷͰ,͜͏ͯͭ͗͠ͷΩ-ruleʹࢸΔɿ

Γ, PA(n) · · ·
.... π(d)

∆d,Γ · · · (d ∈ Dn)
Γ

(Ω)

Ω-ruleͷೖͬͨ infinitary derivationsͷମܥΛ ID∞
1 ͱॻ͘. ID∞

1 ͷ deriva-
tionsʹΑΔ⊢α

c ΓΛಘΔ. ୠ͠Ω-ruleͰ͸࣍ͷΑ͏ʹఆΊΔ.
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ordinal term αͷதͷΩͷ occurrenceͻͱͭʹண໨ͯ͠ α = α[Ω]. ୠ
͜͠ͷΩͷ occurrence͸ collapsing function ϑͷ scope಺ʹ͸ͳ͍ͱ͢Δ.
z ≤ Ωʹ͍ͭͯα[z]ͰͦͷΩͷ occurrenceΛ zͰஔ͖͑׵Δ.

⊢α[0]
c Γ, PA(n) · · ·

⊢z
0 ∆, PA(n)

⊢α[z]
c ∆,Γ · · · (z < Ω,∆ ⊂ Pos)

⊢α[Ω]
c Γ

• ⊢Ω+ω
0 Γ = {¬A(F ) ⊂ F,¬PA(n), F (n)}.

࿦ཧࣜF ͷෳ͞ࡶ k < ωʹ͍ͭͯα[Ω] = 2k + 2Ω. ઌͣ⊢0
0 Γ, P

A(n).
z < Ωʹ͍ͭͯ ⊢z

0 ∆, PA(n)Λࣔ͢ cut-free derivation dʹ͓͍ͯ݁࿦ͷ
தͷPA(n)ʹ͕ܨΔ࿦ཧࣜPAΛ͢΂ͯF Ͱஔ͖ͯ͑׵⊢α[z]

0 ∆,ΓΛಘΔ.
͜͏ͯ͠Ω-ruleʹΑΓ⊢α

0 Γ.
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⊢z
0 ∆, PA(n)Λࣔ͢ cut-free derivation dʹ͓͍ͯ݁࿦ͷதͷ PA(n)ʹ

Δ࿦ཧࣜPAΛ͢΂ͯF͕ܨ Ͱஔ͖͑׵Δɿ

⊢z
0 Π, P

A(m),A(PA,m)

⊢z+1
0 Π, PA(m) ❀

⊢2k+2z
0 Π′,Γ, F (m),A(F,m) ⊢2k

0 ¬F (m), F (m)

⊢2k+2z+1
0 Π′,Γ, F (m),A(F,m) ∧ ¬F (m)

⊢2k+2(z+1)
0 Π′,Γ, F (m)

Γ = {¬A(F ) ⊂ F,¬PA(n), F (n)}.

ID1 ⊢ PA(n)Ͱ͋ΔͳΒ,͋Δc < ωʹ͍ͭͯ ID∞
1 ʹ͓͍ͯ⊢Ω+ω2

c PA(n).
͜ΕΑΓα = 2c(Ω + ω2)ʹ͍ͭͯ⊢α

0 PA(n). ͔͜͜Β |n|A = min{β|n ∈
Iβ+1}Λ཈͑ΔͨΊʹ͸α > ΩΛ< Ωʹ collapseͰ͖Ε͹Α͍.
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Lemma 4.1 (Collapsing Lemma)

positiveͳΓʹ͍ͭͯ⊢α
0 ΓͰ͋Δͱ͢Δ. ͜ͷͱ͖⊢ϑ(α)

0 Γ.

Proof. αʹؔ͢Δ௒ؼݶೲ๏ʹΑΔ. ⊢α
0 Γ͕Ω-ruleͷ݁࿦Ͱ͋Δ৔߹ʹ

͸, ⊢α[0]
0 Γ, PA(n)ΑΓ⊢ϑ(α[0])

0 Γ, PA(n). positiveͳΓ, PA(n)ͱz = ϑ(α[0])

ʹ͍ͭͯΩ-ruleͷԾఆΑΓ⊢α[z]
0 Γ. Αͬͯ ⊢ϑ(α[z])

0 Γ. ͜͜Ͱ z < Ωͱα[Ω]
Ͱͷ Ωͷ occurrenceʹؔ͢ΔԾఆΑΓ α[z] < α[Ω]. ͞Βʹ E(α[z]) ⊂
E(α[Ω]) ∪ {z} < ϑ(α[Ω]). Αͬͯϑ(α[z]) = ϑ(α[ϑ(α[0])]) < ϑ(α[Ω]). ✷

ͦ͜Ͱα = 2c(Ω + ω2)ʹ͍ͭͯ⊢α
0 PA(n)Ͱ͔͋ͬͨΒ, Lemma 4.1Α

Γ⊢ϑ(α)
0 PA(n). ͜ΕΑΓ |n|A ≤ ϑ(α) < ϑ(εΩ+1).

Ω-ruleʹΑΔূ໌ͱ [Takeuti57]ͱͷྨࣅ͸໌Β͔ͩΖ͏, cf. [Buchholz01].
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4.2 Local predicativity [Pohlers81, BFPS81]

positive operator form Aͷ࠷খෆಈ఺ IA =
⋃

α Iαͷ֤ stage
Iα = {n ∈ N : A[

⋃
β<α Iβ, n]} ͸ͦΕ·Ͱͷ

⋃
β<α Iβ͔ΒΠ1

0-CAʹΑΓͭ
͘ΒΕ͍ͯΔ. ैͬͯ͜ͷ hierarchy {Iα}α͸ localʹ͸ predicativeͰ͋Δ
ͱ͑ߟΒΕΔ͠, ͦΕʹؔΘΔCE͸ subsection 2.2ͰͷRAαͱಉ༷.

Γ,A[
⋃

β<α Iβ, n]

Γ, Iα(n)

Γ,¬A[
⋃

β<α Iβ, n]

Γ,¬Iα(n)

͜ͷΑ͏ʹΠ1
1-CAʹΑͬͯͭ͘ΒΕͨू߹ IAΛ stages ʹεϥΠε͢Δ

͜ͱ͸ۃΊͯࣗવͰ͋Γͳ͕Β, [Pohlers81, BFPS81]Ҏલʹ͸͋·ΓݟΒ
Εͳ͔ͬͨΞϓϩʔνͰ͋Δ. ͜ΕʹΑͬͯ subsection 4.3Ͱ৮ΕΔू߹
࿦΍, ΑΓެ͍ڧཧܥͷূ໌࿦త෼ੳ΋Մೳͱͳͬͨ.
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• IDͷ infinitary derivations ΁ຒΊࠐΈ

A(F ) ⊂ F → IA ⊂ F ͸, Ծఆ A(F ) ⊂ F ͷ΋ͱͰαʹؔ͢Δ௒ؼݶೲ๏
ʹΑΓ IA(n) :≡ (∃α Iα(n)) ⊂ F .
ެཧA(IA) ⊂ IA, ∀x (A({y|∃α Iα(y)}, x) → ∃α Iα(x)). ͸ਪ࿦نଇ

Γ,A({y|∃α Iα(y)}, n)
Γ, ∃α Iα(n)

(Cl)

͜͜Ͱͷॱং਺ α, β, . . .͸ subsection 3.2Ͱͷnotation system C(εΩ+1, 0)∩
Ω ʹଐ͢Δ ordinal terms Λ૸Δ.

∃α Iα(n)ΛΣ1-࿦ཧࣜͱݺͿ. ID ⊢ ΓͳΒ͹,͋Δk < ωʹ͍ͭͯ⊢Ω·k
2+k Γ

ͱͳΔ. ͜ΕΑΓα = ωk(Ω · k) < εΩ+1ʹ͍ͭͯ⊢α
2 ΓΛಘΔ. ఴࣈͷ 2͸,

Σ1-cut formula͕͍ͯͬ࢒Δ͜ͱΛද͢.
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• Γ ⊂ Σ1, α < Ωʹ͍ͭͯ⊢α
1 Γ ⇒ Γ(α) := {B(α)|B ∈ Γ}.

͜͜Ͱ (∃ξ Iξ(n))(α) :≡ (∃ξ < α Iξ(n)). ͜ΕΑΓ ⊢α
1 ∃ξ Iξ(n) ⇒ |n|A < α.

⊢α0
k Γ, Iη(n)

⊢α
k Γ, ∃ξ Iξ(n)

Ͱα0 < αͰ͋ΔͷΈͳΒͣ η < αͱͳ͍ͬͯͳ͍ͱ͍͚ͳ͍.
⊢α
k Γͱ͍͏͕ؔ܎ subsection 2.2Ͱͷ predicativeͳRAαʹର͢Δ୯७ͳ
΋ͷͰ͸ͳ͘, Ұఆͷ৚͕͍݅ͭͨ΋ͷʹม͑Δඞཁ͕͋Δ.

Lemma 4.2 Γ ⊂ Σ1.

1. (Boundeness) α < Ωʹ͍ͭͯ⊢α
1 Γ ⇒ Γ(α).

2. (Collapsing) ⊢α
2 Γ͔Βద౰ͳα′ < Ω͕ݟग़ͤͯ⊢α′

1 Γ.
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• ⊢α
2 Γ͔Βద౰ͳα′ < Ω͕ݟग़ͤͯ⊢α′

1 Γ.

ʮద౰ͳ α′ʯͷͻͱͭͷղ͸ α′ = ϑ(α)Ͱ͋Δ. Ұൠʹ α < β ͔Β͸
ϑ(α) < ϑ(β)͸͑ݴͳ͍ͷͰ, ࣔ͢΂͖͕࣮ࣄҨ఻͍͔ͯ͠ͳ͍. ͦ͜Ͱ୯
ͳΔେখؔ܎ΑΓ΋܎͍ؔڧ (collapsibly less than relation) Λಋೖ͢Δ.

α ≪ β :⇔ α < β&E(α) < ϑ(β).

͢Δͱ α ≪ β ⇒ ϑ(α) < ϑ(β)Ͱ͋Δ͔Β, ⊢α
k Γͷఆٛʹ͓͍ͯ, Ծఆͷ

α0ͱ݁࿦ͷαͱ͕α0 ≪ αͱͳ͍ͬͯΕ͹Αͦ͞͏Ͱ͋Δ͕
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⊢α(η)
k Γ, B(η) (η < Ω)

⊢α
k Γ, ∀ξB(ξ)

(∀)
⊢α0
k Γ, Iη(n)

⊢α
k Γ, ∃ξ Iξ(n)

(∃)

• (∀)Ͱ∀η < Ω(α(η) ≪ α)͸ແཧ. ∀η < Ω(ϑ(α(η)) < ϑ(α))Ͱη = ϑ(α).

α(η) < α͔ͭ α(η) ≪ α + η.

• (∃)Ͱ͸α0 ≪ αͷΈͳΒͣ η ≪ α. α < Ω ⇒ α < ϑ(α)ΑΓ, ͜ΕͰ
Boundedness 4.2.1 ⊢α

1 Γ ⇒ Γ(α) (α < Ω)͸ຬͨ͞ΕΔ.
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• ⊢α
2 Γ ⇒⊢ϑ(α)

1 Γ (Γ ⊂ Σ1).

⊢β
2 Γ, ∀ξ ¬Iξ(n)

⊢δ
2 A({y|∃ζ Iζ(y)}, n),Γ

⊢δ+1
2 ∃ξ Iξ(n),Γ

(Cl)

⊢α
2 Γ

͜͜Ͱ β + δ ≪ α. δ ≥ Ω ͱͯ͠

δ0 = ϑ(δ) ʹ͍ͭͯ Iδ0(n),Γ
(δ0)

⊢ϑ(δ)
1 A({y|∃ζ Iζ(y)}, n),ΓͱBoundednessΑΓA({y|∃ζ < δ0 Iζ(y)}, n),Γ(δ0).

⊢β
2 Γ, ∀ξ ¬Iξ(n)͔Β inversion ͯ͠⊢β+δ0

2 Γ,¬Iδ0(n).
δ0 ≤ ϑ(β + δ0) < ϑ(α)ʹ஫ҙͯ͠Γ(ϑ(α))ΛಘΔ.
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4.3 ू߹࿦΁

[Jäger82]͸ॱং਺ղੳͷର৅Λ, ͦΕ·Ͱͷ SOA ͔Βू߹࿦΁ͱస͠׵
ͨ. ख๏ͱͯ͠͸ͳΜΒ৽͍͜͠ͱ͸ͳ͔ͬͨͷ͕ͩ, ͜ͷస׵ʹΑΓূ
໌ͷҙຯ͕ଊ͑қ͘ͳͬͨͷΈͳΒͣ, ਐΉ΂͖ಓΛͨࣔ͠͠ࢦҙٛ͸େ
͖͍.
͜͜Ͱͷ෼ੳͷର৅ͱͳͬͨͷ͸, ແެݶཧ෇͖ͷKripke-Platek ू߹

࿦ KPωͰ͋Δ. ͦͷެཧ͸ extensionality, pair, union, infinityʹՃ͑ͯ
foundation scheme ∀x(∀y ∈ xA(y) → A(x)) → ∀xA(x), ∆0-Separation
∀a∃b[b = {x ∈ a|B(x)}], ∆0-Collection ∀x ∈ a∃y B → ∃b∀x ∈ a∃y ∈ bB.
͜͜ͰA͸೚ҙͷ࿦ཧࣜͰB͸∆0-࿦ཧࣜ, ͭ·Γͦͷதͷ quantifiers͸
͢΂ͯ bounded ∀z ∈ c, ∃z ∈ c.
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Gödelͷconstructible universe L =
⋃

α Lαʹ͍ͭͯLα |= KPωͰ͋Δͱ
͖ʹॱং਺α͸ recursively regularͱݺ͹ΕΔ. খͷ࠷ recursively regular
ordinal͸ωCK

1 .
KPω ͸ ID1ͱূ໌࿦తʹಉ౳, |KPω| = |ID1|. ྫ͑͹ subsection 2.3Ͱͷ

ID1Ͱͷpositive operator form AʹΑΔ࠷খෆಈ఺ IA͸KPω Ͱ͸ {Iα}α
ΛΣ-recursionͰఆٛͯ͠ n ∈ IA ⇔ ∃α(n ∈ Iα) ͱΣ-࿦ཧࣜͰఆٛ͞Ε
Δ. ͜Ε͔Β෼ΔΑ͏ʹ, ࣗવ਺ͷू߹͕N্Ͱ Π1

1-࿦ཧࣜͰఆٛ͞ΕΔ
͜ͱͱ, LωCK

1
্ͰΣ1-࿦ཧࣜͰఆٛͰ͖Δ͜ͱ͸ಉ஋Ͱ͋Δ. ͱ͍͏͜ͱ

͸ KPω ͷূ໌࿦తॱং਺Λ͑ߟΔʹ͸, ͦ͜Ͱূ໌Ͱ͖Δ Σ1-࿦ཧࣜͷ
witnessΛ཈͑Ε͹Α͍ɿͭ·Γॱং਺

|KPω|Σ = min{α ≤ ωCK
1 |∀A ∈ Σ1(KPω ⊢ A ⇒ Lα |= A)}

ͷ্քͰ͋Δ.
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্քΛٻΊΔͨΊͷCEʹΑΔٞ࿦ͷૈے͸͜͏Ͱ͋Δ.
constructible universeͷఆٛ͸subsection 2.2ͷanalytic hierarchy {Rα}α

ͱͦͬ͘ΓͰ͋Δ: L0 = ∅, Lα+1 = Df(Lα) ॱং਺ݶۃͯͦ͠ λʹ͍ͭͯ
͸Lλ =

⋃
α<λ Lα. ͜͜ͰDf(Lα)͸ߏ଄ ⟨Lα;∈⟩্ͰఆٛՄೳͳू߹શମ.

ΑͬͯRAαʹର͢Δิ୊ 2.1͸ LαΛ constantsͱؚͯ͠Ή࿦ཧࣜʹΑ
Δ sequent calculusʹద੾ʹमਖ਼ͯ͠੒Γཱͭ. ͋ͱ͸∆0-Collection΋͠
͘͸ V = Lͷ΋ͱͰͦΕͱಉ౳ͳΠ2-Reflection

∀x∃y B → ∃b[tran(b) ∧ ∀x ∈ b∃y ∈ bB]

ʹ͍ͭͯ, Γ, ∀x∃y B (Γ ⊂ Σ1) ͷ΄΅ cut ͕ແ͍ infinitary derivationΛ,
< Ω΁ collapseͰ͖Δ͜ͱΛࣔͤ͹Α͍. ূ໌͸ subsection 4.2Ͱͷ local
predicativityͱ΄΅ಉ͡Ͱ͋Δ.
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• ॱং਺ղੳͷू߹࿦΁ͷస׵ͷҙຯ

Π1
1-CA΋͘͠͸ͦΕͱಉ౳ͳ recursively regular ordinals ͷॱং਺ղੳ

͕ҰԠͷ׬੒Λޙͨݟ, ࣍ʹͲ͜Λ໨͑ߟ͔͢ࢦΔͱ, SOAͰ͸Π1
1ͷ࣍ͩ

͔ΒΠ1
2ͱͳͬͯ͠·͏͕, ͦ͏Ұڍʹ͸ਐΊͳ͍.

ͱ͜Ζ͕ू߹࿦Ͱ͋Ε͹,ਖ਼ଇج਺ͷ্ʹڊେج਺ͷ֊૚͕͋Δ. (weakly)
inaccessible cardinals, (weakly) Mahlo cardinals, (weakly) compact cardi-
nals, etc. ͔ͩΒͦΕΒͷ recursive analogues Λͯ͑ߟ, recursively inac-
cessible ordinals, recursively Mahlo ordinals, Π3-reflecting ordinals, etc.
Λ universesʹ࣋ͭू߹࿦Λॱʑʹ͘ߦͯ͑ߟͱ͍͏ஈऔΓ͕Ͱ͖͕͋Δ
Θ͚Ͱ͋Δ.
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͜ΕͰ Gentzen͔Β 50೥ͷ͕࣌ա͗ͨ.

ଓ͖͸·͍ͨͣΕ
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