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Fuchsian ordinary differential equation

L > A4 (A; € Mat(n, C))

" dx ~ T —a,
1<5<p

M

A,=Ax =—(A1+ -+ A,_1) : residue matrix at oo

A; : eigenvalue \;, with multiplicity m;, (v =1,...,n,)
Al = A{[Njvlm,, |v=1,...,n;} : spectrum of A;
n=mj1+ -+ My, : spectral type of A;
k
v=1

when mj 1 > mjo > - 2> Myip,

( . )
x=a; (j=1,...,p—1) T = o0

4 S DRt (generalized) Riemann scheme
. [Ajanj]mj,nj [)\pﬂ?fp]mp,np y
Jsol. u~ Cj,i(x —aj)v (v —aj, i=1,....,m;,, v=1...,n;)

~ ijyji(%)/\w (x =00, t=1,....mp,, v=1...,n,)



Spectral type
Spectral type m of M :

m = (mj,y) 1<v<n,;

1<j<p
—MmMi1-""Mingy -y Mp—_11""" mp—l,np_la mp1 - mp,np
= [[mljl, .o ,ml,nl], e ooy [mp_171, .. ,mp_l,np_l], [mp,l, .o ,mp,np]]

n=mji+---+m;n, (Jj=1,...,p): tuple of p partitions of ordm :=n

n

n
A A

Gauss:11,11,11  (ord = 2, singular points : {0, 1, 00})
sF5:111,21,111  (ord =3, {0,1,00}, 2-dim local hol. sol. around 1)
Heun: 11,11,11,11 (ord = 2, 4 singular points =- Painlevé VI)
Jordan-Pochhammer : 21,21,21,21 (= Appell’'s F})



Middle convolution
Middle convolution mc, m of a tuple (spectral type) m :

mc, m ;= (mj,y — Ou,0, da(m))lgygnj (o € Zgo < addition)
1<j<p

ordmc, m = ordm — d,(m), mc? = id

ordm :=n=m;1+ -+ Mjn,
do(m) :=my g +-+mMps —(P—2)-ordm (v>n; =m;, =0)

< addition : u — f*u, middle convolution : u +— o, Hu

Ex. mcg ) 111,21,111 252220 011,111,011 11,11,11 235 1,1, 1
211,211, 1111 2225 111, 111, 0111 222=% 111, 111, 111

431,3311, 41111 222525 131,311, 11111 =225 &

Remark. m;, is allowed to be 0 or n

idxm:= 3 m3, — (p—2)(ordm)?* : index of rigidity of m
1<v<n,
1<j<p

idx mc, m = idxm




Star-shaped Kac-Moody root system

1,1 (1,2

(o) =2 (aell:={ap, a;, |7>1,v>1})

(Oé' |oz- )_ 0 (7’%] or |:u_1/|>1)
Ll Xgw) = L
—1 (¢=j and |p—v|=1)

So + = — (xla)a (aell), W .= (s,|aecll)

O = nag + y: y: (S: mjjy)ozj,i (n = ord m) .

j>14i>1 v>i

:nao—kg E N Oy

7>1v>1
miv = Njv—1 — N5 (j — 1,2,..., V = 1,2,..., 1.0 :n)
1
11,11,11 <> a =2ag + a1 + gy +asq
1111
21,21,21,21 < a =30 +a11 + a1 +a31 + a1
1 3

0 3
111.21,111: 33222111111



Deligne-Simpson problem and Fundamental tuples

.....

.....

Deligne-Simpson Problem (additive). For given Aq,..., A, € Mat(n,C),
Jirred. Al, oo ,Ap with Aj o~ Aj and Zj Aj cC?

Th [Kostov, Katz, Crawley-Boevey, Oshimal].
Jdirred. A;,..., A, in the above (g m : irreducibly realizable)

& oy is a positive root and moreover GCD{m, ,, } = 1 when idxm =0

Th [Katz]. — dlm{(Al, . ,Ap) | Aj ~ Aj, ZAJ = C} /GL(’I”L,C) =2 —1idxm

Th [Katz]. m is irreducibly realizable

< mc, m is irreducibly realizable or ordm =1

. ., def . . : .
m : rigid & m : irred. realizable and idxm = 2 < ayy, : real positive root



def | Mj1=mio > ->my, >0 (1<j<p)
m : ordered &
My = Mjt1y (1 <rv< k) and Mj g > Mjy1 k OF k = TL]—|—1

1

P
D
j=1

mj ., (mj1 —mj,) =dgq,.. 1)(m)-ordm —idx m
v=1

e m : idxm = 2 and ordered = d(; npm <ordm

..........

= rigid M is reduced to trivial equation by additions and middle convolutions

m: rigid & am € Wag = am : positive real root

e m : ordered, idxm < 0, d(;,. 1ym <0 = irreducibly realizable (C-B)
Fg = {m . ordered | d(l,“,’l)m < O, idxm = —f, GCD{mj,V} =1ifl= O}

m : fundamental tuple € F:= |J For, (Fr # ) < [ € 27~) : irred. realizable
k=0

Th [Kostov]. Fo = {33,222,111111 22,1111,1111 111,111,111 11,11,11,11}
Th [O] H#Fy < 00

P :={m |idxm < 0 and irreducibly realizable} = W F (P/W =~ F)
= {m | ay, : positive imaginary roots and GCD{m; ,} =1 if idxm = 0}



Def. A fundamental tuple of partitions m = <mj’y)]_§y§nj cF is
1<5<p
Ei-fundamental for k =8, 7, 6 if p =3 and (n1,n2) = (2,3), (2,4), (3,3), resp.

Dy-fundamental if p =4 and (n1,n9,n3) = (2,2, 2).

E<1> E;n E(l) D(”
2 4 6 5 4 3 2 1 1 2 3 4 3 2 1 1 2 3 2 1

32, 23,16 22 14 14 13,13, 13 12,12,12,12

FEgs-f D4-f

Egs-f EL-f %
Ez Ez Q_E .......... O
.......... O O O

(27 37 *) (27 47 *) (37 37 *)' (27 27 27 *)'

Eg—fi n:al—l—ag:bl—l—bg—l—bgzcl—l—@—l—---—l—ck,
ar > az >0, by 2by >2b3>0,¢c1>2ca>---2>¢p >0
fundamental & n > a1 + b1 +¢c1 & |ax > by + ¢

— %gbl<a2:n—a1§%§a1<%, c1< g, k>6
bg—ClZ(n—bl—bg)—<n—a1—b1):Cbl—bg>O



Numbers of all, Fs-f, 3, 4, 5 tuples with a given index

idx 0 —2 —4 —6 —8 —10 —12 —14 —16 —18
all 4 13 37 69 113 198 291 415 647 884
Eg 1 2 5! 7 10 15 18 21 33 36
3 3 9 25 46 73 127 182 249 395 522
4 1 3 9 17 29 50 76 115 172 243
5 0 1 2 4 8 15 24 36 95 83
idx —20 —22 —24 —26 —28 —30 —32 —34 —36 —38
all 1186 | 1682 | 2183 | 2889 | 3841 | 4831 | 6203 | 8012 | 9789 | 12290
Eg 40 95 62 70 92 96 114 142 148 168

680 963 | 1230 | 1577 | 2105 | 2570 | 3257 | 4187 | 5009 | 6144

4 345 478 625 361 1126 | 1430 | 1890 | 2411 | 2982 | 3832

111 164 229 310 416 570 716 940 1214 1546

idx —40 —42 —44 —46 —48 —50 —52 —54 —56 —58

all | 15379 | 18683 | 22910 | 28096 | 33387 | 40617 | 48703 | 57481 | 68622 | 81728

Eg 212 220 246 298 314 351 412 429 486 570

3| 7731 | 9153 | 11072 | 13493 | 15768 | 18878 | 22594 | 26040 | 30819 | 36495

4 | 4721 | BT8S | 7227 | 8763 | 10484 | 12953 | 15392 | 18259 | 22056 | 26041

51 1939 | 2491 | 3046 | 3805 | 4675 | 5700 | 6916 | 8521 | 10114 | 12203




Confluence and Unfolding

Irregular singularity at oo with Poincaré rank 1:
(

T = 00 t=a; (j=2,...,p—1))
0
Az + AN o [Aj,1]m; |
4 : 1.1 . > . Riemann scheme
\ ' bfing Mg, Rng A y

(0
V’

)
I sol u~ Cype(L) ke v® (2 =00, 1<L<my), 1<k<R,)

Spectrum at oo : {[Al,yzv + )\1(/0,){] o | 1<k<R,, 1<v<ni}
’ mu,k

R,
0 0 - .
my, = ) m,(/,){ = {ml(jll} is a refinement of n =my1 1+ -+ My,
k=1

I N T
0 0 0 0
Spectral type m: (my - -myp ) - (M, 1 My R, )y Mg Mp_1
T 1,1 1,2 ’I’Ll,Rnl 1,1 1,nq>s 2,1 ) ) p—1,1 p_lanp—l

Unfolding of m :

m(o)m(o)...m(o) m ...m m o o o o o o m ...m
1,177%1,2 ni,Rp, 001 1,m15 1102,1 y y ep—1,1 p—1np_1



Ex. 33,222, 111111 onluence,
111111]222,33 = (11)(11)(11),33  111111]33,222 = (111)(111), 222

42, 21111, 21111 Zonfluence,

11112]42,21111 = (1111)(2),21111  21111|42,21111 = (211)(11), 21111
21111[21111,42 = (2)(1)(1)(1),42  11112]11112]42 = ((1)(1)(1)(1))((2))
21111[21111[42 = ((2)(1)(1))((1)(1))

Th [OH]. The number of fundamental spectral types of linear Pfaffian system with

unramified irregular/regular singularities and a fixed index of rigidity is finite.

Th [Hiroe]. m : a tuple of partitions with a refinement structure

m : irreducibly realizable < the unfolding of m is irreducibly reralizable

Th [O, Ka, Hi]. dversal unfolding of a linear Pfaffian system with unramified

irregular singularities.

du
M: dx_l— U+Z

u  (versal unfolding, |b| < 1)
T — aj



Harnad dual

Harnad dual Hd, (+— Laplace tranf. (z,-%) — (—-1 z) and addition)

(m<0>...m<0> )...(m<0> coom9 ), M2.1ma2s - m M 11T &« « « 1T
1,1 1,Rq ni,1 nl,Rnl ) 2,1 2,2 2,mo5 + q,1 q,2 q,Nq

—m(o)...m(o) ...m(o) ...m(o) |m ) m ) m )
T 1,1 1,Rq ni,1 ’I’L]_,_Rn1 1,1 1,ny; 2,1 2,n2) q,1 q,Ngqg

/4
(0), (0) (0) 0) , (0) (0)
(m2,2 " 'm2,n2) S (mq,2 T mq,nq)am1,om1,1 MMy Ry s M oMy 17" My Ry,

Y

idx Hd, m = idxm, HdZ =id

m(o) conﬂuence> m(l) Harnad duaI> m(z) unfolding m(g)

Transformation :

33,222, 111111 <% (11)(11)(11),33 2% (3). 111,111,111 2% 111,111, 111
2 2 2
033,222 111111 22800499 111,111
33,222, 111111 <% (111)(111), 222 2% (22), 1111, 1111 2% 22,1111, 1111
(1%)(1%)

0 33,222, 111111 ———= 22,1111, 1111

Def [Kawakami]. m, m’ : irreducibly realizable tuples of partitions

def . L .
m ~ m’ | & m is transformed to m’ by applications of these transformations:

the above transformations, mc, and permutations of partitions (=singular points)



idx=0 (Pidx=1), 4 basic (fundamental) tuples

6:33,222,111111 E"  4:22,1111,1111 BV 3:111,111,111 EY  2:11,11,11,11 DV

N R 11
(13)(13),28 (12)(12)(12),32 (12)(12),1* ()()(L)(1),2 (D(L)(1), 18 (1)(1), 11,11
NS | VRN
(DMW)(M)(D)) ((WW)()) M), M) (@))(1),11
N
(((1)))(((1)))
_— index : 2 —2m (m > 1)

[11], 45 : 11, T U]mys 115 5 (m+2)2, (m +1)22, 12+
FS,, :ml,ml, 1™+t 1m+l San, : m*,m?, (2m — 1)1, 1?™
Dflm) :m?,m*,m*, m(m — 1)1 Eém) :m3,m?, m*(m — 1)1
Eém) :(2m)?, m*,m*(m — 1)1 Eém) : (3m)?, (2m)?, m®(m — 1)1

idcx =0 (m=1): DY =[11], = Ga; = FS; = Sa;



idx=—2 (Pidx=2), 13 basic (fundamental) tuples (cf. [01, HKNS, Ka])

8:44,332,11111111 [11]} 6:33,2211,111111 5:32,11111,11111 5:221,221,11111
4:211,1111,1111 4:31,22,22,1111 Sa 3:21,21,111,111 FS  2:11,11,11,11,11 [11];
12: 66,444,2222211 E  10: 55,3331,22222 8:44,2222,22211 E¥  6:222,222,2211 E°

4:22,22,22,211 DY

Sa FS Ga
221,221, 11111 22W31 22 22 1111 1O )21 21,111, 111294 11 11,11, 11
(21)( 21)/ %)(1
Lo 33,2211,111111 HEHO® 911 1111, 1111
5 _—ay

4
44,332, EETERRE LS 13211111, 11111

55,3331, 22222
E® 1 B E® D

66, 444, 2222211 %

24 (52

44,332,11111111 2% 11111 - 21154, 333 Hd, 33 111111, 2211
+1 54 333, 21111111

66,444 2222211-I§>24 321|187, 5% —% 52,224 3321 = 55,3331, 22222

66,444, 2512 <= 76,544,261 <= 77,554, 3251 +— 87,555, 32241

Problem [Kawakami]. Study P /~, namely, equivalence classes of linear ODE’s !



Results
Def. F!' := {m € F | m is T-fundamental} (T : Eg, Fr7, Eg or Dy)
For={me Flidxm= ¢}, Fl :=F'nF.
Foni={meF|m~ n}, Fl=F'nF, (neFks).

Theorem (1) F=perms Fn (i.e. P/~ Fhs)
ordm < ordn (Vm € F, \ {n}, n € F&s).

(2) Form € FL with T = Dy, Eg, E;, we explicitly get n € 78 with n ~ m.
In particular, for ordered n = my1Mm12, M21Ma2Mo3, M31M32M33 - M3y, € Fle
o FD1 AL () & H#FDPs =1 and mi1 = M2, Ma1 = Mag, Moz = 2M3; = 2M3o
e Ini € FPs such that 727 = Fi* =0 (= idxn < —100)

We sometimes express m = mq1 -+ Min,, M21 M2y, *** , Mp1 = Mpy, DY
[[mll, ey Mg |y Moty e ooy Many ], -y [Mp1, - - ,mpnp]]
Example. Fi7 = F2° = F2* = and idxn = —630 for
n = |[50,49], [34,33,32],[14,13,12,11,10,9,8,7,6,5,4]| € F*=




In Theorem (2), for example, when T' = E7, we have the following:

For an ordered tuple
[[mll’ le]’ [m21’ m22,M23; m24]7 [m317 <o 7m3n3]] c FE77

the tuple n € F¥s satisfying n ~ m equals

[[mn + Mg, Mi2 + Maa|, [Ma1 + Mag, Maz + Maa, Mas + Maa],
[Moa, Mog, M3t . .., Man,)] if mi1 < maog + Mmas,
Hm12 + Moz, M1z + Maal, [M12, M12, Ma3 + Maal,
[m12 — MM22,M12 — M21,1M31,. .. 7m3n3H if mi1 > moy + mas,
[[m22+m23+m24, Mao+Mma3+1maa], Moz + Mag, Mag + Maa, Mag + Maal,
[mll — M21,M12 — M21,MM31, ... 7m3n3H if mi1 < ma1 + may,
[[m22+m23—|—m24, Mo + Mayl, [M12, Mg + Mag, Mag + May],

[m24, mi2 — Ma21,1M31, - .. 7m3n3H

if mi1 > mos +mo3, mi1 < Moy +meo3 and mqy; > Moy + May.

The third and the last tuples are ordered. Note that mis — mo1 > mas;.



Proof and Examples
Example. We calculated F;/~ for £ < 100.

Numbers of all, Fg, E7, Eg, Ds~-fundamental tuples with a given index

/ #F, | #3 pts |maxord |max #Fy || #F,5 | #F,7 | #F)° | #FP
0 4 3 6 4 1 1 1 1
2 13 9 12 8 2 3 2 2
4 37 25 18 9 5 6 6 4
6 69 46 24 12 7 12 10 6
8 113 73 30 23 10 15 12 8
10 198 127 36 36 15 25 20 9
20 1186 680 66 104 40 80 67 25
50 | 40617 | 18878 156 757 || 351 | 931 | 701 | 134
100 | 1461132 | 522509 306 7613 || 3181 | 10389 | 7500 | 743

Fact. For Vn € F¥& with idxn > —100,
FLo £ () and In € FL7 such that ordn > ord m for Vm € Fy, \ {n}.

We conjectured the above in general, but there is a counterexample.




Outline of the proof

Def. M =Mi1 - -Ming, M21 - M2Angy -« mypi ---mpnp e P
def.
m ~ m’ & dmc,q),...,mc k) such that m’ =mc_q) -+ - mc, ) m
mcC

Rm € F satisfying Rm ~ m (WWJF =7P)

p
—

Sm = “(p_1)n7n]7[n7"°7n]7[m117""mp1’{mjy}V:2 """ s J=1e pH

. unfolding of Harnad dual of n, Omqyy---, Omyp,, ..., Ompr - - My,

. unfolding of (mqq1---muin, ) - (Mp1---Mpp,), (P — 1)n)n

p+1
——

S*m := [[2pn, pn], [pn, pn, pnl, [(p — Dn, 7,0, {my,, 1]

Remark. RS?: P — Fbs, mc, m = HdyHd, (n, m)

Lemma. (1) m: (2,3,%)-type = Sm ~ m

. 9 mec Bq: O O O O—ieO——0O

m : (x,*,x)-type (i.,e.p=3) = Sm~ Sm I 4 ¢ ¢1 2 1
mec

(2) m’ : an unfolding of Harnad dual of a confluence of m = S*m’ ~ S°m

mec
In particular, S?mc,m = s3_S*m (33, : a real root)

(3) ord RSm >ordm (m € F\ F¥s)



idx=—4 (Pidx=3), 37 basic (fundamental) tuples

10:55,442,1111111111 [11]F  8:44,3311,11111111  7:331,331,1111111 6:42,111111,111111
6:51,33,33,111111 Sa 5:311,11111,11111  4:31,31,1111,1111 FS 2:11,11,11,11,11,11 [11]g
18:99,666,3333321 £\  12:66,3333,33321 E\¥  0:333,333,3321 E¥  6:33,33,33,321 D
9:54,333,111111111 7:432221,11111111  6:321,222,111111 6:33,21111,11111
5:221,2111,11111 4:1111,1111,1111 4:31,22,211,1111 3:21,111,111,111
3:21,21,21,21,111
12:66,444,22221111 E*?  10:55,3331,222211 0:441,333,22221 8:44,22211,22211
8:44,2222 221111 E*?  7:331,2221,2221 6:222,2211,2211 6:222,222,21111 E*?
6:51,33,222,222 4:22,22,211,211 4:31,31,22,22,22 4:22,22,22,1111 D*?
14: 77,554,2222222 10: 55,3322,22222 8: 332,332,2222 6:42,33,33,222
Sa [12]6-class o Ca
‘B3)B)(D) ’
/<31>< D et I m)
42 , 3212, 18 312,1°,1°
"] - . (1)(1%) %)(12) (1) (1) (1))
52,422,110 42 [1%]5 (1%)(1%) [14]3"———""[21]4, 1°
B L e
54,33, 19 DAY 32 994 16 —— 271,213 15 (1 )(1 )(1) 21, [13];
9 9 13
2 (atH(a?® ) 1) (2)(1 )(Nl )(1)(1) /(2)(1 J(1)
3 7 3 6 2 2 4
43,2°1,17 — 321,2%,1 THana— 31.2%,21%,1



55,442, 1111111111 2% 1111111 - 311|75, 444 2% 44, 11111111, 3311

—+2
Hd
54,333,111111111 =5 16 . 22165, 443 == 43,1111111, 2221
—+2
(2,2)
E(2,2) E(2,2) ES ~class E(2,2) (2,2)
8 4 7 2 2 6 4
62,43,2414 (2%)(21%) 42’24’2214 (27)(27) [23]2,214 (2)(2)(2) [22]37 14
R — @m0 |
w6 42, [2312], X&) 93 9292, BEUD 521 1912y,
s e 2)(2)(1)(1) [(2)(1)(1)
421 35 94 (@)D 1 a2 (98 M 5%
, 33, , 3%, [2%]2 31]2, [22]3
21102 2)(2)(2)(1)
52,331, 2412 —EDED 529 193q),

66,444, 22221111 % 2221 - 2221|77, 644 % 44,12221,12221

66, 444, 22221111 % 2221 - 33 - 41765, 99 % 22221, 333, 441

66, 444, 22221111 % 22211 - 331|87, 555 — 55, 222211, 3331

77,554,2222222 =5 24 . 322187, 52 Hd, 52 994 3392 — 55 332222222

+1
Y 32.32]55, 22222 1%, 2222 332, 332 % 3.3.21332, 2222 1, 229 33 33,42



Fundamental class of 69 tuples with idx=—6 (Pidx=4)

12: 66,552,111111111111 [11)7 10:55,4411,1111111111  9: 441,441,111111111 §:71,44,44,11111111 Sa
7:52,1111111,1111111 6:411,111111,111111  5:41,41,11111,11111 FS  2:11,11,11,11,11,11,11

24: cc,888,4444431 E." 16: 88,4444,44431 B 12: 444,444, 4431 Y 8:44,44,44,431 D"

10: 55,433,1111111111 §:53,2222,11111111 8:44,3221,11111111 7:43,22111,1111111
7:331,322,1111111 6:33,111111,111111 6:321,2211,111111 6:3111,222,111111
5:221,11111,11111 5:2111,2111,11111 5:41,32,221,11111 4:31,22,1111,1111
4:31,211,211,1111 4:31,31,31,22,1111 3:111,111,111,111 3:21,21,21,111,111
3:21,21,21,21,21,21

12: 66,444,222111111 EY 101 55,3331,2221111 9:441,333,222111 8:44,2222,2111111 E*Y)
8:44,22211,221111 7:331,2221,22111 6:222,202,111111 E® 6:222,2211,21111
6: 2211,2211,2211 6:51,33,222,2211 5: 41,221,221, 221 5:32,32,32,11111
4:22,22,211,1111 D@ 4:22,211,211,211 4:31,31,22,22,211

14: 77,554,22222211 12: 66,4431,222222 10: 55,3322,222211 10: 55,33211,22222
9: 54,22221,22221 §: 431,2222,2222 8: 332,332,22211 8:332,3311,2222
7:322,2221,2221 6:42,33,33,2211 6:411,33,33,222 5:32,32,221,221
4:31,22,22,22,22

18: 99,666,33333111 E*Y  16: 88,5551,333331 15: 771,555,33333 12: 66,3333,333111 £
9: 333,333,33111 E\Y 6:33,33,33,3111 DV

18: 99,666,3333222 EY  14:77,4442,33332 12: 66,3333,33222 E\*?  12:552,444,3333
9: 333,333,3222 B 6:33,33,33,222 D\*?




21]6

/

31, 22  [14],

43,2213,17 221, [15],

?fz 213,15 31, 2122,

42, 3221 18 — 321, 322,17
43 321,921%,16 — 41,32, 2°%1,1°
53,24,18 313723’16 31 3’22 14 —

21;% 13,

Here, [16], = 111111,111111  [21]g = 21, 21,21, 21, 21,21 etc.

62,43,2316 — 42,24 216 —— [23],,1°6 —— [32L3,1 22]5, 212,14
+3 42 23 12 22 14 23 22 12 214 2 3

%éaa 2212 _\;:::::::::::::::?\\ \\\

L 421,33,2313 —— 51,3293 9212 — 115 — [31]a, [22]s, 212
| /////////

52,331,2314 —— 321,231, 2213



62,4231, 26 431, [24]5 31, [22]4

+4 -
72,5%4,2612 54, [241] —— 322,231,231 — [32]5, [2%1]5

52’ 32227 2412 _ [322]2’ 2312 42’ [32]27 22 12

+1 |
52,32212,25 — 322,3212,24 ——— 417 ,[3%]5,2°
82,531,3°1 72%1,53,3°
+6 127

9%,67,3°1° 62,34 3313 — [33], 3213 — [3?]3,31°

+3 .......... e

92’ 637 3423 62, 347 3223 - [33]2, 323 L [32]2, 23




idx =2(m —1)

[12],, 1 3-class

Sa s FS Ga
[m21]y, 1201 9, 1)1 2]y, 12 D gy, ey, D Wy
(m1)(m1) (1) (1)(1)
2 22/2m 2 amamma) 2 1m 2/m 2
(m+1)%,m*1% 1™+ ml4,1m+2 1m+
1]y e am )
(m +2)2, (m + 1)22,12m+ e (m + 1)2,[17+3),
3 More relat|on.s { (15)(15)(1) 1 . 1) (1) .
(m)(m)(1) ———— o YLD (1)--- (1)
(ml)(ml)—l—2(m-——1) .................. (1 )(1 )(1"’“)(1)(1////

.............................. .

()t . g

12m+47 (m_|_2)27 (m+1)22 (m_cl 12m+1 . m12\(2m+1)(m+2), (m_|_1)3 Ed_) (m—|—1)27112m+17mm12

D{™-E{™class
Eém) o E;m)
2 2 SR R = NIR V RR VRN
(3m)=, (2m)?, m°(m—1)1 (2m)*, m*, m>(m—1)1

idx = —2: Df)—EéQ)—class contains 5°,3°1,2°



Fundamental class of 113 tuples with idx=—8 (Pidx=5)

14:77,662,11111111111111 12:66,5511,111111111111  11:551,551,11111111111 10:91,55,55,1111111111
8:62,11111111,11111111 7:511,1111111,1111111 6:51,51,111111,111111 2:11,11,11,11,11,11,11,11

30: ff,aaa,5555541 20: aa,5555,55541 15: 655,555,5541 10:55,55,55,541

12: 66,444,2211111111 10: 65,3331,22111111 9:441,333,2211111 8:44,2222,11111111
8:44,22211,2111111 8:44,221111,221111 7:331,2221,211111 7:331,22111,22111
7:322,322,1111111 6:222,2211,111111 6:222,21111,21111 6:2211,2211,21111
6:51,33,222,21111 6:51,33,2211,2211 6:42,42,33,111111 5:41,221,221,2111
5:32,32,311,11111 4:22,22,1111,1111 4:22,211,211,1111 4:211,211,211,211
4:31,31,22,22,1111 4:31,31,22,211,211 4:31,31,31,31,22,22

14:77,554,222221111 12: 66,4431 ,2222211 11:551,443,222221 10: 65,3322,2221111

10: 65,33211,222211 10: 65,331111,22222 9:54,22221,222111 9:441,3321,22221
8:431,2222,22211 8:332,332,221111 8:332,3311,22211 8:3311,3311,2222
8:71,44,332,2222 7:322,2221,22111 7:3211,2221,2221 6:51,321,222,222
6:42,33,33,21111 6:411,33,33,2211 6:51,51,33,33,222 5:32,32,221,2111
5:32,311,221,221 4:31,22,22,22,211

11:65,443,11111111111 9:54,3321,111111111 8:563,22211,11111111 8:44,32111,11111111
8:431,332,11111111 7:43,211111,1111111 7:421,2221,1111111 7:331,3211,1111111
6:321,21111,111111 6:3111,2211,111111 6:51,42,222,111111 6:51,33,321,111111
5:2111,11111,11111 5:41,32,2111,11111 5:41,311,221,11111 4:31,211,1111,1111
4:31,31,31,211,1111 3:21,21,111,111,111 3:21,21,21,21,21,111

18: 99,666,33332211 16: 88,5551,333322 14: 77,4442 ,333311 14:77,44411,33332

12: 66,3333,332211 12: 66,33321,33321 12: 5511,444,3333 11: 651,3332,3332

10: 442,3331,3331 9:333,333,32211 9:333,3321,3321 6:33,33,33,2211
6:33,33,321,321 6:51,42,33,33,33

15: 87,555,22222221 11: 65,3332,222221 10: 55,32221,22222 9:432,333,22221
8:332,3221,2222 6:42,33,321,222

20: aa,776,3333332 14:77,4433,33332 11: 443,443,3332 8:53,44,44,332

24:cc,888,4444422 20: aa,6662,44444 16: 88,4444 ,44422 12: 444,444 ,4422
8: 44,44 ,44 ,422

16: 88,664 ,22222222 12: 66,4422,222222 10: 64,22222,22222 10: 442,442 ,22222
8:422,2222,2222 8:62,44,44,2222 6:42,42,222,222 4:22,22,22,22,22




The tables of the classification are calculated for idx > —100 (cf. [O4]) by
spfundclass( ) in [O3], 2026.2.8.

spbasic() : get required irreducibly realizable tuples (idx, ord, #partitions)
spharnadcv() : calculate mc,, Hd,

spdiagram() : draw a diagram of tuples with relations defined by mc,, Hd,
spfundauto () : get the automorphism group of a tuple defined by mc,
sptab() : draw table of classified tuples

refinements () : get all confluences of a tuple

Classification of fundamental tuples using Risa/Asir

idx o -2 -4 -6 -8 —-10 -—-12 —-14 -16 —-18 —-20

run time(sec) | 0.02 0.03 0.05 0.09 0.13 0.25 044 0.72 1.89 277 3.00
# fund 4 13 37 69 113 198 291 415 647 884 1186

# class 1 2 5 7 10 15 18 21 33 36 40

spDEfromE8 () : get D4, Eg, E7-f. equivalent to a given Eg-fundamental
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