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This talk is based on the paper

“Moduli space of factorized ramified connections and
generalized isomonodromic deformation.”

SIGMA Symmetry Integrability Geom. Methods Appl.
19 (2023), Paper No. 013.

Plan of talk:
1. On ramified connections in the paper
2. Symplectic form on the moduli space

3. Construction of generalized isomonodromic deformation



Works on moduli spaces of connections

1. Regular case: A part of the Simpson's framework
connecting Betti, de Rham and Dolbeault moduli spaces.
2. Logarighmic case:

Non-parabolic case by Nitsure.
Parabolic case: works with lwasaki and Saito.

3. Unramified irregular singular case:

On the trivial bundle over P!: by Boalch.
Higher genus case: work with Saito.

4. Ramified irregular singular case:
Over the trivial bundle on P!: by Bremer and Sage.
The corresponding monodromy space:
Wild character variety constructed by Boalch.

Construction with explicit descriptions in the case of
Painlevé equations by van der Put and Saito.



Today we consider the moduli space of ramified connections
in a higher genus case.

Even in the case of P!, we don't want to restrict to the
connections on the trivial bundle.

In the following picture, M is the moduli space of rank 2
logarithmic connections with 4 singular points 0, 1, oo, t.
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Ramified connections
C: smooth projective curve /C.
D: effective divisor on C.

For t € D, take a uniformaizing parameter z € O¢ ;. Then
Oc.. = C[[z]]. Consider

E: an algebraic vector bundle of rank r on C

V:E — E ®Qc(D) rational connection.
Let w be a variable satisfying

w' =z (w is a ramifying parameter)
Then

Clw]] = C[[zl1 & Cllz]lw & - - & C[[]]w"
is a free C[[z]]-module of rank r.

m := mult,(D).



‘

Definition

(E,V)® Oc¢. is a generic v-ramified connection if

(E,V)@Oce = (C[wW]],V.,)
where
Voo Cwll —  Clwllo %
flw) — df(w)+ f(w)r(w)
and v(w) = v(2) + 1(z2)w + - + v,_1(z)w ! with

m—1 m—2
d d
n(z) € Cz'—i, 1n(z) e C*dz + Z Cz’—i
— =1
m—2
)

w(z) ey CZ/Z (2<k<r-1).



For the construction or the investigation of the moduli space,
we want to replace the condition of formal isomorphism to
V. with an alternative condition on the restriction (E, V)| m.

(E,V)® Oc, = (C[[w]], V)
(Elme, V]me) 2 (Clw]/(w™),V, @ Clz]/(z™)).

Vime: Elmt — E|mt @ Qc(D)|me is represented by

Z/O(Z) ZV,_l(z) ZV1(Z)

Vl(z) Vo(Z)—l—%% ZV2(Z)

vr—1(2) vr—2(2) e (2) + r71 %
with respect to the basis 1, w,..., w1

However, this condition is too strict.



If V|me has a representation matrix

vo(2) zv,—1(2) e zv1(2)
n(z)+ 321% vo(z) + %% _ z1,(2)
| | ) : ()
vee1(2) + 2% v o(2)+a0% 0 w(z)+ SRE

with aj € C for i > j, then we have
(E,V)@Oce = (C[W]], V). (f)

In the paper, | introduce the notion of
v-ramified structure on (E, V)|mt

which reflects the ambiguities in the matrix () such that
Jdv-ramified structure < Jformal isomorphism ().

We omit the precise definition of v-ramified structure here.



Moduli space of connections on curves
M p(\ p,v) := {(E, V) satisfying the following} / =

(i) E: algebraic vector bundle of rank r and degree d
(i) V: E — E ® Qc¢(D): rational connection
which is endowed with

(a) A-parabolic structure at logarithmic points t € D:
Ely=10>---DI; DIf =0 such that
(rese(V) = AHA)([f) C [l for 0 <j<r—1,
(b) p-unramified parabolic structure
at unramifed irregular singular points t € D:
Elpe =05 D ---DUi_; DL =0 such that
(v|mt - Njid)(/jt) - /Jt+1 ® QC(D)|mt for O SJ S r— 1,
(c) v-ramified structure at ramified irregular singular points
teD.



Theorem

Moduli space Mc p(\, i, v) is smooth and quasi-projective.
dim Mc p(\, p,v) =2r?(g — 1)+ r(r — 1) deg D + 2
(if Mc p(\, p,v) # 0) where g is the genus of C.

WM p(Auw)- algebraic symplectic form on Mc p(A, i, v).

Today we will see how to construct waic o u)-
In the case of logarithmic connections or unramified irregular
singular connections, parabolic structure produces a good
duality on the tangent space.
For ramified connections, we introduce the notion of

on (E, V)|m: which induces a
duality on the tangent space and

& v-ramified structure.



Works on the canonical 2-form (irregular case)

1.

Hamiltonian description of isomonodromy equations by
Jimbo, Miwa and Ueno (on the trivial bundle over P*).

. Krichever's construction of canonical 2-form using

formal solutions (in higher genus case).

Boalch's construction of 2-form on the wild character
variety (including ramifed case with Yamakawa).
Dubrovin and Mazzocco proved the coincidence of
Krichever's 2-form with the 2-form by Jimbo, Miwa and
Ueno (on the trivial bundle over P').

. With Saito: Construction of algebraic symplectic form

(unramified irregular singular case).

Bremer—Sage's symplectic structure on the moduli space
of ramified connections on the trivial bundle over P!,



|dea of factorized ramified structure
Recall (E,V)|m: = (C[w]/(w™), Vy|zm=0).
N: Elme — Elme ¢ C[w]/(w™) = C[w]/(w™).
Consider the O [ T]-module structure on E|, defined by
P(T)v:=P(N)v (for v € E|pmt, P(T) € Ome[T)).
Then we have
Elme = Ome[T]/(T" = 2). (t)

E|Y. also has an O,;[T]-module structure defined by *N and

Elme = Ome[ TI/(T" = 2). (1)



Composing the isomorphisms (), (I), we get an isomorphism
0: Elye — O TI/(T" — 2) — E|mt

of Opme[T]-modules. Set k := 07*N: E|,,, — E|V,.
Then 6, k corresponds to

V: ElY. x E|). — One  symmetric perfect pairing
7. E|me X E|mt —> Oy symmetric pairing.

So we get (¥, 5) (mod O [N]*) (which characterizes the
orbit of N with respect to the adjoint action of Aut(E|:)).

Factorized v-ramified structure is precisely defined as a
modified data of (¥, ») considering the ambiguity (%) before.



Tangent space of the moduli space
0_ ule(If) CIE, ulme(£L) C L2, }
— End(E k k k k
g {” CEnd(E) | (AR C TNV (0 k< r— 1)

v]e(lf) C If, @ QY(D)s,
V|mt(glt<) C £f<+1 ® QI(D)Imtv
V|me(Im N¥) € Tm N¥ @ QY(D)|me
for0<k<r-1
= 'modification’ of Sym2(E|Emm)

G' =< veé&ndE)2 QD)

= 'modification’ of Sym?(E|p,,..)
A = ‘modification’ of Op,,, [T]/(w" — z)
Al = ‘modification’ of Hom(Op,,.[T]/(Ww —2),0p,...)
G' = 'modification’ of G}|p,,. .

Define a complex
d%, di,
f’:gO@AO F Ql@S@T F Gl@Al
of sheaves on C by



d%e(u,0) = (Vu — uV, uf +0'u, —ku — ur)

d®(0,(P(T))) = (0, 6P(N), —P(*N)x)

de(v,0) = (v|p,0)

d%e(0,7,6) = <ZVJ(Z)NJ_I(9§+T/-€)NI_1,TI( —,0¢ —|—Tli)).

Proposition

Tangent space of the moduli space is

Trepuy) = HY(F?).

> There are dualities S %5’ T, A° %8 Al and

> (G) ® Qlcquasésom[gl — G'] (inducing Serre duality).



W p(u)? HY(F®) x HY(F®)

d
— H2(OC - Qlc(Dram) - Qlc(Dram)|Dram)

12

C

is defined by

wrte o) ([{Uass Vas Mo 3] s, Vo ma}])
- [{Tr(uaﬁu/ﬁ'y)7 —T].“(U(),g V; Vol (yf) }]

for {uag}, {upst € CHGO). {va}, {va} € COGY).
Mo = (T, §a)s o, = (74, €4,) and

p
VP(Z ! P 1 —j_ tppi—1
NP J NJ Np JT NJ
1; ; fa &)-

p



How to prove dw =0

We construct a family of moduli spaces
such that

m: M — U(C A': open)
7 10) = Mcp(\ p,v) and

connections for u # 0.

7~} (u) = moduli space of logarithmic parabolic
such that

- 0 1
We can also construct a relative 2-form w’ € H*(M', 2}, )
W'[z-1(0) = w and

W'|z-1(4) coincides with the symplectic form on the
moduli space of logarithmic connections for u # 0.
duv' =0 = dw =0.

Since dw'|z-1(4y = 0 (which was already proved), we have

DA



Family of moduli spaces

n = Neg + Nun + Meam-

Mg » := moduli stack of n-pointed curves of genus g.

_ . . . ~—
Take a universal family (C, ti,. .., t,) over M, , — Mg .
NMog Mog =+ MNun
Dlog = Z ti, Du = Z mit; (m,- > 2)
=1 i:n10g+1
n
Dram = Z mit;, D := Dlog + Dun + Dram-
i=nNog+m+1

Take tuples of complex numbers

in1<i<n iNMoe+1<i<nige+n
_ 1\ +t=>1=Mog un __ 1\Mog TL>I>Nog T MNun
A= (Mogjzrts (¢fo<i<r1 ;

"™ = (") mggt+nun+1<i<n- (residue parts of exponents)



Assume the equality (Fuches relation)

Mog r—1 Mog+Nun r—1 n r 1
d+d DX+ Y Y+ X () =0
i=1 j=0 i:nlog+1 Jj=0 i:"log"‘"un"’l

(recall d = deg E). Consider the parameter space

T = {(u,z,v) : satisfying the following} — Mvg,n

Moo+ 1<i<nge+n s
> = (u})o§<r:{ "™ are unramified exponents,

where 1if € Qc(D)

mt; and resg (uf) = ¢/,
» U = (Vi) noy +mm+1<i<n are ramified exponents with
respect to Z € t'at,./mg"'le satisfying resy—o(v;) = rc'.
We regard T as a space of independent variables.

Mep:= J[ Meopv) = T
(C.D.zZ,uwv)eT
(family of moduli spaces of connections)



Take a universal family (£, V) on CMep- SO
ViE—E ® QCMCVD/MC,D(DMC,D)
is a relative connection. Take a germ of submanifold
L C Mecp and an analytic open U C C, such that
U= AxL
for a unit disk . We can consider a
family of Stokes data corresponding to (E|y, V|u).

Principle of Jimbo—Miwa—-Ueno's Theorem

The following two conditions are equivalent.
(i) Stokes data of V|, is ‘constant’ on £

(i) there is an integrable meromorphic connection

v Ely — Ely ® Qe (De)lu

which induces the relative connection V Ely-



Global generalized isomonodromic deformation
mr: Mep — T induces a surjective map

dm %

between tangent bundles.

Theorem

We can construct a generalized isomonodromic splitting
&: 17 Tr — Tamep, (algebraic map) (Q)
of dmr in (1) which satisfies
[®(v1), ®(v2)] = &([v1, v2])

for vector fields v, v» € Tr.



The subbundle Im(®) C T, (called generalized
isomonodromic subbundle) satisfies

[Im®, Im®] C Im . (integrability condition)
So it determines a foliation (" on Mcp (called

generalized isomonodromic foliation).

How to construct the splitting 7

Take Vv € Tr: vector field on 7' C T (Zariski open).
ve Ty & T'[v]:=T xSpecCle/(¢2) 5 T

Write M’ = MC,D x7 T

Consider the fiber products (twisted by /,):
M) = Mep xr TV — T[] = 7' T
CM’[V] =C X7 MI[V].



(E,V): universal family on Cpy.

horizontal lift
31(£Y,VY): (called a horizontal lift of (£, V)) such that
» £V is a vector bundle on C |y
> VV: 8v-—> EVQ® QéM,[v]/M'(DM’[v]) is an ‘integrable
connection’.

> ((c:v, VV) ® OM'/(G) = (E? 6)

Loy .
(£¥, V") induces a morphism M'[v] —2 M’ which
corresponds to a vector field ®(v) € To, . O

For a germ of a leaf £ in ]-"(MI?D a horizontal lift induces an
integrable connection V#t: £, — £, ® Qéc(Dﬁ) which is
a lift of the relative connection @ﬁ.



Generalized isomonodromic 2-form

The relative symplectic form wy, , € HO(Me.p, wac D/T)
can be lifted to a total 2-form

defined by

Wi o (v1,12) 1= wate p(v1 — P(dr(v1)), va — P(dm7(v2)))

for vector fields vy, vo € Ty .
(It is first defined by Komyo in the logarithmic case).
For a vector field v € Ty, ,:

velmd & wf,’l’gD(v, w) =0 for any w € Ty ,.



Idea of proof:  The foliation (" induces
T xM;, = M (local analytic isomorphism)

where 7/ C T, M} C 77} (to) and M’ C M¢ p are analytic

open subsets. We prove

w/(f/lll(\;/lo ’M’ = p;(ch,D |M§O)

where py: T' x M — M is the second projection. O

What have not been done.

» Construction of generalized Riemann—Hilbert map to the
wild character variety.

» Comparison of the canonical two form with those by
Krichever, Boalch, Dubrovin—Mazzocco, ...

» Explicit description in the case corresponding to
Painlevé equations (Working in progress with Komyo by
constructing compactification of the moduli spaces).



