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Painlevé Equations
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Some Properties of the Painlevé Equations

* The general solutions of the Painlevé equations are transcendental,
for all values of the parameters.

* P;—Py; have special function solutions expressed in terms of the clas-
sical special functions [Airy, Bessel, parabolic cylinder, Kummer, hyper-
geometric] for certain values of the parameters, which have one arbitrary
constant.

* P—Py; have rational solutions for certain values of the parameters,
which have no arbitrary constants.

* P, Py and Py; have algebraic solutions for certain values of the pa-
rameters, which have no arbitrary constants.

e Rational, algebraic and special function solutions of P;;—Py; can often be
written as determinants, usually as Wronskians.

* P—Py; have Backlund transformations which map solutions of a given
Painlevé equation to solutions of the same Painlevé equation, with differ-
ent values of the parameters, or another equation.

* P.—Py; can be written as a (non-autonomous) Hamiltonian system.
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Classical Solutions of the Fifth Painlevé Equation

dw _ <1 L1 )(dw>2_1dw+(w—1)2 <&w+é>+7w_w(w+1)

dz? 2w w—1)\dz z dz 2 w z 2w —1)

where we have set § = —3,

without loss of generality.

Definition
A classical solution of a Painlevé equation is either a special function
solution, a rational solution, an algebraic solution or a solution in terms
of elementary functions.
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Special Function Solutions of P+,
d*w ( 1 1 ) (dw)Q_1dw+(w—1)2(aw2+ﬁ)+vw w(w + 1)

dz2 - \2w  w—-1) \dz z dz 22w z 2w —1)
Theorem
Py with ¢ = —%, has solutions in terms of Kummer functions M a,b, 2)

and Ul(a,b, z), or equivalently Whittaker functions M, ,(z) and W, ,(2), 1
and only if

61\/%4—82\/—254—837:2?24—1, or (\/ﬁ—n)(\/—ﬁ—n):O

where n € Z, with ¢; = £1, j = 1,2, 3, independently.

* The Kummer functions M (a,b, z), U(a, b, z) satisfy
d?w dw

z@Jr(b—z)@—aw:O

* The Whittaker functions /. ,(z), W, ,(z) satisfy

d2 1 1 2
w+<4+ﬁ:+4 2”>w0

dz? z Z
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Special Function Solutions of P+,
Theorem (Okamoto [1987], Masuda [2004])

Let
N NG
Téw)(z) — det [(Zdz) gpw(z)]

Na+0)I'(b—a—1i+j)
['(b+ )

o
+Sin{7r(b—a—i+j)}F(2—b_j>U(a+z, +7;2)

with M(a,b, z), Ula,b, z) Kummer functions and c,, c; arbitrary constants.

n—1

ke (=0
where

QOZ'J(Z) = Cq M(&+Z,b+],2)

Then 00) "
b—a \'m (2)7,,7(2)
w(za, B,7) = — ( ) o
b—a—=1/) ") n )
is a solution of Py for
<047 57 7) — (%(b o CL)2, —%(CL + n)27 n+1-— b)
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Theorem (PAC, Dunning & Mitchell [2026])
Let lef’b)(z) be the bi-directional Wronskian determinant given by

Qitk n—1
{csM(a,b, z) + cxU(a, b, 2)}
5,k=0

K;a,b) (27 C1, CQ) — det dz]+k

Then
1Y (2 er(a+1—b),e) KW (261, 00)

n—+

IC( (z;c1(a+1—=10),c9) Kéﬁl’b)(z; 1, 02)7
is a solution of Py for the parameters

(o, B,7y) = (%(a%—n)z,—%(b—l—n—a—l—1)2,b—2)

wy(z;a,b) =

Example. When n =0
(a+1—=0b)cyM(a,b, z) + cU(a,b, 2)
aleiM(a+1,b,2) + eoU(a+ 1,b,2)]

which is a solution of Py for the parameters

(Oé,ﬁ,’Y) - (%a27_%(a_b+1>27b_2)

UJ()(Z, a, b) —
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Relationship between Kummer and Bessel Functions

If b =2a = 2v + 1, then it is well known that
M(v+L2w+1,22) =T(v+1)e* (32) " L(2)
U(v+3,2v41,22) = 2 (22)7 K, (2)
with [,(z) and K,(z) the modified Bessel functions.
More generally, if b = 2a + n, n € Z, and a = v + 1, then for n > 0

M+ 2v+1+n,22) =T (v)e (12)_VZ (—1)" (k) (20)ylv + k) I, x(2)

2v+1+n),
M(V—F%,QV—I—l—ﬂ,QZ)—F ez(
U(v+1i2v4+14n,2z) = n ( \;%(V +3), i (Z) (2yy++k];n+1Ky+k<Z)
U(V + %, 2v+1—n, 22) = (=1)" 2\@/;(2,3)”—”
’ k=0 = <Z) (2v :Z ]i;%nﬂKwk_n(Z)
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Bessel Function Solutions of Py,
Theorem (PAC, Dunning & Mitchell [2026])
For n € Nand m € Z define Wronskian

B%}n(z) = Wr ({fm—j,wj(Z)}?:_g)

where
L . /m v+ v 1
e~ (M TV (1
with
z (Z) _ Clll/<z> + C2]—V<Z>7 Lf v g N
g Clln('z) + CQ(_l)nKn('Z)v I’f neN
Then

Byia(2)B L5 (2)
Biin(2)By gy (2)
with c%)n a (known) constant, is a solution of Py for the parameters
(o, 8,7) = (L 2v+2n+1), L@+ 2n+2m —1)* 20+ m — 1)
University of Kent
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Rational Solutions of Py,

w ( 1 1 ) <dw)2_ Ldw (w—1D*ow?+8) yw ww+1)

& \ow Twoi) @z 2dz 22w Jr,2'_2(10—1)
Theorem (Kitaev, Law & McLeod [1994])
Py with 6 = —% has a rational solution if and only if one of the following
holds:

(1) (o, B,7) = (%mQ, —%(m +2n+ 14 p)?, ,u), for m > 1;

(i1) (o, B,7) = (5(m + p)?, —4(n + ep)?, m + en), with ¢ = £1, provided that
m # 0 orn # 0;

(iii) (o, B,7) = (3(m + 3)% —3(n + 3)% p), provided that m # 0 or n # 0,

where m,n € Z" and 1 is an arbitrary constant, together with the solutions
obtained through the symmetries

81 : w1<2;@1,51,’71) — QU(—Z;OZ,B,”Y), <0517517/71) — (Oéaﬁa _7>

1
Z;Oé,ﬁ,f}/y (()427627’}/?)) — (_67 —Q, _f)/>

where w(z; a, B8,7) is a solution of Py,.

82 : w2<z;a2752773> — w(
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Case (i): Generalised Laguerre Polynomials

The rational solutions in case (i) are special cases of the solutions of Py,
expressible in terms of Kummer functions M(a,b,z) and U(a,b, z), with
a=—n € 7, since

U(-n,a+1,2) = (=1)"(a+1), M(—n,a+1,2) = (=1)"n! L (2)

where Lff‘)(z) is the Laguerre polynomial.

Definition
The generalised Laguerre polynomial Té{“‘ %(z) is given by
itk n—1
T (2) = det [ . L;f;iy(z)] . om>0, n>1
e dzitk -
7,k=0

with ;1 a parameter, Lff‘)(z) the Laguerre polynomial and Téf ())(z) = 1.

Remark. The generalised Laguerre polynomial TT%” %(z) can also be written
as the Wronskian

T (2) = We (LU0 (), Lt ), L0 (=)

m,n
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Theorem (PAC & Dunning [2024])
Define the polynomial qufff %(z)

q 4k - n—1
() = det [(d) L <z>]
k=0

with Lff‘)(z) the Laguerre polynomial, then

n (1) (1)
w ™ (2) = ( m+ 1+ 2n ) Tm—l,n(’Z) Tm—l,n+1<z> mon > 1,

m+p+2n+ 1 Téfv)ﬂz) 7757@2,71+1<Z> |

is a rational solution of Py for the parameters

(Qmns Brns Ymm) = (3m>, —=3(m +2n + 1+ p)%, p)

Lemma (PAC & Dunning [2024])
The polynomials TT(Af %(z) and Ty, %(z) are related as follows
77%“21(2) = ammz”(”_l)/QTé{%(z), A = H(m 44+ p)
j=1
University of Kent
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In Case (i), rational solutions of Py arise when
a=3l'  B=—gk+7)

where / > 0 and ¢ + k is odd, with ¢, k € Z, and 5 # 0 when |k| < {. There are
three cases (a), k > ¢, (b), |k| < ¢ and (c), —k > /.

Theorem (PAC & Dunning [2024])
(@ Let!=mandk=m-+2n+1, withm >1,s0l¢+k=2m+2n+1

(1) (1)

Tn(2) TmM—2,n+1<Z>

(s By Ym) = (3>, —5(m +2n+ 1+ p)*, p)

b)Let { =m+n+land k=m—n, withm >0,s0f+k=2m+1
(n—2n)

—2n—2
’U(’u) (Z) _ m—n + o Tm,n <Z> T?ﬁf—l,ﬂ#—l)('z) n > 1
T A L) T )

(Olm,na 5m,n7 7m,n> — (%(m +n + 1>27 _%(m — N+ N)za ,u)
(c)Let ! =mand k=-m—2n— 1L withm >1landn>0,s0/+k=—2m — 1

ulh(2) = wii i (—2)

(Oém,na 5m,na /Ym,n) — (%m2

—5(m+ 20+ 11— p), )
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Generalised Laguerre Polynomial T, ;,
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Structure of Roots of Tf,%'; 21 (22)

A

A

A, B rectangle C, D triangle/rhombus
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Cases (i1) and (iii): Generalised Umemura Polynomials

Masuda, Ohta & Kajiwara [2001] generalised earlier work of Umemura
[1996] and expressed rational solutions of Py in terms of the polynomial

P1 o P—m+2 P—m+1 " P—m—n+2
RO (5 — P2m-1 " Pm  Pm-1 """  DPm-n
m,n( > dn—m e dn+1 dn e don—1
d—n—-m+2 *°° d—n+1 4d—n+2 - q1

where ¢.(z; () = L,(f)(%z) and p;(z; () = L(k@(—%z), with q.(z;0) = pi(z;¢) = 0 for

k < 0, and L,io‘) (x) the Laguerre polynomial.

Definition
The generalised Umemura polynomial Ué{f %(z) is given by

UL (2) = explEmz) Wr (o @l ob sl ol ) ), mn 20

where

o\(z) = e PLI(Lz), Y (z) = L (—L2)

with k a parameter, L,(f>(§ ) the Laguerre polynomial and Uéf))(z) = 1.

University of Kent
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Theorem (Masuda, Ohta & Kajiwara [2001])
Suppose Uﬁfy 21(2) is the generalised Umemura polynomial. In case (ii)

2K 2542
~(K) . Ur(n,n)—1<z> U7§”L——1|_,n)<z)
wm,n(»z) - (2/{_'_2) (2%) 3 m, n Z ]_
Um,n—l <Z) Um—l,n(z)

is a rational solution of Py with

(s B Yonn) = (3(m + £)%, =3(n + 5)*, m + n)

and U(2/~$—2n—|—3) <Z> Ug%—Qn—l) (Z)
67(;)“(’2) - 7?2;1—;:1) (2’/43—271—1—1) ’ m,n = 1
Um—l,n—l (Z> Um7n (Z)

is a rational solution of Py with

(am,na Bm,na 7m,n> = (%(m -+ /£>2, —%(n — /4;)27 m — n)
In case (iii)

k+1 k—1

~(k) B U?Sl,:z_—)l(z) Usz,n+)1(Z>

Unn(2) = = (1 1) TEIN m,n = 1
Um—l,n(z) Um—}—l,n(’z)

is a rational solution of Py with

(Qmns B Ymn) = (A(m+ 3%, —2(n+ 3>, m+n+ k)

Web-seminar on Painlevé equations and related topics
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Generalised Umemura Polynomial U,,S’;'; 2,1(2)
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Generalised Umemura Polynomial UT(,'Z ?,1(22)
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Generalised Umemura Polynomial Uf,(,',i ?n(zz)

University of Kent
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Structure of Roots of U(K’) (2 )

C\ S

Y ==\

A, B, C triangle D, E rectangle F, G triangle/rhombus
University of Kent
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Non-uniqueness of Rational Solutions of Py,

There exist distinct rational solutions in terms of generalised Laguerre
polynomials which satisfy Py for the same parameters.

* Kitaev, Law & McLeod [1994] state that if v € Z and af # 0 then there
are two rational solutions.

* The rational solutions vy(f,é”, ) and v both satisfy Py for the parameters

R 1, M+
a=3(m+n+1) B=—m—n+p)? Y=l
so we need i € Z and |u| < min(m,n).
* For example,if m =4,n=1and x = —1 then
2(2% — 82+ 20)(2% — 1522 + 60z — 60)
(22 — 82 4+ 12)(z* — 2023 + 15022 — 480z + 600)

4(2° 4 212* + 1802° + 78027 + 1800z + 1800)

T 26 4+ 92425 4+ 25224 + 144023 + 468022 + 86407 + 7200
2(2% + 92 + 242 + 24)

241223 4 5422 + 962 + T2
both satisfy Py for the parameters

a = 18, b =-2, v=—1

—1
i (z) = -

—1
055 (2)

University of Kent
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Non-uniqueness of Rational Solutions of Py,

Example. The rational functions

I 2% 4122° + 7227 + 2402 + 360

w(z) = WOy 3(2 + 1222 + 60z + 120)

and
A(z% — 10z + 30)

23 — 1222 + 60z — 120

wn(2) = up)(2) = -

are both solutions of
d2w 1 1 dw\> 1ldw (w—12 9w 8\ 6w ww+1)
@:(ijLw—l)(dz) I 2 (2_E)+z_2(w—1)

i.e. Py with the parameters

04:%7 5:_87 7:6

In fact wi(2) and wo(z) are special cases of the more general solution
(2% + 1223 + 722° + 2402 + 360)C1—4(2* — 10z + 30)Cy €?
w(z) =
3(23 4+ 1222 4+ 60z + 120)Cy + (27 — 1222 4 602 — 120)Cy e?

with ) and C, arbitrary constants, which also satisfies Py for the same
parameters.

University of Kent
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e Recall that Py has the special function solution
(a+1—=>b)ciM(a,b, z)+ cU(a, b, z)
aleiM(a+1,b,2) + coU(a+ 1,b,2)]

with M(a,b, z) and U(a, b, z) the Kummer functions.

w(z,%cﬂ 2(&—b+1>2,b—2) —

* Setting a = v + 1 and b = 2v + 3 gives

2 1 ci1l,(32) 4+ ol (12
w(z§%<V—|—%>2=_%(V+%>272V+1> v - L % ) + el (37)
2

2+ 1 B 2v+ 1 61],/_,_1< Z) + C2]_V_1(%Z)

with [,(z) the modified Bessel function.
* Then setting v = 2 gives

() (2% 41223 + 7222 + 2402 + 360)(c; — 2)—12(2* — 10z + 30)(c1 + cz)e
w(z) =
3(23 4+ 1222 4+ 60z 4+ 120)(c; — o) + 3(2% — 1222 + 602 — 120)(c1 + c2)€?

so if ¢; = ¢, or ¢; = —cy» we obtain the two rational solutions.

Remark. The spherical Bessel functions I,/ (z), with n € N, have
the form

n+k> k 2 n+l_ —z
Li(ny1/2)(2) \/%Z 2R — k)'{(_1> e+ (—=1)""e }

University of Kent
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Joint Moments of the Characteristic Polynomial
of CUE Random Matrices

In their study of joint moments of the characteristic polynomial of CUE
random matrices, Basor, Bleher, Buckingham, Grava, A. Its, E. Its & Keat-
ing [2019] and recently Alvarez, Conrey, Rubenstein & Snaith [2025] were
interested in solutions of the Py o-equation

dQ—JQ— 2 d—02—(2N+ )d—0+ 2
Zdz2 N dz Zdz o

do [do do do
_4&@%) (5—]\7) (@_k_zv) (1a)

with k£, N € N, satisfying

o(z) = =Nk +iNz+ O(z%), as z—0 (1b)
Basor et al. [2019] obtain the solution
a d (2k—1) =1
Svalz) = 2= {det [LNM_H_ j(—z)} MO} ~ Nk

whilst Alvarez et al. [2025] obtain the solution
_ . d (2k-1) 1"
Sni(z) = i In < det [L (z)] + Nz — Nk
- .

N+i—j im0

with L{”(z) the Laguerre polynomial.
University of Kent
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In terms of the generalised Laguerre polynomial

itk n—1
TW (2 :det[ . Lfﬁﬁi)z]
m,n( ) dZ‘H_k + < ) k=0

the rational solution of (1) is given by

d
SN,k(z)zzd—ln{T](VOllk(z)}—NkJer, N>1, k>1
Z Y
which is an equivalent representation of the solution derived by Alvarez et

al. [2025]. Alternatively using

itk ) n—1
L] =T
7,k=0

T;%“%(z) = det [
’ dz

then the solution is given by
d

Svi(z)=2—dTY (V- Nk N>1, k>1
) dz N—-1,k

which is an equivalent representation of the solution derived by Basor et al.
[2019]. These solutions are related by

S\N,k(Z) = SN7]€(—Z> + Nz
since (1) is invariant under the transformation

o(z) —»o(z) — Nz, z— —z
University of Kent
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Example. Suppose that N =2 and k = 2, then
2(2° — 1621 4 1042 — 33622 + 600z — 480)

S —
22(%) 24 — 1623 + 9622 — 240z + 240
16(2° — 122% + 452z — 60)
=2z + A 3 2
z* — 1062° + 9624 — 240z + 240
. 16(2° 4+ 122* + 452z + 60
SQjQ(Z) = ( )

24 11623 + 9622 + 2402 + 240
and so as z — 0

22 324 5
S = —4 — L O
~ 22 324 20
S = —4+z— L O
22(2) + 2z : + 100 + 48+ (2°)

However as z — o
16 64 208 064 7424

_ . . —6
SQ)Q(Z) = . + 2 23 + o7 + o + O(Z )
~ 16 64 208 64 7424 6
SQ)Q(Z) =2z + ~ + 2 + 23 + o7 — 7 -+ O(Z >
Note that R
522(2) = 22+ 522(—2)
University of Kent
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A more general solution when N =2 and k£ =21is

, f2,2<Z; C1, Cz)
o(z;c1,09) = .
92,2(27 C1, 02)

where
fao(z;c1, ) = 6c5(2° — 162" + 1042° — 33627 + 6002 — 480) e**
— creo(2" 4 22° 4+ 182° — 1442 + 2882 + 14402 — 5760) €
— 48¢7(2° 4 1227 4 452 + 60)
g22(2;c1,¢0) = 3c5(2* — 1627 + 9627 — 2402 + 240) e*
— c109(2° 4 182% — 14427 4 1440) ¢
+3ci(2* +162° 4+ 9627 + 240z + 240)

with ¢; and ¢y arbitrary constants. Setting either ¢; = 0 or ¢; = 0 gives the

two rational solutions
2(2° — 162* + 10423 — 33622 + 6002 — 480
0(2;0,c9) = Ss9(2) = ( )

24 — 1623 + 9622 — 2402 + 240
16(2°% + 122 + 452 + 60)

24 11623 4+ 9622 + 2402 + 240

o(z;¢1,0) = Syo(z) =

Also, as z — 0

22 324 e+
. — 4 L . O 6
o(z;c1,09) + z : - 100 ¢ — ¢y 48 + O(2°)

University of Kent
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A more general solution of the initial value problem
20\’ do\’ do i
—~ ) ={2(—) —@N+2)—
(Zdz2> { (dz> < +Z>dz +O}
do (do do do
—4——+k)|——N)|——-—k—N 1
dz <dz " ) (dz ) <dz g ) 12)
with k£, N € N, satisfying
o(z) = =Nk + 1Nz + O(z%), as z—0 (1b)
1S
d 1 1 V-1
o(z) = e In Wr ({(02 + 1)Lyt jy1/2(52) + (co — cl)[_k_j_1/2(§z)}j:0 )+§N(z+2N—1)

where I, (,,1/9)(2), with n € Z, is the spherical Bessel function and ¢, and
¢y are arbitrary constants. Setting ¢ = 0 or ¢; = 0 gives the rational solution
obtained by Basor et al. [2019] or Alvarez et al. [2025], respectively.

Recall that the spherical Bessel functions /. /9 (2) have the form

1 E n k)! k =z n+l_—z
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Backlund Transformations
Definition

A Bdcklund transformation maps solutions of a given Painlevé equa-
tion to solutions of the same Painlevé equation, with different values of
the parameters, or another equation.
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Backlund Transformations of Py,

Theorem (Gromak [1976], Gromak & Filipuk [2001])
Let w = w(z;a, 5,7) be a solution of Py such that
O(w; z) = zi—zj — ggaw? + (€90 — e3b + 12)w + e3b # 0
and

O(w; z) — 2e12w # 0
where a = v/2a, b=+/—28 and v = c. Then

281 2W
D(w; 2)

7;1,62,83 : ’UJl(Z, &1751771) — 1 o

2
1 E1W

2w’ — 820/(1}2 + <€QCL — e3b + 51z)w + e3b

with ¢; = £1, 7 = 1,2, 3, independently, is a solution of Py for the parameters

(Oél, 51, ’}/1> = (%(C + 51(1 — 83b — 52a))2, —%(C — 51(1 — €3b — EQCL))2, 51(83[) — 52&))

University of Kent

Web-seminar on Painlevé equations and related topics 33



To apply a sequence of Biacklund transformations there is an issue

o = ia® = %( e1(1 —e3b — 52a))2 = a1 ==%35(c+e(l —esh—e9a))
B = it -

\}

C—€1<1 —83[)—82&) ? = b1 C—€1<1—53b—52&>
2

OO|H

Question: How do you decide the sign for a; and b,?

Answer: Define the Biacklund transformation in terms of a, b and ¢ rather
than a = a?, = —3b? and y = ¢, i.e.

281 2W

Teicoen - wi(z;a1,b1,00) =1 —
1,€2,€3 ! ? T Z’UJ/ — g2aw2 + (52a — €3b + 812)10 -+ 53[?

with

(al, bl, Cl) — (%C + %51(1 — 53b — 52&), %C — —€1<1 — €3b — 52&) €1<€3b — 52@))

Objective: To find a combination of Bicklund transformations which
change a, b and ¢ by an integer. This will give a procedure for generating
hierarchies of solutions.

* To generate a hierarchy of solutions, then we need to change a, b and ¢ by
an integer.
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Example. Suppose w = w(z;a, b, ¢) satisfies Py

d%w <1 1 )(dw)2_1dw (w—12(a*w? =) cw wlw+1)

422 \2w w-1)\dz ;der 222w +,2’_2(10—1)
Then
Ti-1-1(a,b,¢) = (5la+b+c+1),5(—a—b+c—1),a—D)
ﬂ,—l,l O ﬂ,l,l(aa b7 C) — (CL -+ 17 —b— 17 C)
and
cw' + aw? — (a — b+ 2)w — b
T_ o —
L-1-1(w) cw' 4 aw® — (@ —b—2)w—b
22 (W) + 2z(w — D) (bw — w — bw' + f(w, z
T 10T (w) = (2 )/2 (w —1)( ) / fw, 2)
w {2 (W) = 2z(w — 1)(aw — a — L)' + g(w, 2) }
with

flw, z) = —2"w” + 2czw’(w — 1) — (w — 1)*(aw + b) [(a + 2b + 2)w — b]
g(w, 2) = —2*w? + 2czw(w — 1) + (w — 1)*(aw + b)(aw — 2a — b — 2)
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Deriving Discrete Painlevé Equations from Backlund
Transformations for the Painlevé Equations

General Principle: Suppose that there are two Backlund transformation
for a Painlevé equation in the form

w(z;ax,bs,ce) = Fi(w(z;a,b,c), ’(z'a, b,c), 2) (1)
where w(z; a, b, ¢) is a solution with (o, 3,7) = (34, —30%, ¢), and wy(z; ay, by, cy)
solutions with (a, 81,7+) = (343, — 1bi, ct).

e Eliminating w’ in (1) yields an algebraic relation, between w., w and w_.

* Given two Backlund transformations 7. where 7, o 7_ =7_o 7T, = I, the
identity transformation, then

T T
’lU_(Z, a—, b—7 C—) : w(z, a, b7 C) (j w—l-(za A+, b—H C—i-)
T- T-
* If w(z;a,b,c) = wy,, we(z;as, by, cy) = wy4; then
T T
Wp—1 «—— Wp —- Wpyt
T- T-
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First Discrete Equation

Consider the Backlund transformation R, = 7; _;; which has the inverse

—1 . . _ 1.2 _ 172 _
i1s a solution of Py, then
22W,,

W1 =T _11(w,) =1 —
n+1 1, 1,1< n> qu’l+anw721—|—<z—an—bn)wn+bn

220
Wp—1=T_11-1(wy) =14+ — 5 B
2w, — apw; — (2 — ap, — by)w, — by,
Eliminating w], yields
1 N 1 +anw%+(z—an—bn)wn+bnzo
Wpp1 — 1wy —1 <Wn
and setting
Wy, + 1 Wp41 + 1 Wp—1 + 1
dn — ) 4n+1 — ) Gn—1 —
w, — 1 Wpae1 — 1 Wp—1 — 1
gives
4 (ap, — by)gn +a, +0
Qn+1‘|’Qn—1:_<n n)n2 L
z 1l —q;
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The parameters evolve as
Ap, by, Cn) = (l(an — by + ¢, + 1), %(—an +b,+c,—1),a, + bn)

Ti—1.1(
and so
1
Ap+1 = )
1
bn+1 — )

2

(ap — by + ¢y + 1)
(—an + by, +¢,—1)

Cn+1 = Ap + bn )

with A\, p and ¢ arbitrary constants. Hence we obtain the asymmetric dPy

equation

4 (n+Ng,+p+ (—1)"¢

l —qz

studied by Satsuma, Kajiwara, Grammaticos, Hietarinta & Ramani [1994].

Setting z,, = ¢, and y,, = ¢o,,1 gives

+1 . [ —

4dn+Nx,+p+ @
yn+yn—1:_< ) 5
z 1l —x
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Second Discrete Equation

Consider the Backlund transformation Ry =7_;_1_107 111, which has
the inverse R;' = 71110 Ti 11, and w,, = w,(2; &y, By, Tn), With o, = 162, B, =

—1b? and 7, = ¢,, is a solution of Py, then

S O P P L
|

W, w — apw? + (2a, — ¢, — 1+ 2)w, — (a, — ¢, — 1)
BRNRSTR & A
2w, + apw; — (2a, — ¢, + 14 2)w, + (a, — ¢, + 1)

Wn,
Eliminating w, gives the difference equation

a,—b,—c,—1 a,—b,—c,+1 z—c, — 1 z
+ a, — — 5 =10
WnWp41 —1 wnwn—l_l wn_l (wn— 1)

and setting

Wy, + 1 Wp41 + 1 Wp—1 + 1
dn = ) Qn+1 — ) Gn—1 =
Wy — 1 Wp41 — 1 Wn—1 — 1
gives
an—bn—cn—l+an—bn—cn—|—1+Z+2[<an_bn>in_an+bn] — 0
dn+1 T Qn Gn + Qn-1 1 — 4y
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The parameters evolve as

7ZQGMUEMJ6@>=:(%(an%—bn——cn-—l),%(an—%bn—%cn-%1),——an4—bn—kl)

and so
an+1:%<an+bn_cn+1>\ an:_%[n+)‘+p+<_1>n¢]
bn+1:%<an+bn—cn+1) > = bn:%[nJr)\—er(—l)"gp]
Cn+1:_an+bn_1 Cn:n—i_)‘_(_l)ngp

/

with )\, p and ¢ arbitrary constants. Hence we obtain
nt1+ &n N Ent &1 z 2[& + o(=1)"] g + 2p

Gt + @0 ot Q1 1 - ¢
with &, = n+ A\, which was studied by Ramani, Ohta & Grammaticos [2000].

Setting ¢, = z,, and ¢9,,.1 = v, yields the discrete system
Sont2 + Eant N Sont1 & _ 2[(&an+1 — ©)Yn + p)

Ln+1 + UYUn Tp + YUn 1 — y?%
€2n+1 + 5271 4 5271 =+ €2n—1 . 2[(5271 + 90>xn + /0]
Tn + Yn Tn + Yn—1 1 — 37721
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Third Discrete Equation
Consider the Backlund transformation R3 =7_1; 1071107111, which
has an inverse R;' = T_111, and w, = w,(2; ay, By, 1), With a,, = 1a2, 8, =
—1b? and v, = ¢,, is a solution of Py, then

22,

ntl 3(Wn) anw), — ayw; + (a, — by, — 2)wy, + by

220,

w,_1 =R (w,) =1+
-l 3 (Wn) apw, — apw? + (a, — b, — 2)w, + b,

Eliminating w/ gives the difference equation

1 1 nlw, — 1
Wpy1 — 1wy —1 z
then setting w, =1+ 1/x, and w,+1 = 1 + 1/z,4; gives the discrete equation
Qn,
Tpil+ Tpo1 + 1+ =0
2T,

The parameters (a,, b,, c,) evolve as follows
Ayl = %(an +b,+c, — 1) ) a, = %n +p+ Acos(%wn) + %\/ggpsin(%m)
b1 = —%(an + b, — ¢, — 1) > = b, = % + \/§Asin<§7m> — gpcos(%m)

Cny1 = G — by Cp = %n +p—2A cos(%wn) — %\/ﬁwsin(%ﬂn)

/

with )\, p and ¢ arbitrary constants (the factor of /3 is for convenience).
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Hence we obtain the ternary dP; equation (Grammaticos, Ramani & Papa-
georgiou [1997]; Tokihiro, Grammaticos & Ramani [2002])

A,
Tpil+ Tp1+ 1+ =0 <1>

2T,
with
ay, = %n + p+ Acos (%Wn) + %\/ggp sin(%mz)
Setting x5, = X,,, 3,01 = Y, and 3,9 = Z,, gives

n+p+ A
XY+ 2, 0+1)+ 5 =0
+p—IA+ip+i
Yy (Zy+ X+ 1) 4 P20 TP T
Z
+ _l)\_l _|_2
Zo(Xpa1 + Yy +1) + 7 - 2P 5

Remark: The “standard” version of dP; is the equation (Grammaticos,
Ramani & Papageorgiou [1991])
An+p+(—1)"¢

xn
with )\, p and ¢ arbitrary constants, which arises from the Backlund trans-
formations of Py (Fokas, Grammaticos & Ramani [1993]; PAC, Mansfield &
Webster [2000]).

Tpt1 T Ty + Tp—1 = 1+
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Fourth Discrete Equation

Lemma (PAC, Dunning & Mitchell [2026])
Suppose that x,, x,.s and x,_s are solutions of ternary dP;
(T + Ty + 1) + % — 0 (1)
where

Ay, = %n + p+ Acos (%ﬂn) + %\/ggp sin(%wn)
with )\, p and @ arbitrary constants, then x,, x,,- and x,_- satisfy the discrete

equation
an+1 Ap—1 Qp
=24+ —

Ln+2 + Ty + 1 Tp + Tp—g + 1 L

Proof. Letting n — n — 1 in ternary dP; (1) gives
xn—1<$n T Tp—2 T 1) + o] =0

<
Solving this equation and ternary dP; for z,.; and x,,_; gives
Tl = An—1 _1_ Qp, , Ty = — n—1
2(xn + o+ 1) 2T 2(xy + Tpo+ 1)
Letting n — n + 2 in the expression for x,,_; gives

Ap+1
2(Tpaio+ xp + 1)
Equating the two expressions for z,,; gives the result.

Ip+1 = —
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Alternative Proof
Consider the Backlund transformation Ry = R5=T_11 107", ;0 Ti 1.

( — by + ¢, + D)(w, — 1)? }
!, + apw? — (2a, + ¢+ 1 — 2)w, +a, +c, + 1

(an + by + ¢y — D)(w, — 1)
2w, — apws + (26, + ¢ — 1 — 2)w, — ap — ¢, + 1

1
Wn42 = R4<wn) T w {1 +

1
Wy = Ry Hw,) = — {1 +

where a,, b, and ¢, are given by
Ay = %n +p+ A cos(%wn) + %\@go sin(%ﬂn)
b, = % +v3 )\ Sin(%ﬂ'n) — cos(%wn)
Cp = %n +p — 2\ cos(%wn) — %\/ggpsin(%m)

Then eliminating v/, and letting w,, = 1+ 1/x, and w,+> = 1 + 1/x,4- gives

an+1 ap—1 Qp
Tp4+2 T Tp T 1 Ty + Tp—2 T 1 Ln
since a,+1 = 3(a, — b, + ¢, + 1) and a,_1 = 3(a, + b, + ¢, — 1).
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Suppose that r, satisfies

An+1 ap—1

an

+
Tp+2 T Ty T 1 Ty + Tp—2 + 1 Ln

where

a, = %n + p+ Acos (%Wn) + %\/ggp sin(%wn)
with )\, p and ¢ arbitrary constants, then ¢,

= Ty, and p,, = 9,1 respectively
satisfy
A2n+1 Ao2n—1 Aon
dn+1 + dn + 1 dn + 4n—1 + 1 dn
A2 +9 Ao A2n+1
Pn+1 +pn + 1 Pn + Pn—1 + 1 Pn
Further X, = x3,, Y,, = 23,41 and Z,, = x3,» satisfy
A3n+1 A3n—1 a3n
+ = Z+ —
X, +2,+1 X,+Y,1+1 X,
A3n+2 A3n A3n+1
-+ =z +
Yn + Xn—l—l + 1 Yn + Zn—l + 1 Yn
A3n+3 A3n+1 A3n+4-2

+ —
Yn+1+Zn+1 Xn_|_Zn_|—1 o Zn

Web-seminar on Painlevé equations and related topics
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Differential-difference equations
We obtained asymmetric dPy;

dn+1 + qn-1 =

by adding the equations
2 dgn  2(n+Ng+p+(=1)"p

. - =0
q+1+1—quz z 1 —q?
C 2 dgy 2 Ngrp+ (D"
n=1 l—q¢>dz =z 1 —¢q? B
Subtracting these equations gives the modified Volterra lattice
dgy
1 = i(qi - 1>(Qn+1 — Qn—1>

The associated differential-difference equation for
€n+1 + gn 4 gn + fn—l — 2[£n + (_1)7190} Gn + 2p

n+1 T Qn dn T+ Qn—1 1 — %%
with &, =n+ )\, 1is

dg, 1 9 Env1 & Ent &1
11— ) -
dz dn+1 —+ dn dn + Gn—1
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Application to Quantum Minimal Surfaces
(PAC, Dzhamay, Hone & Mitchell [2025])

The discrete equation
Un(Unt1 + U1 +1) =e(n+1), e >0 (1)

with v_; = 0, which is the special case of ternary dP; that was discussed by
Arnlind, Hoppe & Kontsevich [2019] and Hoppe [2025] in a study of quan-
tum minimal surfaces.

In this case a, = —3(n+1), b, =z and ¢, =

: —2(n + 1), so need a solution of

Ooln—\

(aa 57 7) (2 Ay 2b7217 ) — (1_18(n + 1>27 _1_18’ —%(ﬂ + 1))
Special function solutions exist for these parameters since

asp+1 + O3ny1 +c3p1 = —2n — 1
A3n+2 — — N — 1

Recall that special function solutions exist for Py if and only if
e1a+ e9b+ e3¢ =2n + 1, or (a—n)b—n)=0
where a = v2a,b=+/—28 and y = cand ¢} = 1, j = 1,2, 3 independently.
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When n = 0 then (o, 8,7) = (&, — 5, —3) and the Riccati equation is

187 187 3
dw
zd—;:éwg—zwo—%
which has solution
01{11/6 ) —1_ 5/6 2) b+ Cof{ Ky j6(22) + K5 46(52) }

wO('Z) — 01{11/6 + I 5/6 } -+ 02{K1/6 > K5/6(2 >}

with [,,(z), K,(») modified Bessel functions and (', C; arbitrary constants.
Hence

11 ) 22’71/6<1 )
(32 +2)Z1/6(32) + 322 _5/6(52)

Z16(32) = Cil16(52) + CoKyy6(32),  Z_5/6(32) = C1l_556(32) — CoK5/6(32)

vy = 1 _ _1 _ 2_5/6(%2) vy = 1 _ _(32 + 2)21/6(%2/) + 322—5/6(%»2)
wo — 1 2 221/662)7 w; — 1 3221/6(%»2) + 2—5/6%2)
Note that 1
vy =-—v— 1+ BZ—’UO =0
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Theorem (PAC, Dzhamay, Hone & Mitchell [2025])
For each ¢ > 0, the unique positive solution of the ternary dP; equation

”Un<?)n+1 + VUp—1 + 1) = €<n + 1) <1>
subject to the initial condition
v_1 =0, vg > 0

is determined by the value of vy = vy(¢), which is given by a ratio of modified
Bessel functions, that is

wo-p kg b a

For each n > 0, the corresponding quantities v,, > 0 are written explicitly
as ratios of Wronskian determinants whose entries are specified in terms of
modified Bessel functions.

Remark: The expressions for vs,, vs,.1 and vs,.» have different structures
illustrating the three-fold nature of the solutions, despite the lack of ternary
symmetry in equation (1).
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Plots when < = (.1

Vp(Upi1+ 01+ 1)=cen+1), vi,=0 >0

1 [ 7562
Vo = —= 5/6<35> -+ 1
2| Lij(z)

U3n U3n+1 U3sn+2
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Remarks
¢ Felder & Hoppe [2025] show that equation
Un(Ups1 +vp_1+ 1) =e(n+1), e >0 (1)

arises as the recurrence relation for orthogonal polynomials in the com-
plex plane with respect to the weight

w(z;t) = exp {—t|z]" + 3i(2° + %)}, t>0
with z = z + iy € C. Further the problem has the same unique solution
as the problem solved by Clarkson et al. [2025].

e Equation (1) arises in the theory of random normal matrices Teodorescu,
Bettelheim, Agam, Zabrodin & Wiegmann [2005]
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Rational solutions of discrete equations
Each of the Backlund transformations is actually four transformations
since there are two independent choices of sign for o« = +v/2a and b = +/25.
This can lead to four different solutions from applying the Backlund trans-
formation to a particular solution.
The effect on the parameters of applying the transformations R, and R?
on a solution w of Py with («a, 8,v) = (34, —3V%, ¢)

o3 b ha!
Ri(a,b,c) | sla—b+c+1)? —fa—b—c+1)* a+b
Ri(—a,bc)  gla+b—c—1* —fla+b+c—1* —a+b
Ri(a,=b,c) | fla+b+c+1)? —i(a+b—c+1)* a—b
Ri(—a,—b,c) gla—b—c—1* —f(a—b+c—1?% —a—1b
R(a,b,c) s(a+1)? —3(b—1)? C
R3(—a,b,c) Ha—1) —1(b— 1) C
R:(a,—b,c) Ha+1)? —1(b+1) C
R%(—a, b, c) Ha—1) —3(b—1)? C
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Rational solutions of discrete equations:
Generalised Laguerre polynomials
Example. Consider the rational solution

(z — p+1)[2% = 2pz + p(p+ 1)]
22 = 2uz + p(p —1)
which satisfies Py with (., 3,7) = (3, —3(p + 1)%, 4 — 3). There is only one
choice of parameters for which the Backlund transformation R, gives an
infinite sequence of rational functions (a = 1, b = —u — 1, ¢ = u — 3); in the
other three cases the sequence terminates after a few iterations.
Hence we obtain a sequence of rational solutions of Py,

—3
'w%bl )(Z> = -

-3 ]. -3 ]- -3
wiy Nz Ry —— R ) R, —— R, w7
Vi1 (2) Vo1 (2)
which gives a sequence of rational solutions of asymmetric dP;;. The first

two are

wy”(2) + 1 d :—
w(z) = —=5 =1+ 2—1In—

w Y (2) — 1 dz 2% = 2(p+2)z + p(p — 1)
() = 1+v§’ﬁ)(z) :1_2_,u_|_2d lan—Q,uer,u(,u—l)
! 1 —o(z2) z o dz 22 =2pz+p(p+1)
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If we define the rational functions

i (z) + 1 4, T
wn—i—l,l(’z) — 1 “ Tn,2 <Z>
-3
(2) = yolz) = 1+ U£@1,1<Z> 1 24 L9 d In Téim)(z)
qon+1 — Yn\<) = | () - - dz T(M—S)
Un—l—l,l(’z) n,2 <Z>

so the structure of the even and odd terms is different, then ¢,(z) satisfies

4(n+p+2)g—3— (p—3(-1)"
Gn+1 + Gn—1 = — 9
z l —qz

which is asymmetric dP; with A = 1+ 2, p = —2 and ¢ = —p + 2, whilst
r,(z) and y,(z) satisfy the discrete system

4 2n+p+3)y, +pu—3

ntl + Tp = —
fr T IR 1 — 2
4@2n+p+2)z, —p
yn_'_yn—l:_ 9
z 1l —x
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In general, for fixed m and n

1 1

R R (1) R R (1)

w#i)n —L) U(/H—Zn—l—l) —# wm‘Han —é (u+2n+1) —L) wm+2an
m,n m+1,n
Lemma (PAC, Dunning & Mitchell [2026])
Consider the rational functions

(1) (n+2n+1)
Wy mn<z>+1 1—|_,UN m,n <Z>

Qon(z) = Xn(2) = - Qavn(2) = Y(e) = —— 50
wN+m,n<Z> —1 1— UN+m,n <Z>

then QQn(z) satisfies

A4(N+2m—+2n+p+1)Qn —n—5— (n+p+3)(—1)"
QN+1‘|‘QN—1:;

which is asymmetric dPy with A = 2m+2n+p+1, p = —n — 3 and ¢ =
—n — u — 3, whilst Xy(z) and Yy(z) satisfy the discrete system

42N +2m+2n+ pu+2)Yy + p

XNi1+ Xy =

z 1 — Y2
42N +2m+2n+u+1D)Xy —2n—u—1
YN—l—YN_l:—( H 2) al H
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Second Backlund transformation
Example. Applying the Bécklund transformation R, to
W) =1 222 = 2uz + plp + 1)] 22 = 2pz + plp — 1)

(z — p) [2* — 4p2® + 6p222 — dpu(p® — 1)z + p2(p® — 1)
gives the sequence of rational solutions of Py

4 2 6 4
z) Rey wiVe) Rey oz Rey wfz) Rey ofy(z)
where
2
(1+4) I d =2+ 1)+ (p+1)(p+2)
S(z—p+1)+ In
ugy (2) =5z —pt 1) + 52 dz 23 —3pz? +3u(p + 1)z — pu(p+ 1) (p + 2)
Hence the first two rational solutlons of the discrete equation are
(1)
v +1 2u d . 2= 2u+p(p+1
Qo(2) = 11(2) =1+ “+d In = 2” p 1>
U“<> 2 dz 22 =2u+p(p—1)
() = U21 (Z>
1)
"“2”14r (2) —

149 d In 2t — 4(,u +1)2° 4+ 6(p+ 1)%2* —dp(p+ D (p+2)z 4+ plp + 1)*(p + 2)

dz 22— 2u+ p(p+ 1)
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If we define the rational functions

Gon(2) = Tn(2) =

Q2n+1<z> — yn<z> —

then ¢,(z) satisfies

n+u+2+n+u+1_1

(u+2n)

IR (2 >+1

u+2n
Uy n+1 (

/H—Qn-l—él

) —
n+2 1 <Z>
(u+2n+4)

Gn+1 t4qn  Gn Tt Qn—1
whilst z,(z) and y,(z) satisfy the discrete system

2n+p+ 2

2n—+u—+3
BT

Ln+1 + Yn

Tn 1 Yn
2n+p+1

2n + u+ 2
a +

Tn + Yn

Iy + Yn—1
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= —1+ + 2— In —
—3
2 dz Tfiﬂ)(@
-3
d . T3 )
=1+ 2d | =
“ TO,n—|—2 (Z)

CAntp+ I+ (D" +3 - p

1—¢2

1 Cnt+p+Dyn+3—p

’ L —yi
. Cn+p+lz,+3—p
27 1 — 72
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Third Biacklund transformation: Ternary dP;

Example. Applying the Bicklund transformation R to
1 2% —2uz + pu(p — 1)

w%fbl_g)(z) B (z —pu+1) [22 —2uz + pu(p + 1)}
gives the sequence of rational solutions of Py

1 43 1 +1 4
oy ey ol Ry Y Rep o Re ol Re gl
Wy 1 Wy 9

so that
—1 1 1
Ry(1/wl)) =1/wls Y RE(ol) =l RY(ul)) =l

Hence we obtain rational solutions of ternary dP;

(1—=3) 9
wy'y (2 d . 22—20u—1 1
zo(2) = 1’1( —(3)) — —1+4+-—InZ b Vztplp =1
L —wyy V() dz S
1 d 22 — 1
S5 pp—— O LT
v (2) — 1 z o dz 2= 2pz+ p(p+1)
1 d . 2 —4pd +6p22? — 4u(p? — Dz + p(u? — 1)z
W -1 dz 22 =2(p+ 1)z + p(p—1)

University of Kent
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If we define the rational functions

(n—n—3) (—n—4)
_ . wl,n+1 <Z> . d TO»”+2 <Z>
.fl?gn(Z) — Xn(z> — 1 _ w(,u—n—?))(z) =—-1+ dz o T(M_n_Q) (Z)
1,n+1 0,41
(h—n—3)
1 p+n o d o Ty (2)
I3n+1<2> — Yn<2) o U(;H—n)(Z) 1 =1+ z * dz . T(M_n_3)<2>
1 n+ 1,n+1
—n—4
Tany2(2) = Zn(2) = 1 _ In Tl(f;ﬁ? (2)
n+ - “n o B e
aly ) -1 4T

then z,(z) satisfies

n+4p+5+2(u— 1) cos(3rn) + 5v/3 sin(3mn)

Tn(Tpa1 + Tp1 +1) + 2 =0
whilst X, (z), Y,(z) and Z,(z) satisfy the discrete system
Xn(Yn+Zn_1+1)+n+5+1 — 0
Yn(Zn+Xn+1)+n;Lg — 0
Zn<Xn+1+Yn+1)+”j2 — 0
University of Kent
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Rational solutions of discrete equations:
Generalised Umemura polynomials

The generalised Umemura polynomial Uéff, %(z) is given by

Ui (2) = expdmz) Wr (17,007, ol o)) man 2 0

where
P =P LG, we) = L (-5
with x a parameter, L,(f)(g“ ) the Laguerre polynomial and Uéf))(z) = 1.
The associated rational solutions of Py are

[72%)  r(2st2)

~(k mn—1~m—1n
wfn)n - _U(2&+2) 772+ (@, 8,7) = (%(m + k)%, —

mn—1 ~Ym—1n

U(Q/s;—Qn—i—B) U(2/<;—2n—1)

(n+K)*,m+n)

N —

~(Kk m—1n—1 m,n
/U;n)n = _U(2/£—2n—|—1) 77 @r=20F1) (@, 8,7) = (%(m + k)%, _%W —K)%,m— n)
m—1,n—1 m,n
U(/£+1) U(li—l)
@\7(7,;)” _ m,n—1 "~ m,n+1 (04,5,7> _ l(m 4+ l>27 _l(n + l>27m +n—+k
; 2 2 2 2

U(K+1) U(m—l)

m—1n ~m+1n
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First Backlund transformation: Asymmetric dP;

Example. Applying the Bécklund transformation R; to
S5-3/2) _ {2* —16k(k + 1) 2% — 6(2k — 1)2° + 48k (rk — 1)z — 32k(k — 1)(26 — 1)}

2L 22— 16k(k — D23 — 6(26 + 1)22 + 48k(k + 1)z — 326(k + 1) (26 + 1)}
gives the sequence of rational solutions of Py
~(k—3/2 ~NK ~(k—1/2 ~(k+1 ~(k+1/2
@y Y Raw Ragayy Y Rt Raoag

so only the parameter changes. Hence the first few rational solutions of
asymmetric dP; are

@g;il_gﬂ) 1 d 1 24 — 8/62’3 + 128/’6(%2 — 1)2 — 256/‘62(/'432 — 1)
— = I
dz z — 4K

d 2% — 16k(k + 1)
dz 23 —6(02k+1)22 +48k(k+ 1)z — 2k(k + 1)(2k + 1)
d . 22 —=8(k+1)+128xk(k + 1)(k +2) — 256k (K + 1)*(k + 2)

=2—1
R P z—4(k+1)

ol 2* = 16(k + 1)(k +2)
BT 23— 62k +3)22+48(k+1)(k+2)z —32(k+ 1)(k +2)(2k + 3)

University of Kent

Web-seminar on Painlevé equations and related topics 61



If we define the rational functions

Do) = () = w%ﬂ{m:jii(z) lod U2(721n+2/1:3)< 2)
wih () -1 dz Ut
o 2n+2k—1
QQn—l—l(Z) = yn(z) — (57;{5;<Z) + 1 _5 d I Ugiéoni%_lj(»z)
oy (2) —1 dz Uy (2)

then ¢,(z) satisfies
4 (n+2k)g, +2—(—1)"
dn+1 + dn—-1 — — < ) 5 < >
z 1l —qz

which is asymmetric dP;; with A = 2k, p = 2 and ¢ = —1, whilst z,(z) and
y,(2) satisfy the discrete system

Tp+l T Ty = — 5

N
—_
|
<
S

n Tt Yn—1= —
dn T Yn-1 z 1 — 22
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For fixed m and n

oy, Ru, o R gy R geen Ra gl
Lemma (PAC, Dunning & Mitchell [2026])
Define the rational functions
Oun(2) = Xn(2) w%:i B+l _,d ) Ui
win (2) =1 2O ()
Qani1(z) = Yn(z) = U%J]\V[{tnig<z> +1 = d In Ug’gijJrz)(Z)
vma ") =1 e g )

then QQn(z) satisfies

4(N+m+n+2 +m —n(=1)"

Qne1+ Q-1 = - ( CL K)QA; m = ni=1)
z 1 - Q%

which is asymmetric dP; with A = m +n + 2k, p = m and ¢ = —n, whilst
Xn(z) and Yy(z) satisfy the discrete system
42N +m+n+2+1)Yy+m+n

X Xy =—
N+1+ AN » 1—Y]\2,

42N +m+n+260 XNy +m—n
YN—l—YN_l:—( g N
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Second Backlund transformation
Example. Applying the Bicklund transformation R, gives the sequence

()

Op(z) R, W) Ry al V) Rey o)

s 3,m —_ 4m

If we define the rational functions

~(k—n 2k—2n
() +1_d - U ()

gon(2) = xp(2) = ) 1 =2 U(Qm—2n+2)(z>

w2n—i—1,m 2n,m—1
~(k+m—n—1/2 2k—2n—2m+-2
(2] — (o) i@ AL Vsl (3
2n+1 — Jn  ~(k+m—n—1/2 o 2k—2n—2m-+2
,Ugn—l—Q,m / )<Z> — 1 dz U2(n—|—1,m )<Z)

then ¢,(z) satisfies

n+3 N n+3 :lz_[n+1—m(—1)"]qn+2ﬁ;+m+1
Qn+1+Qn Qn+Qn—1 2 1_%21

whilst z,,(z) and y,(2) satisfy the discrete system

2n + 2 +2n+§ o Ont+m Dy 26+ m+1
1,

Tp+1 T Yn xn+yn_2 1_%%

2n+%+ 2n + 1 . 2n—m+ 1z, +2k+m+1
= =z —

xn"'yn xn""yn—l : 1_33%
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Third Biacklund transformation: Ternary dP;

Example. Applying the Biacklund transformation R; gives the sequence
@g@) Ry wlatmtl/2)

) Ra g Re, g Ra g R, s
Define the rational functions
(2)
1 1 d. U , (2
Xu(2) = — =5+ (;12)< )
wn—i—l,m(Z) — 1 Un,m—l <Z>
| 1od U ()
Ya(z) = (ktm+1/2) =—5tg (nt2)
Ot 2y =1 2 dz o ppit(z)
(26+2)
1 1 2k+2 d . U5, (2
25) = g =+ TR St
un—H,m (Z) —1 2 “

2 U2,()
then X, (z), Y,,(z) and Z,(z) satisfy

0
Z
3
Yn(Zn+Xn+1)+n+mjK’+2 —
3
Zy(Xpr + Yo+ 1) + 22 = g

Z
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Non-unique rational solutions of discrete equations

Example. The rational solutions
(z — 3)(2* — 82 + 20)
(z —2)(z — 6)
(22 +42+6)(2° + 92° + 36z + 60)

24 41223 + 5422 + 962 + 72

1 25

both satisfy Py for the parameters (o, 3,7) = (3, —%,1). Hence

1
wi)(z) = -

wﬁ) (2)+1 23 —1222 4522 — 72

q(z) = (

(z —4)(2? — 62+ 12)

)
9

w 1)(2) —1
” uld(2) + 1 25 1+ 142t + 902 + 31222 + 5522 + 432
e — p—
b u§1%(2> 1 (22 + 62 4+ 12)(23 + 622 4 182 + 24)

)

both satisfy

¢ q (d¢\° 1dg (¢+1°-25(¢—1?% -1 q(¢®—1)
2~ 9 — - — +
dz qg- — 1 \dz

zdz 22(q*> — 1) 22 4
We can use such pairs of solutions to derive two different hierarchies of

rational solutions which satisfy the same discrete equation.
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Asymmetric dPy
Example. Define

(1) (—2n-5)
8 d T, 1(2) d Ty, 7(2)
n =1—-- 2 | n = —1—- 2 I ’
an(%) B HT7§1_)12<Z> P2 ERRE HT2<Z%_5)(Z>
T3 () 7,70 (2)
q2n+1(2) =142 In nE) p2n+1(z) =1+2 I 77—1271—6
Az 70)(2) 2 1)

4 (n+5)g, — 2+ 2(-1)"
Gn+1 t Qn-1 = — 5
z l —gqz
which is asymmetric dP; with A =5, p = —$ and p = 2.

Further, if either (2, y,) = (q2n, 2n+1) O (T4, Yn) = (Pon, P2ns1) then we obtain
solutions to the discrete system

4 (2n+6)y, —4
xn+1+xn__< )y2

Z l —wyz

4 (2n +5)x, + 1
yn—l'yn—l—_ 2

Z l—=x

University of Kent
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The first few solutions in the hierarchies are given by

8 d
q0:1—2+2@ln(z—3)
d z—4
=1+2—1
4 i dzn22—62+12

. 8+2d1z2—8z+12
=1—— n
& 2z dz 22 —8z+20

d 22 — 10z + 20
O = e N T 65 1 0622 — 240 + 240
poz—l—§+2£ln(22+4z+6)

z dz
p1:1+2d 1n23+622+18z+24

dz 22+ 62+ 12

8 d . 2*+122° + 5422 4+ 962 + 72
pp=—1——+2—1In

z dz 23 4+ 922 + 362 + 60
d 20+ 182° + 1442* + 62423 + 151222 + 21602 + 1440
p3=1+2—1In
dz 244+ 1623 4+ 9622 + 2402 + 240
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Second Discrete Equation
Example. Define

4n d —I9n—1 4n d 1
Qon(2) = 1+ — 2@ In TT(L_L1 )(z) pon(z) = —1+ — 2@ In To<,¢3_1<z)
d Cop— d
Qoni1(z) = —1+2—1n Té 12 3)(2) Pons1(z) =14+ 2—1In To(lg(z)
dz ’ dz ’
then both ¢, and p, satisfy
bl oy {n 3l )
+ = §Z — 5
Gn+1 T qn Gn T Qdn—1 1 — dn

Further, if either (z,,y,) = (¢2n, @2n11) OF (0, Yn) = (P2n, P2nr1) then we obtain
solutions of the discrete system

2n + 2 N 2n + 1 :lz_(QnJrl)yn—l

Ln+1 + UYUn Ty + UYUn 2 1 — y?%

2n+1 N 2n . (Cn+1)z,—1
= =z —

Tp Tt Yn Tp T Yn—1 : 1 — 337%
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The first few solutions in the hierarchies are given by

q1 —

42 =

q3 =

44 =

qs =

dc =

q7 =

z—1

_z+1
224+ 32+ 4

2(z+1)
22— 9
244246
2%+ 822 + 302 + 48
(22 44246)
234322 — 12
234022 1+ 362 + 60
24+ 1523 4+ 10822 + 420z + 720
 2(23+ 922 + 362 + 60)
2 823 + 2422 — 120
241623 + 12022 + 4802 + 840
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pr=1
z—4
P2 = —
z
_z—l
p3—z_3
-9+
b= 2(z — 3)
7 — 92)?
D5 = 2( )
zc— 8z 4+ 20
(2 —6)(2* — 10z 4 40)
o= 2(2? — 8z + 20)
2 — 922 + 30z — 30
pr =

23 — 1522 4+ 90z — 210

University of Kent



Ternary dP;
Example. Define

n—+ 3 d (2 n) n+3 d (—n—4)
L3 (Z> + p dZ ( ) Y3 (Z) > dz In Tl,l (Z)
d Ty ) 4 T")
333n+1(z) =—1+ In 7—n y3n+1(z) =—1+ In 7—n—
de 73 (z) de 1)
d . 2-n) d . (-n-6)
Tant2(2) = 1z 1nTOn+1< z) Ysn+2(2) = —1+@1 T, (2)

then both z,, and y,, satisfy ternary dP;
xn<xn—|—1 T Tp—1+ 1) T % =0

2
with
a, = in+ 3 — 2cos(3mn) + 2V/3 sin(2mn)
If (X, Y., Z,) = (230, Z3n41, $3n+2) or (X, Y, Z,) = (Y3n, Ysn+1, Ysn+2), then
1
X (Y + Zy1 +1) +nj = ()
4
Yo (Zy+ X, +1) TR
2
+ 1
Zo(Xp +Yu +1) + —— =0
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3
ZlZoZ—l—i-—

2

1+4 !

r3=—1+——
; z z—3

5 20z — 3
336:—1—|——— <Z )

2 22 —6z4+12

d
T = —1+@1n(z—3)

- d1 2?2 — 6z + 12
Ty = — n
4 dz z—4

d . 23—9224 362 — 60

7= —1+ In

dz 22 — 82+ 20
1
$2:z—4
o 2(z—4)
T 28 120
3(2% — 8z + 20)
T3 =

23 — 1222 4+ 60z — 120

Web-seminar on Painlevé equations and related topics
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3 2(z+1)

N 2042
4 22 +2)
Ys = - — >
z  zc4+42+46
5 2(z + 3)
yG_Z 224+ 62412
1+@11 2244246
= — n
h dz  23+3224+62+4+6
1+d1 22 4+ 62 + 12
= — n
. dz 22 4+622+ 182+ 24
1er] 2% 4+ 82 + 20
= — n
1 dz 23 +922 4+ 362 + 60
3(2* + 4z +6)
Yo = —1+
23 + 622+ 182 + 25
3(2% + 6z + 12)
Ys = —1 +
23 4+ 922 4+ 362 + 60
3(2% + 82 + 20
ys = —1 + ( )

234+ 1222 + 60z + 120
University of Kent



Thank You For Your Attention!
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