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Outline
Fifth Painlevé equation (PV)
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Web-seminar on Painlevé equations and related topics 2



Painlevé Equations
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Some Properties of the Painlevé Equations
• The general solutions of the Painlevé equations are transcendental,

for all values of the parameters.
• PII–PVI have special function solutions expressed in terms of the clas-

sical special functions [Airy, Bessel, parabolic cylinder, Kummer, hyper-
geometric] for certain values of the parameters, which have one arbitrary
constant.

• PII–PVI have rational solutions for certain values of the parameters,
which have no arbitrary constants.

• PIII, PV and PVI have algebraic solutions for certain values of the pa-
rameters, which have no arbitrary constants.

• Rational, algebraic and special function solutions of PII–PVI can often be
written as determinants, usually as Wronskians.

• PII–PVI have Bäcklund transformations which map solutions of a given
Painlevé equation to solutions of the same Painlevé equation, with differ-
ent values of the parameters, or another equation.

• PI–PVI can be written as a (non-autonomous) Hamiltonian system.
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Classical Solutions of the Fifth Painlevé Equation

d2w

dz2
=

(
1

2w
+

1

w − 1

)(
dw

dz

)2
− 1

z

dw

dz
+
(w − 1)2

z2

(
αw +

β

w

)
+
γw

z
− w(w + 1)

2(w − 1)

where we have set δ = −1
2, without loss of generality.

Definition
A classical solution of a Painlevé equation is either a special function
solution, a rational solution, an algebraic solution or a solution in terms
of elementary functions.
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Special Function Solutions of PV
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Special Function Solutions of PV

Theorem (Okamoto [1987], Masuda [2004])
Let

τ (i,j)n (z) = det

[(
z
d

dz

)k+ℓ
φi,j(z)

]n−1
k,ℓ=0

where

φi,j(z) = c1
Γ(a + i)Γ(b− a− i + j)

Γ(b + j)
M(a + i; b + j; z)

+
c2

sin{π(b− a− i + j)}Γ(2− b− j)
U(a + i; b + j; z)

with M(a, b, z), U(a, b, z) Kummer functions and c1, c2 arbitrary constants.
Then

w(z;α, β, γ) = −
(

b− a
b− a− 1

)n τ (0,0)n (z) τ
(1,1)
n+1 (z)

τ
(1,0)
n (z) τ

(0,1)
n+1 (z)

is a solution of PV for

(α, β, γ) =
(
1
2(b− a)

2,−1
2(a + n)2, n + 1− b

)
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Theorem (PAC, Dunning & Mitchell [2026])
Let K(a,b)

n (z) be the bi-directional Wronskian determinant given by

K(a,b)
n (z; c1, c2) = det

∣∣∣∣ dj+kdzj+k
{c1M(a, b, z) + c2U(a, b, z)}

∣∣∣∣n−1
j,k=0

.

Then

wn(z; a, b) =
1

a

K(a,b)
n+1 (z; c1(a + 1− b) , c2)K(a+1,b)

n (z; c1, c2)

K(a,b)
n (z; c1(a + 1− b) , c2)K(a+1,b)

n+1 (z; c1, c2)
,

is a solution of PV for the parameters

(α, β, γ) =
(
1
2 (a + n)2 ,−1

2 (b + n− a + 1)2 , b− 2
)

Example. When n = 0

w0(z; a, b) =
(a + 1− b)c1M(a, b, z) + c2U(a, b, z)

a
[
c1M(a + 1, b, z) + c2U(a + 1, b, z)

]
which is a solution of PV for the parameters

(α, β, γ) =
(
1
2a

2,−1
2 (a− b + 1)2 , b− 2

)
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Relationship between Kummer and Bessel Functions
If b = 2a = 2ν + 1, then it is well known that
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Bessel Function Solutions of PV
Theorem (PAC, Dunning & Mitchell [2026])

For n ∈ N and m ∈ Z define Wronskian

B(ν)
m,n(z) = Wr

({
fm−j,ν+j(z)

}n−1
j=0

)
where

fm,ν(z) = z−ν
m∑
j=0

(
m

j

)
ν + j

(2ν + j)m+1

(−1)j Zν+j
(
1
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f−m,ν(z) = zm−ν
m∑
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(
m
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)
j − ν

(j − 2ν)m+1
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(
1
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with

Zν(z) =

{
c1Iν(z) + c2I−ν(z), if ν ̸∈ N
c1In(z) + c2(−1)nKn(z), if n ∈ N

Then

w(ν)
m,n(z) = c(ν)m,n

B(ν)
m,n+1(z)B

(ν+1)
m−2,n(z)

B(ν)
m,n(z)B(ν+1)

m−2,n+1(z)

with c
(ν)
m,n a (known) constant, is a solution of PV for the parameters
(α, β, γ) =

(
1
8 (2ν + 2n + 1)2 ,−1

8 (2ν + 2n + 2m− 1)2 , 2ν +m− 1
)
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Rational Solutions of PV
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Theorem (Kitaev, Law & McLeod [1994])
PV with δ = −1

2 has a rational solution if and only if one of the following
holds:

(i) (α, β, γ) =
(
1
2m

2,−1
2(m + 2n + 1 + µ)2, µ

)
, for m ≥ 1;

(ii) (α, β, γ) =
(
1
2(m + µ)2,−1

2(n + εµ)2,m + εn
)
, with ε = ±1, provided that

m ̸= 0 or n ̸= 0;
(iii) (α, β, γ) =

(
1
2(m + 1

2)
2,−1

2(n + 1
2)

2, µ
)
, provided that m ̸= 0 or n ̸= 0,

where m,n ∈ Z+ and µ is an arbitrary constant, together with the solutions
obtained through the symmetries

S1 : w1(z;α1, β1, γ1) = w(−z;α, β, γ), (α1, β1, γ1) = (α, β,−γ)

S2 : w2(z;α2, β2, γ3) =
1

w(z;α, β, γ)
, (α2, β2, γ3) = (−β,−α,−γ)

where w(z;α, β, γ) is a solution of PV.
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Case (i): Generalised Laguerre Polynomials
The rational solutions in case (i) are special cases of the solutions of PV

expressible in terms of Kummer functions M(a, b, z) and U(a, b, z), with
a = −n ∈ Z−, since

U(−n, α + 1, z) = (−1)n(α + 1)nM(−n, α + 1, z) = (−1)nn!L(κ)
n (z)

where L(α)
n (z) is the Laguerre polynomial.

Definition
The generalised Laguerre polynomial T (µ)

m,n(z) is given by

T (µ)
m,n(z) = det

[
dj+k

dzj+k
L
(µ+1)
m+n (z)

]n−1
j,k=0

, m ≥ 0, n ≥ 1

with µ a parameter, L(α)
n (z) the Laguerre polynomial and T (µ)

m,0(z) = 1.

Remark. The generalised Laguerre polynomial T (µ)
m,n(z) can also be written

as the Wronskian

T (µ)
m,n(z) = Wr

(
L
(n+µ)
m+1 (z), L

(n+µ)
m+2 (z), . . . , L

(n+µ)
m+n (z)

)
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Theorem (PAC & Dunning [2024])
Define the polynomial τ (µ)m,n(z)

τ (µ)m,n(z) = det

[(
z
d

dz

)j+k
L
(n+µ)
m+n (z)

]n−1
j,k=0

with L
(α)
n (z) the Laguerre polynomial, then

w(µ)
m,n(z) =

(
m + µ + 2n

m + µ + 2n + 1

)n τ (µ)m−1,n(z) τ
(µ)
m−1,n+1(z)

τ
(µ)
m,n(z) τ

(µ)
m−2,n+1(z)

, m, n ≥ 1,

is a rational solution of PV for the parameters

(αm,n, βm,n, γm,n) =
(
1
2m

2,−1
2(m + 2n + 1 + µ)2, µ

)
Lemma (PAC & Dunning [2024])

The polynomials τ (µ)m,n(z) and T
(µ)
m,n(z) are related as follows

τ (µ)m,n(z) = am,nz
n(n−1)/2T (µ)

m,n(z), am,n =

n∏
j=1

(m + n + j + µ)j−1.
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In Case (i), rational solutions of PV arise when
α = 1

2ℓ
2, β = −1

2(k + γ)2

where ℓ > 0 and ℓ + k is odd, with ℓ, k ∈ Z, and β ̸= 0 when |k| < ℓ. There are
three cases (a), k > ℓ, (b), |k| ≤ ℓ and (c), −k > ℓ.

Theorem (PAC & Dunning [2024])

(a) Let ℓ = m and k = m + 2n + 1, with m ≥ 1, so ℓ + k = 2m + 2n + 1

w(µ)
m,n(z) =

T
(µ)
m−1,n(z)T

(µ)
m−1,n+1(z)

T
(µ)
m,n(z)T

(µ)
m−2,n+1(z)

, n ≥ 0

(αm,n, βm,n, γm,n) =
(
1
2m

2,−1
2(m + 2n + 1 + µ)2, µ

)
(b) Let ℓ = m + n + 1 and k = m− n, with m ≥ 0, so ℓ + k = 2m + 1

v(µ)m,n(z) =
m− n + µ

m + n + 1

T
(µ−2n)
m,n (z)T

(µ−2n−2)
m−1,n+1 (z)

T
(µ−2n)
m−1,n (z)T

(µ−2n−2)
m,n+1 (z)

, n ≥ 1

(αm,n, βm,n, γm,n) =
(
1
2(m + n + 1)2,−1

2(m− n + µ)2, µ
)

(c) Let ℓ = m and k = −m− 2n− 1, with m ≥ 1 and n ≥ 0, so ℓ + k = −2m− 1

u(µ)m,n(z) = w(−µ)
m,n (−z)

(αm,n, βm,n, γm,n) =
(
1
2m

2,−1
2(m + 2n + 1− µ)2, µ

)
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Generalised Laguerre Polynomial T (µ)
m,n

(
z2
)

T
(−23/2)
5,8 (z2) T

(−31/2)
5,8 (z2)
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Structure of Roots of T (µ)
m,n

(
z2
)

A

A

B B

C

C

DD

A, B rectangle C, D triangle/rhombus
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Cases (ii) and (iii): Generalised Umemura Polynomials
Masuda, Ohta & Kajiwara [2001] generalised earlier work of Umemura
[1996] and expressed rational solutions of PV in terms of the polynomial

R(ℓ)
m,n(z) =

∣∣∣∣∣∣∣∣∣∣∣∣

p1 · · · p−m+2 p−m+1 · · · p−m−n+2
... . . . ... ... . . . ...

p2m−1 · · · pm pm−1 · · · pm−n
qn−m · · · qn+1 qn · · · q2n−1

... . . . ... ... . . . ...
q−n−m+2 · · · q−n+1 q−n+2 · · · q1

∣∣∣∣∣∣∣∣∣∣∣∣
where qk(z; ℓ) = L

(ℓ)
k (12z) and pk(z; ℓ) = L

(ℓ)
k (−1

2z), with qk(z; ℓ) = pk(z; ℓ) = 0 for
k < 0, and L(α)

k (x) the Laguerre polynomial.

Definition
The generalised Umemura polynomial U (κ)

m,n(z) is given by

U (κ)
m,n(z) = exp(12mz) Wr

(
φ
(κ)
1 , φ

(κ)
3 , . . . , φ

(κ)
2m−1;ψ

(κ)
1 , ψ

(κ)
3 , . . . , ψ

(κ)
2n−1

)
, m, n ≥ 0

where
φ
(κ)
k (z) = e−z/2L

(κ)
k (12z), ψ

(κ)
k (z) = L

(κ)
k (−1

2z)

with κ a parameter, L(α)
k (ζ) the Laguerre polynomial and U (κ)

0,0 (z) = 1.
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Theorem (Masuda, Ohta & Kajiwara [2001])
Suppose U (κ)

m,n(z) is the generalised Umemura polynomial. In case (ii)

ŵ(κ)
m,n(z) = −

U
(2κ)
m,n−1(z)U

(2κ+2)
m−1,n (z)

U
(2κ+2)
m,n−1 (z)U

(2κ)
m−1,n(z)

, m, n ≥ 1

is a rational solution of PV with
(αm,n, βm,n, γm,n) =

(
1
2(m + κ)2,−1

2(n + κ)2,m + n
)

and

v̂(κ)m,n(z) = −
U

(2κ−2n+3)
m−1,n−1 (z)U

(2κ−2n−1)
m,n (z)

U
(2κ−2n+1)
m−1,n−1 (z)U

(2κ−2n+1)
m,n (z)

, m, n ≥ 1

is a rational solution of PV with
(αm,n, βm,n, γm,n) =

(
1
2(m + κ)2,−1

2(n− κ)
2,m− n

)
In case (iii)

û(κ)m,n(z) = −
U

(κ+1)
m,n−1(z)U

(κ−1)
m,n+1(z)

U
(κ+1)
m−1,n(z)U

(κ−1)
m+1,n(z)

, m, n ≥ 1

is a rational solution of PV with
(αm,n, βm,n, γm,n) =

(
1
2(m + 1

2)
2,−1

2(n + 1
2)

2,m + n + κ
)
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Generalised Umemura Polynomial U (κ)
m,n(z)
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Generalised Umemura Polynomial U (κ)
m,n(z

2)
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Generalised Umemura Polynomial U (κ)
m,n(z

2)

Web-seminar on Painlevé equations and related topics 22



Structure of Roots of U (κ)
m,n

(
z2
)

A

A

BB

CC

CC

D

D

E E

F

F

GG

A, B, C triangle D, E rectangle F, G triangle/rhombus
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Non-uniqueness of Rational Solutions of PV

There exist distinct rational solutions in terms of generalised Laguerre
polynomials which satisfy PV for the same parameters.
• Kitaev, Law & McLeod [1994] state that if γ ∈ Z and αβ ̸= 0 then there

are two rational solutions.
• The rational solutions v(µ)m,n and v(µ)n−µ,m+µ both satisfy PV for the parameters

α = 1
2(m + n + 1)2, β = −1

2(m− n + µ)2, γ = µ

so we need µ ∈ Z and |µ| ≤ min(m,n).
• For example, if m = 4, n = 1 and µ = −1 then

v
(−1)
4,1 (z) = − 2(z2 − 8z + 20)(z3 − 15z2 + 60z − 60)

(z2 − 8z + 12)(z4 − 20z3 + 150z2 − 480z + 600)

v
(−1)
2,3 (z) =

4(z5 + 21z4 + 180z3 + 780z2 + 1800z + 1800)

z6 + 24z5 + 252z4 + 1440z3 + 4680z2 + 8640z + 7200

− 2(z3 + 9z2 + 24z + 24)

z4 + 12z3 + 54z2 + 96z + 72

both satisfy PV for the parameters

α = 18, β = −2, γ = −1
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Non-uniqueness of Rational Solutions of PV

Example. The rational functions

w1(z) =
1

v
(−6)
3,0 (z)

=
z4 + 12z3 + 72z2 + 240z + 360

3(z3 + 12z2 + 60z + 120)

and
w2(z) = v

(6)
0,2(z) = −

4(z2 − 10z + 30)

z3 − 12z2 + 60z − 120
are both solutions of
d2w

dz2
=

(
1

2w
+

1

w − 1

)(
dw

dz

)2
− 1

z

dw

dz
+
(w − 1)2

z2

(
9w

2
− 8

w

)
+
6w

z
− w(w + 1)

2(w − 1)

i.e. PV with the parameters

α = 9
2, β = −8, γ = 6

In fact w1(z) and w2(z) are special cases of the more general solution

w(z) =
(z4 + 12z3 + 72z2 + 240z + 360)C1−4(z2 − 10z + 30)C2 e

z

3(z3 + 12z2 + 60z + 120)C1 + (z3 − 12z2 + 60z − 120)C2 ez

with C1 and C2 arbitrary constants, which also satisfies PV for the same
parameters.
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• Recall that PV has the special function solution

w
(
z; 12a

2,−1
2 (a− b + 1)2 , b− 2

)
=

(a + 1− b)c1M(a, b, z) + c2U(a, b, z)

a
[
c1M(a + 1, b, z) + c2U(a + 1, b, z)

]
with M(a, b, z) and U(a, b, z) the Kummer functions.

• Setting a = ν + 1
2 and b = 2ν + 3 gives

w
(
z; 12(ν +

1
2)

2,−1
2(ν +

3
2)

2, 2ν +1
)
=

2ν + 1 + z

2ν + 1
− z

2ν + 1

c1Iν(
1
2z) + c2I−ν(

1
2z)

c1Iν+1(
1
2z) + c2I−ν−1(

1
2z)

with Iν(z) the modified Bessel function.
• Then setting ν = 5

2 gives

w(z) =
(z4 + 12z3 + 72z2 + 240z + 360)(c1 − c2)−12(z2 − 10z + 30)(c1 + c2)e

z

3(z3 + 12z2 + 60z + 120)(c1 − c2) + 3(z3 − 12z2 + 60z − 120)(c1 + c2)ez

so if c1 = c2 or c1 = −c2 we obtain the two rational solutions.

Remark. The spherical Bessel functions I±(n+1/2)(z), with n ∈ N, have
the form

I±(n+1/2)(z) =
1√
2πz

n∑
k=0

(n + k)!

(2z)kk!(n− k)!

{
(−1)kez ± (−1)n+1e−z

}
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Joint Moments of the Characteristic Polynomial
of CUE Random Matrices

In their study of joint moments of the characteristic polynomial of CUE
random matrices, Basor, Bleher, Buckingham, Grava, A. Its, E. Its & Keat-
ing [2019] and recently Alvarez, Conrey, Rubenstein & Snaith [2025] were
interested in solutions of the PV σ-equation(

z
d2σ

dz2

)2
=

{
2

(
dσ

dz

)2
− (2N + z)

dσ

dz
+ σ

}2

− 4
dσ

dz

(
dσ

dz
+ k

)(
dσ

dz
−N

)(
dσ

dz
− k −N

)
(1a)

with k,N ∈ N, satisfying
σ(z) = −Nk + 1

2Nz +O(z
2), as z → 0 (1b)

Basor et al. [2019] obtain the solution

ŜN,k(z) = z
d

dz
ln

{
det
[
L
(2k−1)
N+k−1−i−j(−z)

]k−1
i,j=0

}
−Nk

whilst Alvarez et al. [2025] obtain the solution

SN,k(z) = z
d

dz
ln

{
det
[
L
(2k−1)
N+i−j(z)

]k−1
i,j=0

}
+Nz −Nk

with L
(α)
n (z) the Laguerre polynomial.

Web-seminar on Painlevé equations and related topics 27



In terms of the generalised Laguerre polynomial

T (µ)
m,n(z) = det

[
dj+k

dzj+k
L
(µ+1)
m+n (z)

]n−1
j,k=0

the rational solution of (1) is given by

SN,k(z) = z
d

dz
ln
{
T

(0)
N−1,k(z)

}
−Nk +Nz, N ≥ 1, k ≥ 1

which is an equivalent representation of the solution derived by Alvarez et
al. [2025]. Alternatively using

T̂ (µ)
m,n(z) = det

[
dj+k

dzj+k
L
(µ+1)
m+n (−z)

]n−1
j,k=0

= T (µ)
m,n(−z)

then the solution is given by

ŜN,k(z) = z
d

dz
ln
{
T̂

(0)
N−1,k(z)

}
−Nk, N ≥ 1, k ≥ 1

which is an equivalent representation of the solution derived by Basor et al.
[2019]. These solutions are related by

ŜN,k(z) = SN,k(−z) +Nz

since (1) is invariant under the transformation

σ(z)→ σ(z)−Nz, z → −z
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Example. Suppose that N = 2 and k = 2, then

S2,2(z) =
2(z5 − 16z4 + 104z3 − 336z2 + 600z − 480)

z4 − 16z3 + 96z2 − 240z + 240

= 2z +
16(z3 − 12z2 + 45z − 60)

z4 − 16z3 + 96z2 − 240z + 240

Ŝ2,2(z) = −
16(z3 + 12z2 + 45z + 60)

z4 + 16z3 + 96z2 + 240z + 240

and so as z → 0

S2,2(z) = −4 + z − z2

5
+

3z4

100
− z5

48
+O(z6)

Ŝ2,2(z) = −4 + z − z2

5
+

3z4

100
+
z5

48
+O(z6)

However as z →∞

S2,2(z) = − 16

z
+
64

z2
− 208

z3
+
64

z4
+
7424

z5
+O(z−6)

Ŝ2,2(z) = 2z +
16

z
+
64

z2
+
208

z3
+
64

z4
− 7424

z5
+O(z−6)

Note that
S2,2(z) = 2z + Ŝ2,2(−z)
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A more general solution when N = 2 and k = 2 is

σ(z; c1, c2) =
f2,2(z; c1, c2)

g2,2(z; c1, c2)

where
f2,2(z; c1, c2) = 6c22(z

5 − 16z4 + 104z3 − 336z2 + 600z − 480) e2z

− c1c2(z7 + 2z6 + 18z5 − 144z3 + 288z2 + 1440z − 5760) ez

− 48c21(z
3 + 12z2 + 45z + 60)

g2,2(z; c1, c2) = 3c22(z
4 − 16z3 + 96z2 − 240z + 240) e2z

− c1c2(z6 + 18z4 − 144z2 + 1440) ez

+ 3c21(z
4 + 16z3 + 96z2 + 240z + 240)

with c1 and c2 arbitrary constants. Setting either c1 = 0 or c2 = 0 gives the
two rational solutions

σ(z; 0, c2) = S2,2(z) =
2(z5 − 16z4 + 104z3 − 336z2 + 600z − 480)

z4 − 16z3 + 96z2 − 240z + 240

σ(z; c1, 0) = Ŝ2,2(z) = −
16(z3 + 12z2 + 45z + 60)

z4 + 16z3 + 96z2 + 240z + 240
Also, as z → 0

σ(z; c1, c2) = −4 + z − z2

5
+

3z4

100
− c1 + c2
c1 − c2

z5

48
+O(z6)
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A more general solution of the initial value problem(
z
d2σ

dz2

)2
=

{
2

(
dσ

dz

)2
− (2N + z)

dσ

dz
+ σ

}2

− 4
dσ

dz

(
dσ

dz
+ k

)(
dσ

dz
−N

)(
dσ

dz
− k −N

)
(1a)

with k,N ∈ N, satisfying

σ(z) = −Nk + 1
2Nz +O(z

2), as z → 0 (1b)

is

σ(z) = z
d

dz
lnWr

({
(c2 + c1)Ik+j+1/2(

1
2z) + (c2 − c1)I−k−j−1/2(12z)

}N−1
j=0

)
+1

2N(z+2N−1)

where I±(n+1/2)(z), with n ∈ Z, is the spherical Bessel function and c1 and
c2 are arbitrary constants. Setting c2 = 0 or c1 = 0 gives the rational solution
obtained by Basor et al. [2019] or Alvarez et al. [2025], respectively.

Recall that the spherical Bessel functions I±(n+1/2)(z) have the form

I±(n+1/2)(z) =
1√
2πz

{
n∑
k=0

(n + k)!

(2z)kk!(n− k)!

[
(−1)kez ± (−1)n+1e−z

]}

Web-seminar on Painlevé equations and related topics 31



Bäcklund Transformations
Definition

A Bäcklund transformation maps solutions of a given Painlevé equa-
tion to solutions of the same Painlevé equation, with different values of
the parameters, or another equation.
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Bäcklund Transformations of PV

Theorem (Gromak [1976], Gromak & Filipuk [2001])
Let w = w(z;α, β, γ) be a solution of PV such that

Φ(w; z) = z
dw

dz
− ε2aw2 + (ε2a− ε3b + ε1z)w + ε3b ̸= 0

and
Φ(w; z)− 2ε1zw ̸= 0

where a =
√
2α, b =

√
−2β and γ = c. Then

Tε1,ε2,ε3 : w1(z;α1, β1, γ1) = 1− 2ε1zw

Φ(w; z)

= 1− 2ε1zw

zw′ − ε2aw2 + (ε2a− ε3b + ε1z)w + ε3b

with εj = ±1, j = 1, 2, 3, independently, is a solution of PV for the parameters

(α1, β1, γ1) =
(
1
8

(
c + ε1(1− ε3b− ε2a)

)2
,−1

8

(
c− ε1(1− ε3b− ε2a)

)2
, ε1(ε3b− ε2a)

)
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To apply a sequence of Bäcklund transformations there is an issue

α1 =
1
2a

2
1 =

1
8

(
c + ε1(1− ε3b− ε2a)

)2 ⇒ a1 = ±1
2

(
c + ε1(1− ε3b− ε2a)

)
β1 = −1

2b
2
1 = −1

8

(
c− ε1(1− ε3b− ε2a)

)2 ⇒ b1 = ±1
2

(
c− ε1(1− ε3b− ε2a)

)
Question: How do you decide the sign for a1 and b1?

Answer: Define the Bäcklund transformation in terms of a, b and c rather
than α = 1

2a
2, β = −1

2b
2 and γ = c, i.e.

Tε1,ε2,ε3 : w1(z; a1, b1, c1) = 1− 2ε1zw

zw′ − ε2aw2 + (ε2a− ε3b + ε1z)w + ε3b

with

(a1, b1, c1) =
(
1
2c +

1
2ε1(1− ε3b− ε2a),

1
2c−

1
2ε1(1− ε3b− ε2a), ε1(ε3b− ε2a)

)
Objective: To find a combination of Bäcklund transformations which
change a, b and c by an integer. This will give a procedure for generating
hierarchies of solutions.

• To generate a hierarchy of solutions, then we need to change a, b and c by
an integer.
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Example. Suppose w = w(z; a, b, c) satisfies PV

d2w

dz2
=

(
1

2w
+

1

w − 1

)(
dw

dz

)2
− 1

z

dw

dz
+
(w − 1)2

(
a2w2 − b2

)
2z2w

+
cw

z
− w(w + 1)

2(w − 1)

Then

T1,−1,−1(a, b, c) =
(
1
2(a + b + c + 1), 12(−a− b + c− 1), a− b

)
T1,−1,1 ◦ T1,1,1(a, b, c) =

(
a + 1,−b− 1, c

)
and

T1,−1,−1(w) =
zw′ + aw2 − (a− b + z)w − b
zw′ + aw2 − (a− b− z)w − b

T1,−1,1 ◦ T1,1,1(w) =
z2(w′)2 + 2z(w − 1)(bw − w − b)w′ + f (w, z)

w
{
z2(w′)2 − 2z(w − 1)(aw − a− 1)w′ + g(w, z)

}
with

f (w, z) = −z2w2 + 2czw2(w − 1)− (w − 1)2(aw + b)
[
(a + 2b + 2)w − b

]
g(w, z) = −z2w2 + 2czw(w − 1) + (w − 1)2(aw + b)(aw − 2a− b− 2)
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Deriving Discrete Painlevé Equations from Bäcklund
Transformations for the Painlevé Equations

General Principle: Suppose that there are two Bäcklund transformation
for a Painlevé equation in the form

w±(z; a±, b±, c±) = F±(w(z; a, b, c), w
′(z; a, b, c), z) (1)

where w(z; a, b, c) is a solution with (α, β, γ) = (12a
2,−1

2b
2, c), and w±(z; a±, b±, c±)

solutions with (α±, β±, γ±) =
(
1
2a

2
±,−1

2b
2
±, c±

)
.

• Eliminating w′ in (1) yields an algebraic relation, between w+, w and w−.
• Given two Bäcklund transformations T± where T+ ◦ T− = T− ◦ T+ = I, the

identity transformation, then

w−(z; a−, b−, c−)
T+−−−→←−−−
T−

w(z; a, b, c)
T+−−−→←−−−
T−

w+(z; a+, b+, c+)

• If w(z; a, b, c) = wn, w±(z; a±, b±, c±) = wn±1 then

wn−1
T+−−−→←−−−
T−

wn
T+−−−→←−−−
T−

wn+1
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First Discrete Equation
Consider the Bäcklund transformation R1 = T1,−1,1 which has the inverse
R−11 = T−1,1,−1 and wn = wn(z;αn, βn, γn), with αn =

1
2a

2
n, βn = −1

2b
2
n and γn = cn,

is a solution of PV, then

wn+1 = T1,−1,1(wn) = 1− 2zwn

zw′n + anw
2
n + (z − an − bn)wn + bn

wn−1 = T−1,1,−1(wn) = 1 +
2zwn

zw′n − anw2
n − (z − an − bn)wn − bn

Eliminating w′n yields
1

wn+1 − 1
+

1

wn−1 − 1
+
anw

2
n + (z − an − bn)wn + bn

zwn
= 0

and setting

qn =
wn + 1

wn − 1
, qn+1 =

wn+1 + 1

wn+1 − 1
, qn−1 =

wn−1 + 1

wn−1 − 1

gives

qn+1 + qn−1 =
4

z

(an − bn)qn + an + bn
1− q2n
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The parameters evolve as

T1,−1,1(an, bn, cn) =
(
1
2(an − bn + cn + 1), 12(−an + bn + cn − 1), an + bn

)
and so

an+1 =
1
2(an − bn + cn + 1)

bn+1 =
1
2(−an + bn + cn − 1)

cn+1 = an + bn

 ⇒
an =

1
2n + 1

2λ + 1
2ρ +

1
2(−1)

nφ

bn = −1
2n + 1

2λ−
1
2ρ +

1
2(−1)

nφ

cn = λ− (−1)nφ

with λ, ρ and φ arbitrary constants. Hence we obtain the asymmetric dPII

equation

qn+1 + qn−1 =
4

z

(n + λ)qn + ρ + (−1)nφ
1− q2n

studied by Satsuma, Kajiwara, Grammaticos, Hietarinta & Ramani [1994].
Setting xn = q2n and yn = q2n+1 gives

xn+1 + xn =
4

z

(n + λ)yn + ρ− φ
1− y2n

yn + yn−1 =
4

z

(n + λ)xn + ρ + φ

1− x2n
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Second Discrete Equation
Consider the Bäcklund transformation R2 = T−1,−1,−1 ◦ T−1,1,−1, which has

the inverse R−12 = T1,1,1 ◦ T1,−1,1, and wn = wn(z;αn, βn, γn), with αn =
1
2a

2
n, βn =

−1
2b

2
n and γn = cn, is a solution of PV, then

wn+1 = R2(wn) =
1

wn

{
1 +

(an − bn − cn − 1)(wn − 1)2

zw′n − anw2
n + (2an − cn − 1 + z)wn − (an − cn − 1)

}
wn−1 = R−12 (wn) =

1

wn

{
1− (an − bn − cn + 1)(wn − 1)2

zw′n + anw
2
n − (2an − cn + 1 + z)wn + (an − cn + 1)

}
Eliminating w′n gives the difference equation

an − bn − cn − 1

wnwn+1 − 1
+
an − bn − cn + 1

wnwn−1 − 1
+ an −

z − cn − 1

wn − 1
− z

(wn − 1)2
= 0

and setting

qn =
wn + 1

wn − 1
, qn+1 =

wn+1 + 1

wn+1 − 1
, qn−1 =

wn−1 + 1

wn−1 − 1

gives

an − bn − cn − 1

qn+1 + qn
+
an − bn − cn + 1

qn + qn−1
+ z +

2
[
(an − bn)qn + an + bn

]
1− q2n

= 0
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The parameters evolve as

R2(an, bn, cn) =
(
1
2

(
an + bn − cn − 1

)
, 12
(
an + bn + cn + 1

)
,−an + bn + 1

)
and so

an+1 =
1
2

(
an + bn − cn + 1

)
bn+1 =

1
2

(
an + bn − cn + 1

)
cn+1 = −an + bn − 1

 ⇒
an = −1

2

[
n + λ + ρ + (−1)nφ

]
bn =

1
2

[
n + λ− ρ + (−1)nφ

]
cn = n + λ− (−1)nφ

with λ, ρ and φ arbitrary constants. Hence we obtain

ξn+1 + ξn
qn+1 + qn

+
ξn + ξn−1
qn + qn−1

= z −
2
[
ξn + φ(−1)n

]
qn + 2ρ

1− q2n
with ξn = n+λ, which was studied by Ramani, Ohta & Grammaticos [2000].
Setting q2n = xn and q2n+1 = yn yields the discrete system

ξ2n+2 + ξ2n+1

xn+1 + yn
+
ξ2n+1 + ξ2n
xn + yn

= z − 2[(ξ2n+1 − φ)yn + ρ]

1− y2n
ξ2n+1 + ξ2n
xn + yn

+
ξ2n + ξ2n−1
xn + yn−1

= z − 2[(ξ2n + φ)xn + ρ]

1− x2n
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Third Discrete Equation
Consider the Bäcklund transformationR3 = T−1,1,−1 ◦ T1,−1,−1 ◦ T1,−1,1, which

has an inverse R−13 = T−1,1,1, and wn = wn(z;αn, βn, γn), with αn = 1
2a

2
n, βn =

−1
2b

2
n and γn = cn, is a solution of PV, then

wn+1 = R3(wn) = 1 +
2zwn

anw
′
n − anw2

n + (an − bn − z)wn + bn

wn−1 = R−13 (wn) = 1 +
2zwn

anw
′
n − anw2

n + (an − bn − z)wn + bn

Eliminating w′n gives the difference equation
1

wn+1 − 1
+

1

wn−1 − 1
= −an(wn − 1)

z
− 1

then setting wn = 1 + 1/xn and wn±1 = 1 + 1/xn±1 gives the discrete equation

xn+1 + xn−1 + 1 +
an
zxn

= 0

The parameters (an, bn, cn) evolve as follows

an+1 =
1
2

(
an + bn + cn − 1

)
bn+1 = −1

2

(
an + bn − cn − 1

)
cn+1 = an − bn

 ⇒
an =

1
3n + ρ + λ cos

(
2
3πn
)
+ 1

3

√
3φ sin

(
2
3πn
)

bn =
1
3 +
√
3λ sin

(
2
3πn
)
− φ cos

(
2
3πn
)

cn =
1
3n + ρ− 2λ cos

(
2
3πn
)
− 2

3

√
3φ sin

(
2
3πn
)

with λ, ρ and φ arbitrary constants (the factor of
√
3 is for convenience).
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Hence we obtain the ternary dPI equation (Grammaticos, Ramani & Papa-
georgiou [1997]; Tokihiro, Grammaticos & Ramani [2002])

xn+1 + xn−1 + 1 +
an
zxn

= 0 (1)

with
an =

1
3n + ρ + λ cos

(
2
3πn
)
+ 1

3

√
3φ sin

(
2
3πn
)

Setting x3n = Xn, x3n+1 = Yn and x3n+2 = Zn gives

Xn(Yn + Zn−1 + 1) +
n + ρ + λ

z
= 0

Yn(Zn +Xn + 1) +
n + ρ− 1

2λ + 1
2φ + 1

3

z
= 0

Zn(Xn+1 + Yn + 1) +
n + ρ− 1

2λ−
1
2φ + 2

3

z
= 0

Remark: The “standard” version of dPI is the equation (Grammaticos,
Ramani & Papageorgiou [1991])

xn+1 + xn + xn−1 = 1 +
λn + ρ + (−1)nφ

xn
with λ, ρ and φ arbitrary constants, which arises from the Bäcklund trans-
formations of PIV (Fokas, Grammaticos & Ramani [1993]; PAC, Mansfield &
Webster [2000]).
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Fourth Discrete Equation
Lemma (PAC, Dunning & Mitchell [2026])

Suppose that xn, xn+2 and xn−2 are solutions of ternary dPI

xn(xn+1 + xn−1 + 1) +
an
z

= 0 (1)

where
an =

1
3n + ρ + λ cos

(
2
3πn
)
+ 1

3

√
3φ sin

(
2
3πn
)

with λ, ρ and φ arbitrary constants, then xn, xn+2 and xn−2 satisfy the discrete
equation

an+1

xn+2 + xn + 1
+

an−1
xn + xn−2 + 1

= z +
an
xn

Proof. Letting n→ n− 1 in ternary dPI (1) gives

xn−1(xn + xn−2 + 1) +
an−1
z

= 0

Solving this equation and ternary dPI for xn+1 and xn−1 gives

xn+1 =
an−1

z(xn + xn−2 + 1)
− 1− an

zxn
, xn−1 = −

an−1
z(xn + xn−2 + 1)

Letting n→ n + 2 in the expression for xn−1 gives

xn+1 = −
an+1

z(xn+2 + xn + 1)

Equating the two expressions for xn+1 gives the result.
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Alternative Proof
Consider the Bäcklund transformation R4 = R2

3 = T−1,1,−1 ◦ T 2
1,−1,−1 ◦ T1,−1,1

wn+2 = R4(wn) =
1

wn

{
1 +

(an − bn + cn + 1)(wn − 1)2

zw′n + anw
2
n − (2an + cn + 1− z)wn + an + cn + 1

}
wn−2 = R−14 (wn) =

1

wn

{
1 +

(an + bn + cn − 1)(wn − 1)2

zw′n − anw2
n + (2an + cn − 1− z)wn − an − cn + 1

}
where an, bn and cn are given by

an =
1
3n + ρ + λ cos

(
2
3πn
)
+ 1

3

√
3φ sin

(
2
3πn
)

bn =
1
3 +
√
3λ sin

(
2
3πn
)
− φ cos

(
2
3πn
)

cn =
1
3n + ρ− 2λ cos

(
2
3πn
)
− 2

3

√
3φ sin

(
2
3πn
)

Then eliminating w′n and letting wn = 1 + 1/xn and wn±2 = 1 + 1/xn±2 gives
an+1

xn+2 + xn + 1
+

an−1
xn + xn−2 + 1

= z +
an
xn

since an+1 =
1
2(an − bn + cn + 1) and an−1 = 1

2(an + bn + cn − 1).
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Suppose that xn satisfies
an+1

xn+2 + xn + 1
+

an−1
xn + xn−2 + 1

= z +
an
xn

where
an =

1
3n + ρ + λ cos

(
2
3πn
)
+ 1

3

√
3φ sin

(
2
3πn
)

with λ, ρ and φ arbitrary constants, then qn = x2n and pn = x2n+1 respectively
satisfy

a2n+1

qn+1 + qn + 1
+

a2n−1
qn + qn−1 + 1

= z +
a2n
qn

a2n+2

pn+1 + pn + 1
+

a2n
pn + pn−1 + 1

= z +
a2n+1

pn

Further Xn = x3n, Yn = x3n+1 and Zn = x3n+2 satisfy
a3n+1

Xn + Zn + 1
+

a3n−1
Xn + Yn−1 + 1

= z +
a3n
Xn

a3n+2

Yn +Xn+1 + 1
+

a3n
Yn + Zn−1 + 1

= z +
a3n+1

Yn
a3n+3

Yn+1 + Zn + 1
+

a3n+1

Xn + Zn + 1
= z +

a3n+2

Zn

Web-seminar on Painlevé equations and related topics 45



Differential-difference equations
We obtained asymmetric dPII

qn+1 + qn−1 =
4

z

(n + λ)qn + ρ + (−1)nφ
1− q2n

by adding the equations

qn+1 +
2

1− q2n
dqn
dz
− 2

z

(n + λ)qn + ρ + (−1)nφ
1− q2n

= 0

qn−1 −
2

1− q2n
dqn
dz
− 2

z

(n + λ)qn + ρ + (−1)nφ
1− q2n

= 0

Subtracting these equations gives the modified Volterra lattice
dqn
dz

= 1
4(q

2
n − 1)(qn+1 − qn−1)

The associated differential-difference equation for
ξn+1 + ξn
qn+1 + qn

+
ξn + ξn−1
qn + qn−1

= z −
2
[
ξn + (−1)nφ

]
qn + 2ρ

1− q2n
with ξn = n + λ, is

z
dqn
dz

= 1
2(1− q

2
n)

{
ξn+1 + ξn
qn+1 + qn

− ξn + ξn−1
qn + qn−1

}
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Application to Quantum Minimal Surfaces
(PAC, Dzhamay, Hone & Mitchell [2025])

The discrete equation

vn(vn+1 + vn−1 + 1) = ε(n + 1), ε > 0 (1)

with v−1 = 0, which is the special case of ternary dPI that was discussed by
Arnlind, Hoppe & Kontsevich [2019] and Hoppe [2025] in a study of quan-
tum minimal surfaces.

In this case an = −1
3(n + 1), bn = 1

3 and cn = −1
3(n + 1), so need a solution of

PV with
(α, β, γ) =

(
1
2a

2
n,−1

2b
2
n, cn

)
=
(
1
18(n + 1)2,− 1

18,−
1
3(n + 1)

)
Special function solutions exist for these parameters since

a3n − b3n + c3n = −2n− 1

a3n+1 + b3n+1 + c3n+1 = −2n− 1

a3n+2 = −n− 1

Recall that special function solutions exist for PV if and only if

ε1a + ε2b + ε3c = 2n + 1, or (a− n)(b− n) = 0

where a =
√
2α, b =

√
−2β and γ = c and ε2j = 1, j = 1, 2, 3 independently.
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When n = 0 then (α, β, γ) =
(
1
18,−

1
18,−

1
3

)
and the Riccati equation is

z
dw0

dz
= 1

3w
2
0 − zw0 − 1

3

which has solution

w0(z) = −
C1

{
I1/6(

1
2z)− I−5/6(

1
2z)
}
+ C2

{
K1/6(

1
2z) +K5/6(

1
2z)
}

C1

{
I1/6(

1
2z) + I−5/6(

1
2z)
}
+ C2

{
K1/6(

1
2z)−K5/6(

1
2z)
}

with Iν(z),Kν(z) modified Bessel functions and C1, C2 arbitrary constants.
Hence

w1(z) = R3(w0;−1
3,

1
3,−

1
3) =

2Z1/6(
1
2z)

(3z + 2)Z1/6(
1
2z) + 3zZ−5/6(12z)

where

Z1/6(
1
2z) = C1I1/6(

1
2z) + C2K1/6(

1
2z), Z−5/6(12z) = C1I−5/6(

1
2z)− C2K5/6(

1
2z)

and so

v0 =
1

w0 − 1
= −1

2
−
Z−5/6(12z)
2Z1/6(

1
2z)

, v1 =
1

w1 − 1
= −

(3z + 2)Z1/6(
1
2z) + 3zZ−5/6(12z)

3zZ1/6(
1
2z) + Z−5/6(

1
2z)

Note that
v−1 = −v1 − 1 +

1

3zv0
= 0
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Theorem (PAC, Dzhamay, Hone & Mitchell [2025])
For each ε > 0, the unique positive solution of the ternary dPI equation

vn(vn+1 + vn−1 + 1) = ε(n + 1) (1)

subject to the initial condition

v−1 = 0, v0 > 0

is determined by the value of v0 = v0(ε), which is given by a ratio of modified
Bessel functions, that is

v0(ε) =
1

2

{
K5/6(z)

K1/6(z)
− 1

}
, z =

1

6ε

For each n > 0, the corresponding quantities vn > 0 are written explicitly
as ratios of Wronskian determinants whose entries are specified in terms of
modified Bessel functions.

Remark: The expressions for v3n, v3n+1 and v3n+2 have different structures
illustrating the three-fold nature of the solutions, despite the lack of ternary
symmetry in equation (1).
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Plots when ε = 0.1

vn(vn+1 + vn−1 + 1) = ε(n + 1), v−1 = 0, ε > 0

v0 =
1

2

{
K5/6(

3
5)

K1/6(
3
5)
− 1

}
v0 = −

1

2

{
I−5/6(

3
5)

I1/6(
3
5)

+ 1

}
v3n v3n+1 v3n+2
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Remarks
• Felder & Hoppe [2025] show that equation

vn(vn+1 + vn−1 + 1) = ε(n + 1), ε > 0 (1)

arises as the recurrence relation for orthogonal polynomials in the com-
plex plane with respect to the weight

w(z; t) = exp
{
−t|z|2 + 1

3i(z
3 + z3)

}
, t > 0

with z = x + iy ∈ C. Further the problem has the same unique solution
as the problem solved by Clarkson et al. [2025].

• Equation (1) arises in the theory of random normal matrices Teodorescu,
Bettelheim, Agam, Zabrodin & Wiegmann [2005]
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Rational solutions of discrete equations
Each of the Bäcklund transformations is actually four transformations

since there are two independent choices of sign for a = ±
√
2α and b = ±

√
2β.

This can lead to four different solutions from applying the Bäcklund trans-
formation to a particular solution.

The effect on the parameters of applying the transformations R1 and R2
1

on a solution w of PV with (α, β, γ) =
(
1
2a

2,−1
2b

2, c
)

α1 β1 γ1

R1(a, b, c)
1
8(a− b + c + 1)2 −1

8(a− b− c + 1)2 a + b

R1(−a, b, c) 1
8(a + b− c− 1)2 −1

8(a + b + c− 1)2 −a + b

R1(a,−b, c) 1
8(a + b + c + 1)2 −1

8(a + b− c + 1)2 a− b

R1(−a,−b, c) 1
8(a− b− c− 1)2 −1

8(a− b + c− 1)2 −a− b

R2
1(a, b, c)

1
2(a + 1)2 −1

2(b− 1)2 c

R2
1(−a, b, c) 1

2(a− 1)2 −1
2(b− 1)2 c

R2
1(a,−b, c) 1

2(a + 1)2 −1
2(b + 1)2 c

R2
1(−a, b, c) 1

2(a− 1)2 −1
2(b− 1)2 c
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Rational solutions of discrete equations:
Generalised Laguerre polynomials

Example. Consider the rational solution

w
(µ−3)
1,1 (z) = −

(z − µ + 1)
[
z2 − 2µz + µ(µ + 1)

]
z2 − 2µz + µ(µ− 1)

which satisfies PV with (α, β, γ) =
(
1
2,−

1
2(µ + 1)2, µ − 3

)
. There is only one

choice of parameters for which the Bäcklund transformation R1 gives an
infinite sequence of rational functions (a = 1, b = −µ − 1, c = µ − 3); in the
other three cases the sequence terminates after a few iterations.

Hence we obtain a sequence of rational solutions of PV

w
(µ−3)
1,1 (z) R1−−−→

1

v
(µ)
1,1 (z)

R1−−−→ w
(µ−3)
2,1 (z) R1−−−→

1

v
(µ)
2,1 (z)

R1−−−→ w
(µ−3)
3,1 (z)

which gives a sequence of rational solutions of asymmetric dPII. The first
two are

q0(z) =
w

(µ−3)
1,1 (z) + 1

w
(µ−3)
1,1 (z)− 1

= 1 + 2
d

dz
ln

z − µ
z2 − 2(µ + 2)z + µ(µ− 1)

q1(z) =
1 + v

(µ)
1,1 (z)

1− v(µ)1,1 (z)
= 1− 2µ

z
+ 2

d

dz
ln
z2 − 2µz + µ(µ− 1)

z2 − 2µz + µ(µ + 1)
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If we define the rational functions

q2n(z) = xn(z) =
w

(µ−3)
n+1,1(z) + 1

w
(µ−3)
n+1,1(z)− 1

= 1 + 2
d

dz
ln
T

(µ−2)
n,1 (z)

T
(µ−4)
n,2 (z)

q2n+1(z) = yn(z) =
1 + v

(µ)
n+1,1(z)

1− v(µ)n+1,1(z)
= 1− 2µ

z
+ 2

d

dz
ln
T

(µ−3)
n+1,1 (z)

T
(µ−3)
n,2 (z)

so the structure of the even and odd terms is different, then qn(z) satisfies

qn+1 + qn−1 =
4

z

(n + µ + 2)qn − 3
2 − (µ− 3

2)(−1)
n

1− q2n
which is asymmetric dPII with λ = µ + 2, ρ = −3

2 and φ = −µ + 3
2, whilst

xn(z) and yn(z) satisfy the discrete system

xn+1 + xn =
4

z

(2n + µ + 3)yn + µ− 3

1− y2n
yn + yn−1 =

4

z

(2n + µ + 2)xn − µ
1− x2n
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In general, for fixed m and n

w(µ)
m,n

R1−−−→
1

v
(µ+2n+1)
m,n

R1−−−→ w
(µ)
m+1,n

R1−−−→
1

v
(µ+2n+1)
m+1,n

R1−−−→ w
(µ)
m+2,n

Lemma (PAC, Dunning & Mitchell [2026])
Consider the rational functions

Q2N(z) = XN(z) =
w

(µ)
N+m,n(z) + 1

w
(µ)
N+m,n(z)− 1

, Q2N+1(z) = YN(z) =
1 + v

(µ+2n+1)
N+m,n (z)

1− v(µ+2n+1)
N+m,n (z)

then QN(z) satisfies

QN+1 +QN−1 =
4

z

(N + 2m + 2n + µ + 1)QN − n− 1
2 − (n + µ + 1

2)(−1)
N

1−Q2
N

which is asymmetric dPII with λ = 2m + 2n + µ + 1, ρ = −n − 1
2 and φ =

−n− µ− 1
2, whilst XN(z) and YN(z) satisfy the discrete system

XN+1 +XN =
4

z

(2N + 2m + 2n + µ + 2)YN + µ

1− Y 2
N

YN + YN−1 =
4

z

(2N + 2m + 2n + µ + 1)XN − 2n− µ− 1

1−X2
N
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Second Bäcklund transformation
Example. Applying the Bäcklund transformation R2 to

v
(µ)
1,1 (z) = 1−

z
[
z2 − 2µz + µ(µ + 1)

][
z2 − 2µz + µ(µ− 1)

]
(z − µ)

[
z4 − 4µz3 + 6µ2z2 − 4µ(µ2 − 1)z + µ2(µ2 − 1)

]
gives the sequence of rational solutions of PV

v
(µ)
1,1 (z)

R2−−−→ u
(µ+4)
2,1 (z) R2−−−→ v

(µ+2)
1,2 (z) R2−−−→ u

(µ+6)
3,1 (z) R2−−−→ v

(µ+4)
1,3 (z)

where

u
(µ+4)
2,1 (z) = 1

2(z − µ + 1) + 1
2z

d

dz
ln

z2 − 2(µ + 1) + (µ + 1)(µ + 2)

z3 − 3µz2 + 3µ(µ + 1)z − µ(µ + 1)(µ + 2)

Hence the first two rational solutions of the discrete equation are

q0(z) =
v
(µ)
1,1 (z) + 1

v
(µ)
1,1 (z)− 1

= 1 +
2µ

z
+

d

dz
ln
z2 − 2µ + µ(µ + 1)

z2 − 2µ + µ(µ− 1)

q1(z) =
u
(µ+4)
2,1 (z) + 1

u
(µ+4)
2,1 (z)− 1

= 1 + 2
d

dz
ln
z4 − 4(µ + 1)z3 + 6(µ + 1)2z2 − 4µ(µ + 1)(µ + 2)z + µ(µ + 1)2(µ + 2)

z2 − 2µ + µ(µ + 1)
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If we define the rational functions

q2n(z) = xn(z) =
v
(µ+2n)
1,n+1 (z) + 1

v
(µ+2n)
1,n+1 (z)− 1

= −1 + 2(µ + 2n)

z
+ 2

d

dz
ln
T

(µ−3)
0,n+2 (z)

T
(µ−3)
1,n+1 (z)

q2n+1(z) = yn(z) =
u
(µ+2n+4)
n+2,1 (z) + 1

u
(µ+2n+4)
n+2,1 (z)− 1

= 1 + 2
d

dz
ln
T

(µ−3)
1,n+2 (z)

T
(µ−3)
0,n+2 (z)

then qn(z) satisfies

n + µ + 2

qn+1 + qn
+
n + µ + 1

qn + qn−1
= 1

2z −
{
n + µ + 3

2[1 + (−1)n]
}
qn + 3− µ

1− q2n
whilst xn(z) and yn(z) satisfy the discrete system

2n + µ + 3

xn+1 + yn
+
2n + µ + 2

xn + yn
= 1

2z −
(2n + µ + 4)yn + 3− µ

1− y2n
2n + µ + 2

xn + yn
+
2n + µ + 1

xn + yn−1
= 1

2z −
(2n + µ + 1)xn + 3− µ

1− x2n
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Third Bäcklund transformation: Ternary dPI

Example. Applying the Bäcklund transformation R3 to
1

w
(µ−3)
1,1 (z)

= − z2 − 2µz + µ(µ− 1)

(z − µ + 1)
[
z2 − 2µz + µ(µ + 1)

]
gives the sequence of rational solutions of PV

1

w
(µ−3)
1,1

R3−−−→ v
(µ)
1,1

R3−−−→ u
(µ+3)
2,1

R3−−−→
1

w
(µ−4)
1,2

R3−−−→ v
(µ+1)
1,2

R3−−−→ u
(µ+4)
3,1

so that
R3

3

(
1/w

(µ)
1,1

)
= 1/w

(µ−1)
1,2 , R3

3

(
v
(µ)
1,1

)
= v

(µ+1)
1,2 , R3

3

(
u
(µ)
2,1

)
= u

(µ+1)
3,1

Hence we obtain rational solutions of ternary dPI

x0(z) =
w

(µ−3)
1,1 (z)

1− w(µ−3)
1,1 (z)

= −1 + d

dz
ln
z2 − 2(µ− 1)z + µ(µ− 1)

z − µ

x1(z) =
1

v
(µ)
1,1 (z)− 1

= −1 + µ

z
+

d

dz
ln
z2 − 2µz + µ(µ− 1)

z2 − 2µz + µ(µ + 1)

x2(z) =
1

u
(µ+3)
2,1 (z)− 1

=
d

dz
ln
z4 − 4µz3 + 6µ2z2 − 4µ(µ2 − 1)z + µ2(µ2 − 1)z

z2 − 2(µ + 1)z + µ(µ− 1)
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If we define the rational functions

x3n(z) = Xn(z) =
w

(µ−n−3)
1,n+1 (z)

1− w(µ−n−3)
1,n+1 (z)

= −1 + d

dz
ln
T

(µ−n−4)
0,n+2 (z)

T
(µ−n−2)
0,n+1 (z)

x3n+1(z) = Yn(z) =
1

v
(µ+n)
1,n+1 (z)− 1

= −1 + µ + n

z
+

d

dz
ln
T

(µ−n−3)
0,n+2 (z)

T
(µ−n−3)
1,n+1 (z)

x3n+2(z) = Zn(z) =
1

u
(µ+n+3)
n+2,1 (z)− 1

=
d

dz
ln
T

(µ−n−4)
1,n+2 (z)

T
(µ−n−4)
0,n+2 (z)

then xn(z) satisfies

xn(xn+1 + xn−1 + 1) +
n + µ + 5 + 2(µ− 1) cos

(
2
3πn
)
+ 4

3

√
3 sin

(
2
3πn
)

3z
= 0

whilst Xn(z), Yn(z) and Zn(z) satisfy the discrete system

Xn(Yn + Zn−1 + 1) +
n + µ + 1

z
= 0

Yn(Zn +Xn + 1) +
n + 3

z
= 0

Zn(Xn+1 + Yn + 1) +
n + 2

z
= 0
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Rational solutions of discrete equations:
Generalised Umemura polynomials

The generalised Umemura polynomial U (κ)
m,n(z) is given by

U (κ)
m,n(z) = exp(12mz) Wr

(
φ
(κ)
1 , φ

(κ)
3 , . . . , φ

(κ)
2m−1;ψ

(κ)
1 , ψ

(κ)
3 , . . . , ψ

(κ)
2n−1

)
, m, n ≥ 0

where
φ
(κ)
k (z) = e−z/2L

(κ)
k (12z), ψ

(κ)
k (z) = L

(κ)
k (−1

2z)

with κ a parameter, L(α)
k (ζ) the Laguerre polynomial and U (κ)

0,0 (z) = 1.
The associated rational solutions of PV are

ŵ(κ)
m,n = −

U
(2κ)
m,n−1U

(2κ+2)
m−1,n

U
(2κ+2)
m,n−1 U

(2κ)
m−1,n

(α, β, γ) =
(
1
2(m + κ)2,−1

2(n + κ)2,m + n
)

v̂(κ)m,n = −
U

(2κ−2n+3)
m−1,n−1 U

(2κ−2n−1)
m,n

U
(2κ−2n+1)
m−1,n−1 U

(2κ−2n+1)
m,n

(α, β, γ) =
(
1
2(m + κ)2,−1

2(n− κ)
2,m− n

)
û(κ)m,n = −

U
(κ+1)
m,n−1U

(κ−1)
m,n+1

U
(κ+1)
m−1,nU

(κ−1)
m+1,n

(α, β, γ) =
(
1
2(m + 1

2)
2,−1

2(n + 1
2)

2,m + n + κ
)
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First Bäcklund transformation: Asymmetric dPI

Example. Applying the Bäcklund transformation R1 to

ŵ
(κ−3/2)
2,1 = −{z

2 − 16κ(κ + 1)}{z3 − 6(2κ− 1)z2 + 48κ(κ− 1)z − 32κ(κ− 1)(2κ− 1)}
{z2 − 16κ(κ− 1)}{z3 − 6(2κ + 1)z2 + 48κ(κ + 1)z − 32κ(κ + 1)(2κ + 1)}

gives the sequence of rational solutions of PV

ŵ
(κ−3/2)
2,1

R1−−−→ v̂
(κ)
2,1

R1−−−→ ŵ
(κ−1/2)
2,1

R1−−−→ v̂
(κ+1)
2,1

R1−−−→ ŵ
(κ+1/2)
2,1

so only the parameter changes. Hence the first few rational solutions of
asymmetric dPI are

q0 =
ŵ

(κ−3/2)
2,1 + 1

ŵ
(κ−3/2)
2,1 − 1

= 2
d

dz
ln
z4 − 8κz3 + 128κ(κ2 − 1)z − 256κ2(κ2 − 1)

z − 4κ

q1 = 2
d

dz
ln

z2 − 16κ(κ + 1)

z3 − 6(2κ + 1)z2 + 48κ(κ + 1)z − 32κ(κ + 1)(2κ + 1)

q2 = 2
d

dz
ln
z4 − 8(κ + 1) + 128κ(κ + 1)(κ + 2)− 256κ(κ + 1)2(κ + 2)

z − 4(κ + 1)

q3 = 2
d

dz
ln

z2 − 16(κ + 1)(κ + 2)

z3 − 6(2κ + 3)z2 + 48(κ + 1)(κ + 2)z − 32(κ + 1)(κ + 2)(2κ + 3)
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If we define the rational functions

q2n(z) = xn(z) =
w

(n+κ−3/2)
2,1 (z) + 1

w
(n+κ−3/2)
2,1 (z)− 1

= 2
d

dz
ln
U

(2n+2κ−3)
2,1 (z)

U
(2n+2κ−1)
1,0 (z)

q2n+1(z) = yn(z) =
v
(n+κ)
2,1 (z) + 1

v
(n+κ)
2,1 (z)− 1

= 2
d

dz
ln
U

(2n+2κ−1)
2,0 (z)

U
(2n+2κ−1)
1,1 (z)

then qn(z) satisfies

qn+1 + qn−1 =
4

z

(n + 2κ)qn + 2− (−1)n

1− q2n
which is asymmetric dPII with λ = 2κ, ρ = 2 and φ = −1, whilst xn(z) and
yn(z) satisfy the discrete system

xn+1 + xn =
4

z

(2n + 2κ + 1)yn + 3

1− y2n
yn + yn−1 =

4

z

2(n + κ)xn + 1

1− x2n
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For fixed m and n

ŵ(κ)
m,n

R1−−−→ v̂(κ+n+1/2)
m,n

R1−−−→ ŵ(κ+1)
m,n

R1−−−→ v̂(κ+n+3/2)
m,n

R1−−−→ ŵ(κ+2)
m,n

Lemma (PAC, Dunning & Mitchell [2026])
Define the rational functions

Q2N(z) = XN(z) =
w

(N+κ)
m,n (z) + 1

w
(N+κ)
m,n (z)− 1

= 2
d

dz
ln

U
(2N+2κ)
m,n (z)

U
(2N+2κ+2)
m−1,n−1 (z)

Q2N+1(z) = YN(z) =
v
(N+κ+n+1/2)
m,n (z) + 1

v
(N+κ+n+1/2)
m,n (z)− 1

= 2
d

dz
ln
U

(2N+2κ+2)
m,n−1 (z)

U
(2N+2κ+2)
m−1,n (z)

then QN(z) satisfies

QN+1 +QN−1 =
4

z

(N +m + n + 2κ)QN +m− n(−1)N

1−Q2
N

which is asymmetric dPII with λ = m + n + 2κ, ρ = m and φ = −n, whilst
XN(z) and YN(z) satisfy the discrete system

XN+1 +XN =
4

z

(2N +m + n + 2κ + 1)YN +m + n

1− Y 2
N

YN + YN−1 =
4

z

(2N +m + n + 2κ)XN +m− n
1−X2

N
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Second Bäcklund transformation
Example. Applying the Bäcklund transformation R2 gives the sequence

ŵ
(κ)
1,m(z)

R2−−−→ v̂
(κ+m−1/2)
2,m (z) R2−−−→ ŵ

(κ−1)
3,m (z) R2−−−→ v̂

(κ+m−3/2)
4,m (z)

If we define the rational functions

q2n(z) = xn(z) =
ŵ

(κ−n)
2n+1,m(z) + 1

ŵ
(κ−n)
2n+1,m(z)− 1

= 2
d

dz
ln

U
(2κ−2n)
2n+1,m (z)

U
(2κ−2n+2)
2n,m−1 (z)

q2n+1(z) = yn(z) =
v̂
(κ+m−n−1/2)
2n+2,m (z) + 1

v̂
(κ+m−n−1/2)
2n+2,m (z)− 1

= 2
d

dz
ln
U

(2κ−2n−2m+2)
2n+2,m−1 (z)

U
(2κ−2n−2m+2)
2n+1,m (z)

then qn(z) satisfies
n + 3

2

qn+1 + qn
+

n + 1
2

qn + qn−1
= 1

2z −
[
n + 1−m(−1)n

]
qn + 2κ +m + 1

1− q2n
whilst xn(z) and yn(z) satisfy the discrete system

2n + 5
2

xn+1 + yn
+

2n + 3
2

xn + yn
= 1

2z −
(2n +m + 1)yn + 2κ +m + 1

1− y2n
2n + 3

2

xn + yn
+

2n + 1
2

xn + yn−1
= 1

2z −
(2n−m + 1)xn + 2κ +m + 1

1− x2n
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Third Bäcklund transformation: Ternary dPI

Example. Applying the Bäcklund transformation R3 gives the sequence

ŵ
(κ)
1,m

R3−−−→ v̂
(κ+m+1/2)
1,m

R3−−−→ û
(2κ+1)
1,m

R3−−−→ ŵ
(κ)
2,m

R3−−−→ v
(κ+m+1/2)
2,m

Define the rational functions

Xn(z) =
1

ŵ
(κ)
n+1,m(z)− 1

= −1
2
+

d

dz
ln
U

(2κ)
n+1,m(z)

U
(2κ+2)
n,m−1 (z)

Yn(z) =
1

v̂
(κ+m+1/2)
n+1,m (z)− 1

= −1
2
+

d

dz
ln
U

(2κ+2)
n+1,m−1(z)

U
(2κ+2)
n,m (z)

Zn(z) =
1

û
(2κ+1)
n+1,m(z)− 1

= −1
2
+
n +m + 2κ + 2

z
+

d

dz
ln
U

(2κ+2)
n+1,m (z)

U
(2κ)
n+1,m(z)

then Xn(z), Yn(z) and Zn(z) satisfy

Xn

(
Yn + Zn−1 + 1

)
+
n + κ + 1

z
= 0

Yn
(
Zn +Xn + 1

)
+
n +m + κ + 3

2

z
= 0

Zn
(
Xn+1 + Yn + 1

)
+
n + 3

2

z
= 0
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Non-unique rational solutions of discrete equations
Example. The rational solutions

w
(1)
1,1(z) = −

(z − 3)(z2 − 8z + 20)

(z − 2)(z − 6)

u
(1)
1,2(z) =

(z2 + 4z + 6)(z3 + 9z2 + 36z + 60)

z4 + 12z3 + 54z2 + 96z + 72

both satisfy PV for the parameters (α, β, γ) =
(
1
2,−

25
2 , 1
)
. Hence

q(z) =
w

(1)
1,1(z) + 1

w
(1)
1,1(z)− 1

=
z3 − 12z2 + 52z − 72

(z − 4)(z2 − 6z + 12)

p(z) =
u
(1)
1,2(z) + 1

u
(1)
1,2(z)− 1

=
z5 + 14z4 + 90z3 + 312z2 + 552z + 432

(z2 + 6z + 12)(z3 + 6z2 + 18z + 24)

both satisfy

d2q

dz2
=

q

q2 − 1

(
dq

dz

)2
− 1

z

dq

dz
− (q + 1)2 − 25(q − 1)2

z2(q2 − 1)
− q2 − 1

2z
+
q(q2 − 1)

4

We can use such pairs of solutions to derive two different hierarchies of
rational solutions which satisfy the same discrete equation.
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Asymmetric dPII

Example. Define

q2n(z) = 1− 8

z
+ 2

d

dz
ln

T
(1)
n,1(z)

T
(1)
n−1,2(z)

q2n+1(z) = 1 + 2
d

dz
ln
T

(2)
n,1(z)

T
(0)
n,2(z)

p2n(z) = −1−
8

z
+ 2

d

dz
ln
T

(−2n−5)
1,n+1 (z)

T
(−2n−5)
2,n (z)

p2n+1(z) = 1 + 2
d

dz
ln
T

(−2n−6)
2,n+1 (z)

T
(−2n−6)
1,n+1 (z)

then both qn and pn satisfy

qn+1 + qn−1 =
4

z

(n + 5)qn − 3
2 +

5
2(−1)

n

1− q2n
which is asymmetric dPII with λ = 5, ρ = −3

2 and φ = 5
2.

Further, if either (xn, yn) = (q2n, q2n+1) or (xn, yn) = (p2n, p2n+1) then we obtain
solutions to the discrete system

xn+1 + xn =
4

z

(2n + 6)yn − 4

1− y2n
yn + yn−1 =

4

z

(2n + 5)xn + 1

1− x2n
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The first few solutions in the hierarchies are given by

q0 = 1− 8

z
+ 2

d

dz
ln(z − 3)

q1 = 1 + 2
d

dz
ln

z − 4

z2 − 6z + 12

q2 = 1− 8

z
+ 2

d

dz
ln
z2 − 8z + 12

z2 − 8z + 20

q3 = 1 + 2
d

dz
ln

z2 − 10z + 20

z4 − 16z3 + 96z2 − 240z + 240

p0 = −1−
8

z
+ 2

d

dz
ln(z2 + 4z + 6)

p1 = 1 + 2
d

dz
ln
z3 + 6z2 + 18z + 24

z2 + 6z + 12

p2 = −1−
8

z
+ 2

d

dz
ln
z4 + 12z3 + 54z2 + 96z + 72

z3 + 9z2 + 36z + 60

p3 = 1 + 2
d

dz
ln
z6 + 18z5 + 144z4 + 624z3 + 1512z2 + 2160z + 1440

z4 + 16z3 + 96z2 + 240z + 240

Web-seminar on Painlevé equations and related topics 68



Second Discrete Equation
Example. Define

q2n(z) = 1 +
4n

z
− 2

d

dz
lnT

(−2n−1)
n−1,1 (z)

q2n+1(z) = −1 + 2
d

dz
lnT

(−2n−3)
n,1 (z)

p2n(z) = −1 +
4n

z
− 2

d

dz
lnT

(1)
0,n−1(z)

p2n+1(z) = 1 + 2
d

dz
lnT

(1)
0,n(z)

then both qn and pn satisfy

n + 1

qn+1 + qn
+

n

qn + qn−1
= 1

2z −
{
n + 1

2

[
1 + (−1)n

]}
qn − 1

1− q2n
Further, if either (xn, yn) = (q2n, q2n+1) or (xn, yn) = (p2n, p2n+1) then we obtain
solutions of the discrete system

2n + 2

xn+1 + yn
+

2n + 1

xn + yn
= 1

2z −
(2n + 1)yn − 1

1− y2n
2n + 1

xn + yn
+

2n

xn + yn−1
= 1

2z −
(2n + 1)xn − 1

1− x2n
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The first few solutions in the hierarchies are given by

q1 = −
z − 1

z + 1
p1 = 1

q2 = −
z2 + 3z + 4

z(z + 1)
p2 = −

z − 4

z

q3 = −
z2 − 2

z2 + 4z + 6
p3 =

z − 1

z − 3

q4 = −
z3 + 8z2 + 30z + 48

z(z2 + 4z + 6)
p4 = −

z2 − 9z + 24

z(z − 3)

q5 = −
z3 + 3z2 − 12

z3 + 9z2 + 36z + 60
p5 =

(z − 2)2

z2 − 8z + 20

q6 = −
z4 + 15z3 + 108z2 + 420z + 720

z(z3 + 9z2 + 36z + 60)
p6 = −

(z − 6)(z2 − 10z + 40)

z(z2 − 8z + 20)

q7 = −
z4 + 8z3 + 24z2 − 120

z4 + 16z3 + 120z2 + 480z + 840
p7 =

z3 − 9z2 + 30z − 30

z3 − 15z2 + 90z − 210
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Ternary dPI
Example. Define

x3n(z) = −1 +
n + 3

z
− d

dz
lnT

(2−n)
0,n (z)

x3n+1(z) = −1 +
d

dz
ln
T

(1−n)
0,n+1 (z)

T
(3−n)
0,n (z)

x3n+2(z) =
d

dz
lnT

(2−n)
0,n+1 (z)

y3n(z) =
n + 3

z
− d

dz
lnT

(−n−4)
1,1 (z)

y3n+1(z) = −1 +
d

dz
ln
T

(−n−5)
1,1 (z)

T
(−n−5)
2,1 (z)

y3n+2(z) = −1 +
d

dz
lnT

(−n−6)
2,1 (z)

then both xn and yn satisfy ternary dPI

xn(xn+1 + xn−1 + 1) +
an
z

= 0

with
an =

1
3n + 5

3 −
2
3 cos(

2
3πn) +

10
9

√
3 sin(23πn)

If (Xn, Yn, Zn) = (x3n, x3n+1, x3n+2) or (Xn, Yn, Zn) = (y3n, y3n+1, y3n+2), then

Xn

(
Yn + Zn−1 + 1

)
+
n + 1

z
= 0

Yn
(
Zn +Xn + 1

)
+
n + 4

z
= 0

Zn
(
Xn+1 + Yn + 1

)
+
n + 1

z
= 0
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x0 = −1 +
3

z

x3 = −1 +
4

z
− 1

z − 3

x6 = −1 +
5

z
− 2(z − 3)

z2 − 6z + 12

x1 = −1 +
d

dz
ln(z − 3)

x4 = −1 +
d

dz
ln
z2 − 6z + 12

z − 4

x7 = −1 +
d

dz
ln
z3 − 9z2 + 36z − 60

z2 − 8z + 20

x2 =
1

z − 4

x5 =
2(z − 4)

z2 − 8z + 20

x8 =
3(z2 − 8z + 20)

z3 − 12z2 + 60z − 120

y0 =
3

z
− 2(z + 1)

z2 + 2z + 2

y3 =
4

z
− 2(z + 2)

z2 + 4z + 6

y6 =
5

z
− 2(z + 3)

z2 + 6z + 12

y1 = −1 +
d

dz
ln

z2 + 4z + 6

z3 + 3z2 + 6z + 6

y4 = −1 +
d

dz
ln

z2 + 6z + 12

z3 + 6z2 + 18z + 24

y7 = −1 +
d

dz
ln

z2 + 8z + 20

z3 + 9z2 + 36z + 60

y2 = −1 +
3(z2 + 4z + 6)

z3 + 6z2 + 18z + 25

y5 = −1 +
3(z2 + 6z + 12)

z3 + 9z2 + 36z + 60

y8 = −1 +
3(z2 + 8z + 20)

z3 + 12z2 + 60z + 120
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Thank You For Your Attention!
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