
10 ϒϥοΫϗʔϧ

Ұൠ૬ରੑཧ࿦Ͱ͸ޫ͢Β୤ग़Ͱ͖ͳ͍ʮϒϥοΫϗʔϧʯͷଘ͕ࡏ༧͞ݴΕΔɽຊষͰ͸ϒ

ϥοΫϗʔϧۭ࣌ͷૅجΛઆ໌ͨ͠ͷͪɼϒϥοΫϗʔϧ͕ۙ೥ͷཧ࿦෺ཧʢಛʹྔࢠॏྗཧ

࿦ʣ΍ఱମ෺ཧͷจ຺ͰͲͷΑ͏ͳ໾ׂΛՌ͔ͨ͢ड़΂Δɽ

10.1 Schwarzschild ղ

Newton ॏྗʹ͓͍ͯɼٿରশͳ࣭ྔ M Λͭ࣋ఱମͷ࡞Δϙςϯγϟϧ φ ͸

φ = −G
M

r
, ∇ ·∇φ = 4πGMδ3(x) (10.1)

Ͱ༩͑ΒΕͨɽҰൠ૬ରੑཧ࿦ʹ͓͍ͯٿରশͳఱମ͸ͲͷΑ͏ͳॏྗ৔Λੜ੒͢Δͷ͔ʁ

˙ ੩తٿରশͳ Einstein ํఔࣜ ҎԼͷ੩తٿରশͳྔܭΛ͑ߟΑ͏ɿ

ds2 = −e2Φ(r)c2dt2 + e2Ψ(r)dr2 + r2dΩ2 , dΩ2 = dθ2 + sin2 θdφ2 . (10.2)

͜͜Ͱ (θ,φ) ͸̎ٿݩ࣍໘ͷ࠲ۃඪͰ͋Δɽ͜ͷྔܭΛ༻͍ͯ Einstein ςϯιϧ͸

Gt
t = e−2Ψ

(
1

r2
− 2Ψ′

r

)
− 1

r2
, (10.3)

Gr
r = e−2Ψ

(
1

r2
+

2Φ′

r

)
− 1

r2
, (10.4)

Gθ
θ = Gφ

φ = e−2Ψ

(
Φ′′ + Φ′2 +

Φ′ −Ψ′

r
− Φ′Ψ′

)
, (10.5)

others = 0 , (10.6)

ͱࢉܭͰ͖Δʢ֤ࣗࢉܭʂʣɽ͜ͷͱ͖ɼEinstein ํఔࣜ͸

e−2Ψ

(
1

r2
− 2Ψ′

r

)
− 1

r2
= κT t

t , (10.7)

e−2Ψ

(
1

r2
+

2Φ′

r

)
− 1

r2
= κT r

r , (10.8)

e−2Ψ

(
Φ′′ + Φ′2 +

Φ′ −Ψ′

r
− Φ′Ψ′

)
= κT θ

θ = κTφ
φ , (10.9)

Ͱ༩͑ΒΕΔɽͨͩ͠ɼΤωϧΪʔӡಈྔςϯιϧͷ੒෼ͷ͏ͪɼ͜͜ͰݱΕͳ͔ͬͨ੒෼͸

Einstein ํఔ͔ࣜΒফ͑Δ͜ͱ͕ཁ੥͞ΕΔʢ͑׵͍ݴΔͱɼ੩తٿରশͷ৚݅ʹ߹Θͳ͍ʣɽ

˙ ੩తٿରশͳਅۭղ ͜͜Ͱɼݪ఺ r = 0 Ҏ֎ʹ͸෺࣭͕෼෍͍ͯ͠ͳ͍ɼͭ·Γ Tµν = 0ɼ

ͱԾఆ͠Α͏ɽ͢Δͱɼr #= 0 ʹ͓͚Δ Einstein ํఔࣜ͸

e−2Ψ

(
1

r2
− 2Ψ′

r

)
− 1

r2
= 0 , (10.10)

e−2Ψ

(
1

r2
+

2Φ′

r

)
− 1

r2
= 0 , (10.11)
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e−2Ψ

(
Φ′′ + Φ′2 +

Φ′ −Ψ′

r
− Φ′Ψ′

)
= 0 , (10.12)

Ͱ༩͑ΒΕΔʢ͜ͷΑ͏ͳ Tµν = 0 ͷ Einstein ํఔࣜͷղ͸ਅۭղͱݺ͹ΕΔʣɽಛʹɼ̏ͭ

໨ͷࣜ (10.12) ॳ̎ͭͷࣜ࠷͕ (10.10)-(10.11) ͔Βै͏͜ͱʹ஫ҙ͠Α͏ʢ֤ࣗνΣοΫʂʣɽ

ҎԼͰ͸࠷ॳͷ̎ࣜΛղ͍͍ͯ͜͏ɽ

·ͣɼ࠷ॳͷࣜ (10.10)͸

f

r2
+

f ′

r
=

1

r2
with f = e−2Ψ (10.13)

ͱॻ͚Δ͕ɼ͞Βʹม͢ܗΔͱ

(rf)′ = 1 ↔ rf = r − rH ↔ f = 1− rH
r

. (10.14)

ͨͩ͠ɼrH ͸ੵ෼ఆ਺ɽ·ͨɼ࠷ॳͷ̎ࣜ (10.10)-(10.11)͔Β

Φ′ +Ψ′ = 0 (10.15)

͕ै͏ɽແݶԕ r → ∞ Ͱ Minkowski ͳΔ͜ͱΛԾఆ͢Δͱʹྔܭ

lim
r→∞

Φ,Ψ = 0 (10.16)

ΑΓ

Φ+Ψ = 0 ↔ Φ = −Ψ ↔ e2Φ = e−2Ψ = 1− rH
r

. (10.17)

Ҏ্ΑΓɼ੩తͰٿରশͳਅۭղ͸

ds2 = −
(
1− rH

r

)
c2dt2 +

dr2

1− rH
r

+ r2(dθ2 + sin2 θdφ2) (10.18)

Ͱ༩͑ΒΕɼSchwarzschild ͹ΕΔɽݺͱྔܭ

10.2 Newton ॏྗͱͷؔ܎

ϒϥοΫϗʔϧͷ࿩ʹೖΔલʹɼNewton ॏྗͱͷ͓ؔ܎Αͼ Newton ॏྗͷద༻ݶքΛٞ࿦

͠Α͏ɽॏྗ͕ऑ͍࣌ʢr ' rHʣʹ͸ Newton ϙςϯγϟϧͱ͕ྔܭ

gtt ( −c2 − 2φ (10.19)

ͷΑ͏ʹؔ͢܎ΔͷͰɼ(10.1) ࣜͱൺֱ͢Δ͜ͱͰ

rH =
2GM

c2
(10.20)

͕ಘΒΕΔɽྫ͑͹ M ͕ଠཅ࣭ྔ 2× 1030 kgɼʹରͯ͠͸

rH ( 2× (7× 10−11 m3 kg−1s−2)× (2× 1030 kg)× (3× 108 m/s)−2

( 3× 103 m ( 3 km . (10.21)

͜Ε͸ଠཅ൒ܘ 7× 105 km ͷ 10−5 ఔ౓ͷେ͖͞ɽ·ͨɼҰ൪͍ۙ࿭੕Ͱ͋Δਫ੕ͷެస൒ܘ

͕ 6× 107 km ͳͷͰɼͦͷ͔ۇ 10−7 ఔ౓ͷେ͖͞ɽͭ·Γɼਫ੕ͷӡಈΛٞ࿦͢Δʹ͸ 10−7

ఔ౓ͷߴਫ਼౓Ͱ Newton ॏྗͷ͍ۙྑ͕ࣅɽ
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˙ ਫ੕ͷۙ೔఺ҠಈɿҰൠ૬ରੑཧ࿦ͷ࣮ݧతূڌ Newton ॏྗΛ༻͍Δͱɼ࿭੕ͷيಓ͸Ұ

ൠʹପԁܗΛ͍ͯ͠Δɽ͔͠͠ɼҰൠ૬ରੑཧ࿦Λ༻͍Δͱପԁ͔ΒͷζϨ͕ੜͯ͡ɼҰൠʹۙ

೔఺΍ԕ೔఺͕Ҡಈ͢Δɽਫ੕ͷ৔߹ʹҰൠ૬ର࿦తޮՌ͕Ͳͷఔ౓ͷେ͖͞ʹͳΔ͔Λੵݟ΋

Ζ͏ɽଠཅͷपΓΛ̍ճެస͢Δͱ͖ͷճస֯͸

360౓ = 360× 3600ඵ ∼ 106ඵ . (10.22)

ࠩޡ 10−7 Ͱ Newwon ॏྗ͕ਖ਼͍͠ͱ͢Δͱɼۙ೔఺Ҡಈ͸ߴʑ 10−1 ඵຖ೥ͱੵݟΕΔɽ̍

̌̌೥ؒͰ 10 ඵఔ౓ɽ࣮ࡍɼSchwarzschild தͷଌ஍ઢํఔࣜΛਅ໘໨ʹղ͘͜ͱͰɼਫྔܭ

੕ͷۙ೔఺Ҡಈ͕ 100೥ؒͰ 40ඵఔ౓Ͱ͋Δ͜ͱ͕Θ͔ΔɽEinstein ౰؍ʹطʹ࣌ଌ͞Ε͍ͯ

ͨ஋ʹҰகɽ

10.3 ϒϥοΫϗʔϧ

͜͜Ͱ Schwarzschild ղʹ࿩Λ໭ͦ͏ɽྔܭ (10.18) ͸ r = rH Ͱؒ࣌੒෼͕ 0 ʹͳΓɼಈ

ͳ͍ͷ͔ʣʁͨ࣋ͷ͔ʢ΋͘͠͸ͭ࣋Δɽ͜Ε͸ͲͷΑ͏ͳҙຯΛ͢ࢄ੒෼͕ൃ޲ํܘ

˙ ͦ΋ͦ΋ r ∼ rH Ͱ Schwarzschild Λ༻͍ͯྑ͍͔ʁྔܭ ྫ͑͹ Newton ॏྗʹ͓͍ͯ

΋ଠཅ൒ܘҎԼͰ͸ Newton ϙςϯγϟϧΛमਖ਼͢Δඞཁ͕͋ͬͨɽಉ༷ʹɼҰൠ૬ରੑཧ࿦

ʹ͓͍ͯ΋ଠཅ൒ܘҎԼͰ͸ྔܭʹमਖ਼ΛՃ͑Δඞཁ͕͋Δɽଠཅͷ৔߹ɼͦͷ൒ܘʹରͯ͠

rH ͸ 10−5 ఔ౓͔͠ͳ͍ͷͰɼr ∼ rH Ͱ Schwarzschild Λ༻͍Δ͜ͱ͸Ͱ͖ͳ͍ɽ͔͠ྔܭ

͠ɼଠཅͷ 105 ഒҎ্ʹີߴ౓ͷఱମͰ͋Ε͹ r < rH ʹ࣭ྔ͕ू໿͞Ε͓ͯΓɼr ∼ rH Ͱ΋

Schwarzschild ౓ఱମͷີߴɽ͜ͷΑ͏ͳͭ࣋ҙຯΛ͕ྔܭ r ∼ rH Ͱ͸Կ͕͖ىΔͷ͔ʁʁ

˙ ͷಛҟੑ͸ԿΛҙຯ͢Δ͔ʁྔܭ ൒ܘ r Ͱ੩؍ͨ͠ࢭଌऀͷݻ༗ؒ࣌ τ ͸

dτ =

√
1− rH

r
dt (10.23)

Ͱ༩͑ΒΕΔɽ͜Ε͸ແݶԕͷ؍ଌऀͷܭΔؒ࣌ͱൺ΂ͯॏྗ৔தͷ؍ଌऀͷ͕ؒ࣌஗Ε͍ͯ

Δ͜ͱΛද͢ɽಛʹɼr → rH Ͱ͸ܦ͕ؒ࣌ա͠ͳ͍Α͏ʹ͑ࢥΔɽ·ͨɼۭؒํ޲ͷྔܭ͸

r → rH Ͱൃ͢ࢄΔ͕ɼ͜Ε͸ۭ͕ؒಛҟతͳ͜ͱΛҙຯ͢Δͷ͔ʁ

Ұൠ૬ରੑཧ࿦ʹ͓͍ͯ͸ྔܭ͸࠲ඪʹґଘ͢Δ֓೦Ͱ͋Γɼ෺ཧతҙຯΛͨ࣋ͳ͍ɽ࣮ࡍɼ

Riemann ςϯιϧͷ 2৐͸ RµνρσRµνρσ = 12r2H/r6 ͱ͞ࢉܭΕɼr = rH ͸ಛҟۭ͍͓࣌ͯʹ

తͰͳ͍͜ͱ͕Θ͔Δɽ͜ͷ͜ͱ͸ɼ͸͡ΊʹબΜͩ࠲ඪܥͷ͍ͤͰݱΕ্͚͔ͨݟͷಛҟੑͰ

͋Δ͜ͱΛҙຯ͢Δɽ͜ͷ͜ͱΛΑΓ໌ࣔతʹදͨ͢Ίʹ࠲ඪɼ

V = ct+ (r + rH ln |r/rH − 1|) , (10.24)

Λಋೖ͢Δͱ

dV = cdt+

(
1 +

rH
r − rH

)
dr = cdt+

dr

1− rH/r
(10.25)
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ΑΓɼྔܭ͸

ds2 = −
(
1− rH

r

)(
cdt+

dr

1− rH/r

)(
cdt− dr

1− rH/r

)
+ r2(dθ2 + sin2 θdφ2)

= −
(
1− rH

r

)
dV 2 + 2dV dr + r2(dθ2 + sin2 θdφ2) (10.26)

ͱදͤɼྔܭͷಛҟੑΛऔΓআ͘͜ͱ͕Ͱ͖Δɽ͜ΕΛ Eddington-Finkelstein Ϳɽݺඪͱ࠲

˙ r = rH ʹ෺ཧతҙຯ͸ͳ͍ͷ͔ʁ r = rH ͷҙຯΛௐ΂ΔͨΊʹɼޫͷ఻ൖΛௐ΂Α͏ɽ

Minkowski ۭؒɼ

ds2 = −c2dt2 + dr2 + r2(dθ2 + sin2 θdφ2) , (10.27)

Ͱ͸ɼޫͷಈ޲ํܘͷӡಈ͸

ds2 ↔ dr = ±cdt (10.28)

Ͱද͞Εͨɽ͜ͷΑ͏ͳޫͷଌ஍ઢ͸ޫԁਲ਼Λ࡞Γɼཻࢠ͸ޫԁਲ਼ͷத͔͠఻೻Ͱ͖ͳ͍ʢಛघ

૬ରੑཧ࿦ʹ͓͚ΔҼՌ཯Λ͍ࢥग़ͦ͏ʣɽ

ಉ༷ͷ͜ͱΛ Schwarzschild ղʹରͯ͠͏͓ߦɽSchwarzschild ඪͰ͸࠲ rH Ͱಛҟੑ͕ݱΕ

ΔͷͰ Eddington-Finkelstein ͷӡಈ͸޲ํܘඪΛ༻͍Δͱɼޫͷಈ࠲

ds2 = 0 ↔ dV = 0 or
(
1− rH

r

)
dV = 2dr . (10.29)

͜͜Ͱɼ࠲ؒ࣌ඪͱͯ͠

ct̃ = V − r = ct+ rH ln |r/rH − 1| (10.30)

Λ༻͍Δͱɼ

cdt̃ = −dr or
(
1− rH

r

)
cdt̃ =

(
1 +

rH
r

)
dr . (10.31)

͜͜Ͱɼr = rH ͷ࣌ t̃ = t Ͱ͋Δ͜ͱʹ஫ҙɽ͢Δͱɼޫԁਲ਼͸ԼਤͷΑ͏ʹͳΓɼ໘ͷ಺෦

͔Β֎ʹग़ΒΕͳ͍ɼͭ·Γ಺෦ͷ৘ใΛ֎͔Β͑ݟͳ͍ɼ͜ͱΛҙຯ͍ͯ͠Δɽ͜ͷΑ͏ʹ֎

͔Β͑ݟΔྖҬͱ͑ݟͳ͍ྖҬͷڥ໨ͱ͍͏ҙຯͰ r = rH Λࣄ৅ͷ஍ฏઢͱ͍͏ɽ͜ͷΑ͏ʹ

ޫͰ͢Β֎ʹग़Δ͜ͱͷͰ͖ͳ͍ີߴ౓ఱମΛϒϥοΫϗʔϧͱݺͿɽ
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10.4 ϒϥοΫϗʔϧ·ΘΓͷޫͷӡಈ

Event Horizon Telescope (EHT; 2019-) ʹ୅ද͞ΕΔΑ͏ʹɼʮϒϥοΫϗʔϧͷࣸਅʯΛऔ

Ζ͏ͱ͍͏؍ଌ࣮͕ݧਐΜͰ͍Δɽ͜ΕΛཧղ͢ΔͨΊʹɼϒϥοΫϗʔϧ·ΘΓʢ஍ฏઢͷ֎

ଆʣͰͷޫͷي੻ʹ͍ͭͯ͠࡯ߟΑ͏ɽ

˙ ଌ஍ઢํఔࣜ ؆୯ͷͨΊɼҎԼͷྔܭͰಛ௃෇͚ΒΕΔ θ =
π

2
ฏ໘ঢ়ͷӡಈʹண໨͢Δɿ

ds2 = −f(r)c2dt2 +
dr2

f(r)
+ r2dφ2 with f(r) = 1− rH

r
. (10.32)

ଌ஍ઢํఔࣜΛॻ͖Լ͢ʹ͋ͨΓɼChristoffel ͷθϩͰͳ͍੒෼ΛҎԼʹࣔ͢ɿ߸ه

Γt
rt = Γt

tr =
1

2

f ′(r)

f(r)
, Γφ

rφ = Γφ
φr =

1

r
,

Γr
tt =

c2

2
f(r)f ′(r) , Γr

φφ = −rf(r) , Γr
rr = −1

2

f ′(r)

f(r)
. (10.33)

͜ΕΛ༻͍Δͱɼt ͓Αͼ φ ʹؔ͢Δଌ஍ઢํఔࣜ͸ͦΕͧΕ

d2t

ds2
+

f ′(r)

f(r)

dt

ds

dr

ds
= 0 ↔ d

ds

[
f(r)

dt

ds

]
= 0 , (10.34)

d2φ

ds2
+

2

r

dφ

ds

dr

ds
= 0 ↔ d

ds

[
r2

dφ

ds

]
= 0 , (10.35)

Ͱ༩͑ΒΕΔʢs ͸ΞϑΟϯύϥϝʔλʣɽͦΕͧΕΤωϧΪʔอଘͱ֯ӡಈྔอଘΛද͢ɽΑ

Γ۩ମతʹɼΤωϧΪʔ E ͱ֯ӡಈྔ Lz Λ༻͍ͯ

dt

ds
=

E

f(r)c
,

dφ

ds
=

Lz

r2
, (10.36)

ͱද͞ΕΔɽҰํͰɼr ͷଌ஍ઢํఔࣜ͸

0 =
d2r

ds2
+

c2

2
f(r)f ′(r)

(
dt

ds

)2

− 1

2

f ′(r)

f(r)

(
dr

ds

)2

− rf(r)

(
dφ

ds

)2

(10.37)

Ͱ༩͑ΒΕΔɽҎ্ͷࣜ͸ޫʹݶΒͣҰൠͷଌ஍ઢʹର͢Δ΋ͷͰ͋Δ͜ͱʹ஫ҙ͠Α͏ɽ

˙ ޫͷଌ஍ઢํఔࣜ ͜͜Ͱɼଌ஍ઢ͕ޫͷي੻Ͱ͋Δͱ͍͏৚݅Λ͞Βʹ՝͢ɿ

ds2 = 0 ↔ c2f(r)

(
dt

ds

)2

=
1

f(r)

(
dr

ds

)2

+ r2
(
dφ

ds

)2

. (10.38)

͜ΕΛ r ͷଌ஍ઢํఔࣜ (10.37) ʹ୅ೖ͢Δͱɼ

0 =
d2r

ds2
+

[
1

2
r2f ′(r)− rf(r)

](
dφ

ds

)2

. (10.39)

͞Βʹ֯ӡಈྔ Lz Λ༻͍Δͱ

0 =
d2r

ds2
+ L2

z

[
1

2

f ′(r)

r2
− f(r)

r3

]
(10.40)
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ͱॻ͚Δɽಉ༷ʹɼࣜ (10.38) ΋ΤωϧΪʔ E ͱ֯ӡಈྔ Lz Λ༻͍ͯ

E2 =

(
dr

ds

)2

+ L2
z
f(r)

r2
(10.41)

ͱॻ͚Δɽ͜͜Ͱ

V (r) = L2
z
f(r)

r2
(10.42)

Λಋೖ͢Δͱɼࣜ (10.40)-(10.41) ͸

d2r

ds2
= −1

2
V ′(r) , E2 =

(
dr

ds

)2

+ V (r) , (10.43)

ͱॻ͚ɼV (r) ͸χϡʔτϯྗֶʹ͓͚Δϙςϯγϟϧͱಉ༷ͷ໾ׂΛՌ͍ͨͯ͠Δɽ͜ͷ͜ͱ

͔Β V (r) ͸༗ޮϙςϯγϟϧͱݺ͹Ε͍ͯΔɽ͜͜·Ͱͷ݁Ռ͸Ұൠͷ f(r) ʹ͍ͭͯ੒Γཱ

͕ͭɼSchwarzschild ର͢Δʹྔܭ V (r) ͷ۩ମܗ͸

V (r) = L2
z

[
1

r2
− rH

r3

]
(10.44)

Ͱ༩͑ΒΕΔɽಛʹɼV (r) ͸ E ΍ Lz ʹґΒͣ r =
3

2
rH Ͱ࠷େ஋ΛͱΓɼͦͷ஋͕

V ( 32rH) =
4

27

L2
z

r2H
(10.45)

Ͱ͋Δ͜ͱ͕Θ͔Δɽ

˙ ޫͷي੻ େ஋ΑΓ࠷Α͏ɽ·ͣɼϙςϯγϟϧͷ͠࡯ߟ͍ͯͭʹ੻يͷޫʹޙ࠷ E2 ͕খ͞

͚Ε͹ࢄཚɼେ͖͚Ε͹མԼɼҰக͢Ε͹ෆ҆ఆͳԁيಓͱͳΔɽҎԼͰ͸͜ΕΛিಥύϥϝʔ

λͷݴ༿Ͱཧղ͍ͨ͠ɽ࣍ϖʔδͷਤʹࣔ͢Α͏ʹɼޫͷিಥύϥϝʔλ b ͕ແݶԕ r ' rH Ͱ

b = rφ , (10.46)

֯౓ํ޲ͷ଎౓͕

r
dφ

dt
= cφ (10.47)

ͱද͞ΕΔ͜ͱʹ஫ҙ͢Δͱɼিಥύϥϝʔλ͸ E ͱ Lz Λ༻͍ͯ

b = rφ =
r2

c

dφ

dt
=

r2

c

cLz

Er2
=

Lz

E
(10.48)

ͱද͞ΕΔɽΑͬͯ

b >
3
√
3

2
rH ʢࢄཚʣ (10.49)

b =
3
√
3

2
rH ʢෆ҆ఆԁيಓʣ (10.50)

b <
3
√
3

2
rH ʢམԼʣ (10.51)

ͱͳΔ͜ͱ͕Θ͔Δɽ͜ͷෆ҆ఆԁيಓ͸ photon sphere ͱݺ͹Εɼͦͷपลʹଟ͘ͷޫ͕ू

ΊΒΕΔɽ
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10.5 ՙిϒϥοΫϗʔϧͱϒϥοΫϗʔϧͷ೤ྗֶ

ຊষͷޙ࠷ʹʮϒϥοΫϗʔϧͷ೤ྗֶʯʹ͍ͭͯ؆୯ʹ঺հ͢ΔɽͦͷͨΊʹɼ·ͣ͸

Einstein-Maxwell ཧ࿦ʹ͓͚ΔిՙΛͨͬ࣋ϒϥοΫϗʔϧղΛ঺հ͢Δɽ

˙ Reissner-Nordstrom ղ Einstein-Maxwell ཧ࿦ͷӡಈํఔࣜ͸ɼ

Gµν = κTµν , gνρ∇νFµρ = 0 , (10.52)

Tµν = − 1

4µ0
gµνg

αγgβδFαβFγδ +
1

µ0
gρσFµρFνσ , (10.53)

Ͱ༩͑ΒΕɼҎԼͷ੩తٿରশͳղΛͭ࣋ʢղͷಋग़͸ຊઅޙ࠷ͷิҨΛࢀরʣɿ

ds2 = −f(t)c2dt2 +
dr2

f(r)
+ r2(dθ2 + sin2 θdφ2) , Frt = −Ftr = E(r) . (10.54)

͜͜ͰɼE(r) ͸ಈ޲ํܘͷి৔Λද͠ɼ

E(r) = k
Q

r2
, (10.55)

ͦͷແݶԕͰͷৼΔ෣͍͔Β Q͸ిՙͱಉҰࢹͰ͖Δɽͨͩ͠ɼk͸Ϋʔϩϯఆ਺ k = (4πε0)−1

Ͱ͋Δɽ·ͨɼରԠ͢ΔΫʔϩϯϙςϯγϟϧ Φe ͸

Φe = k
Q2

r
(10.56)

Ͱ༩͑ΒΕΔɽҰํɼf(r) ͸

f(r) = 1− 2GM

c2r
+

GkQ2

c4r2
, (10.57)

Ͱ༩͑ΒΕɼNewton potential ͱͷൺֱʹΑΓ M ͸࣭ྔͱಉҰ͞ࢹΕΔɽ͜ͷΑ͏ͳ࣭ྔ M

ͱిՙ Q Ͱಛ௃෇͚ΒΕΔ੩తٿରশղ͸ Reissner-Nordstrom ղͱͯ͠஌ΒΕ͍ͯΔɽ·ͨɼ

Q = 0 Ͱ Schwarzschild ղʹؼண͢Δ͜ͱ΋༰қʹ֬ೝͰ͖Δɽ

˙ ՙిϒϥοΫϗʔϧ લઅ·ͰʹͨݟΑ͏ʹɼSchwarzschild ղ͸ f(r) = 0 ৅ͷ஍ฏ໘ࣄʹ

Λ͍ͨͯͬ࣋ɽReissner-Nordstrom ղͷ৔߹ʹ͸ిՙͱ࣭ྔͷେখؔ܎ʹΑͬͯ f(r) = 0 ͕

ղΛͭ࣋৔߹ͱͨ࣋ͳ͍৔߹ʹ෼ྨ͞ΕΔɿ

1. GM2 > kQ2 ͷͱ͖ɼf(r) = 0 ͸ҎԼͷ̎ͭͷղΛͭ࣋ɿ

r = r± =
1

c2

[
GM ±

√
G(GM2 − kQ2)

]
. (10.58)

r = r+ ͱ r = r− ͸ͦΕͧΕ outer horizon, inner horizon ͱݺ͹Εɼouter horizon ͕

৅ͷ஍ฏઢͰ͋Δʢinnerࣄ horizon ͸ Cauchy horizonʣɽGM2 > kQ2 ͸ॏྗʹΑΔҾ

ྗ͕ΫʔϩϯྗʹΑΔੱྗΑΓ͍͜ڧͱΛҙຯ͠ɼڧॏྗʹΑΓϒϥοΫϗʔϧ͕ܗ੒͞

ΕͨͱղऍͰ͖Δʢcf. ߹ͷ৔ࢠి GM2 ∼ 10−42kQ2 ͳͷͰɼॏྗ͸ۃΊͯখ͍͞ʣɽ
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2. GM2 = kQ2 ͷͱ͖ɼf(r) = 0 ͸ॏղΛͭ࣋ɿ

r = r∗ =
GM

c2
. (10.59)

r = r∗ ͸ࣄ৅ͷ஍ฏઢ͔ͭ Cauchy horizonɽGM2 = kQ2 ͸ॏྗʹΑΔҾྗͱΫʔϩ

ϯྗʹΑΔੱྗ͕௼Γ߹͏͜ͱΛҙຯ͠ɼGM2 = kQ2 Λຬͨ͠ʢ͔ͭಉ͡ූ߸ͷిՙΛ

ϒݶۃʣ̎ͭͷϒϥοΫϗʔϧͷؒʹ͸ྗ͕ಇ͔ͳ͍ɽ͜ͷΑ͏ͳϒϥοΫϗʔϧ͸ͭ࣋

ϥοΫϗʔϧʢextremal black holeʣͱݺ͹ΕΔɽ

3. GM2 < kQ2 ͷͱ͖ɼf(r) = 0 ͸࣮ղΛͣͨ࣋ɼࣄ৅ͷ஍ฏઢ͸ܗ੒͞Εͳ͍ɽͭ·Γɼ

ϒϥοΫϗʔϧͰ͸ͳ͍ɽ

˙ ϒϥοΫϗʔϧͷ೤ྗֶ ϒϥοΫϗʔϧʹ͸೤ྗֶͱྨࣅͷੑ࣭͕͋Γɼಛʹࣄ৅ͷ஍ฏ

໘ͷ໘ੵ A = 4πr2HʢGM2 > kQ2 ͷՙిϒϥοΫϗʔϧʹରͯ͠͸ rH = r+ɼݶۃϒϥοΫ

ϗʔϧʹରͯ͠͸ rH = r∗ʣ͕ΤϯτϩϐʔͱղऍͰ͖Δ͜ͱ͕஌ΒΕ͍ͯΔɽ·ͣɼ஍ฏ໘ͷ

໘ੵ A ͱ࣭ྔ Mɼిՙ Q ͷؒʹ࣍ͷ͕ؔ͋܎Δ͜ͱʹ஫ҙ͠Α͏ɿ

A = 4πr2+ with r+ =
1

c2

[
GM +

√
G(GM2 − kQ2)

]
. (10.60)

͜͜Ͱɼ࣭ྔ M ͱిՙ Q ΛมԽͤͨ࣌͞ͷ஍ฏ໘໘ੵͷมԽ͸

δA = 8πr+

[
∂r+
∂M

δM +
∂r+
∂Q

δQ

]
, (10.61)

∂r+
∂M

=
1

c2

[
G+

G2M√
G(GM2 − kQ2)

]
=

Gr+√
G(GM2 − kQ2)

, (10.62)

∂r+
∂Q

=
1

c2
−GkQ√

G(GM2 − kQ2)
= − 1

c2
Gr+√

G(GM2 − kQ2)
ΦH , (10.63)

Ͱ༩͑ΒΕΔɽ͜͜Ͱɼ஍ฏ໘্ͷిҐ ΦH =
kQ

r+
Λಋೖͨ͠ɽҎ্Λ੔ཧ͢ΔͱɼҎԼͷؔ

ಘΒΕΔɿ͕ࣜ܎

δMc2 = ΦHδQ+
!c3
8πkB

4
√
G(GM2 − kQ2)

(GM +
√
G(GM2 − kQ2))2

kBc3

4G! δA . (10.64)

͜͜ͰɼϒϥοΫϗʔϧͷԹ౓ T ͱΤϯτϩϐʔ S Λ

T =
!c3
8πkB

4
√

G(GM2 − kQ2)

(GM +
√
G(GM2 − kQ2))2

, S =
kBc3

4G! A (10.65)

ͷΑ͏ʹఆٛ͢Δͱɼ೤ྗֶୈҰ๏ଇɼ

δMc2 = ΦHδQ+ T δS , (10.66)

ͷٞ࿦Ͱ͸ࠓΕΔɽ͞ݱ࠶͕ T ͱ S Λఆ਺ഒ͢Δࣗ༝౓͕͋Δ͕ɼϒϥοΫϗʔϧ্ۭ࣌ͷ৔

ͷྔࢠ࿦Λ͑ߟΔͱɼϒϥοΫϗʔϧ্͕هͷԹ౓ T Λͨͬ࣋᫔ࣹʢHawking ᫔ࣹʣΛ์ग़͢

Δ͜ͱ͕஌ΒΕ͍ͯΔɽ·ͨɼԹ౓ T ͸஍ฏ໘Ͱಇ͘ॏྗʮද໘ॏྗʯʹൺྫ͢Δɽ
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͔ͤͬ͘ͳͷͰԹ౓΍ΤϯτϩϐʔΛ͍͔ͭ͘ͷݶۃͰͯ͠ࢉܭΈΑ͏ɽ·ͣɼSchwarzschild

ϒϥοΫϗʔϧ Q = 0 ʹରͯ͠͸ɼ

T =
!c3
kB

1

8πGM
, S =

kB
!c 4πGM2 , (10.67)

͕ಘΒΕΔɽେ͖͍ϒϥοΫϗʔϧ΄ͲΤϯτϩϐʔ͕େ͖͘ɼখ͍͞ϒϥοΫϗʔϧ΄ͲԹ౓

ϒϥοΫϗʔϧݶۃɼʹ࣍ͱ͕Θ͔Δɽ͍͜ߴ͕ kQ2 = GM2 ʹରͯ͠͸ɼ

T = 0 , S =
kB
!c πGM2 , (10.68)

ͱͳΓɼಛʹԹ౓͕θϩͰ͋Δɽ࣮ࡍɼݶۃϒϥοΫϗʔϧ͸ϗʔΩϯά᫔ࣹΛ์ग़ͤͣɼଞͷ

่յաఔ͕ଘ͠ࡏͳ͍ݶΓ҆ఆʹଘ͠ࡏಘΔɽ͜ͷΑ͏ͳݧ࣮ߟࢥ͸ۙ೥ͷʮཧ࿦໛ܕʹର͢Δ

ॏྗత੔߹ੑ৚݅ʢswamplandࢠྔ ৚݅ͱݺ͹ΕΔʣʯͷٞ࿦Ͱ΋͠͹͠͹༻͍ΒΕΔɽ

˙ ϛΫϩεέʔϧͷॏྗΛهड़͢Δʮྔࢠॏྗཧ࿦ʯͱͷؔ܎ ͜Ε·ͰʹϒϥοΫϗʔϧ͕

೤ྗֶతΤϯτϩϐʔΛͭ࣋͜ͱΛ͕͖ͨͯݟɼ͜ͷΤϯτϩϐʔ͸ΑΓϛΫϩͳཧ࿦ͷཱ৔

͔Β͸౷ܭతΤϯτϩϐʔʢvon Neumann Τϯτϩϐʔʣͱͯ͠ཧղ͞ΕΔͱظ଴͞ΕΔɽ࣮

༗ྗީิͰ͋Δ࠷ॏྗཧ࿦ʯͷࢠड़͢Δʮྔهɼ͜ͷΑ͏ͳϛΫϩεέʔϧʹ͓͚ΔॏྗΛࡍ

ʮ௒ݭཧ࿦ʯΛ༻͍ΔͱɼϒϥοΫϗʔϧΤϯτϩϐʔΛ von Neumann Τϯτϩϐʔͱͯ͠ܭ

Ͱ͖Δ͜ͱ͕஌ΒΕ͍ͯΔࢉ (Strominger-Vafa ’96)ɽ·ͨɼϒϥοΫϗʔϧΤϯτϩϐʔͷ໘

ੵଇ͸ɼϒϥοΫϗʔϧ಺෦ͷ৘ใ͕ͦͷද໘ʹू໿͞Ε͍ͯΔ͜ͱΛࣔࠦ͢Δʢૉ๿ʹ͸৘ใ

ྔ͸ମੵʹൺྫ͢Δͱظ଴͞ΕΔʣɽ͜ͷΑ͏ͳΞΠσΟΞ͸ʮϗϩάϥϑΟʔʯͱݺ͹Ε͓ͯ

Γɼྔࢠॏྗͷॏཁͳੑ࣭ͱ͑ߟΒΕ͍ͯΔɽ࣮ࡍɼ௒ݭཧ࿦͸ϗϩάϥϑΟʔΛ۩ମతʹ࣮ݱ

͢ΔʢAdS/CFT ରԠɼήʔδॏྗରԠͱݺ͹ΕΔʀMaldacena ’97ʣɽۙ೥ɼ͜ͷΑ͏ͳϗϩά

ϥϑΟʔͷจ຺Ͱྔࢠॏྗͱྔࢠ৘ใͷ͕ྲྀަڀݚ੝ΜʹߦΘΕ͍ͯΔɽ

˙ ิҨɿՙిϒϥοΫϗʔϧղͷಋग़ Einstein-Maxwell ཧ࿦ͷӡಈํఔࣜ͸ɼ

Gµν = κTµν , gνρ∇νFµρ = 0 , (10.69)

Tµν = − 1

4µ0
gµνg

αγgβδFαβFγδ +
1

µ0
gρσFµρFνσ , (10.70)

Ͱ༩͑ΒΕΔɽ੩తٿରশͳྔܭʢ؆୯ͷͨΊ e2Φ(r) = e−2Ψ(r) = f(r) ͱͨ͠ʣɼ

ds2 = −f(t)c2dt2 +
dr2

f(r)
+ r2(dθ2 + sin2 θdφ2) , (10.71)

͓Αͼ੩తٿରশͳి৔Λ͑ߟΑ͏ɿ

Frt = −Ftr = E(r) . (10.72)

͜ͷͱ͖ Maxwell ํఔࣜ͸

E′ = −2

r
E (10.73)

ண͞Εɼͦͷղ͸ؼʹ

E(r) =
1

4πε0

Q

r2
(10.74)
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Ͱ༩͑ΒΕΔɽ͜͜Ͱɼੵ෼ఆ਺ Q ͸ແݶԕͰͷి৔ͷৼΔ෣͍͔ΒిՙͱಉҰ͞ࢹΕΔɽޙ

ͷศ্ٓɼ࠶ఆٛͨ͠ిՙɼ

q =
Q√
4πε0

, (10.75)

Λಋೖ͢Δɽ͜ͷه๏Λ༻͍Δͱిՙ Q ͷؒʹಇ͘Ϋʔϩϯྗ͸
q2

r2
ͷΑ͏ʹ؆୯Խ͞ΕΔɽ

ʹ࣍ Einstein ํఔࣜΛղ͜͏ɽ·ͣɼҎલͷ݁Ռ (10.3)-(10.6)Λ༻͍ΔͱɼEinstein ςϯι

ϧͷθϩͰͳ͍੒෼͸

Gt
t = Gr

r =
(rf)′ − 1

r2
, Gθ

θ = Gφ
φ =

1

2

(rf)′′

r
. (10.76)

·ͨɼΤωϧΪʔӡಈྔςϯιϧͷθϩͰͳ͍੒෼͸

T t
t = T r

r = −T θ
θ = −Tφ

φ =
1

2µ0
gttgrrF 2

tr = − 1

8πc2µ0ε0

q2

r4
= − 1

8π

q2

r4
. (10.77)

Ҏ্Λ༻͍ΔͱɼEinstein ํఔ͕ࣜ

(rf)′ = 1− κ

8π

q2

r2
= 1− G

c4
q2

r2
(10.78)

ண͢Δ͜ͱ͕Θ͔Δʢκؼʹ = 8πG/c4 Λ༻͍ͨʣɽ͜ΕʹΑΓ f(r) ͕

f(r) = 1− rg
r

+
G

c4
q2

r2
(10.79)

ͷΑ͏ʹٻ·Δɽͨͩ͠ɼੵ෼ఆ਺ rg ͸ Newton ϙςϯγϟϧͱͷൺֱʹΑΓ

rg =
2GM

c2
(10.80)

Ͱ༩͑ΒΕΔɽQ ͓ΑͼΫʔϩϯఆ਺ k = (4πε0)−2 Λ༻͍Δͱɼf(r) ͸

f(r) = 1− 2GM

c2r
+

GkQ2

c4r2
(10.81)

ͱද͞ΕΔɽ
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