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The textbook G2: From Godel to Hilbert—Bernays

In this talk, T' always denotes a consistent c.e. extension of Peano
Arithmetic (PA) in the language of arithmetic.

Godel’s second incompleteness theorem (G2)

T cannot prove a sentence Conp asserting the consistency of 7.

o In his famous paper, Godel presented only a sketched proof of G2.

o The first detailed proof of G2 was presented by Hilbert and
Bernays in 1939.

o In particular, they proposed the derivability conditions, which are
requirements on provability predicates sufficient to establish G2.

Definition

A formula Prp(z) is a provability predicate of T
: <= Prp(z) is a X1 formula
and for any formula ¢, N = Prp(T¢") <= T+ o.




The textbook G2: Derivability conditions

Derivability conditions were later systematized by L6b in 1955 into the
following well-known form.

Lob’s derivability conditions
D1 THe=TtFPrp(T¢").
D2 TEPrp(Te = ¢7) = (Prr(T¢™) = Prp(T7).
D3 TFPrr("¢") = Prp("Prr(Te™)7).

A mathematically precise formulation of G2 is currently known as
follows:

If a provability predicate Prp(z) of T satisfies Lob’s derivability
conditions, then T ¥ —Prp("0 =17).




Overview of this talk

Here, I note the following facts:

O Besides the conditions of Hilbert and Bernays and of Lob, several
other sufficient conditions for G2 are known.

@ For provability predicates that do not satisfy Lob’s derivability
conditions, G2 does not hold in general.

Overview of this talk

o In the light of these facts, we will present the relationships among
several versions of G2 and the corresponding derivability
conditions.

e In particular, we import certain principles that have been studied
in the context of non-normal modal logic into the analysis of G2.

This talk is based on the following papers:

o Kurahashi, A note on derivability conditions, JSL, 2020.

o Kurahashi, Refinements of provability and consistency principles
for the second incompleteness theorem, arXiv, 2025.
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bility conditions

Derivability conditions

Local derivability conditions

Local derivability conditions

D1 TFHe=TkFPrr(T¢").
D2 T Prr(Tp — 47) = (Prr(Te™) — Prr("e).
D3 TFPrp("¢") = Prp("Prp (T ™)7).

31C If ¢ is a X; sentence, then T+ ¢ — Prp(T¢7).
MTFe—=¢=TFPrp("¢") = Prp("¢7).

o Note that every Prr(z) automatically satisfies D1 in our setting.
e D2=M
e 3;C=D3



bility conditions

Derivability conditions

Uniform derivability conditions

Tp(z)" is a term corresponding to a primitive recursive function
calculating the G6del number of ¢(7) from n.

D1Y T+ ¢(z) = T+ Prp(Te(2)7).
D2V T+ Pry(p(s) > $(5))
= (Prr(Te(2)") = Prr(T(2)7)-
AoCY If ¢(z) is a Ag formula, then T ¢(z) — Prp(T¢(2)7).
31CY If ¢(z) is a ©; formula, then T+ ¢(x) — Prp(Tp()7).
MU T F o(s) = ()
= T F Prp(Tp(2)7) — Prp(T(2)7).
CB T+ Prp("Vz p(z)?) — Ve Prp(Tp(z2)™).
CB3 T F JzPrp(Te(2)?) = Prp(T3z (x)7).

D2V + D1V = MV =——) CB ——) D1V

~

CB;5



Derivability conditions

Global derivability conditions

Global derivability conditions
D26 T F VaVy(Prr(z—>y) — (Prr(z) — Prr(y)))-
PCC Tk Va(Pry(z) — Prp(z)).

Pry(z) is a standard provability predicate of pure first-order predicate
calculus.

Global = Uniform = Local.
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@ Several versions of G2

Gadel (1931)

Hilbert and Bernays (1939)
Léb (1955)

Jeroslow (1973)

Montagna (1979)

Buchholz (1993)
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Several versions of G2

Godel (1931)

T ¥ Fz(Fml(z) A =Prr(x)).

o Godel explained that by formalizing his proof of the first
incompleteness theorem, G2 is proved.

o He wrote that a detailed proof would be presented in a
forthcoming work, but the paper never appeared.
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Several versions of G2

Hilbert and Bernays (1939)

The first detailed proof of G2 was presented in the second volume of
Grundlagen der Mathematik by Hilbert and Bernays.

G2 (Hilbert and Bernays (1939))

If Prp(z) satisfies M, CB, and AgCV, then
T ¥ Va(Fml(z) A Prp(z) — —Prp(—z)). )
M T+ — = TF Prp(T9") — Prp(Ty7).
CB T+ Prp("Vzp(z)?) — Ve Prp(Tp(z)™).
AoCY If ¢(z) is a Ag formula, then T ¢(z) — Prp(To(2)7). )

In practice, they employed slightly different conditions.



Several versions of G2
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Several versions of G2

Léb (1955)

If Prp(z) satisfies the following conditions D2 and D3,
then for any sentence ¢,

TEPrp(Te) = o=TF .

If Prp(z) satisfies D2 and D3, then T ¥ —Prp("0 =17).

o This is the most well-known form of G2.

o Lob’s derivability conditions also provide the basis for the study of
provability predicates in modal logic.

D1 T+ ¢ = T F Prp("p7).
D2 T+HPrr("e = 9¢7) = (Prp(T¢") = Prp(T7)).
D3 TFPrr("¢™") = Prp("Prr(Te™)7).

Lob, Solution of a problem of Leon Henkin, 1955.
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Jeroslow (1973)

Jeroslow proved that an alternative form of G2 holds.

If Prp(z) satisfies ¥1C, then T ¥ Prp ("¢ ") — —Prp("—¢") for some
sentence ¢.

3,C If ¢ is a ¥ sentence, then T ¢ — Prp(T¢"). )

Jeroslow, Redundancies in the Hilbert-Bernays derivability conditions for Gédel’s second
incompleteness theorem, 1973.
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Several versions of G2

Montagna (1979)

If Prp(z) satisfies D26 and PCS, then T ¥ 3z(Fml(z) A —Prp(z)).

D2¢ T VaVy(Prr(z-3y) — (Prr(z) = Prr(y)))-
PCC T Vz(Pry(z) — Prp(z)). J

Montagna, On the formulas of Peano arithmetic which are provably closed under modus
ponens, 1979.
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Several versions of G2

Buchholz (1993)

Buchholz proved the following theorem in his lecture note.

Theorem (Buchholz (1993))

If Prp(2) satisfies the conditions D1V and D2V, then it also satisfies
=;CY.

This provides a clear proof of formalized ¥;-completeness.

If Prp(z) satisfies the conditions D1V and D2V, then T ¥ —Pry (70 = 17).

D1V T+ p(z) = T F Prp(To(@) ).
D2V Tk Pry(To(&) — 1(2)7)
— (Prr(To()7) — Pre(Te(2)T))-

Buchholz, Mathematische Logik II, 1993.
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Several versions of G2

These different versions of G2 have different consequences.

Different consistency statements

o Confl := Vz(Fml(z) A Prr(z) — —Prr(-z))
o Con$. := {Prr("¢7) = —Prr("—¢") | ¢ is a sentence}
o Conk := —-Pry(T0=17)

Con§ := Jz(Fml(z) A —Prr(x))

Different consequences

Gédel T'¥ Con
Hilbert and Bernays {M, CB, AqCV} = T ¥ Conl!
Léb {D2,D3} = T ¥ Conk
Jeroslow {¥1C} = T ¥ Con%,
Montagna {D2%,PC%} = T ¥ Con$
Buchholz {D1Y,D2V} = »;CY

o PA+ Con% = Con%, PA + Con% [ Conlfw, and PA + Conlrf = Con%.

e In what follows, we clarify the situation.
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Several versions of G2

{D2¢,PC®}
{D1Y,D2Y}
v
{D2,D3}
{Z:1C} {M,CB,A.CY}
L'd 'd

¥ Con% — ¥ Con% > ¥ ConST B Con¥
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Several versions of G2

Hilbert and Bernays (1939)

{D2¢,PC®}
{D1Y,D2Y}
v
{D2,D3}
{Z1C} {M,CB,A.C"}
v v

¥ Con§ ——> ¥ Conk, $ ¥ Con, —— ¥ Conll
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Several versions of G2

Léb (1955)

{D2¢,PC®}
{D1Y,D2Y}
v
{D2,D3}
{Z:1C} {M,CB,A.C"Y}
v v

¥ Con§ ——> ¥ Conk, $ ¥ Con, —— ¥ Conll
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Several versions of G2

Jeroslow (1973)

{D2¢,PC®}
{D1Y,D2Y}
v
{D2,D3}
{Z:1C} {M,CB,A.C"Y}
v v

¥ Con§ ——> ¥ Conk, $ ¥ Cons. —— ¥ Conll
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Several versions of G2

Montagna (1979)

{D2¢, PC“}

T~

{D1Y,D2Y}

{D2, D3}

{Z:1C} {M,CB,A.C"Y}

v h'g

¥ Con§ =——> ¥ Conk, $ ¥ Con, —— ¥ Conll
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Several versions of G2

Buchholz (1993)

{D2¢,PC®}
{D1Y,D2Y}
v
{D2,D3}
{Z:1C} {M,CB,A.C"Y}
v v

¥ Con§ ——> ¥ Conk, $ ¥ Con, —— ¥ Conll
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Refinements

Some refinements

The picture surrounding G2 and the derivability conditions can be
refined as follows.

© We refine Hilbert and Bernays’ formulation of G2.

© We import certain principles studied in the context of non-normal
modal logic into the analysis of G2.

© We sharpen Buchholz’s sufficient conditions for 3; C and >, CU.
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A refinement of Hilbert—Bernays’ G2

G2 (Hilbert and Bernays) restated

{M, CB, AoC"} = T ¥ Conf.

By using the uniform A reflection principle
RFNT(Ao) :={Vz(Prr("¢(2)") = ¢(z)) | v(z) € Ao},
their proof can be decomposed as follows.

Theorem (K., 2025+)
@ {CB} = T ¥ RFNy(Ay).
@ {AoCY} = T + Conf! - REN7(Ap).

The first clause is itself a version of G2.

{CB, AgCV} = T ¥ Cont.

M is redundant.



Refinements
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A refinement of Hilbert—Bernz

On the other hand, Hilbert—Bernays’ conditions are not sufficient for
the unprovability of Con%.

There exists Prp(z) satisfying M, CB, and AoCV such that T Con%.

The statement is abbreviated as “{M,CB, AoCV} % T ¥ Con%”.

K., Rosser provability and the second incompleteness theorem, 2021.

K., Refinements of provability and consistency principles for the second incompleteness
theorem, 2025+4.
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Refinements

{D2¢,PC®}
{D1Y,D2Y}
v
{D2,D3}

{=:¢} {M,CB, AoCY}

X{CB, AoCU}

v R'd L ﬂ«

¥ Con% ——% ¥ Conk. > ¥ ConST =——3% ¥ Con’}
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Principles studied in non-normal modal logic

e D2 corresponds to the axiom scheme K: (A — B) —» (ODA — OB) of
normal modal logic.

o In the context of non-normal modal logics that do not validate K,
the following inference rules and axiom scheme have been studied.

A+ B
0A + OB
A— B
0A —- OB
C OAANOB —O(AAB)

RM

o We have already introduced the derivability conditions M and MY
corresponding to RM.

o Similarly, we introduce the following derivability conditions
corresponding to RE and C.

ETFe+<v=TFPrp("¢") < Prp(TY7).
EY T p(z) < ¥(z) = T F Prr(To(2)7) & Prr(Ty(2)7).
C T+ Prp(T¢") APrp(T97) — Prr(To A 7).
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A new G2

The following implications are easily verified.

D2$&——> M+C
VAN
M c
|
E

Then, we have the following new version of G2 for ConST.

Theorem (K., 2025+)

{E,D3} = T ¥ Conj.
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Refinements

{D2¢,PC®}
{D1Y,D2Y}
v
{D2,D3}

{E,D3} {=:i1C} {M,CB,AC"Y}

!

{CB, Ao,CY}

' v ﬂ«

¥ Con% ——% ¥ Conk. $ ¥ Cons, ——9 ¥ Conft
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Principles D and P

The following modal principles D and P correspond to Con% and Conlji,
respectively.

e D:0A — —-0-A
o P: L J

o These are equivalent over normal modal logic and characterize
seriality: Vz3y(zRy) on Kripke frames.

o However, these are not equivalent over non-normal modal logics
that do not validate K.

o Moreover, seriality exactly corresponds to the following rule Ros
which is strictly intermediate between D and P in the context of
the pure logic of necessitation.

Ros : i
-0A

Fitting, Marek and Truszczynski, The pure logic of necessitation, 1992.

K., The provability logic of all provability predicates, 2024.
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The condition Ros

‘We introduce the following arithmetical condition Ros corresponding
to Ros.

Ros T+ —p =T+ —Prp("¢") )

o Every Rosser provability predicate satisfies Ros.
o T Conf. = {Ros}.
o {Ros} = T I Conk.
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{D2¢,PC®}
{D1Y,D2Y}
v
{D2,D3}

{E,D3} {=i1C} {M,CB,A,CY}

!

{CB, Ao,CY}

' v ﬂ«

¥ Con? ——% ¥ Con}. —> Ros fails ——3 ¥ ConST ——> ¥ Con?}
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Non-implications

In the context of arithmetic, the failure of Ros is strictly stronger than
the unprovability of Con%.

Theorem (K., 2021)

{E,D3} # Ros fails.

{X¥1C} # Reos fails.
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{D2¢,PC®}
{D1Y,D2Y}
v
{D2,D3}

{E,D3} {=:C} {M,CB, AoC"}

\o |

X X {CB, AoCV}

' v ﬂ«

¥ Con? ——% ¥ Con}. —> Ros fails ————3 ¥ ConST ——> ¥ Con?}
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G2 for Ros

The condition D3 is generalized as follows.

For m,n € w,
D3, THPr (") = Prt(Te). J

m

For 0 < n < m, we have D3 = D37,.

Suppose 0 < n < m.
{C,D3%,} = Ros fails.

On the other hand, we have:

Theorem (Mostowski, 1965)

{C,D3} # T ¥ Conk.

Mostowski, Thirty years of foundational studies, 1965.
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{D2¢,PC®}
{D1Y,D2Y}
{D2,D3}
{qDa} {E,D3} {=:C} {M,CB,A.C"}
X {C.Dar) {CB, A,CU}
L i L ﬂ« .ﬂ,

¥ Cong ——% ¥ Con}. —> Ros fails ——3 ¥ ConST ——> ¥ Con?}
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A refinement of G2 for Con%i

Theorem (K., 2025+)

Suppose 0 < n < m.
{E,C,D3%} = T ¥ Conk.

This theorem is actually a strengthening of the well-known form
“{D2,D3} = T ¥ Conk” of G2.

Theorem (K., 2025+)

{E,C,D3} # D2.
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{D2¢,PC®}
{D1Y,D2Y}
> {pP2,D3}
x ]
- {E,C,D3}
{E,C,D3" } {C,D3} {E,D3} {=:C} {M,CB,A.C"}
{C., D3} {CB,A,C"}

¥ Con% — ¥ Con!; —> Ros fails ——» ¥ COHST —p ¥ Con¥
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Buchholz’s result

Finally, we consider Buchholz’s result.

Theorem (Buchholz) restated

{D1Y, D2V} = =, CV.

e Buchholz’s result shows that {D1Y, D2V} is so powerful that all
known uniform derivability conditions follow from it.

e On the other hand, {D1Y, D2V} is not even sufficient for the

unprovability of Con% .

Theorem (K. 2020)

{D1Y, D2V} % T ¥ Con§.

K., A note on derivability conditions, 2020.
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{D2¢,PC®}
{D1Y,D2Y}
‘v:‘f'{Dz, D3}
x|
7 {E,C,D3}
{E,C,D3",} {C,D3} {E,D3} {=:C} {M,CB,A.C"}
_‘-:5" {c,D3™} {CB, AoC"}
5 l l

¥ Con? ——% ¥ Con}. —> Ros fails ————p ¥ ConST ——> ¥ Con?}
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An improvement of Buchholz’s result

‘We sharpen Buchholz’s result as follows:

Theorem (K. 2020)
{M"} = 3, CY.

Theorem (K. 2025+)

{EV,CB3} = =;C.

My proofs use the formalized MRDP theorem.

MU T F g(z) » $(z) = T F Pro(Tp(@)T) = Prr(T(@)).
EU TF p(z) & ¥(z) = T F Prr(Tp(@)7) < Prp(To(2)7).
CB3 T F 3z Prp("e(2)") = Prp("3z (x)).

D1V + D2V —> MY —— EY + CBs5

l !

3,CY ——— =:.C
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{D2¢,PC®}
\{Dl“.Dzu}
l \
{EY,CB3, C}
!
{D2,D3} {MY}
! !
{E, C,D3} {EY, CB3}
{E,C,D3}} {C,D3} {E,D3} {Z:C} {M,CB,A.C"}
J ~ ! !
{C, D3} {CB, AoC"}
l l 1

¥ Cong ——% ¥ Con}. —> Ros fails ————p ¥ ConST ——> ¥ Con?}
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Non-implication

MU is strong enough to yield X1 CY; however, it does not yield C.

Theorem (K. 2020)
{MY} % C.

I have been considering the following problem for some years; however,
it remains open.

{MV} = T ¥ Conk?
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{D2¢,PC®}
\{DIU,D2U}
{EU,ig,C}
_:{M”}
{EY J(’:Bg}
\}) {Ejlfxa}\{‘zlc} (M.CB, AgCY}
{C’£3;‘1} {CB,‘EOCU}

l l l

¥ Con% ——> ¥ Con, == Ros fails =——p ¥ COIIT ——> ¥ Con?}
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o There is no single mathematically precise formulation of G2.

o I have constructed various artificial provability predicates, but one
may argue that such predicates should be excluded from the scope
of G2.

o However, the notion of a “naturally defined provability predicate”
is not mathematically well-defined.

o Accordingly, I do not fix a precise admissible class of provability
predicates for G2 at this time.

o At present, I view G2 as a family of theorems asserting the
unprovability of suitably formulated consistency statements.

A related modal logical analysis of provabily predicates has been
carried out by Haruka Kogure, who will give a talk on Friday.
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