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Henkin’s problem

We fix a theory T' which is
@ consistent;
@ recursively axiomatized; and

© an extension of Peano arithmetic PA.

@ In the proof of Godel’s incompleteness theorems,
he constructed a sentence asserting its own T-unprovability.

@ Then such a sentence is neither provable nor refutable in T
(if T is X;-sound).

In 1952, Henkin raised the following problem:

Henkin’s problem

Is every sentence asserting its own T’-provability provable in T'?
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A provability predicate Prr(z) is standard
def.
< for any ¢ and v,
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Provability predicates

A 3, formula Prr(x) is a provability predicate of T

< for any formula o, T+ ¢ < PA Prp(T¢™).

Definition

| A

A provability predicate Prr(z) is standard
def.
< for any ¢ and v,

@ PAFPrr("p = ") = (Prr (") — Prp("Y7));
@ pis X1 = PAF o — Prr(T¢™).

Fix a standard provability predicate Prr(x) of T.
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Definition

A sentence ¢ is a Henkin sentence of T'

ETr o Pre(Te).

Henkin’s problem can be restated as follows.

Henkin's problem

Is every Henkin sentence of T' provable in T'?7

In 1955, Lob answered to this problem by proving the following
well-known theorem.

Lob's theorem (1955)

Forany o, T Prr (") > o =T+ .

Thus every Henkin sentence of T is provable in T
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o In 1953, Kreisel defined a non-standard provability predicate
having a refutable Henkin sentence.

o Rosser provability predicates are also non-standard provability
predicates having refutable Henkin sentences.

Let Prfr(x,y) be a Ay formula s.t. Prr(x) = JyPrfr(z,v).

Definition

A Rosser provability predicate PrT () of T is defined as
Jy(Prfr(x, y) AVz < y=Prfp(—x, 2)).

| l
A\

Definition
A sentence ¢ is a Rosser-type Henkin sentence of PrT (@)
E T oo PE(e).
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For any ¢,
o T+ @ = PALPrE(Tp?).
o T+ —p = PAF =Pri("p?).

TFHeorTEF
= ¢ is a Rosser-type Henkin sentence of Pr?(m).

Question (Halbach and Visser (2014))

Is every Rosser-type Henkin sentence of Pr?(w) either provable or
refutable in T'?

Answer (K.)

Whether Pr?(w) has an independent Rosser-type Henkin sentence
is dependent on the choice of Pri(z).
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Since every X; Rosser sentence of Pr?(w) satisfies the condition 2
in the statement, we obtained the following corollary.
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Theorem (K.)
For any ¥; sentence ¢, T.F.A.E.:

@ There is a proof predicate Prf/.(z,y) s.t.

o PA + Vz(Prr(z) < Prp(x)),

o ¢ is a Rosser-type Henkin sentence of Pr/*(x).
© There is a 3; sentence v s.t.

o PA —p V -,

o PAF Prr(To) V Pro(T97) = o V 9.

Since every X; Rosser sentence of Pr?(w) satisfies the condition 2
in the statement, we obtained the following corollary.

There is a Rosser provability predicate of T' having an independent

Rosser-type Henkin sentence.
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On the other hand, we obtained the following theorem.

There is a Rosser provability predicate Pri(z) of T s.t.
for any sentence ¢,
THPE(e) = o= (TFporTHk —p).

There is a Rosser provability predicate of T' having no independent

Rosser-type Henkin sentence.
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o Rfn(T') expresses the soundness of T'.

e By Ldb’s theorem, T' + Rfn(T) is a proper extension of T'.

Definition
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Local reflection principles

Definition

The set Rfn(T') := {Prr (") — ¢ : ¢ is a sentence}
is called the local reflection principle for T'.

o Rfn(T') expresses the soundness of T'.

e By Ldb’s theorem, T' + Rfn(T) is a proper extension of T'.

Definition

| A

The set Rfn"(T) := {PrE("¢") — ¢ : ¢ is a sentence}
is called the Rosser-type local reflection principle for Pr?(m).

@ It is known that the second incompleteness theorem does not
hold for Pri(x).

e Also Rfn®(T) may have different properties from Rfn(T).
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Goryachev’s investigation

It is easy to see T + Rfn(T) + Rfn™(T).

Goryachev's Theorem (1989)

There is a Rosser provability predicate Pr?(m) of T s.t.
T + Rfn(T) and T + Rfn®*(T) are equivalent.

Question

Is there Pri(zx) s.t. T + RfnZ(z) is strictly weaker than
T + Rfn(T)?

| A

N
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Shavrukov’s problem

Shavrukov’s problem (1991)

Is there Prfr(x) s.t.
for any distinct sentences g, ..., Pn_1,

ifTHE Ve VY(Prr (T, y) — 3z < yPrip(Tpits ), 2)),
then T + ¢; for some i < n?

@ Shavrukov pointed out that an affirmative answer to his
problem gives a Rosser provability predicate Pr?(:c)
s.t. T + Rfn®(T) is strictly weaker than T + Rfn(T).

Shavrukov’s problem is solved affirmatively.

Whether T + Rfn(T) and T + Rfn®(T) are equivalent J

is dependent on the choice of Pr¥(z).
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Partial local reflection principles

I': a class of formulas.
e Rfnp(T) := {Prr("¢") = ¢ : ¢ is a I sentence}.
o Rfnf(T) := {Pr("¢") — ¢ : ¢ is a T sentence}.

o T + Rfny, (T) ¥ Rfnyg, (T).

@ Forn > 1,
T + Rfns_(T) and T + Rfng,, (T') are mutually distinct.

The same results hold for Rfnf*(T').

o T + Rfnj} (T) ¥ RfnZ (T).

@ Forn > 1,
T+ angn (T) and T + angn (T) are mutually distinct.
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331 and IT; reflection principles

However, the situation for 3; and II; local reflection principles is
different.

T + Rfnyg, (T') always contains Rfnyy, (7). J

Whether T + angl (T) contains angl (T)
is dependent on the choice of Pr?(a}).
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Open problems

Problem
ForT € {X,,,II,, : n > 1},
is T 4 Rfn®(T) a T'-conservative extension of T + RfnF(T)?

Problem

o lIsT + anﬁl (T) finitely axiomatizable over T'?

o ForT € {¥,,,II,,41 : n > 1},
is T + anllf(T) not finitely axiomatizable over T'?

Problem
Study Rosser-type uniform reflection principles.
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