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The three topics about the incompleteness theorems

We present three theorems relating to the following topics about

the incompleteness theorems.

.

......

...1 The self-referentiality of the independent propositions.

...2 The formalization of the proofs of the first incompleteness

theorem.

...3 The definability of the truth in the models of arithmetic.

In this talk, we fix the following objects.

.

......

T : an r.e. extension of PA in the language of arithmetic

(denote LA);

ProofT (x, y): a canonical ∆1 formula which states that

“y is a proof of a formula x in T”.

.

......

PrT (x) :≡ ∃yProofT (x, y).

Con(T ) :≡ ¬PrT (⌜0 = 1⌝).
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The first topic

The self-referentiality of the independent propositions.

.
Yablo’s paradox
..

......

Let Y0, Y1, . . . , be an infinite sequence of propositions.

Each Yi states that “For every j > i, Yj is false”.

Then we cannot determine whether Yi is true or false.

.
Yablo, 1993
..
......Yablo’s paradox is not self-referential.

.
Priest, 1997
..

......

Yablo’s paradox is self-referential.

The first incompleteness theorem is proved by formalizing

Yablo’s paradox.
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The first topic

The self-referentiality of the independent propositions.

To formalize Yablo’s paradox, we need the following version of the

diagonalization lemma.
.
The diagonalization lemma
..

......

∀φ(x, y, z): LA-formula whose only the free variables are x, y, z,

∃ψ(x): LA-formula with only the free variable x s.t.

T ⊢ ∀x(ψ(x) ↔ ∀yφ(x, y, ⌜ψ(ẏ)⌝)).

Here ⌜ψ(ẋ)⌝ is a numeral of the Gödel number of the sentence

which is obtained by substituting x to the formula ψ(v).
.
A formalization of Yablo’s paradox
..

......

Let Y (x) be an LA-formula which satisfies the following

equivalence:

T ⊢ ∀x(Y (x) ↔ ∀y > x¬PrT (⌜Y (ẏ)⌝)).
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The first topic

The self-referentiality of the independent propositions.

.
The first incompleteness theorem (Priest, 1997)
..

......

For any n ∈ N,
...1 If T is consistent, then T ⊬ Y (n̄).

...2 If T is Σ1-sound, then T ⊬ ¬Y (n̄).

We proved the second incompleteness theorem by this

formalization of Yablo’s paradox.

.
The second incompleteness theorem (M.K. and T.K.)
..

......

T ⊢ Con(T ) → ∀xY (x),

thus if T is consistent, then T ⊬ Con(T ).
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The first topic

The self-referentiality of the independent propositions.

.
An outline of a proof.
..

......

Formalize the proof of the first incompleteness theorem using

Yablo’s paradox, that is,

T ⊢ Con(T ) → ∀x¬PrT (⌜Y (ẋ)⌝).

Then

T ⊢ Con(T ) → ∀x∀y > x¬PrT (⌜Y (ẏ)⌝),
T ⊢ Con(T ) → ∀xY (x).

The problem whether our proofs of the incompleteness

theorems formalizing Yablo’s paradox are self-referential

is as difficult as the problem of the self-referentiality of Yablo’s

paradox.
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The second topic

The formalization of the proofs of the first incompleteness theorem.

The proof of Gödel’s second incompleteness theorem is curried out

by proving the formalization of the first incompleteness theorem.

.

......

φ : Gödel sentence,

T ⊢ Con(T ) → ¬PrT (⌜φ⌝).

We proved the existence of an independent Π1 sentence whose

unprovability is not formalizable.

.
Theorem (M.K. and T.K.)
..

......

The following are equivalent:

T ⊬ ¬Con(T );

∃φ: independent Π1 sentence s.t.

T ⊬ Con(T ) → ¬PrT (⌜φ⌝).
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The second topic

The formalization of the proofs of the first incompleteness theorem.

.
An outline of a proof.
..

......

Assume that T ⊬ ¬Con(T ).

Let φ be an LA-sentence obtained by the following equivalence:

T ⊢ φ ↔ ∀x(ProofT (⌜φ⌝, x) →
∃y ≤ xProofT (⌜Con(T ) → ¬PrT (⌜φ⌝)⌝, y)).

Then

φ is equivalent to a Π1 sentence;

φ is independent from T ;

T ⊬ Con(T ) → ¬PrT (⌜φ⌝).
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The second topic

The formalization of the proofs of the first incompleteness theorem.

Immediately, we have the following Corollary.

.
Corollary
..

......

∃M: model of T , ∃φ: Π1 sentence s.t.

φ is independent from T ,

M |= Con(T ),

M |= PrT (⌜φ⌝).



The third topic

The definability of the truth in the models of arithmetic.

.
Theorem (Tarski, 1936)
..

......

There is no LA-formula Φ(x) s.t.

∀φ : LA-formula,

N |= φ ⇔ N |= Φ(⌜φ⌝).

Tarski’s theorem can be easily extended to any model of T .

.
An extended Tarski’s Theorem
..

......

∀M : model of T ,

there is no LA-formula Φ(x) s.t.

∀φ : LA-formula,

M |= φ ⇔ M |= Φ(⌜φ⌝).



The third topic

The definability of the truth in the models of arithmetic.

.
Theorem (Tarski, 1936)
..

......

There is no LA-formula Φ(x) s.t.

∀φ : LA-formula,

N |= φ ⇔ N |= Φ(⌜φ⌝).

Tarski’s theorem can be easily extended to any model of T .

.
An extended Tarski’s Theorem
..

......

∀M : model of T ,

there is no LA-formula Φ(x) s.t.

∀φ : LA-formula,

M |= φ ⇔ M |= Φ(⌜φ⌝).



The third topic

The definability of the truth in the models of arithmetic.

We proved that for any model M of T , the truth of M is defined

by an LA-formula in another certain model of T .

.
Theorem (M.K. and T.K.)
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The third topic

The definability of the truth in the models of arithmetic.

.
An outline of a proof.
..

......

Define φ0 :≡ ¬φ, φ1 :≡ φ.

∃Ψ(x): an LA-formula s.t.

∀f : N → {0, 1}, {Ψ(n̄)f(n) : n ∈ N} is consistent.

Let f∗ : N → {0, 1} be a function defined by

f∗(n) = 1

:⇔ n = ⌜φ⌝ for some LA-formula φ s.t. M |= φ.

Then {Ψ(n̄)f
∗(n) : n ∈ N} has a model N .
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