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Discrete Abstractions of Nonlinear Systems Based on Error Propagation
Analysis

Yuichi Tazaki, Member, IEEE, and Jun-ichi Imura, Member, IEEE

Abstract—This paper proposes a computational method for
the feasibility check and design of discrete abstract models of
nonlinear dynamical systems. First, it is shown that a given
discrete-time dynamical system can be transformed into a finite
automaton by embedding a quantizer into its state equation.
Under this setting, a sufficient condition for approximate bisim-
ulation in infinite steps of time between the concrete model and
its discrete abstract model is derived. The condition takes the
form of a set of linear inequalities and thus can be checked
efficiently by a linear programming solver. Finally, the iterative
refinement algorithm, which generates a discrete abstract model
under a given error specification, is proposed. The algorithm is
guaranteed to terminate in finite iterations.

Index Terms—Discrete abstraction, Nonlinear systems, Quan-
tized systems

I. INTRODUCTION

In many control applications, controlled plants in the real
world are modeled as systems with continuous (real-valued)
states and dynamics expressed by ordinary differential equa-
tions or difference equations. In recent years, there have
been growing interests towards analysis and control synthesis
problems with complex specifications, apart from classical
problem settings such as set-point regulation and trajectory
tracking. However, analysis and control synthesis of complex
systems require computational methods whose computational
burden often become prohibitively large as the size of the
system grows. In such cases, it is reasonable to make use
of a simplified abstract model of the plant, which requires
much less computational effort to analyze and to control, and
still captures the essential characteristics of the plant. Among
various kinds of abstract models, discrete abstract models, a
class of systems whose state and control input take finitely
many values, is of particular interest. This is because discrete
abstract models enables us to treat various difficult properties
of continuous-state systems: nonlinearity, discontinuity, and
non-convexity in a uniform manner. In particular, some class of
control problems are transformed into shortest-path problems
on finite automata, which can be computed by well-known
search algorithms whose complexities are of polynomial order;
e.g., Dijkstra’s algorithm and dynamic programming.

A. Brief Review of Existing Works
During this decade, there have been a variety of researches
on discrete abstraction. Although these works share a common
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objective, they vary in terms of: i) how they express discrete
abstract models, and ii) what kind of applications they con-
sider. In the following, we review some of the existing works
and compare them mainly from these perspectives.

State Space Partitioning Approach

One intuitive way of deriving a discrete state system from
a continuous state system is to aggregate neighboring states
into a single symbolic state. More concretely, the state space
is partitioned into finite regions, and each region is assigned a
unique symbol. The major consideration here is i) how to par-
tition the state space, and ii) how to define a transition relation
over the symbolic states, so that the resultant symbolic system
preserves the dynamical property of the original system.

In [1][2][3], quotient systems induced from the finite par-
titioning of state space have been investigated for different
classes of systems. The studies focused on quotient systems
with deterministic transitions, which are called finite bisimilar-
ity quotients in [1]. Here, a partition-induced quotient system
has a deterministic transitions if and only if the successor set
of each region of the partition is included in a single region of
the partition. The studies revealed that a partition that gives a
finite bisimilarity quotient rarely exists, especially when one
thinks of systems with continuous control inputs. Moreover,
even if such a partition exists, it is often quite expensive to
compute.

Some other researches address discrete abstraction by state
space partitioning under milder conditions than bisimulations.
Here, the symbolic transition is defined based on set inter-
section rather than set inclusion. This procedure results in a
symbolic system with non-deterministic transitions, since the
successor set of a single region may intersect with more than
one regions. Using the terminology of bisimulation, such a
symbolic system is similar but not bisimilar to the original
system. This type of discrete abstract models is applied to
safety verification problems in [4] and to control problems
written in Linear Temporal Logic (LTL) formula in [20]. In
[5], the non-determinism is treated as stochastic transitions. In
[6], from a behavioral point of view, the set of all trajectories
with a certain finite length is partitioned according to which
regions and in what order they travel through. It has been
shown that the behavior of a symbolic system obtained in this
manner can be made arbitrarily close to that of the concrete
system by considering longer trajectories.

State Waypoint Approach This approach [7][8] constructs a
discrete abstract model by distributing a finitely many number
of points called waypoints over the state space and assigning
a symbolic state to each waypoint. A transition from one
symbolic state to another one is assigned if the state of the
concrete system is reachable from the waypoint corresponding
to the former state to the waypoint corresponding to the
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latter state. This method has been applied to optimal control
problems with non-convex state constraints. An interesting fact
is that, although not explicitly mentioned in the works cited
above, a discrete abstract model is constructed in such a way
that the concrete system is similar to the abstract model in the
bisimulation sense, as opposed to the methods based on state-
space partitioning, which are mostly applied to reachability
analysis. One critical shortcoming of this approach is that it
requires the initial state to be set on one of the waypoints.
Approximate Bisimulation Approach

There are some disadvantages in discrete abstractions based
on simulation relations, which is due to the fact that simulation
is one-sided. Recently, some attempts have been made to ad-
dress discrete abstraction based on the notion of approximate
bisimulation [10]. Approximate bisimulation is an extension
of the original bisimulation [9] to the metric space. It admits
an equivalence relation between two systems if the distance
of output signals can be kept within a given threshold. From a
geometric point of view, an approximate bisimulation relation
between a discrete abstract model and a concrete system
forms a covering of the continuous state space, which is a
fundamental difference from partitioning-based methods. Until
now, it has been shown that discrete abstract models of a
wide range of systems can be obtained based on approximate
bisimulation [11][14][15].

Approximate bisimulation-based approach is especially suit-
able for control problems with a quantitative performance
measure. It also has an advantage that it does not require ex-
pensive geometric computations to construct a discrete abstract
model. To date, however, it has the following limitations. First,
the conventional approximate bisimulation requires constant
precision; that is, it requires the distance of output variables
to be below a specified constant, independent of the values of
output variables. In practice, it is much more desirable if the
precision can be varied according to the signal value. Second,
the distribution of discrete states is also uniform, meaning
that the number of discrete states grows exponentially with
respect to the dimension of the continuous state space. As
the third point, it requires the global incremental stability.
Many nonlinear systems could have locally incrementally
unstable regions, so this point may severely limit the range
of application.

B. Contribution and Organization of This Paper

Motivated by the above backgrounds, this paper proposes
a method for discrete abstraction of nonlinear systems using
variable-resolution quantizers, which is capable of handling
error specifications with higher degrees of freedom. The
organization and concrete contributions of the paper are sum-
marized below.

Approximate Bisimulation with Higher Degrees of Free-
dom in Error Specification (Section II)

First, the notion of approximate bisimulation is extended to
cover time-varying and signal-dependent error specifications.
The extended framework includes the conventional approxi-
mate bisimulation with uniform error conditions and the finite-
step variant as its subclasses.

Expression of Discrete Abstract Models by Means of
Quantizer Embedding (Section III)

An expression of discrete abstract models based on the
quantization of state variable and control input is proposed.
Quantization of input/output signals has already been con-
sidered in the literature as a way to obtain a discrete ab-
stract model. However, the term quantization in the existing
works refers to a map that assigns a symbol according to
which region of a partition the signal is included in. As
previously mentioned, discrete models obtained by this type
of quantization exhibit non-deterministic transitions, even if
the concrete system is deterministic. This unnecessary non-
determinism causes conservativeness in verification and con-
troller design. In this paper, we consider a different type of
quantization, which resets the signal at every time instant to
the representative value of a region in which the signal value
is included. This reset-type quantizer is directly embedded in
the state equation of the concrete system to transform it into
a discrete model with deterministic transitions. Moreover, by
expressing quantizers in terms of variable-resolution meshes,
one can naturally create discrete abstract models in which
the quantized values of states and inputs are non-uniformly
distributed over the continuous state space and the input space.
Conditions for Approximate Bisimultion Based on Error
Propagation Analysis (Section IV)

As previously mentioned, conventional approximate bisim-
ulation requires constant precision. To cope with approximate
bisimulation in a generalized setting, a fundamentally new
analytical framework is needed. In the proposed framework,
an approximate bisimulation relation is expressed as an error
distribution, a collection of error variables. Each error variable
is assigned to a state of the discrete abstract model and it rep-
resents the acceptable distance between that discrete state and
the state of the concrete model. It is shown that approximate
bisimulation is achieved when the error distribution satisfies
a certain stationarity condition with respect to the transition
relation of the discrete model. This framework allows time-
varying, signal-dependent error specifications as well as con-
crete system models that are not globally incrementally stable.
Moreover, the obtained condition can be checked by solving
a single linear program (LP).

Computational Method for the Feasibility Check and
Design of Discrete Abstract Models (Section V)

An algorithm that repeatedly refines a variable-resolution
mesh until approximate bisimulation is achieved, is presented.
The algorithm makes use of the information of active con-
straints of LP to determine which portion of the mesh to refine.
The proposed algorithm is guaranteed to terminate after finite
iterations and to output a discrete abstract model for a given
concrete system satisfying a certain existence condition.
Application of Discrete Abstractions to Finite-Horizon
Optimal Control (Section VI-C)

There exist a number of works in which discrete abstraction
has been applied to control problems (see, for example,
[17], [13], [18], [19] and [21]). Control is often done in a
hierarchical manner, in which a rough trajectory is planned
using a discrete abstract model, and then the concrete sys-
tem is driven by a feedback controller to track the planned
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symbolic trajectory. However, the relation between the level
of sub-optimality and approximation precision has not been
thoroughly discussed. Although control laws based on abstract
models are fundamentally approximate, it is still important to
have a quantitative measure on how close the obtained approx-
imate controller is to the optimal controller. In this paper, it
is shown that using an approximately bisimilar abstraction,
one can construct a sub-optimal solution to finite-horizon
optimal control problems provided with a known amount of
performance deterioration parametrized by the approximation
precision. This application also highlights the usefulness of
finite-step bisimulation.

Finally, concluding remarks are given in Section VII.
Notation: We write [i; : i3] to express the sequence of
integers 41,41 + 1,...,%2. The symbol R denotes the field
of real numbers and the symbol Z* denotes the set of non-
negative integers. For a function f and a set X, we define
f(X) = {f(z)|x € X}. Similar notation is used for
multivariate functions. For two sets X and Y, X +Y denotes
the Minkowski sum; X +Y ={z+y|lz e X,y Y}.

II. APPROXIMATE BISIMULATION OF DISCRETE-TIME
SYSTEMS

A. System Description

In this paper, we address the discrete abstraction of a class
of discrete-time systems governed by the following difference
equation:

Ti41 = f(ift,ut)~ (D

Here, z; € R™ and u; € R™ are the state and control input
of the system at time ¢ € Z™, respectively, and f : R" x
R™ — R™ is the state transition function. We assume that f
is smooth. In order to approximate the behavior of a system
of this class using finite symbolic states and inputs, we need
to specify a bounded subset of the system’s behaviors that is
to be approximated. Let us define the target behavior set as a
set of trajectories satisfying

zo € Xo, 1 € X, up € U, Tyl = f(a:t,ut) (t > 0) )

Here, X C R™ and U C R™ specify the target region
of approximation and Xy C X is the set of initial states.
As described later, a trajectory that approximates another
trajectory included in the target behavior set may exceed X
and U, as long as it satisfies a certain error condition. In this
sense, the sets X and U are solely for specifying the target
region of abstraction and they do not impose any constraint
on the system’s trajectories.

Based on the above discussion, a discrete-time system is
formally defined as follows:

Definition 1 Discrete-time dynamical system
A discrete-time system is a tuple (X, Xo, U, f) whose behavior
is governed by (1). The sets X C R", Xg C X and U C R™
define the target behavior set as given by (2).

Remark 1 As we begin with discrete-time systems, the dis-
cretization of time for continuous-time systems is beyond the
scope of this paper;, we focus on the discretization of states
and control inputs.

B. Time-Varying Approximate Bisimulation

In the following, we introduce the notion of time-varying
approximate bisimulation as a generalization of the original
approximate bisimulation, which was first proposed by Girard
and Pappas [10] as a framework to compare two systems in
a quantitative manner. It admits equivalence relation between
two systems if the distance of output signals can be maintained
below a certain constant for infinite steps of time. On the other
hand, a finite-step variant of approximate bisimulation was
considered in [24]. Although it guarantees approximate bisim-
ulation for only a finite duration of time, it has the following
advantages over the infinite-step type. First, discrete abstract
models based on finite-step approximate bisimulation can be
obtained by discretization with lower resolutions compared to
those based on the infinite-step type. Indeed, the smaller the
number of time steps, the lower resolution required. Lower
resolution implies less states and input values in discrete
abstract models and thus helps to save memory consumption
and to reduce the computation costs of various symbolic al-
gorithms. One typical application of finite-step bisimulation is
model predictive control. To compute an approximate solution
to finite-horizon optimal control problems, which must be
solved at every control cycle of MPC, one may use a discrete
abstract model that guarantees an error specification only in the
prediction horizon. Second, while infinite-step discrete abstract
models do not always exist, finite-step models are necessarily
available under very mild conditions.

To take advantage of both types, we consider a hybrid
formulation, which includes both infinite-step and finite-step
approximate bisimulations as special cases. First, we introduce
the following notation:

Definition 2 Let & = (X, Xo,U, f) and ¥ = (X, X,,U, f)
be discrete-time dynamical systems. Moreover, let R* C R" x
R"™ and R¥' C R™ x R™ be binary relations of states and
R" C R™ x R™ be a binary relation of control inputs. We
write

R* S RY 3)

if and only if for any (x,%) € R, the following holds:
Sfor any w € U satisfying f(x,u) € X, there exists a i € R™
satisfying

(u, @) € R, (f(z,u), f(&,4)) € RY, 4)

and for any @ € U satisfying f(zfr,ﬁ) € X, there exists a
u € R™ satisfying (4).

The explanation of the above notation is as follows. Suppose
the states of . and 3. are in the relation R* at some time
instant. If the system ¥ makes a transition with a control input
chosen from U and moves to a state inside X, then the system
33 should be able to make a transition to the next state while
satisfying the relation R" on the control inputs and the relation
R* on the states at the next time instant, and vice versa.

Using the above notation, the definition of bisimulation used
in this paper is given below.
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Definition 3 Time-Varying Bisimulation
Let ¥ = (X, Xo,U, f) and ¥ = (X, X0, U, f) be discrete-

time dynamical systems. A set of binary relations

R = ({Rf}O:N; {R?}O:N)a

5
(RY CR" xR", R C R™ xR™) ©)

is a time-varying bisimulation if and only if the following
holds: R
1) for any x € X, there exists a £ € Xy such that

(,%) € RX (6)

holds, and for any & € XO, there exists a x € X such that
(6) holds.

2) Ry Zgy Riyy forallt€[0: N —1], (7a)
RY Zry Ry (7b)

In Definition 3, Condition 1 requires that for any initial
state of one system, there should exist an initial state of the
other system satisfying the relation R§. In Condition 2, (7a)
requires that the relations Ry and R}, which are time varying,
should be maintained for the first N steps. Moreover, (7b)
requires that R%; should be maintained indefinitely for ¢ > N.
Note that if IV is set as 0, then the above definition becomes
infinite-step but stationary bisimulation. If NV > 0 and (7b) is
dropped, it becomes finite-step bisimulation.

Now, let

R = ({R?}O:Na {R?}O:N)v (8)

(Rf CR" x R", R} CR™ x R™)
be another set of binary relations. We call R an error speci-
fication. We say R = ({R%}o.n, {R}'}o.n) is a time-varying
approximate bisimulation satisfying the error specification
R = ({Rf}o.n, {Ri}on) if RY C RY, R} C R} hold for
all t € [0: NJ.

A simple example of R¥ is a uniform error condition:
Ry = {(z,2) |||z — &|| < €} where € is a positive constant.
Only this type of error condition has been considered in the
conventional approximate bisimulation. On the other hand, R
defined as BY = {(z,4) ||}z — 2| < nmin{|||, |2]|} + ¢}
where both € and 7 are positive constants, expresses a relative
error condition. As shown above, our definition of bisimulation
admits large flexibility in the design of error specification.

Definition 4 Discrete-time systems > and S are approxi-
mately bisimilar with respect to an error specification R if and
only if there exists a time-varying approximate bisimulation R
that satisfies R.

ITI. QUANTIZER EMBEDDING

In this section, we introduce the notion of quantizer embed-
ding, which is a transformation from a continuous-state system
to a finite automaton.

A. Finite automata induced by quantizer-embedding

First of all, we introduce mesh structure defined in a
bounded region in R”. A mesh M is a finite collection of
pairs of a node and a cell: M = {(Cs,&)|s € S}. Here,
S denotes a finite set of identifiers. Each Cs (s € §) is a
compact subset of R™ and called a cell of the mesh. The cells
are mutually disjoint; Cs, N Cs, = 0 (s1 # s2). A region
covered by the cells is called the domain of the mesh and
denoted by dom(M) = J, Cs. Each & € C is called the
node of the cell C. Moreover, we call a subset of M a sub-
mesh of M.

A mesh M defines a quantization function on R™ as shown
below.

Q[M] : dom(M) — {&}ses, QM](z) =& if x € Cs.
€))

A quantization function Q[M](-) maps an arbitrary point x €
dom(M) to a node whose corresponding cell includes x.

Now, for a system ¥ = (X, Xy, U, f), we define mesh
structures in the state space and the input space as M* =
{(Cs,&5) | s € S}, M" = {(Cy,&) | a € A}, respectively. We
call M* the state mesh and M" the input mesh. The symbol
S denotes the set of cell identifiers of the state mesh M™* and
A denotes that of the input mesh M". Moreover, we use the
subscript s for the cells and nodes of the state mesh and the
subscript a for those in the input mesh. Accordingly, let us call
Q*(-) = Q[M™|(-) the state quantizer and Q" () = Q[M"](")
the input quantizer. It is required that the domain of the
state mesh and the domain of the input mesh, dom(M¥)
and dom(M"), include X and U, respectively, with certain
margins. More detailed conditions will be given later. From
now on, we call a pair of a state mesh and an input mesh,
M = (M*, M"), simply a mesh.

We introduce the following notation and terminology for
later use. For a compact set S, Let (S, p) denote the maxi-
mum radius of a ball centered at p included in S. Similarly,
let 7(S, p) be the minimum radius of a ball centered at p that
includes S. For a cell (C, ), we call 7(C, &) the radius of the
cell. Moreover, the resolution of a mesh M is defined as its
largest cell radius.

A discrete-time system is transformed into a finite automa-
ton by embedding a quantizer into its state-transition function.

Definition 5 Quantizer embedding of discrete-time systems
Let ¥ = (X, Xo,U,f) be a discrete-time system. More-
over, let M = (M*,M") be a mesh. The quantizer em-
bedding of ¥, denoted by QE(X, M), is a system Y =
(Q¥(X), QX(X0),Q™(U), f) whose state transition function
is defined as

f(@,4) = Q*(f(2,4))

where & and u are the state and input of 3, respectively.

(10)

The control input of 3 is chosen from the nodes of M™. As
illustrated in Fig. 1, at every transition, the state of 3 is reset
to the node of a cell of M* in which the state immediately
after the transition made by f is included. Since both M* and
M™ are composed of a finite number of cells, a system with
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Fig. 1. Transition of a quantizer-embedded system.

a state-transition of the form (10) can be viewed as a finite
automaton. Once we assume that a discrete abstract model is
obtained by means of the quantizer embedding of the concrete
system, the design of a discrete abstract model reduces to the
design of a mesh. The transition of 3 can be rewritten in a
symbolic form as

ss & Qx(f(fsaga)) &sr- (11)

The indices of state cells and inputs cells, s and a, are now
regarded as the symbolic state and symbolic input of s,
respectively. Accordingly, S and A denote the set of symbolic
states and that of symbolic inputs, respectively.

In order to compute which state s’ a pair (s,a) moves
to, one must compute which cell Cy includes f(&s,&,). The
computational complexity of identifying a cell including a
given point depends on the class of meshes being used. For
hierarchically partitioned mesh, which we will introduce later
in Section V-B, this computation can be done quite efficiently
by utilizing its tree structure. For later use, we define the
following symbolic sets:

So = {s|& € Xo},

Si=1{s|s L s, scS 1,ac A},
SNJr = U Sh (12)
t>N
. (s iftefo:N -1,
S = .
SN+ lft:N

Here, S; is defined recursively as a set of symbolic states that
3 may take at time ¢ given S;—1, and S+ is a set of symbolic
states that 3 may take at time N and beyond. The symbol S;

is introduced solely for convenience. Furthermore, we write

a

(t,s) = (t',s') &
(te0:N -1,/ =t+1,s€S; and s % ') or
(t=t =N,s€Sy+ and s = 5').

13)

One can consider two other forms of quantizer embedding.
The first form embeds a state-quantizer alone and leaves
control inputs not quantized. In this case, the symbolic state
transition implicitly defines a partition in the input space:
Uss = {u € U|Q*(f(&s,u)) = &s}. For each s,
Uss (8 € S) form a partition of U (thus the partition is
state dependent). The second form defines a quantizer in the
product space of states and inputs. Let Q*"(-) = Q[M*"](-)
be a quantizer defined in X x U. Each node of M™" represents
a symbolic state of the quantizer embedding. In this case, the
input space is implicitly partitioned in the following way:
Uss = {u € U|Q™(f(&),u) = &<} (note here that
&s € X x U in this setting). Although both formulations are of
theoretical interest, they have a common shortcoming from a
practical perspective; that is, the computation of the symbolic
transition relation is expensive. In the above formulations,
one needs to solve a small inverse problem to check if there
exists a transition for a tuple (s,a, s’). In the case of a linear
system and a mesh with polytopic cells, it amounts to a single
linear program. Although each of them is quite small, as the
number of cells grows, the total computation cost becomes
significant. On the other hand, with separate meshes M™* and
M™", the computation of symbolic transitions is quite cheap;
for each pair (s, a), one simply computes which cell the value
f(&s, &) falls into. For this reason, we employ the quantization
embedding of this type.

Based on the discussion made so far, we formulate the
problem of discrete abstraction as follows.

Problem 1 Discrete Abstraction

For a discrete-time system ¥ = (X, Xo, U, f) and an error
specification R = ({R}o.n, {R}}o.n), find a mesh M =
(M*, M") such that the quantizer-embedding QE(X, M) is
approximately bisimilar to . with respect to R.

IV. CONDITIONS FOR APPROXIMATE BISIMULATION

The goal of this section is to derive a sufficient condition for
time-varying approximate bisimulation that is computationally
inexpensive to check. The first step is to decompose the
approximate bisimulation relation with respect to the states
and inputs of the discrete abstract model. For preparation, let
us introduce the following notation:

Ry s = {'T ‘ (l’,fs) € R?}v Ryq = {ul (u,fa) € Rzlfl}a
Ry ={z|(z,&) € B}, Ria = {ul(u,&) € R}
(14)

Now, observe that some existence quantifiers appear in
the definition of approximate bisimulation, which are quite
difficult to handle directly in the design of discrete abstract
models. To transform them into tractable forms, we replace
these quantifiers with explicit maps. We call these maps
interfaces, borrowing the term from [13]. For Condition 1 in
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Definition 3, we consider here the case that the initial state of
one system is given by an explicit function of the initial state
of the other system; that is, given an initial state xo of X, the
initial state of 3 is given by

To = Q" (w0)

where Q¥ is the same state quantizer used to define the discrete
abstract model. In the opposite case, the initial state of X is
set as

5)

Ty = Fo. (16)

Similarly, for Condition 2, we consider the case that the
simulating input of one system is given by an explicit function
of the states of both systems and the input of the other system.
Given zy, Z; and ug,

at - Qu(ut + (b(i'hxt))a

and in the opposite case,

a7

ur = Uy + G4, T4) (18)

where Q" is the same input quantizer used to define the
discrete abstract model and ¢ is a smooth function satisfying
d(x,2) = —¢(Z,x). We call ¢ the input interface. Although
more general forms of input interface may be considered, we
restrict our attention to this form to express conditions for
bisimulation in a compact form, as we will see later. The
simplest input interface is the common input type; ¢(z, &) =
0. In many cases, however, one can use more sophisticated
input interfaces to satisfy a given error specification with
coarser meshes. In fact, the essential role of input interface
is to improve the stability of the error dynamics. Suppose no
quantization is applied to 3, and let us write 6z = & — z,
0u = 4 — u. Then the the error dynamics is given by

of of

7(51‘75 + 7(5111,5

dxirr = (T, 0g) — flwg, ue) ~ E EW

of  Of 9¢
(ax + auax> (5xt.

In the above equation, we see that the stability of error
dynamics is affected by the choice of ¢. For linear systems
given by x;11 = Ax; + Buy, it is natural to use a linear
input interface of the form ¢(x,2) = F(x — &). In this way,
one can construct a discrete abstract model under infinite-step
bisimulation even if the system itself is unstable, by selecting
F so that A+ BF is stable. In [22], the simultaneous design
of the matrix ' in the input interface and a mesh is addressed
using an LMI-based technique. For nonlinear systems, how-
ever, there is no general methodology for designing ¢, just like
there is no general solution for global stabilization of nonlinear
systems. In such cases, one should exploit the property of
each particular system to design a proper input interface.
When finite-step bisimulation is considered or the system
is inherently incrementally stable, one can always resort to
the common-input type interface. In order to cover various
situations considered above, in the following discussion, we
assume that an input interface is given a priori.
Next, we introduce an assumption on the mesh domain.

~
~

6
Assumption 1 For any (t,x,u,2,4) such that t € [0 : NJ,
zreX, uel, (u,4) € R} and (z,%) € RY,

@ € dom(M"), u+ ¢(&,x) € dom(M") (19)
hold. Moreover, for any (t,z,%,4) such that t € [0 : NJ,
x € X, (z,%) € Rf and & € dom(M"),

z € dom(M™), f(2,4) € dom(M™) (20)

hold.

Here, we assume that the state mesh and input mesh cover the
target state set X and the target input set U, respectively, with
enough margin.

Under Assumption 1, we obtain the following Lemma.

Lemma 1 Let X be a system, R be an error specification
and ¢ be an input interface. Moreover, let M be a mesh
satisfying Assumption 1. Furthermore, for (t,t') such that
tel0: N—-1,t/ =t+1ort =1t = N, consider binary
relations R C RY, R} C R} and RS C RY. Then, for &
and ¥ = QE(X, M), the relation Rf 3py R} holds if

f?(RLSa Ca) c Rt’,s’7

2D
¢S(Rt,s) + Ca g Rt,a

hold for all (s,a,s') such that (t,s) < (t',s'), where
ff’(sc,u) = f(@,u+ é(z,&5)), ds(x) = o(x,8s).

Proof: Take any @, u and s such that x € X, u € U,
flz,u) € X, s €S, and (x,&5) € RY. Let v/ = u+ ¢(&s,x).
From (19), we have u' € dom(M"™), so let &, = Q"(u').
Moreover, from (20), f(&s,€.) € dom(M¥®), so let £ =
Q*(f(&s,8a))- Since x € Ry s and v € C,, from (21) we
have

fl@,u) = flzu + ¢(x,&)) = fO(x,u') € Ry o,
w=1u + ¢($>€s) € R,
which is equivalent to (f(x,u),&) € RY, (u,&,) € Ry
Next, take any s, a and x such that s € St, (e X, a¢€
A, & € U and (x,&5) € RY. Again from (20), f(&s,&aq)
dom(M¥), so let & = Q*(f(&s,€a)). Moreover, let u
€o + (x,&s). Since x € Ry s and &, € C,, we have

f(a:,u) = f(x7§a + ¢($,§5)) = fg(a:’fa) S Rt’,s’a
U = ga + ¢($a€s) € Rt,m

and thus (f(z,u),&) € R},
the proof.

Il m

(u,&,) € R}. This concludes
|

In Lemma 1, thanks to the input interface, simulation con-
ditions in both directions are expressed in a unified form.
Moreover, since the discrete abstract model has only finite
states and inputs, this condition takes the form of a finite
collection of set inclusions. Based on Lemma 1, the next
theorem transforms the original conditions of approximate
bisimulation into a collection of set inclusions.

Theorem 1 Let 3 be a system, M be a mesh and R be an
error specification. Moreover, let ¢ be an input interface. Then,
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a set of binary relations R = ({R} }o.n,{R}' }o.n) is a time-
varying bisimulation between 3 and the quantizer-embedding
> = QE(X, M) if the following conditions hold:

1’) for all s € Sy, Ry 2 Cs. (22)
2’) for all (t,s,a,t',s") such that (t,s) % (t',s'),
f(Re,s,Ca) € Ry s, (23a)
¢S(Rt,s) + Ca g Rt,a- (23b)
Moreover, R satisfies R if and only if:
3’)forallt € [0: N|, s€S; and a € A,
Rt,s g Rt,sa Rt,a g Rt,w (24)

Proof: Using the initial-state interface, condition 1 in
Definition 3 is expressed as: (x,Q*(x)) € Ry for any x €
Xo, which is equivalent to condition 1’. Next, from Lemma
1, we can see that condition 2’ implies condition 2. Finally,
condition 3’ is obviously equivalent to condition 3. ]

The first statement in this theorem is sufficient but not
necessary. This is because existence quantifiers in the def-
inition of approximate bisimulation are replaced by inter-
faces. At the price of this conservatism, the theorem provides
us with a set of conditions in a tractable form. However,
the above conditions involve set inclusions with nonlinear
transformations, which are computationally quite expensive
to check. Moreover, finding a collection of sets that satisfies
the inclusion conditions is even more difficult. Therefore, one
needs to account for set approximation techniques to find
alternative conditions that are more conservative but easier to
check. In the following, we consider spherical approximation,
in which a set is overestimated by a bounding sphere. In this
manner, approximate bisimulation relation is interpreted as
error between the states and error between the inputs of the two
systems. First, we restrict our attention to finding approximate
bisimulation that is expressed in the following specific form:

R s = {z ]|z — &l < §t,s}7 Riq = {ulllu =&l < 5t,a}~
(25)

Here, || - || denotes a norm, and d, s and d,, take positive
values. The variable ¢; ; determines how much the state = of
> can deviate from the state & of 3 at time t. Similarly, d; ,
determines how much u may differ from £, at time ¢. Given a
norm, the set R; ; (I, ,) is parametrized by a single variable
52&,5 (5t,a)-

Moreover, let us define the matrix-valued functions

0 of o
Az, u) = {ai + azai] (z,u),

of

Definition 6 A mesh M is feasible if there exists a set of

variables {6, }, {6,a} (t € [0 : N],s € S,a € A)
satisfying the following conditions:

17) for all s € Sy, do,s > T(Cs,&s). 27)

2”) for all (t,s,a,t',s") such that (t,s) = (t',s),
HA”t,S,a 5t,s + ”BHt,S,a ?(Cavga) + ”f(fsa&) - 55'“ < 5t’75’

(28a)
[ Flt,s 0t +T(Cas&a) < Ota (28b)
where
[Allt,5,a = max_ [ Az, w)]],
HZE - 55” < E(Rt,sv 55)7
lu —&all < r(Rt,as&a)
Bllt,s,a = max_ B(x,u)|,
1Bllosa =\, < (R, €0, 1B wl (29)
lu = €all < r(Rt,a)a)
1Fle,s = max. £ ().
[la—&s||<r(Ri,s,Es)
3”) forallt € [0: N, s€S; and a € A,
5t,s < E(Rt,mfs)v 6t,a < I(Rt,aaga)~ (30)

Using these ingredients, we obtain the next theorem, which
gives another sufficient condition for approximate bisimula-
tion.

Theorem 2 Let X be a system, R be an error specification
and ¢ be an input interface. Moreover, let M be a mesh
satisfying Assumption 1. If M is feasible, then a set of binary
relations R given by (25) is an approximate bisimulation
between S and 3. = QE(X, M) that satisfies R.

Proof: The conditions (27) and (30) directly imply (22)
and (24), respectively. Next, for a tuple (t,s,a,t’,s’) such
that (t,s) % (t',s), consider (x,u) such that x € Ry, and
u € Cy. Here, ||z —&|| < 05 and |[u—&,]| < 7(Cq, &) hold.
From the mean value theorem, we have

ff(w,u) :f(gsvga)+A(x_§s)+B(u_€a)

where

1
A= / Al + (. — &), & + (u — &) a)day,
o

B= / B(&s + (z = &s)a, &o + (u — Ea)a)da.
0

Is also follows from (30) that (x,&5) € RY and (u,&,) € RY
hold. Therefore, we obtain

1f2 (2, u) = & ||

= 1f(§s,6a) + Az = &) + B (u— &) — & ||

<N f (s> €a) = Esll + 1 Alle,s,a 0,5 + 1 Bllt,s,a T(Cas €a)
< Oy o,

which implies (23a). Here, the first inequality is from the
triangle inequality and the second inequality is from (28a).
From a similar discussion, we can show that (28b) implies
(23b). Therefore, from Theorem 1, we conclude that R given
by (25) is an approximate bisimulation satisfying R. [ |

In Theorem 2, equation (28a) describes how the accumulated
error of one symbolic state is propagated to the other symbolic
states. The term ||Al|;,s,4 6¢,s expresses the error of s being
propagated to its successor s, the term || Bl|s.s,4 7(Ca,&a)



IEEE TRANSACTION ON AUTOMATIC CONTROL, VOL. 6, NO. 1, JANUARY 2007

expresses the effect of input quantization error, and the
term || f(&s,€a) — € || expresses the state quantization error.
Therefore, Theorem 2 states that approximate bisimulation is
achieved if there exists an error distribution over the states and
inputs of the discrete model that satisfies the error propagation
condition ((27), (28a) and (28b)) while not violating the error
specification (30). In particular, an essential necessary condi-
tion is that there does not exist a cycle on the discrete abstract
model whose “loop gain” (the product of || A+ s s along the
cycle) is greater than 1. This condition is indeed weaker than
the global incremental stability. Consider a discrete model that
has only two states, sg and s;, and no input. Suppose the
transition relation is given as sy — S1, S1 — So. Moreover,
suppose ||A|ls, = 0.5 and ||A|ls, = 1.5 (the subscript ¢ is
omitted for brevity). In this setting, the underlying system
is obviously not globally incrementally stable since ||A|s,
is greater than 1, but there exists an error distribution that
satisfies (28a), for example, ds, = 1.6 and 65, = 1.0.

In (29), we overestimate the matrix norms considering
the difference between (z,u) and (&s,&,). For nonlinear
systems, it is generally difficult to compute the max opera-
tions strictly. In such cases, the max operations are replaced
with more conservative approximations. For example, when
fand ¢ are C, ||All; s may be given by [[A(&s,&a)ll +
L(r(Rts,&s) + r(Ri,a,€0)), where L denotes the Lipschitz
constant of | A(x,u)|| (seen as a function of z and w).

V. FEASIBILITY CHECK AND DESIGN OF DISCRETE
ABSTRACT MODELS

Based on the results obtained in the previous sections, in
this section, we present practical methods for the feasibility
check and design of discrete abstract models.

A. Feasibility Check of Discrete Abstraction

Before proceeding to the design problem, we discuss how
to check whether a given mesh is feasible or not under a given
error specification. A method for feasibility check is obtained
almost directly based on Theorem 2 in Section IV. Notice
that the conditions given in Theorem 2 can be expressed by a
set of linear inequalities. In fact, the conditions (27)-(30) are
rewritten in a single form given as

B < Ax, x < ©O. (€2))

Here, x denotes the vector of error variables, A and B are
coefficient matrices, 6 is a vector composed of cell radii and
quantization errors and © is a vector that encapsulates the
error specification. Concrete definition of these symbols are
summarized in Table I (6 will appear later). Note that the
components of # can be made smaller by increasing the mesh
resolution, while A and B, which are determined solely by
the system dynamics, and ©, which comes from the error
specification, cannot be directly manipulated. As a result, the
problem of finding an approximate bisimulation is formulated
as a feasibility problem of linear inequality constraints. This
problem, with an arbitrary objective function attached to it,
can be solved efficiently by a linear programming (LP) solver.
From Table I, we can see that the number of variables of this

Fig. 2. An example of variable-resolution mesh
> i Ay J
Fig. 3. Quantization errors before and after a subdivision.

LP is O(N(|S| + |.A])) using the big O notation, where | - |
denotes the cardinality of a set. Here we overestimate |S;| by
|S|. The number of inequality constraints is O(N|S||.A]).

B. Multi-resolution Quantizers

In this subsection, we characterize the notion of variable-
resolution mesh. A variable-resolution mesh is a mesh with
refinement operation. A refinement of a mesh is to partition
a specified cell into two sub-cells. Moreover, it should be
possible to make the quantization error at any specified point
arbitrarily small by applying a proper sequence of refinements.
In principle, any type of meshes satisfying this requirement
is applicable to the design of discrete abstract models. In
this paper, we consider a simple variable-resolution mesh,
whose cells are orthogonal hyper-rectangles (Fig. 2). A mesh is
initially composed of a single cell covering the entire domain.
In a single refinement, a cell is subdivided into halves in the
direction of one of the coordinate axes. For example, in the
2-dimensional case, a cell can be divided either horizontally or
vertically. Each newly created cell is assigned a node placed at
its center. This time, we assume that the selected cell is always
subdivided in a direction in which it has the largest width. If
it has the same width in all directions, it is subdivided in a
random direction.

Remark 2 One may remove some of the above restrictions
to obtain a feasible mesh with fewer cells. For example, the
placement of nodes may be adjusted to reduce the quantization

error || f(&s,€0) — Es |-

C. Iterative Mesh Refinement Algorithm

In Section V-A, we have seen that the feasibility of a mesh
can be checked by solving a single linear program. Now, let us
proceed one step further and consider how to design a feasible
mesh. From a practical perspective, we would like to have a
discrete abstract model not only approximately bisimilar to
the concrete model but also composed of as small a number
of symbolic states and symbolic inputs as possible; in other
words, we would like the mesh as coarse as possible. One
natural idea to achieve this goal is the following: initialize the
mesh with a single cell covering the whole region and refine it
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TABLE 1
COMPONENT-WISE DESCRIPTION OF LINEAR INEQUALITIES (31)

range X A

B 0 0

s € Sp 5()’5 1

1 F(Cs;{s) F(C‘g7§s)

(£.5) % (¢ 8) [i’élji/] [—nAht,s,ar {uan,s,a]T [Hf(gs(,cél’)gf)ssfll} [?70%32/))]

(t,5) % () {gw} [fnfiut,sr

t,a

1 7(Ca,&a) 7(Ca;&a)

(a) Components of B < Ax

range

te[0:N],seS:

te[0:N,ac A

X [S)
61&,5 K(Rt,&fs)
5t,a K(Rt,ayfa)

(b) Components of x < ©

repeatedly until it becomes feasible. This refinement process
can be generally captured as a search problem, in which one
tries to find the shortest path (= refinement procedure) from the
initial state (= a single cell) to a goal state (a feasible mesh).
Howeyver, it is rather unrealistic to find the shortest refinement
procedure, since the computational cost of the search problem
can be prohibitively large even for very small systems. Instead,
we take an iterative and greedy approach; starting from a state
mesh and an input mesh both composed of a single cell, at each
iteration, we make a refinement which seems to bring the mesh
towards feasibility most quickly. This greedy method can be
understood as a special type of search methods whose search
depth is fixed to 1. In this case, we need some continuous
measure of how far the current mesh is from feasibility. For
this sake, let us add an extra variable to (31) to obtain the
following linear program:
minimize y
y =0,

(1-9y)BO < Ax,x < ©O.

LP(M) (32)

sub. to

This LP has a new decision variable y, which controls the
amount of relaxation of the constraint B < Ax. Let us denote
by (x*,y*) the optimal solution of LP(M). Now, notice that
LP(M) is always feasible; it has a trivial solution (x,y) =
(0, 1). Moreover, if y* is 0, x* satisfies (31) and thus the mesh
is feasible. From these facts, we can see that y* ranges from
0 to 1, and it serves as a continuous measure of feasibility.

For later use, we also define the dual problem of LP(M).
Let A and A be the the dual variables corresponding to the
inequality constraints (1—y)Bf < Ax and x < ©, respectively.
Then the dual problem is defined as

(BO)TA —0TA
A>0,A>0,
ATA—A =0, (BOHTA< 1.

maximize

33
sub. to (33)

We denote the optimal solution of the dual problem by
(A\*,A*). When the primal problem is feasible, the dual

problem is also feasible and the optimal objective values of
these two problems coincide; that is,

y* = (BO)TA* —0TA* (34)

holds. Moreover, the complementarity slackness theorem states
that y*(1 — (BA)TA*) = 0. Since we consider the case where
y* > 0, we have (BA)TA* = 1 and thus y* =1 — @TA*.

Our question is: which portion of the mesh should be
refined, when y* > 0?7 To answer this question, we first inves-
tigate the relation between y* and 6 because the components
of 0 reflect the mesh resolution. Here, we focus on the active
constraints of LP, which are inequality constraints for which
equalities hold at the optimal solution. The following lemma
shows that the influence of 6 on y* can be measured based on
the value of optimal dual variables.

Lemma 2 For LP(M), consider a small change in 6 such
that the combination of the active constraints is unchanged.
Here, the following relation holds:

ay* T * T\ *
20 =(1—-y*)B"\". (3%)
Proof: By a proper reordering, we can write
(1 — y*)819 = A11X>{ —+ Algxg, AT > 0,
(1 —y*)Baf < Agix] + Agax3, A5 =0, (36)
XT = 617 AT > 07
X; < Oq, A; =0
where
A11 A12 Bl 91:| |:®1:|
A= ,B= , 0= , 0= ,
{Am A22} [32] {92 S2)
=[] = B - 1]
From AT\* = A* and (36), we have
ATIAT = AJ, AAT =0. (37)
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Next, the partial differentiation of y* = 1—©T A% with respect
to 0 gives

gy \"  (oAr\T . faa\"
(aa) __(aa) @1__<39 A11O1

ax\ "
= — ( 891> ((17y*)8197A12x;)

NS A
:—(1—y)(801> Ble+<Af2 391> zh
NS
:—(1—y)(691) B16.
(38)

The second and the fifth equality follows (37) and the third
equality is from (36). Moreover, differentiating (B10)™\; =1

vields
o\ "
(1) B0+ BT A} = 0.

00
Substituting this into (38), we obtain

8y* T * T\ *
90 = (1-y")ByAj,

which proves the lemma. ]

Using (35), we can estimate how much y* will decrease
after reducing a certain component of # by looking at the
corresponding component of BT A\*. Most LP solvers provide
access to the optimal dual variables together with the optimal
primal variables. Therefore, this way requires almost no extra
computation.

Finally, we investigate how much each component of  is
reduced by a single subdivision of a cell. In Table I, we observe
that 6 consists of three different kinds of terms: 7(Cs, &),
T(Cy, &) and || f(&s,&a) — & ||. Each of the first two is
simply the radius of a cell and therefore it can be reduced
monotonically by subdividing the corresponding cell. The
treatment of the third kind is slightly complicated. It would be
natural to subdivide the cell Cy to reduce || f(&s,&0) — Es]|-
However, this term will not always be reduced after subdi-
vision. As shown in Fig. 3, the quantization error may either
decrease or increase by subdivision depending on the location
of f(&s,&,) in the cell Cy . Here, we make use of the fact
that || f(&s, &) — &s|| is upper-bounded by 7(Cy/, &), which
can always be reduced by subdividing C . Let 0 be a vector
obtained by replacing all || f(&s,&q) =&« || in @ with 7(Clyr, &),
as shown in Table I. Since every component of 6 is the radius
of a cell, we can easily calculate which component of 6 will
decrease by subdividing a certain cell, and how much it will
decrease. Let Af; ; denote the reduction of the 4-th component
of @ by the subdivision of the cell C;. Here, C; may be either
a cell of the state mesh or a cell of the input mesh.

Based on the above discussion, we define the following
heuristic rule for mesh refinement:

Mesh refinement heuristic: Subdivide the bottleneck cell C'j-,
where j* is given by

j* = argmax Z(BT)\*)Z»A@J.

JESUA, 7(Cj,£5)>Tmin

(39)

i

TABLE I
ITERATIVE REFINEMENT ALGORITHM

Iterative Refinement Algorithm
initialize M.
loop
create quantizer embedding 3. = QE(Z, M).
solve LP(M). y* := optimal cost.
if y* =0,
return M.
end
if there is no bottleneck cell,
return (.
end
refine M at the bottleneck cell.
end

We call Zi(BT)\*)iAéi’j the influence of the cell C;. This
term gives an estimate of the reduction of y* by the subdivision
of C;. The bottleneck cell is a cell with the largest influence
among all cells larger than r,;,. Here, the constant r,;, is
introduced to avoid subdividing excessively small cells.

The Iterative Refinement Algorithm, listed in Table II, con-
structs a feasible mesh by repeatedly subdividing the bottle-
neck cell. The algorithm is provided with a system ., an error
specification R and a constant r,;, specifying the minimum
cell radius. First, each of the state mesh and the input mesh is
initialized with a single cell. Here, the domain of each mesh
is set to satisfy Assumption 1. At every iteration, a discrete
model is constructed by quantizer-embedding using the current
mesh. More precisely, at first, symbolic state transitions of
the discrete model are computed. Next, for each transition
(t,s) = (t',s"), the coefficient matrices of a local linear
system as well as their induced norms (29) are computed.
To check the feasibility of the current mesh, a linear program
LP(M), defined in (32), is computed. Any solver can be used
for solving LP(M), as long as it provides access to the values
of dual variables at the optimal solution. As discussed earlier,
if the optimal cost y* is 0, then the mesh is feasible and
therefore it is outputted without further refinements. If y* > 0,
the mesh is refined at the bottleneck cell. By definition, the
algorithm never subdivides a cell smaller than r,,;,,. Therefore,
if all cells with positive influence are smaller than 7y,
the algorithm terminates the refinement process and outputs
(), indicating that no feasible mesh was found. It is rather
obvious that the algorithm will terminate in finite time; it will
terminate, at the latest, when the resolution of M becomes
smaller than r,;,. However, there remains a possibility that
the algorithm might terminate with () before finding a feasible
mesh, even if one exists. The following theorem guarantees
that the algorithm will output a feasible mesh if 7, is set
small enough.

Theorem 3 The Iterative Refinement Algorithm terminates in
finite iterations. Moreover, if any mesh whose resolution is
smaller than T, is feasible, then the algorithm outputs a
feasible mesh.
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Proof: By definition, the algorithm never subdivides a
cell smaller than r,,;,. Moreover, the domains of the state
mesh and the input mesh, dom(M*) and dom(M"), are both
bounded. Therefore, the first statement obviously holds. Now,
suppose we have an infeasible mesh M at some point of
iteration. Consider a submesh of M, M, composed of all
cells with positive influence. Here, any mesh that contains
M as a submesh is infeasible. From the assumption, on the
other hand, any mesh whose resolution is smaller than ry,;; is
feasible. This implies that there exists at least one cell in M
that is larger than r,;,, because otherwise one can construct
a mesh with the resolution smaller than 7.;, that contains
Mas a submesh, which is thus infeasible and contradicts the
assumption. Therefore, the algorithm will not terminate with
() as its output. This proves the second statement and thus
concludes the proof. ]

Theorem 3 states that if one knows a constant r such that
any mesh whose resolution is below r is feasible, then the
algorithm set as r,;, = r will output a feasible mesh in finite
time. In general, however, one does not know a priori whether
such a constant exists, and how much such a constant will
be. When the system is known to be globally incrementally
stable, one can determine 7.,;, based on the existing results
of approximately bisimilar symbolic abstraction (for example,
[11]). In this case, the algorithm will produce a mesh coarser
than a uniform mesh with the resolution r,;,. As previously
mentioned, a feasible mesh may exist even if the system is not
globally incrementally stable. One way to find an appropriate
Tmin 10 such a case is to adjust rp,;, in outer loop: Initially
set a large 7,i,. Run the algorithm. If it outputs a feasible
mesh, then terminate. Otherwise, decrease r,;, With a certain
rate. Repeat this until the algorithm produces a feasible mesh.
Finally, the algorithm also provides information about the
existence of a feasible mesh; if it outputs () with some 7y,
then one can conclude that there exists at least one infeasible
mesh with the resolution smaller than r.,;,.

D. Notes on Implementation

It is the computation of linear programs that takes the major
portion of the entire computation time. Therefore, from a
practical point of view, keeping linear programs to be solved
in small size is of crucial importance. In the following, we
show that the size of the linear program LP(M) in (32)
can be decomposed into smaller and mutually independent
subproblems by making use of the structure of the discrete
abstract model. The largest of those sub-LPs has the size
equal to the number of symbolic states and inputs that form
cycles in the symbolic transitions. First, we separate the set
of variables {d; ,} into cyclic variables and the others (non-
cyclic variables). A variable d; s is a cyclic variable if ¢ = N
and s is a part of a cyclic path of the discrete abstract model.
Here, let us denote by S5, a subset of Sy+ such that dy g
(s € §§+) are cyclic variables.

Next, we define new lower-bound constraints for non-cyclic
variables. For non-cyclic variables with ¢ = 0, define 6y ; =

7(Cs,&s), and for the other non-cyclic variables, define

6‘15/’3/ = max [
(t,8)—>(t/,s")
HA||s,a9t,s + ||B| S,aF(Cméa) + ||f(€sv§a) - 55’” ]

recursively in the predecessor-to-successor order. Then, the
original LP is decomposed into the following subproblems.
One is an LP for the set of cyclic variables:

find {dn,s|s € S} that minimizes y subject to

i) for all s € S5,

5N,s < K(RN,sv gs)a

Ons > (1 —y)7(Cs, &) if N=0and s €S,

ii) for all (s,a,s’) such that s € S, s’ € 8§, and s 4,

5N75’ - ||A||S,G6N,s >
(L= 9){lIBlls,aT(Ca, &) + 1 f(&s, &) — &I}
ona = [[Flls0n,s = (1 = y)T(Ca, &),

5N,a, < K(RN,av Ea)v

and iii) for all (s,a,s’) such that s € (Sy—1 U Sn+\S}+)s
s €8S, and s 5 ¢,
5N,s’ Z

(L =){IAlls,ab:s + |1 B

|s,aF(Oa7§a) + ||f(fsv§a) - gs/H}

The other subproblems are small LPs, one for each non-
cyclic variable d; s:
minimize y subject to

5t,s 2 (]- - y)et,sa
5t,s < E(Rt,m fa)

and for all @ such that (¢,s) = (', s') for some (', s'),
HFHS(St,s + (1 - y)?(cmfa) < Z(Rt,aafa)~

The optimal cost of the original LP, y*, is obtained by
computing the optimal values of y for all subproblems and
taking the largest value among them. Moreover, the LP for
each non-cyclic variable involves only one variable d; ; and
therefore it can be solved analytically. Therefore, by using this
decomposition, the number of decision variables in the LP that
must be computed using an LP solver is reduced to the number
of cyclic variables, which is generally much smaller than the
size of the original LP. The most extreme case is when finite-
step approximate bisimulation is considered. In this case, all
variables are non-cyclic variables and therefore the whole LP
can be solved analytically. Although not explained in detail,
the dual variables can also be obtained based on the solution
of the subproblems.

The second expensive computation is the reconstruction of
the discrete abstract model after a cell is subdivided. Since
the subdivision of a single cell makes only local changes in
the transition relations, one can save the computation effort
by modifying only the affected portion of the existing discrete
abstract model, instead of rebuilding it entirely.
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TABLE III
GROWTH OF # OF CELLS WITH RESPECT TO N

N 1 2 3 4 5 10 10 + (7b)
state cells 98 136 146 146 149 153 154
input cells 2 4 4 4 6 7 7

(a) Uniform error (69 = 0.3,d1 = 0.0)

N 1 2 3 4 5 10 10 + (7b)
state cells 46 71 98 126 136 130 130
input cells 2 4 4 8 10 10 10

(b) Relative error (69 = 0.2,01 = 0.5)

E. Comparison with Bisimulation Function-based Approaches

Some of the previous works take an alternative formulation
based on bisimulation functions [10]. A bisimulation function
gives approximate bisimulation relations as its level-sets. Us-
ing a bisimulation function, one can determine the resolution
of discrete abstraction as an explicit function of a required pre-
cision. Bisimulation functions have been utilized to construct
a discrete abstract model for a stable switched system in [11],
and for efficient model checking by merging neighboring states
in [16] and [12]. However, in order to guarantee infinite-step
approximate bisimulation, one needs a contractive bisimulation
function, which is found only for systems with the so-called
global incremental stability. Moreover, to date, the forms of
bisimulation functions are limited to simple types, which result
in a discrete model whose state set takes the form of a lattice.
Unlike the bisimulation function-based approach, our method
computes an approximate bisimulation relation once a discrete
model and an error specification are both given. Thanks to the
error propagation analysis, the proposed framework is able to
handle broader class of systems and error specifications. For
the design of a discrete abstract model, however, we need
to take an iterative procedure. Nevertheless, this procedure is
fully automated.

VI. EXAMPLES

This section shows some examples. The examples are
chosen to highlight the properties of the proposed method
from different perspectives. All computation is performed on
a personal computer equipped with 1.0GHz CPU and 2.0GB
memory. For an LP solver, we employed glpk [25].

A. Linear System

In this example, we consider the discrete abstraction of a
simple linear system and investigate how the complexity of the
discrete model, measured by the number of cells, is affected
by the number of time steps N and the required precision.
Consider the following 2-dimensional linear system:

0.68 —0.14 0.0
|- a3

0.14

Ty = Axy + Buy, A= [ 0.68

1 /
!
WL
\\\ \
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0 [ el K
ik
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-1 0 1

(a) State mesh (6o = 0.3,5; = 0.0)

-1 0 1
(b) Input mesh (6o = 0.3,6; = 0.0)

o

1 0 1
(c) State mesh (6o = 0.2,61 = 0.5)

(d) Input mesh (6o = 0.2,6; = 0.5)

Fig. 4. Discrete abstract models of a linear system using different error
specifications

The state set is given as X = [—1,1] x [—1, 1] and the input
set is given as U = [—1, 1]. The input interface is the common
input type; ¢(z, &) = 0. Therefore, the domain of the input
mesh is simply set as dom(M"™) = U. The domain of the state
mesh is set as dom(M*) = [-2.0,2.0] x [—2.0, 2.0] to satisfy
the conditions in Assumption 1. For this system, we consider
error specifications of the form R¥ (2, 2) |||l — 2] <
do + 01]|2]|} (¥t € [0 : NJ), where 6o > 0 and §; > 0 are
the parameters. This type of error specifications with §; > 0
require high precision near the origin. By setting ¢; as 0, we
require constant precision in the entire state domain. No error
specification is imposed on control inputs.
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TABLE IV
GROWTH OF # CELLS WITH RESPECT TO PRECISION

do 0.5 04 0.3 0.2 0.1

state cells 61 100 154 419 1704

input cells 4 4 7 8 16
(a) Uniform error (61 = 0)

do 0.5 04 0.3 0.2 0.1

state cells 40 60 84 130 422

input cells 2 4 6 10 22

(b) Relative error (67 = 0.5)

Figs. 4(a)-(d) show discrete abstract models computed in to
settings: (do,d1) = (0.3,0.0) and (Jo,d1) = (0.2,0.5). The
parameter N is set as 10; we consider infinite-step approxi-
mate bisimulation with 10 steps of transient time interval. For
the state meshes, only portions that correspond to the range
[-1.0,1.0] x [—1.0,1.0] are displayed. Each line connecting
nodes of the state mesh indicates that there exists a transition
between the connected nodes with some input value. Slight
asymmetry in partitioning is inevitable since the algorithm
refines a mesh on one cell at a time. We can observe that
in the relative error case, the state mesh has higher resolution
near the origin, reflecting the error specification, while the
total number of cells (130) is less than that in the uniform
error case (154) (See TableIII).

In the following, we investigate the growth of the number
of cells with respect to various parameter changes. First, we
consider the number of time steps N. We compare finite-step
settings, in which the stationarity condition (7b) is not taken
into account, varying N from 1 to 10. We also compare them
with an infinite-step case, where (7b) is taken into account
and N is set as 10. In TableIIl, we observe that in both of
the uniform error and the relative error cases, the number of
cells shows mild growth as N increases, and it shows almost
no increase when the stationarity condition (7b) becomes
effective. However, this may depend on the stability of the
system considered. Next, we discuss the effect of the change
in the precision parameter dy. Here, we consider the infinite-
step setting with N = 10. The precision parameter Jq is
changed from 0.5 to 0.1 while §; is fixed. As we observe in
Table IV, the precision parameter ¢y has more direct influence
on the number of cells compared to the step length N. In
the uniform error case shown in TableIV(a), the number of
cells is approximately multiplied by four when the precision
is doubled. This is because the state dimension of the system
is two. In the relative error case shown in Table IV(b), on the
other hand, the growth rate of the number of cells is less than
exponential.

B. The van der Pol Oscillator

In this subsection, we describe the design flow of a discrete
abstract model on nonlinear dynamical systems, taking the van

der Pol oscillator as an example. The van der Pol oscillator
is originally governed by the following ordinary differential
equation:

&= p(l —2*)i — . (40)

Before applying our method, this system must be transformed
into a discrete-time system. This time, we apply the Euler
stepping to the first-order form of (40) to obtain

X1t
)
T2t

Fa) = [ml + (u(1 = 22y — mg)h] |

Ti41 = f(xt)7 Tt
41)

To + x1h

which is a 2-dimensional discrete-time system. The parameters
in the model are set as u = 0.5,h = 0.15, where h denotes
the step size.

To compute a discrete abstract model of this system, at first
we specify the target state set as X = [—3,3] x [—3,3]. We
consider finite-step approximate bisimulation with the number
of time steps N = 6; the stationarity condition (7b) is not
taken into account. The error specification is given as

RY = {(x,2)] ||z — & <0.5} (42)

for all t € [0 : N]. The domain of the state mesh is set as
dom(M*) = [-3.5,3.5] x [—3.5, 3.5], slightly larger than the
target region X, in order to satisfy Assumption 1.

At each iteration of the mesh refinement algorithm, the
coefficients of the linear program LP(M) (32) must be cal-
culated. The calculation of the coefficients || Al1,s,a. || Bllt,s,a
and || F||;,s, given by (29), is not straightforward for nonlinear
systems because of the max operations. In this example, how-
ever, only || Al|; s, needs to be calculated and it is dependent
only on the symbolic state s (thus it can be written as || A]|s).
This is because the system (41) has no input and the error
specification is time-invariant. From (41), we have

_9f
T Oz

_ |1+ ph(1l— 22%)  —h(1 + 2uxi32)

A(x) 3 1

(z)
(43)

For a symbolic state s, ||Alls is given by |A|, =
max|z—¢, ||<o.5 [|A(x)||. This time, we compute the max op-
eration approximately by means of sampling (the detail is
omitted). The components of 8 are cell radii and quantization
errors, which are not difficult to compute even for nonlinear
system cases. All components of © are set as 0.5, reflecting
the error specification (42). Since we consider finite-step
bisimulation, the linear program LP(M) can be computed
efficiently using the decomposition technique described in
Subsection V-D.

Fig.5 shows a discrete abstract model of the van der Pol
oscillator. In this result, the discrete abstract model consists
of 3005 discrete states. We can observe that the obtained state
mesh exhibits non-uniform resolution reflecting the system’s
nonlinear dynamics, even though the error specification is
uniform. In particular, the mesh is finely partitioned in regions
where the flow rapidly changes its direction.
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Fig. 5. Discrete abstract model of val der Pol oscillator.

Obstacle °

Fig. 6. Discrete abstract model of 2D workspace with obstacles

C. Finite-horizon Optimal Control

In this subsection, we describe with an example how dis-
crete abstract models based on finite-step bisimulation can
be used for solving finite-horizon optimal control problems,
aiming at application to model predictive control. Before
presenting an example, we describe a general procedure to
obtain an approximate solution to a class of finite-horizon
optimal control problems described below.

Problem 2 Finite Horizon Optimal Control

Let ¥ = (X, Xo,U, f) be a system, xqg € Xg be an initial
state and N be a positive integer. Find a sequence of states
and control inputs ({x¢}o.n, {ut}o.n—1) that minimizes the
cost function

N
T{@iYon, {wton—1) = D [ (@) + 97 (w)] + 9x (@)
= (44)
subject to xy11 = f(z,ue) (€ [0: N —1)).

In this setting, we do not consider rigid constraints; constraints
are expressed by means of penalty functions. Let P be a
map that returns an optimal trajectory ({z} }o.n, {u}}o.:n—1)
of Problem 2 for a given pair of a system X and an initial
state xo; we write ({z] }o.n, {u} fo.n—1) = P(Z, zo). Instead
of computing P (3, zg) directly, we construct an approximate
solution of this problem based on P(3, &), where 3 is
a discrete abstract model obtained by quantizer embedding,
3 = QE(X, M), and Z9 = Q*(x0). Since 3 has only finite
states and input values, P(fl, Zo) can be computed by means
of dynamic programming, whose computational complexity is
O(N). Let us write ({}}o.n, {@} }o.n—1) = P(3, o). This
trajectory is then mapped to a trajectory ({z}}o.n, {t} }o:n—1)
of 3 as follows:

I
Ty = Zo,

up = a7 + ¢y, 27), wiyy = flagup) (H€ 0N —1])
(45)

where the interface is defined in Section IV. Thus the tra-
jectory ({«}}o.n, {u}}o.n—1) is regarded as an approximate
solution of P.

Now, let us discuss the relation between error specifications
and sub-optimality. Consider the following error specification.

(:E,:i‘) € R? ||¢§(($) - W(@H <€
(u,0) € R 197 (u) — (@) < e
where € is a positive constant. This error specification requires

high precision in regions where the cost functions change
rapidly. Then, we obtain the following result.

4
4

(46)

Theorem 4 Let ¥ be a system and 3 QE(X, M) be
a discrete abstract model based on an error specifica-
tion given by (46). Moreover, let ({x}}o.n,{u}}o.n-1)
P(X,z0) with an initial state 1o € Xo, and let
({-%:}O:Ny{'&:}O:N—l) = P(Z,.fo) where ii‘() = Qx(x()).
Furthermore, let ({x}}o.n,{u}}o.n—1) be a trajectory given
by (45). Then, the following relation holds:

J({zi}o.n, {ugto-n—1)
< J({z7 }ov, {uz fo:n—1) +2(2N + 1)e.

Proof: By the definition of approximate bisimulation,
there exists a trajectory of 3,
({Zi o, {tsYo:n—1), satisfying & = To and (x},%}) € RY
(t €[0:NJ]), (uf,@;) € R} (t € [0: N —1]). From (46), we
have

47

J({ié}O:Nv {ag}()iN—l)

. . (48)
< J{zi}on, {ui ton—1) + (2N + 1)e.
On the other hand, from a similar discussion, we have
J({ziYo.n, {uiton—1)
s o 49)
< J({#; Yons {05 fo-n—1) + (2N + 1)e.
Finally, the optimality of ({Z} }o.n, {4} }o.n—1) implies
J({&; Yon {45 Yov—1) < J({ & }on, {Gi Yo:v—1).  (50)
From (48),(49) and (50), we obtain (47). [ |
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This theorem claims that the cost of the approximate solution
is upper-bounded by the sum of the optimal cost and a known
constant.

In the following, we demonstrate the above result in a
path-planning problem of a 2D vehicle. Consider an omni-
directional vehicle on a 2D plane. The state of the vehicle
is simply the position in the workspace in z-y coordinate;
x; = [p%,p’]T. The control input is given as the change
in the vehicle’s position; thus the state equation is given by
Zry1 = x++uz. The purpose of the vehicle is to reach the goal
position from an initial position with the minimum cost. The
cost function is defined as the sum of costs at the vehicle’s
position at each time instant; Zi\[: o ¥*(x¢). Here, the cost at
each position is given by the sum of a penalty (positive cost)
for moving near the obstacles and a reward (negative cost) for
being close to the goal. In Fig. 6, the penalty and the reward
are depicted in gray scale. The darkest regions of the obstacles
are assigned the largest positive cost of 1.0, while the darkest
region of the goal is assigned the largest negative cost of —1.0.
We consider finite-step bisimulation with IV set as 15. We use
an input interface of the form ¢(z,#) = a(Z — x), where
« is set as 0.8. For this input interface, the term || Al|; 5,4,
which appears in (28a), is obtained as 0.2. This enables
the design of discrete models with much lower resolution,
compared to the common-input setting ¢(z,Z) = 0. The
error specification is given by (46) with ¢ = 0.5, except
that in this example, no error specification is imposed on
control inputs. Here, the error tolerances z(Rt,s,fs) under
the specification given by (46) are computed approximately
by sampling. We have obtained a state mesh composed of
1004 cells and an input mesh composed of 256 cells. The
obtained state mesh is overlaid on the workspace shown in
Fig. 6. We can observe that the mesh is finely partitioned near
obstacle boundaries and around the goal, where an error in
the state results in a significant change in the cost. In the
figure, one optimal trajectory starting from an initial position
located at the lower-left of the workspace is shown. Note that
once a discrete abstract model is obtained, one can use it to
compute an approximately optimal trajectory for an arbitrary
initial position, as long as the obstacle configuration and the
goal position is unchanged.

VII. CONCLUSION

In this paper, we have presented a new computational
method for the feasibility check and design of discrete abstract
models for nonlinear systems. First, we have proposed a
new analytical scheme for approximate bisimulation based on
the notion of error distribution and derived a condition for
approximate bisimulation, which can be checked using a linear
programming solver. Next, the Iterative Refinement Algorithm,
which refines a variable-resolution mesh for quantizer embed-
ding based on the information of active constraints provided
by the LP solver, has been presented. The proposed algorithm
is guaranteed to terminate in finite iterations and to produce
a mesh that gives a feasible discrete abstract model, if the
termination condition is set appropriately.

Thanks to non-uniform discretization, the present results
enables us to design discrete abstract models composed of

a smaller number of states and inputs, compared to those ob-
tained by uniform discretization. However, it is still challeng-
ing to apply this technique to practical control applications,
in which the state space and input space may easily have
more than ten dimensions. An effective way to cope with such
large scale systems might be to decompose a system into an
interconnection of smaller subsystems and apply the proposed
technique to subsystems for which discretization is particularly
useful (see [23] for further details).

Another future direction is to extend the proposed frame-
work to the domain of continuous-time systems. By extending
the quantizer embedding in such a way that not only states
and control inputs but also time is quantized by means
of a mesh structure, discrete abstraction of continuous-time
systems will be put into the proposed framework. Moreover,
resultant discrete abstract models may exhibit non-uniform
discretization of time axis, reflecting the error specification
and the system’s dynamics.
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