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Abstract

This paper investigates the spurious regression where each of the regressand y
and the regressor x follows a random walk with generalized drift. The drift speci-
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y and x have zero or constant drifts. We derive the order of convergence or diver-
gence of the estimated slope coefficient B and the squared t-statistic 7%, as well as
their asymptotic distributions. We find that B may converge, diverge, or neither
depending on the drift specification. Further, the asymptotic distribution of the
scaled B takes on various interesting shapes such as a bimodal and asymmetric

distribution. We also reveal that t% diverges at different rates across cases.
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1 Introduction

Spurious regression has been well studied since its description by Granger and Newbold
(1974). Phillips (1986) studies the case resulting when one of two independent random
walks without drift is regressed onto the other, and proves that the estimated slope coefficient
B from the regression does not converge in probability to zero; instead, he shows it to be
O,(1).! The spurious regression for two independent random walks with drift is later studied
by Entorf (1997), who finds that B converges in probability to the ratio of the nonzero drift
terms at rate n'/2. Those results have been a well-known caveat to the regression analysis
of non-stationary time series.?

Note that neither the regressand y nor the regressor = has a drift term in Phillips (1986),
while both of them have drift terms in Entorf (1997). This contrast naturally poses a question
on intermediate cases between them: what are the consequence of spurious regression when
either y or x has a drift term? Further, we seek an asymptotic theory that unifies these
cases; we pursue this by introducing generalized drifts that include zero, nonzero local, and
nonzero constant drifts as special cases. Most of these scenarios have been unexplored in the
literature, and this paper fills that gap.

Characterizing the consequence of the generalized drift is motivated from not only the-
oretical but also empirical perspectives. In empirical studies, it is often hard to judge if
variables of interest have zero or nonzero drifts. Here we present such a subtle example in
order to illustrate the practical relevance of the generalized drift. Suppose that the log of
the annual average of Nikkei 225 is regressed onto the annual land temperature anomalies
of North America, where the sample period is 1972 through 2021 (n = 50 years); the two
series are plotted in Figure 1. This is hypothetically a nonsense regression, since there is
not a theoretical link between the Japanese stock price index and the North American tem-
perature. The result of the regression, however, points to a significantly positive impact of
the temperature on Nikkei. This is a common symptom of spurious regression caused by the
non-stationarity of the two variables and the resulting residual; the result of the regression
is summarized in Figure 2.

The exact consequence of the spurious regression depends on the drift types of y and .

L Ernst, Shepp, and Wyner (2017) examine a related problem.
2 Ventosa-Santaularia (2009) provides a survey of spurious regression. Vigen (2015) presents a number
of empirical examples of spurious correlations.



Figure 1: The log of Nikkei 225 and the land temperature anomalies of North America
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N225, is the average value of Nikkei 225 at year ¢ (measured in Japanese yen). Temp, is the land temperature
anomalies of North America at year ¢ (measured in Celsius); the anomalies are with respect to the 1910 to
2000 average. The sample period is 1972-2021 (n = 50 years). The data sources are described in Data
Availability Statement of this paper.

In many empirical applications including the present one, it is hard to judge if y and = have
zero or nonzero drifts (Figure 1). For Nikkei, there appears to be a strong positive drift until
1989, but the drift seems to have vanished afterward. For the temperature, there appears to
be a weak positive drift throughout the sample period, but the magnitude of the drift seems
rather small relative to the noise component. The generalized drift specification covers these
fuzzy cases, which is the practical motivation of this study. Indeed, we reveal that the drift
type has a crucial impact on the asymptotic properties of the estimated slope coefficient and
the associated t-statistic.

Given the generalized drift, we derive the order of asymptotic convergence or divergence
of the estimated slope coefficient B and the squared t-statistic z%, as well as their asymptotic
distributions. We find that B may converge, diverge, or neither depending on the drift
specification. Further, the asymptotic distribution of the properly scaled B takes on various
interesting shapes such as the normal distribution, a unimodal and asymmetric distribution,
a bimodal and symmetric distribution, and a bimodal and asymmetric distribution. We also
reveal that f% diverges for all cases considered, and the rate of divergence differs across cases.

The asymptotic divergence of t% implies that the probability of making Type I Error (i.e.,
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Figure 2: Actual y,, fitted y;, and residual 4; in the N225 vs. Temp regression
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The regression model is specified as y; = a + Sz + ug, where y; = In N225; (i.e., the log of Nikkei 225)
and x; = Temp,; (i.e., the land temperature anomalies of North America). The fitted value is given by
U =&+ 3xt, where & = 9.215 and B = 0.395 are the least squares estimates for « and 3, respectively. The
t-statistic for 3 is fg = 3.352; the standard error is 0.118; the p-value is 0.001. Hence, the zero hypothesis of
[ is rejected at any conventional significance level.

rejecting the correct null hypothesis Hy : § = 0) approaches 1, a common symptom of the
spurious regression.

The rest of this paper is organized as follows. The notation and analytical framework are
set up in Section 2. The asymptotic properties of B are derived in Section 3. The asymptotic
properties of t% are derived in Section 4. Brief conclusions are provided in Section 5. Omitted
proofs and technical discussions are presented in Appendices. Further details are provided

separately in the supplemental material.

2 Notation and set-up

Suppose that the data generating process (DGP) is given by

Yt = dyn + Yi—1 + €yt Ty = dazn + Ti1 + €a, <1>



where the generalized drifts (dy,, d,,) are specified as follows:

dyn, = dyn_éy, d, #0, 9§, €]0,00), (2)
don = don™, dy #0, 6, €[0,00).

The drifts (dy,, d.n) can take various forms depending on the power exponents (4, d,). When
9, — oo and J, — 00, (2) reduces to the zero drift case of Phillips (1986): d,, — 0 and
dyn — 0 for fixed sample size n € N. When 6, = 6, = 0, (2) reduces to the constant drift
case of Entorf (1997): d, = d, # 0 and d,, = d, # 0. Intermediate cases that have been
unexplored in the literature include §, — oo and 0, = 0 (i.e., y has the zero drift and =
has the constant drift d, # 0) and vice versa. Furthermore, by setting 6, € (0,00), y is
allowed to have a nonzero local drift which vanishes as the sample size grows (i.e., dy,, — 0
as n — 00); the same goes for = too. The local drift scenario is new to the existing literature,

which is another innovation of this paper.
Define:

t
€, = lext] s = [S$t] _ [Z;’l 6337—] , So= 07 Yo = Xog = 0. (3>

Cyt Syt D e Eyr
Impose the following assumptions.

Assumption 1. (i) E(e;) = 0 for all t € N; (ii) sup,cy max{E|e.|*", Ele,:|*} < oo for
some & > 0; (i) lim,, oo n 'E(s,8,) exists and is positive definite; (iv) {€: }ten is a-mizing
with some mizing coefficient {Qum, }men satisfying Y >, af, < oo for some ¢ > 0; (v) {€x}

and {e,} are mutually independent sequences.

Assumption 1 is essentially identical to the assumptions of Phillips (1986). Conditions (7)-
(iv) are mild assumptions which admit a functional central limit theorem (FCLT). The
mixing coefficient {a,,}men appearing in condition (iv) measures the dependence between
{e;}t_, and {€,;}22,.,, (see, e.g., Davidson, 1994, Bradley, 2005, for details on the a-mixing
condition). Condition (v), which implies the mutual independence between z and y, is
imposed to investigate the properties of spurious regression.

The regression model is specified as

yt:a+5$t+ut, t€{17-'-7n}7 <4>



where (o, 3) are parameters to estimate and wu; is the error term.?> Equation (4) is a spurious

regression under Assumption 1(v). Let (&, 5) be the least squares estimators of («, 3); let

fg be the conventional t-statistic with respect to Hy : f = 0. As is well known,

2t (@ — T)(ye —¥)

B: n — ) (5>
Zt:l(xt —x)?
) n1/2B
b= ——7 (6)
(52/72)
where

We derive the asymptotic properties of /5’ and t% in Sections 3 and 4, respectively.

3 Asymptotic properties of the estimated slope

In this section, we derive the asymptotic properties of the estimated slope parameter B under
the generalized drifts (2). Equation (5) can be rewritten as
ATY

f="" (8)

zz’
)\n

where
n

NE =0Ty (w2 N =0T (n—2) (- 0). (9)

t=1 t=1
To express the rate of convergence or divergence of B , we introduce the notion of bound-
edness in probability. For a stochastic sequence {X,, }nen and k € R, we write X,, = O,(n")

if for all € > 0, there exists B, < oo such that Pr(n=%|X,| > B,) < e. Further, we express

3 In the supplemental material, we perform a simulation-based study of extended regression models which
contain time trends as extra regressors. We find that the symptom of spurious regression is present even
when the time trends are included in the model.



asymptotically negligible terms as follows: X,, = 0,(n*) if Pr(n ™| X,| > ¢) = 0 as n — oo
for all € > 0. In what follows, we use the notations of O, and o, in order to simplify equations.

The asymptotic approximations of \** and A\*¥ appearing in (9) are as follows.

Lemma 1. Let the DGP (1) and Assumption 1 hold, then

1 ~ ~
Xit = o d 4 2L 0 B+ 0 (n 7Y, (10)
T 1 - - 3 - 3 -1F N
Nt = o O dydy 0 €, OG0T By + 0y (07, (11)
where
. 1 s NP PPN
Eomn Y s —Sn Y s &= Y sy — oY s (12)
t=1 t=1 t=1 t=1

n n 2
é:m =n"2 Z sit — <n_3/2 Z Sxt> , (13)
t=1 t=1
éxy =n?2 Z SagtSyt — (n3/2 Z sxt> <n3/2 Z Syt) ,
t=1 t=1 t=1

and sy and s, are defined in (3).

See Appendix A.1 for the proof of Lemma 1.
It is clear from (8) and Lemma 1 that the asymptotic properties of 5’ depend on those
of (&,, éy, B, Bmy), and the latter are well known in the time series theory. Let {W,(t)}i>0

and {W,(t)}+>0 be standard Brownian motions that are mutually independent. Define

1 1 1 1 1 1
¢ = / to W)t — / e W O)dt, & = / fo, Wy (1)t — 5 / oo W, (1),
0 0 0 0

2

1 1
Buu = / afoQf(t)dt—{ / aexW$(t)dt} , (14)
0 0
1 1 1
By = [ 0o WaltW, (0t = [ ouWalt)dt [ o, W, (00
0 0 0

where 02, = lim,,_,o n7'E(s2,) and 02, = lim,,_,,o n~'E(s?,,) are the long-run variances of €,
and €, respectively; see Phillips (1986) for a discussion.

Assumptions 1(i)-(iv) are sufficient for the regularity assumptions of Entorf (1997), and
they can similarly be found in Park and Phillips (1988, 1989) and Sims, Stock, and Watson
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(1990). In particular, these regularity assumptions allow weak convergence of the partial sum
process of the model errors to a Brownian motion via FCLT, as first described by Donsker
(1951) and later elaborated by Phillips (1986) and many others (see Billingsley, 1968, for a
classic textbook treatment). Lemma 2 restates some of these results, where the symbol =

denotes weak convergence.

Lemma 2. Let Assumptions 1(i)-(iv) hold, then & = &, fy = &, By, = By, and
B,y = Bay.

Refer to Billingsley (1968) and Phillips (1986) for proofs of Lemma 2.
Durlauf and Phillips (1988) show that

)= (B 50 )
£, 0 0 02/120

Hence, by Lemma 2, it follows that

R (R e} .
& 0 0 ¢2/120

Equation (16) is useful for simplifying and interpreting the asymptotic distributions of B.
In view of (10)-(11), the dominant terms of (A%*, A¥) alter depending on (d,,d,). The

n r’'n

key threshold is 6, = 1/2, at which 2§, = 1/2+ 0, = 1; the same insight holds for J, as well.

Hence, we prepare the following cases and terminologies:

Y1 (weak drift in y): J, € (1/2, o0). X1 (weak drift in x): J, € (1/2, c0).
Y2 (semi-strong drift in y): 0, =1/2. X2 (semi-strong drift in z): §, =1/2.
Y3 (strong drift in y): ¢, € [0, 1/2). X3 (strong drift in x): ¢, € [0, 1/2).

The weak drift vanishes at a faster rate than n'/?; the semi-strong drift vanishes at rate n'/?;

the strong drift vanishes at a slower rate than n'/2. The zero drift is the limit case of the
weak drift, whereas the constant drift is the boundary case of the strong drift. We write
Case Y1X1, for example, to express the combination of Cases Y1 and X1. The framework
of Phillips (1986), in which both y and z have zero drifts, is the limit case of Y1X1 with

dy — oo and 6, — oco. The framework of Entorf (1997), in which both y and x have nonzero
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constant drifts, is the boundary case of Y3X3 with , = d, = 0. These terminologies help us
interpret the impact of the drift specification on the asymptotic properties of B :

For each of Cases X1-X3, the relevant terms of (10) are given as follows:

0\ Buy + 0p(nY) (Case X1),
D A 0,(n1) (Case X2), (17)

s @2 4 on~ (240 € 4 n7'B,, +0,(n"') (Case X3),

where

A 1 A A
5% + Ex +

Similarly, the relevant terms of (11) are given as follows:

(nfléxy + op(nh)
N (doy + Buy) + 0p(n7")
n—(1/2+az)dxéy + o0, {n—(1/2+5z)}
"_1(dygz + Bmy) +op(n1)
N 2y + 0p(n7t)
n—(1/2+5z)dx(1i2dy + éy) +o0, {n—(1/2+5x)}
n—(1/2+5y)dy§x + o, {n—(1/2+5y)}
=20 d, (f5dy + &) + 0, {n= (/240
1—12n*(5z+5y)dxdy +n7(1/2+5y)dy€x + n*(l/”‘s””)dxéy
+n" 1By + 0,(n71) (Case Y3X3),

Case Y1X1),
Case Y1X2),
Case Y1X3),
Case Y2X1),
Case Y2X2),
Case Y2X3),
Case Y3X1),

)

(
(
(
(
(
(
(
(Case Y3X2),

where
~ 1 ~ ~ ~
Ly = dedy + dyé, + dy&y + Byy.

By Lemma 2, we have that Zxx = /.. and ny = Zgy, Where

1 1

Case Y3X3 requires extra caution when computing the ratio 3 = AP /N As shown in



(17)-(18), the dominant term of A\2* is of order n=?%¢, and the dominant term of A2V is of
order n~(%*%) The relative magnitude of these terms depends on the values of §, € [0,1/2)
and d, € [0,1/2). Hence, Case Y3X3 should be divided into three subcases:

Y3X3(i): 0, < 0y Y3X3(ii): 6, > by Y3X3(iii): 6, =6,.  (19)

In Case (i), y has the stronger drift than z; in Case (i7), « has the stronger drift than y; in
Case (i7i), the drift in y is as strong as the drift in . The constant drift scenario of Entorf
(1997) is the boundary case of (iii) with §, = J, = 0.

Substitute (17) and (18) into (8) and then use Lemma 2 to characterize the asymptotic
properties of B )

Theorem 3. Let the DGP (1) and Assumption 1 hold, then for each drift specification, the
order of stochastic convergence or divergence OfB and the asymptotic distribution of scaled

B are characterized in Table 1.

See Appendix A.2 for the proof of Theorem 3.

The asymptotic properties of 3 are dramatically different across cases (Table 1). First,
B = 0,(1) (i.e., # neither diverges nor converges) if and only if neither y nor x has a strong
drift; see Cases Y1X1, Y1X2, Y2X1, and Y2X2. This result is a substantial extension of
the classical result of Phillips (1986), which states that 3 = O,(1) if both y and z have zero
drifts. Second, B diverges in Cases Y3X1, Y3X2, and Y3X3(7). In these cases, y has a strong
drift (i.e., 6, < 1/2) and the drift in y is stronger than the drift in x (i.e., d, < d,). Third,
B converges to 0 in Cases Y1X3, Y2X3, and Y3X3(i7). In these cases, z has a strong drift
and the drift in z is stronger than the drift in y. Fourth, B converges to d,/d, # 0 at rate
nt/2=% in Case Y3X3(iii), where 8, = 6, < 1/2. If we further impose d, = 0, then our result
reduces to Entorf’s (1997) well-known result that 3 — d,/d, = O,(n~"/?).

To better interpret the divergence versus convergence of B , take Case Y2X2 as a bench-
mark, where both y and z have the semi-strong drifts and consequently 3 = O,(1). An
interesting contrast is that B converges to 0 when the drift in = becomes stronger (Case
Y2X3), while B diverges when the drift in y becomes stronger (Case Y3X2). The former
result suggests that the spurious regression is mitigated when x has the stronger drift than
y, since the error term u has a relatively weak drift under g = 0. The latter result suggests

that the spurious regression is exacerbated when y has the stronger drift than z, since u has
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Table 1: Asymptotic properties of the least squares

estimator B

Case Oy O Subcase Order of B Asy. dist. of scaled B
R Bzy
YIXI | (1/2,00) | (1/2,00) . 8=0,1) o
Y1X2 | (1/2,00) | 1/2 - B =0,(1) w
~ 6 2
Y1X3 | (1/2,00) | [0,1/2) - B =0, {n"0/2-0:)} N (0’ 52627;)
Y2X1 1/2 | (1/2,00) - 3=0,01) dyme+ By,
~ Zwy
Y2x2 | 1/2 1/2 - B =0,01) >
5 d, 602
V3|12 |01 | - B0ty <d 5d2”>
3 1/2—6 dyés
Y3X1 | [0,1/2) | (1/2,00) - 3 =0, (n'/27%) -
Q d1 Ld? T
Y3X2 | 0,1/2) | 1/2 - B =0, (n"/2%) %
5 d
Y3X3 | [0,1/2) | [0,1/2) | (i) 8, <6 | B =0, (nd%) I
Y3X3 | [0,1/2) | [0,1/2) | (ii) 6, > 6, | B =0, {n~0s=0:)} ;Ly
Y3X 1/2 vy | i e —s | 5B _ o [pmz-so |l S (0% 9
3X3 [07/) [07/) (Z“) y — Oz B*df— p{n } O’ﬁ d2+d2
z xr X Yy

DGP: y, = dyn*‘seryt,lJreyt and zy = dyn =% +x,_1+ez, where dy # 0and d, # 0. Model: y; = a+Bx+u,.
B is the least squares estimator for 5. This table summarizes the order of stochastic convergence or divergence
of 3 and the asymptotic distribution of properly scaled j for each drift specification. Taking Case Y3X1 as

an example, the last column should be interpreted as n_(1/2_5y)3 = dyés/Bya.
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a relatively strong drift under 5 = 0.

As shown in Table 1, the properly scaled B is asymptotically normal in Cases Y1X3,
Y2X3, and Y3X3(éi7). Comparing these cases helps us understand the consequence of the
stronger drift in y on the spurious regression. Switching from a weak drift in y to the semi-
strong drift makes the scaled B have mean d,/d, instead of 0. Further, switching from the
semi-strong drift to the strong drift makes 3 itself converge to d,/d, instead of 0. These
results indicate that the stronger drift in y exacerbates the spurious regression by pushing
£ further away from 0.

Another interesting finding is that (d,,d,) do not affect the order of f for any cases
considered. Besides, d, does not appear in the asymptotic distribution of scaled B when y
has a weak drift. Similarly, d, does not appear in the asymptotic distribution of scaled B
when z has a weak drift. These facts suggest that (d,,0,) play more important role than
(dy,d;) in determining the asymptotic behavior of B.

When z has a weak or semi-strong drift, the asymptotic distributions of scaled B take
non-standard forms (Cases X1-X2 in Table 1). These non-standard distributions can be
numerically approximated by simulating (&,,&,, By, Byy); see Appendix A.3 for a specific
procedure of the simulation. In Figure 3, we present numerical approximations of the asymp-
totic distributions of scaled § for all cases except Y3X3(i) and (ii), where the scaled /3
converges in probability to the non-stochastic constant d,/d,. For visual clarity, we set
dy = dy = 0y = 0, = 1 for all cases considered.

Several remarks on Figure 3 are in order. First, the symmetric and bimodal distribution
arises in Case Y3X1. The source of the bimodality can be seen from the functional form
that n~(/2-%)3 = d,€,/B,, (Table 1). By (15), &, is normally distributed. The Brownian
motion W, (t) is normally distributed and B,, is a function of W2(¢), hence B, is related to
a chi-squared random variable; recall (14). These properties imply that d,&,/ B, is related
to the ratio of a normal random variable to a chi-squared random variable, confirming the
bimodality in Case Y3X1. While it is well known that some ratio distributions exhibit bi-
modality (e.g., Marsaglia, 1965, Pham-Gia, Turkkan, and Marchand, 2006), we are unaware
of the appearance of a bimodal distribution in any previous work on spurious regression.

An intuitive explanation of the symmetry observed in Case Y3X1 is as follows. Since
d, = 1 and ¢, < 1/2, y has a positive, strong drift. Since d, = 1 and 0, > 1/2, x has

a positive, weak drift. The strong drift in y dominates the weak drift in =, hence there is
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Figure 3: Asymptotic distribution of the scaled least squares estimator B

0.8 0.8 0.8
0.6 0.6 0.6
0.4 04 0.4
0.2} 02| 1 0.2
0 0 0
6 4 2 0 2 4 6 6 4 2 0 2 4 6 6 4 2 0 2 4 6
Y1X1: 3= 0,(1) Y1X2: 8= 0,(1) YIX3: = 0, {n(1/2-52)}
0.8 0.8 0.8
0.6 0.6 0.6
0.4 0.4 04
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Y2X1: 8= 0,(1) Y2X2: 3= 0,(1) Y2X3: B = 0, {n~(1/2-02)}
25 25 08
2 2
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1.5 15
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1 1
05 05 02 .
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45 1 05 0 05 1 15 45 1 05 0 05 1 15 6 4 2 0 2 4 5
Y3X1: B = Op(n'/2~%) Y3X2: B = Op(n'/?~%) Y3X3(iii): f— 1= Op{n—(1/2-02)}

The DGP is ys = n =% + 41 + €yt and x; = n=% 4 x,_1 + €4, where the error variances are U?y =02, =1

Y1: 6, € (1/2,00). Y2: 6, = 1/2. Y3: 6, € [0,1/2). X1: §, € (1/2,00). X2: 6, = 1/2. X3: 0, € [0,1/2).
Y3X3(iti): 0, = 6y € [0,1/2). The regression model is y; = o+ By + wy. A is the least squares estimator
for 5. This figure presents numerical approximations of the asymptotic distributions of properly scaled B .

effectively the zero drift in x. It is therefore not surprising that ﬁ takes a positive value and
a negative value of the same magnitude with equal probability.

Second, the asymmetric and bimodal distribution arises in Case Y3X2; the right peak
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around 3 = 0.5 is taller than the left peak around 8 = —0.5. The crucial difference from
Case Y3X1 is that the semi-strong drift in = is non-negligible relative to the strong drift
in y. Hence, there is an upward pressure on the spurious correlation between y and z,
producing the asymmetric distribution. In fact, the right peak becomes so dominant that
the distribution becomes asymmetric and unimodal when d, = 3, for example.*

Third, the approximated distributions under the strong drift in = all resemble the normal
distributions, confirming the asymptotic normality in Cases Y1X3, Y2X3, and Y3X3(ii:)
(Table 1). In particular, the distributions in Cases Y1X3 and Y2X3 are respectively centered

at 0 and dy/d, = 1, keeping the same variance 607,/5d; = 1.2 as expected.

4 Asymptotic properties of the squared t-statistic

In this section, we derive the asymptotic properties of the squared t-statistic t% under the
generalized drifts (2). We focus on f% instead of 4 for analytical convenience. A key insight

is that the t-statistic appearing in (6) can be rewritten as follows.

Lemma 4. It follows that

2 n(A\)?
= e - e (20)

where (AZ%, \IY) are defined in (9) and

n

A =0y (- 9) (21)

t=1

See Appendix A.4 for the proof of Lemma 4.
In view of Lemma 4, characterizing the asymptotic properties of t% requires the asymp-

totic expansion of A¥. By the analogy of (10), it follows that

1 . .
N = gy + 20 A G 0 By op(n ),

where

n n 2
A2 2 ~3/2
By, =n g Spp— | 1 g Syt | -

t=1 t=1

4 The figure for Case Y3X2 with (dy, d,) = (1, 3) is omitted to save space, but available upon request.
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As in Lemma 2, we have that Byy = B,,, where

1 1 2
Byy:/ afywj(t)dt—{/ UeyWy(t)dt} :
0 0

The definitions of (B,,, By,) are analogous to those of (Byy, Bys); see (13)-(14).

By the analogy of (17), the dominant terms of A are summarized as follows:

n1B,, + 0,(n"1) (Case Y1),
AW = nilzyy +o0,(n71) (Case Y2), (22)

Hn~2vd2 + on~ (/2404 € 4+ n By, 4+ 0,(n"') (Case Y3),

where
. 1 .
Zyy = Edj + 2d,&, + By,.

By Lemma 2, we have that Zyy = Z,,, where

1
Zyy = 35y + 20,6, + By,

To characterize the asymptotic behavior of t2, we expand the numerator and denominator

of (20) separately. Taking the square of (18), the numerator of (20) is expanded as follows:

(n_légy + o0p(nh)

”_l(dwéy + Bl‘y)2 +op(n7t)
i) + oy(n )
n~Y(dy, 4 Bay)? + 0p(n") Case Y2X1),

(Case Y1X1),
( )
( )
( )
n(XY)? = 122 4 o,(n) (Case Y2X2), (23)
( )
( )
( )
( )

Case Y1X2),
Case Y1X3),

N2
n~2xq? (1—12dy + §y> + 0,(n=%=) Case Y2X3),
W + o, (n~2)

2
n*%ydz (l—lzdx + é.x) + 0,(n =)

\ﬁn72(61+5y71/2)did3 + 0, {n72(61+5y71/2)}

Case Y3X1),
Case Y3X2),

Case Y3X3).
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Combining (17), (18), and (22), the denominator of (20) is expanded as follows:

NN = () =

( ~ ~ ~
niz(BmByy - Bgy) + Op(”72)

02 (ZnnZyy — Z3,) + 0p(n7?)
vy 52)
=€)
va — &2 ) + 0p

e (8,6

o~ (1H0etdy) d, (123

\

n72{ByyZAm - (da:éy + Bacy)Q} + Op(n72
p=(1+282) 2 (1_123% _ gz) + 0, {n-0+20))

n72{BmZA - (dyéw + Bwy)Z} + Op(n72

+o, {n (1426, )}
+ o0, {n (1425, )}
{n7(1+25y)}

&)

Case Y1X1),
Case Y1X2),
Case Y1X3),

(24)
Case Y2X3),

)
)
)
Case Y2X1),
)
)
Case Y3X1),

)

(
(
(
(
(Case Y2X2),
(
(
(

Case Y3X2),

@@)+%{mﬂﬁﬁm} (Case Y3X3).

Case Y3X3 requires extra caution when computing (20). As shown in (23), the dominant

term of n(A%¥)? is of order n~

2(6,+6y~1/2)

Equation (24) implies that the dominant term of

AZZNWY — (\2¥)2 is of order n~(+2min{%9}) - The relative magnitude of these terms depends
on the values of 6, € [0,1/2) and 6, € [0,1/2). Hence, Case Y3X3 should be divided into

the three subcases defined in (19). For each subcase, (24) is rewritten as follows:

n7(1+25y)d§ (%B
TT _(\TY\2 __ — O 170
NN () = { a2 (4

—€2) o, {n IR} (Y3X3(3)),
@W{@+%@ﬂH%q(wmwm, (25)

(14282 { L @)2} + o, {n~ 201 (Y3X3(iid)),

where

B* = d}Byy — 2dydy B,y + 3By,

B* = d’Byy — 2dydy B,y + d3By,,

é* = dyér -

By Lemma 2, we have that B* = B* and £* = ¢*, where

5* = dygx -

dy€,.

dz&y. (26)



Substitute (23)-(25) into (20) to characterize the asymptotic properties of 7%

Theorem 5. Let the DGP (1) and Assumption 1 hold, then for each drift specification, the
order of stochastic divergence ofz% and the asymptotic distribution of scaled 7% are charac-
terized in Table 2.

The proof of Theorem 5 is omitted, since for all cases the results follow directly from substi-
tution of (23)-(25) into (20) and application of Lemma 2.
As shown in Table 2, 7% = O,(n) unless both y and z have strong drifts. In Case Y3X3,

the squared t-statistic diverges at a faster rate than n:
i5 = O, {n*Ummaxtet} 5, € [0,1/2), 6, €1[0,1/2).

These results indicate that the probability of making Type I Error approaches 1 for all cases,
and the symptom is particularly serious in Case Y3X3. Another implication is that (d,,d,)
do not affect the rate of divergence for any cases considered.

Our divergence results contain two existing results as special cases. First, Phillips (1986)
found that f%, = O,(n) when both y and x have zero drifts; this result can be replicated by
setting d, — oo and 8, — oo in Case Y1X1. Second, Entorf (1997) found that £ = O,(n?)
when both y and x have nonzero constant drifts; this result can be replicated by setting
0y = 6, = 0 in Case Y3X3(sii).

We now focus on the asymptotic distributions of the properly scaled 526 (Table 2). The
asymptotic distributions have an interchangeable structure between Cases Y1X2 and Y2X1;
between Cases Y1X3 and Y3X1; between Cases Y2X3 and Y3X2; between Cases Y3X3(7)
and Y3X3(#i). We have found that n~'#3 = B2, /(B By, — BZ,) in Case Y1X1, generalizing
the existing result of Phillips (1986) from the zero drifts to the weak drifts. Entorf (1997)
derived the n2-divergence property under the nonzero constant drifts, but did not derive the
asymptotic distribution of n_Qt%. We have filled this gap by discovering that:

L adady
nty = %B*— e (0, =0, =0),
where B* and &* are defined in (26).
In Figures 4-5, we present numerical approximations of the asymptotic distributions of

scaled 1% for all cases, where d, = d, = 0y = 0, = 1. All cases except for Y3X3 are shown
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Table 2: Asymptotic properties of the squared t-statistic t%

Case 0 Oz Subcase | Order of 2 Asy. dist. of scaled #2
Y 8 3
B2
- 2 = ey
YI1X1 | (1/2,00) | (1/2,00) {2 = Oy(n) -t
Y1X2 | (1/2,00) 1/2 _ 2 = 0,(n) (do&y + Bay)?
’ ’ . ByyZyy — (dz&y + Baey)?
p &
Y1X3 | (1/2,00) | [0,1/2) - 2 = 0,(n) S
T 5B =&
(dy&e + By )?
Y2X1 1/2 (1/2,00) - 2 =0,(n) y
’ ' ByyZyy — (dy€s + Bay)?
Z2
2 zy
e S B0 Tt 73,
(13 +&)°
Y2X3 | 1/2 [0,1/2) - 2 = Oy(n) 13;7_22
12 Pyy y
&
Y3X1 | [0,1/2) | (1/2,00) - 2 = Op(n) B
ﬁBxa: - 533
72 (%dx + fx)Q
Y3X2 | [0,1/2) 1/2 - 2 = Oy(n) e
12 Pxx — fg;
4 A d?
Y3X3 | [0,1/2) | [0,1/2) | (i), <dx |15=0, {n2(1-6)} i5447_52
12— T
L2
Y3X3 | [0,1/2) | [0,1/2) | (i1) 6, > 6x | 5 = O, {n?170)} %
2%y — fy
Ld2d2
Y3X3 | [0,1/2) | [0,1/2) | (iii) &, = 6, | i3 = O, {n20-0)} | L 2W
uB =€)

DGP: y; = dyn =% +y,_1+€y and v, = dyn =% +x4_1+ez¢, where d, # 0 and d,, # 0. Model: y; = a+Bz,+u;.
f% is the squared t-statistic associated with #. This table summarizes the order of stochastic divergence of
f% and the asymptotic distribution of properly scaled t% for each drift specification. Taking Case Y1X1 as
an example, the last column should be interpreted as n_lt% = B2,/(ByxByy, — BZ,).

T Ty
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in Figure 4, and Cases Y3X3(i)-(éi7) are shown in Figure 5. In Figure 4, n‘lz% follows a
positively skewed distribution whose peak is located at 0. We confirm that the asymptotic
distributions are identical to each other between Cases Y1X2 and Y2X1; between Cases
Y1X3 and Y3X1; between Cases Y2X3 and Y3X2. The structure of Figure 4 can be thought
of as a 3 x 3 symmetric matrix which is invariant under “transposition”.

For Case Y3X3(i), n=2!7%)i% follows a positively skewed distribution whose peak is
located around 1 (Figure 5). For Case Y3X3(ii), n=21 =) follows the same distribution
as in (7). The equivalence of the two distributions confirms the interchangeability between
the two subcases observed in Table 2. For Case Y3X3(iii), n_2(1_51)1% follows a positively
skewed distribution whose peak is located around 0.5. Summarizing Table 2 and Figures
4-5, the asymptotic properties of t% differ starkly between the case where both y and = have

strong drifts and the other cases.

5 Conclusion

Spurious regression is one of the most fundamental topics in time series analysis. In the
literature, the asymptotic behavior of the estimated slope parameter B and the associated
t-statistic 5 is studied only when both y and z have zero drifts (Phillips, 1986) or nonzero
constant drifts (Entorf, 1997). In this paper, we have vastly extended these scenarios by
allowing for each of y and x to have the generalized drift: d,,, = dyn_6y and d,, = d,n"%.
Characterizing the consequence of the generalized drift is not only of theoretical interest, but
also of practical relevance since in empirical applications it is often hard to judge if target
variables have zero or nonzero constant drifts.

Given the generalized drift, we have derived the order of asymptotic convergence or
divergence of B and t% as well as their asymptotic distributions. We have found that B may
converge, diverge, or neither depending on the values of (d,,d,). Further, the asymptotic
distribution of the properly scaled /3 takes on various interesting shapes such as a bimodal
and asymmetric distribution. We have also revealed that t% diverges at rate n if 6, > 1/2 or
0y > 1/2. If both y and x have strong drifts (i.e., 6, < 1/2 and 6, < 1/2), then t% diverges
at the faster rate than n. Hence, the conventional t-test for the zero hypothesis of § fails for
all cases considered, with the size of the test converging to 1.

To avoid the spurious regression involving random walks with generalized drifts, the
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Figure 4: Asymptotic distribution of the scaled, squared t-statistic n‘lt%
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The DGP is y; = n=% + Yi—1 + €y and x; = n % 4z 1+ €z, where the error variances are o
Y1: 6y € (1/2,00). Y2: 6, =1/2. Y3: §, € [0,1/2). X1: §, € (1/2,00). X2: 6, = 1/2. X3: 0, € [0,1/2).
The regression model is y; = o+ Sxs+uy. fg is the t-statistic associated with Hy : 8 = 0. This figure presents
numerical approximations of the asymptotic distributions of properly scaled t% For all cases considered in

this figure, t% = Op(n) and hence the proper scaling factor is n=".

standard approach of differencing or detrending should be taken. As is well known, the key

condition for avoiding the spurious regression is that the residual should be stationary. To
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Figure 5: Asymptotic distribution of the scaled, squared t-statistic 1% (Case Y3X3)
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(i) 13 = 0, {n?(1-0)} (it) &% = O, {n?(1=00)} (i) 13 = O, {n2(1-0)}

The DGP is y; = n=% + Yi—1 + €y and x; = n% 4z, 1 + €4, where the error variances are afy = crfz =1.

Y3: 6, € [0,1/2). X3: 6, € [0,1/2). The subcases are organized as follows: (i) d, < dz, (i9) &, > J,, and
(#93) §, = 0. The regression model is ¥, = a + Bz; + w;. fﬁ is the t-statistic associated with Hy : 8 = 0.

This figure presents numerical approximations of the asymptotic distributions of properly scaled t%

ensure the stationarity of the residual, the researcher should sufficiently difference or detrend
y and z. This is a well-established remedy to the spurious regression, and it should operate

well for the case of generalized drifts.
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Appendices

A.1 Proof of Lemma 1

Proof of Lemma 1. We prove (10) only; the proof of (11) is completely analogous and hence
omitted. Toward proving (10), we first observe the basic identities:

Zt— n(n+1), (A1)
Z{t—%(nﬂ)}:o, (A.2)
Z{t—%(nJrl)} :1_12n<n+1)(n—1>. (A3)

t=1

Equations (A.1)-(A.3) can be verified by elementary algebra. Implement the backward iter-
ation to (1):

Ty = dmn + X1+ € = dmn + (dxn + X2+ €:E,t71) + €yt

= den + 2o+ €xt—1 tey == tdxn +x + €xt—(t—1) + -+ €xt—1 + €
t
= tdzn + Zo + Z €xr = tdmn + Suts (A4>
T=1

where the last equality follows by (3). By (A.4), we have that

n n

1
z=n"! th =n" Z (tdpp + 52¢) = §dxn(n +1)+nt Z Sxt) (A.5)

t=1 t=1

where the last equality follows by (A.1). By (A.4) and (A.5), we have that

1 n
Ty — T = dyy, {t— §(n+ 1)} + Syt _anZ:;Sf”‘
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Take the square of both sides to get

2
1 2 " 1
(0 — 2 = 2, {t—§<n+1>} F 2 (nz> +2dmsxt{t—§<n+1>}
1 n n
—2n7td,, {t — §(n + 1)} Z Spr — 20 Ly Z Spr.

T=1 T=1
Take the sum of each side for t = 1,...,n to get

n n

Z(xt—;z»)?:dgnz{t—% (n+1) } +stt+n (gsxt>2

t=1 t=1
n n 2
(350) =+ (5
t=1 t=1

n n 2
= —Qdin nn+1)(n—1)+ Z s2, +nt (Z Smt)
t=1

t=1

2
n 1 n
2, D g —— 1S —2ont .
+ tZISt{ 2(71—!— )} n <ZS t)

t=1
n n 2
t=1 t=1

- 1
t=1

+ 2d,, Sy {t——n—i—l)}
t=1

—2n"td,, [i {t — %(n + 1)}

t=1

where the second equality follows by (A.2) and (A.3). Note that

n n 2 n n 2
Z Sit —n! (Z Smt) =n*{n? Z Ss2ct - (n_3/2 Z Sa:t) = nzéma (A‘7>

t=1 t=1 t=1

where B,, is defined in (13). Note also that

stt{t_ %(n+1)} = Ztsmt — %nZszt— %ZS”
t=1 t=1 t=1 t=1
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—n 2( 5/22t5:1: ——n 3/225:;:) _%Xn:swt
t=1

n

A 1
5/2
26 = 5 san (A.8)

t=1

where &, is defined in (12). Substitute (A.7) and (A.8) into (A.6) to get

n

. . 1 <
S (=2 = S+ 10— 1)+ 52 By + 2 (nf’% 3 Z)
=1 t=1

1 A .
= Edfmn(n +1)(n—-1)+ 2n5/2dm§$ +n?B,, — dyn Sat-

t=1
Thus, we have that

)\ﬁx = n_3 Z(l‘t — = _d2 (1 - n_Q) + 2n_1/2dacnéa: + n_IB;m: - n_3d1’n Z St

2 rn
t=1
1 n
= _2d920n + Znil/zdzngcp + nilex - 1_2n Zd?cn - n73d£tn Z Sxt-
1 1 .

= E(d n=%)2 4 2n12q o T By — En_2(d$n_5“)2 —n73d,n 0 Z Sut
t=1

I Y C(1)2462) 7 £ 17 L o(sa) 2 G40 N
= 5 ndy + 2n Ao +17' Baw — 55n > —n dp Y Sar

1 R A
= on e 4 2 PG b By 0, (n7).

A.2 Proof of Theorem 3

For Cases X1, X2, and Y3X3(i)-(ii), Theorem 3 and Table 1 follow directly by substituting
(17) and (18) into (8) and by applying Lemma 2. The proof of these cases is omitted to save
space. For Cases Y1X3, Y2X3, and Y3X3(izi), the asymptotic distribution of scaled 5’ is the
normal distribution (Table 1). In this section, we provide a complete proof of these cases.

Proof of Case Y1X3. Equations (8), (17), and (18) imply that

A o WRILE, o, 0} (/280G 1 g, {n-1/2-0)
ar T T L e+ o (n ) Sd. +0p(1)

b=
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Hence, we have that R
& +0p(1)

1/2—6z A _
n b= .
édw + Op(l)

Equation (16) implies that &, = N(0, 0?,/120). Hence, we have that

& 6o,
T = N {0, s )

Thus, we obtain the desired result:

. . 602
B=0,{n 0P} plhg o N (o, 52;@') .

O]
Proof of Case Y2X3. Similar to the proof of Case Y1X3, we have by (8), (17), and (18) that

Ld, + &, +0,(1)
%dw + Op(l)

nl/2=8= 3 —

Equation (16) implies that &, = A(0, 02,/120). Hence, we have that

Ld, +& d, 602
2% y Gy €y
14, :>N(dx’ 5d§)'

Thus, we obtain the desired result:

R e oA d 6062

[
Proof of Case Y3X3(iii). Extract the relevant terms from (17):
PRI %n%zdi +2on~ W20 g ¢+ o, {n’(l/”é’)} . (A.9)
For Case Y3X3(iii), 6, = 0, € [0,1/2) and hence (18) is rewritten as
N = 0 dyd, eV A, 4 d,,) + 0, {002 (A.10)

" 12
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Divide (A.10) by (A.9) to get
AZY — %Xff + n_(1/2+5”)(dm£y _ dyéac) +0, {n_(1/2+5m)} ]

Hence, we have that

G dy O, — i) o, fn 0]
ez, 12 n=2:d2 + o, (n—2)
_ dy + ~12=)(d, fy - dyfx + 0p {” (1/2~ 59;)}
dy 112d§ + Op( )
Hence, we have that ) )
/2= (B _ @) — o€y — dySo + Op(l)' (A.11)
dy 112dg2¢ + 0p(1)

By (16), we have that
d2o?, + dio?,
120

doy — s Gy 335 o;

12% y
Apply (A.12) to (A.11) to conclude that

R ~ d 6d? o2 o2
- *51 *61 EX €
- dy = O (ﬁ—di) :'N{O’ 5 (d2 * df)}

T x y

doly — dyly = N (0

and hence

A.3 Approximating the asymptotic distributions
As shown in Tables 1-2, the asymptotic distributions of scaled B and f% involve &, &, Baq,

B,,, and B,,. In this section, we describe how to approximate these quantities numerically.
Generate the following disturbances with sufficiently large sample size N (say N = 10°):

<o B nm
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Generate Wy = Wg—1 + vy and wy = wy—1 + vy Compute the following quantities:
N N N
Ax - N_5/2thxta Hx = N_3/2wat7 Cﬂc = N_szita
t=1 t=1 t=1

N N N N
Ay=N"P>"tw,, Hy=N*2Y"w, C,=N72Y wl, D=N7> wyw,.
t=1 t=1 t=1 t=1

Assumption 1 and FCLT imply that

1 1 1
A, = / tW,(t)dt, H,= [ Wy(t)dt, C,= [ W2(t)dt,
5 01 5 01 5 01 B 1
A, = / tW,(t)dt, H, = / W,(t)dt, C,= [ Wr(t)dt, D= [ W,(t)W,(t)dt.
0 0 0 0
Compute the following quantities:
- - 1 -~ - - 1 ~
Go=0u (A= GHa |, & =00 (A —5Hy), (A.13)

Assumption 1 and Lemma 2 imply that

Thus, the target quantities &, &, Bys, Byy, and By, can be approximated by (A.13).

A.4 Proof of Lemma 4

Proof of Lemma 4. Recall from (7) that 6 =n~'Y 1, (y: — §:)*>. Rewrite this expression:
RS N _ A 2o N2 _ o _ . 2 )2
=03 {9 - B -} =07 {0 - 9 = 2800 — 5) (e — 2) + B —2)*)

Ty Ty \ 2
= n? {)\%y—2><§:zxx)\ﬁy+ <§:ZZ> x)\ff} (A.14)



TY\2 T \YY _ (\TY)\2
= (= G | =t S (A1)

where (A.14) follows from (8), (9), and (21). Further, we have that

3

V, = nlzxt—x =n’xn" th—x) = n’ A\, (A.16)

t=1 t=1

where the first equality follows from (7); the third equality follows from (9). Substitute (8),
(A.15), and (A.16) into (6) to get

nt/2 )\
D — Ry

~

tg =

Thus, the desired result is obtained:

2 n<)‘ﬁy)2
B — )\ﬁx)\%y . (Aﬁy)z'
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