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1 Linear time trend in the regression model

In the main paper, the regression model is specified as
Y = oH—ﬁxH—ut. (1)

Based on model (1), the asymptotic properties of the estimated slope parameter B and the
squared t-statistic z% are derived in the main paper. It is of interest to investigate how the

asymptotic properties change when the linear time trend is added to the model:
Yo = a+ Py + 9 X t+ uy. (2)

A motivation of the inclusion of the time trend t is as follows. Suppose that a data generating

process (DGP) for y is a random walk with generalized drift:

Yy = dyn + Yi—1 + €yt - <3>
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Equation (3) can be rewritten as

t
Yo =dyn XL+ Yo+ Y €yr, (4)
=1

where yg is a non-stochastic initial value. One might think that the time trend ¢ in model (2)
would resolve or mitigate the spurious regression, since it would capture the deterministic
trend d,, x t though not the stochastic trend Zizl €yr. It is therefore of interest to study

the consequence of using the extended model (2).
It is beyond the scope of the present paper to formally derive the asymptotic behavior of
A and t% under model (2). Clearly, required algebra would be more tedious than the main
scenario since model (2) is more general than model (1). To draw some conjecture on the

unknown asymptotic properties, Monte Carlo simulations are performed in this section. We
generate J = 5000 Monte Carlo samples of size n € {100, 500, 1000} from the DGP:

Yr = dyp + Ye—1 + €yt Ty = dyp + Ty_1 + €.

To make the simulation compact, the drift terms are specified as follows:

Y1 (zero drift in y): d,, =0. X1 (zero drift in z): d,, = 0.
Y2 (local drift in y): d,, =n "2 X2 (local drift in z): d,, =n "2
Y3 (constant drift in y): d,, = 1. X3 (constant drift in z): d,, = 1.

These are special cases of the weak, semi-strong, and strong drifts elaborated in the main
paper. The zero drift is the limit case of the weak drift; the local drift here is identical to the
semi-strong drift with specific loadings d, = d, = 1; the constant drift is the boundary case
of the strong drift. We write Case Y1X1, for example, to express the combination of Cases

Y1 and X1. The error terms are drawn from the bivariate standard normal distributions:

€xt

leyt] N0, I).

For each Monte Carlo sample, we fit the extended model (2) and compute the least squares
estimator B and the squared t-statistic 7%. Then, the empirical distributions of scaled B and
t% are plotted. The scaling factors (i.e., conjecture on the rate of convergence or divergence)

are subjectively chosen so that the empirical distributions appear to be stable across the



sample sizes n € {100,500, 1000}.

The resulting empirical distributions are shown in Figures 1-9. Changing the regression
model from (1) to (2) alters the asymptotic properties of § and f% substantially. For all
figures, the empirical distributions of B itself seem stable across the sample sizes, which
suggests that B = O,(1) for all cases. The spurious regression is still present under the
extended model (2) in the sense that B does not converge in probability to 0. A plausible
reason for the spurious regression, judging from (4), is that the stochastic trend Zi:1 €yr
in y is left uncaptured under model (2). For all cases, the empirical distribution of B is
unimodal and symmetric around 0.

Scaling factors which stabilize t% vary across cases (Figures 1-9). Our conjecture is that
2 = O,(n?) if = has a nonzero constant drift (Case X3) and % = O,(n) otherwise (Cases
X1 and X2). In all cases, the squared t-statistic diverges and hence the probability of
making Type I Error (i.e., rejecting the correct null hypothesis Hy : § = 0) approaches
1 asymptotically. This suggests that using model (2) is not a solution to the spurious
regression; indeed, including a time trend appears to even exacerbate the symptoms of
spurious regression in some cases (i.e., Cases Y1X3 and Y2X3) by accelerating the rate of
divergence of z% from n to n%. Uncovering the reason for this phenomenon is left for future
work. For all cases, the empirical distribution of scaled t% is a positively skewed distribution
whose peak is located at 0. Finally, the conjecture on the rate of convergence or divergence

of B and t% is summarized in Table 1.

2 Quadratic time trend in the regression model

In the previous section, we studied the spurious regression when there is a linear time trend
in the model. In this section, we consider an even more general model which contains linear

and quadratic time trends:
Y=+ B+ v Xt 47 X 2+ . (5)

Clearly, model (5) reduces to (2) when 7, = 0.

We redo the simulation study of the previous section with model (2) being replaced with
(5). The resulting empirical distributions for 3 and scaled 1% are reported in Figures 10-
11, respectively. To save space, the sample size is fixed at n = 1000 in these figures; we
have visually confirmed that the shape of the empirical distribution is stable across different

sample sizes.



Our simulation results are summarized as follows. First, the conjecture of the scaling
factor of B and 1% does not change from the previous section; in other words, Table 1 entirely
applies to the cases associated with model (5). An intuition of this result, again drawn from
(4), is that adding the quadratic time trend to model (2) does not resolve the issue of the
uncaptured stochastic trend >>'_, €.

Second, the empirical distributions of B , which is presumably of O,(1) for all cases, have
slightly higher peaks and thinner tails than those associated with the linear time trend
scenario. The height of the peak is roughly 1 for the linear trend scenario, while it is roughly
1.2 for the quadratic trend scenario; compare Figures 1-9 and Figure 10. This result suggests
that adding the quadratic time trend has an impact on the asymptotic distribution of B ,
though not on the stochastic order. In view of these findings, yet another implication could
be obtained by formulating a regression model with a K-dimensional polynomial of time

trends:
K

yt:a—l—ﬁxt—l—z%xtk—l—ut. (6)
k=1

Given the simulation results of the linear and quadratic trend scenarios, our conjecture on
(6) is that 3 = O,(1) given a fixed value of K; as K — oo, the asymptotic distribution of B
may become degenerate for each n. We leave it a future task to investigate these scenarios.!

Third, the empirical distributions of the scaled t% are almost identical to those associ-
ated with the linear time trend scenario (Figure 11). This result suggests that adding the
quadratic time trend does not have an impact on either the stochastic order or the asymptotic

distribution of z%.
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Table 1: Conjecture on correct scaling factors when time trends are included

Case X1: | Case X2: Case X3:

don =0 don =172 | dyp = 1
Case Y1: | 3=0,(1) | 6=0,(1) |[=0,01)
dyn =0 t2 = 0,(n) | 2 = 0y(n) | t3 = Oy(n?)
Case Y2: | B=0,(1) | 6=0,(1) |[=0,(1)
dyn =12 | #2 = Op(n) | 2 = Op(n) | 12 = 0,(n?)
Case Y3: | 3=0,(1) | 3=0,(1) |B=0,01)
dyn =1 t2 = 0p(n) | 2 = 0y(n) | 13 = Oy(n?)

The DGP is y; = dyn +yi—1+ €y and xy = dyy, +24—1 + €51, where {€,:} and {e;;} are mutually independent.
The regression model is either y; = a+ Bxy + vt + uy (i-e., linear time trend) or y; = a+ Bz + Y1t + Yot + uy
(i.e., quadratic time trend). /3 is the least squares estimator for 3. fg is the conventional t-statistic with
respect to Hy : 8 = 0. This table summarizes a simulation-based conjecture on the order of stochastic
convergence or divergence of B and t%. The conjecture is the same whether the linear or quadratic time
trend is included in the model.



Figure 1: Empirical distributions of 3 and t% when time trend ¢ is included (Case Y1X1)
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We generate J = 5000 Monte Carlo samples of size n € {100,500, 1000} from the DGP y; = dyn + ys—1 + €yt

and x; = dgp +x4—1 +€gt, Where dy, = 0, dgr, = 0, €y~

i.4.d.

N(0,1), and ez

"EEN(0,1). {€y:} and {e; } are

mutually independent. The regression model is y; = oo+ Sy + vt + uy. B is the least squares estimator for 3.

fg is the conventional t-statistic with respect to Hy : § = 0. This figure presents the empirical distributions

of 3 and n=t3.



Figure 2: Empirical distributions of 3 and t% when time trend ¢ is included (Case Y1X2)
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We generate J = 5000 Monte Carlo samples of size n € {100,500, 1000} from the DGP y; = dyn + ys—1 + €yt
and Ty = dmn + x1 + €xt, where dyn = 0’ dmn = n—1/27 €yt l.’?\.’d. N(O, 1), and €xt l.f%\.fd. N(O, 1) {eyt} and

{€st} are mutually independent. The regression model is y; = « + Bxy + vt + uz. [ is the least squares

estimator for f. tAIB is the conventional t-statistic with respect to Hy : 8 = 0. This figure presents the

empirical distributions of 3 and n=1{ 5



Figure 3: Empirical distributions of 3 and t% when time trend ¢ is included (Case Y1X3)
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We generate J = 5000 Monte Carlo samples of size n € {100,500, 1000} from the DGP y; = dyn + ys—1 + €yt
and y = dgp + 241 + €3¢, Where dyp, =0, dppy =1, €4 i N(0,1), and €,y i N(0,1). {ey} and {ez} are
mutually independent. The regression model is y; = oo+ Sy + vt + uy. B is the least squares estimator for 3.
fg is the conventional t-statistic with respect to Hy : § = 0. This figure presents the empirical distributions

of 3 and n=*t3.



Figure 4: Empirical distributions of 3 and t% when time trend ¢ is included (Case Y2X1)
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We generate J = 5000 Monte Carlo samples of size n € {100,500, 1000} from the DGP y; = dyn + ys—1 + €yt
and Ty = dmn + x1 + €xt, where dyn = n_1/27 dmn = 07 €yt l.’%\.’d. N(O, 1), and €xt l.f%\.fd. N(O, 1) {eyt} and

{€st} are mutually independent. The regression model is y; = « + Bxy + vt + uy. B is the least squares
estimator for f. tAIB is the conventional t-statistic with respect to Hy : 8 = 0. This figure presents the

empirical distributions of 3 and n=1{ 5



Figure 5: Empirical distributions of 3 and t% when time trend ¢ is included (Case Y2X2)
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(f) n~ 1% (n = 1000)

We generate J = 5000 Monte Carlo samples of size n € {100,500, 1000} from the DGP y; = dyn + ys—1 + €yt

and z; = dpp + Te—1 + €5, Where dy, = n_l/z, dzn

=n~12 ¢, KN N(0,1), and ey “KN N(0,1). {ey}

and {e,¢} are mutually independent. The regression model is y; = a + Bxy + vt + uy. B is the least squares

estimator for f. tAIB is the conventional t-statistic with respect to Hy : 8 = 0. This figure presents the

empirical distributions of 3 and n=1{ 3
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Figure 6: Empirical distributions of 3 and t% when time trend ¢ is included (Case Y2X3)
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We generate J = 5000 Monte Carlo samples of size n € {100,500, 1000} from the DGP y; = dyn + ys—1 + €yt
and @y = dyy + Ty—1 + €41, Where dy, = n7"V2, dy, = 1, € e N(0,1), and €4y i N(0,1). {ey} and
{€st} are mutually independent. The regression model is y; = « + Bxy + vt + uy. B is the least squares
estimator for . tAIB is the conventional t-statistic with respect to Hy : 8 = 0. This figure presents the

empirical distributions of 3 and n—2{ 5
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Figure 7: Empirical distributions of 3 and t% when time trend ¢ is included (Case Y3X1)
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We generate J = 5000 Monte Carlo samples of size n € {100,500, 1000} from the DGP y; = dyn + ys—1 + €yt

and x; = dgp +x4—1 +€gp, Where dy, = 1, dgr, = 0, €y~

i.4.d.

N(0,1), and ez

"EEN(0,1). {€y:} and {e; } are

mutually independent. The regression model is y; = oo+ Sy + vt + uy. B is the least squares estimator for 3.

fg is the conventional t-statistic with respect to Hy : § = 0. This figure presents the empirical distributions

of 3 and n=t3.
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Figure 8: Empirical distributions of 3 and t% when time trend ¢ is included (Case Y3X2)
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We generate J = 5000 Monte Carlo samples of size n € {100,500, 1000} from the DGP y; = dyn + ys—1 + €yt
and Ty = dmn + x1 + €xt, where dyn = ]-’ dmn = n—1/27 €yt l.’?\.’d. N(O, 1), and €xt l.f%\.fd. N(O, 1) {eyt} and
{€st} are mutually independent. The regression model is y; = « + Bxy + vt + uy. B is the least squares

estimator for f. tAIB is the conventional t-statistic with respect to Hy : 8 = 0. This figure presents the

empirical distributions of 3 and n=1{ 5
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Figure 9: Empirical distributions of 3 and t% when time trend ¢ is included (Case Y3X3)
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(d) n=t3 (n = 100) (e) %13 (n = 500) (f) n=%t% (n = 1000)

We generate J = 5000 Monte Carlo samples of size n € {100,500, 1000} from the DGP y; = dyn + ys—1 + €yt
and y = dgp + 241 + €z, Where dyp, =1, dppy = 1, €4 i N(0,1), and €,y i N(0,1). {ey} and {ez} are
mutually independent. The regression model is y; = oo+ Sy + vt + uy. B is the least squares estimator for 3.
fg is the conventional t-statistic with respect to Hy : § = 0. This figure presents the empirical distributions

of 3 and n=*t3.
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Figure 10: Empirical distributions of # when time trends (¢, t?) are included
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We generate J = 5000 Monte Carlo samples of size n = 1000 from the DGP y; = dyn + yi—1 + €, and

i.4.d.

Ty = dgn +T¢—1 + €51, Where €, b N(0,1) and €,y ~" N(0,1). {€y:} and {€;;} are mutually independent.
Y1: dyy, = 0. Y2: dyp =0~ Y2 Y3: dyy, = 1. X1 dypy = 0. X2: dypy, = n7 /2. X3: dyy, = 1. The regression
model is y; = o+ Bxy +y1t+2t? +u,. This figure presents the empirical distributions of B, the least squares

estimator for f3.
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Figure 11: Empirical distributions of scaled t% when time trends (¢, ?) are included
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We generate J = 5000 Monte Carlo samples of size n = 1000 from the DGP y; = dyn + y:—1 + €, and

Ty = dyn +Ty—1 + €54, Where €y i N(0,1) and €,y

i.4.d.

~7N(0,1). {€y} and {€;1} are mutually independent.

Y1: dy, =0. Y2: dyy, = n12.Y3: dyn = 1. X1: dyn = 0. X2: dyy, = n~1/2. X3: dg, = 1. The regression
model is y; = o + Ba; + Y1t + Yot? + u;. This figure presents the empirical distributions of scaled t%, the

squared t-statistic associated with 3. The scaling factor is n for Cases X1-X2 and n? for Case X3.
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