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Abstract

We propose Midastar, a novel extension of the threshold autoregression (TAR)

to the Mixed Data Sampling (MIDAS) framework. In the regular Midastar, the

target variable is observed less frequently than the threshold variable. In the

reverse Midastar, the target variable is observed more frequently. These models

accurately capture threshold effects, whereas standard TAR with temporally

aggregated data can point to spurious non-threshold effects. The parameters

are estimated via profiling, and the no-threshold-effect hypothesis is tested via

wild bootstrap. We establish the uniform consistency and asymptotic normality

under much weaker conditions than in the literature. In particular, we over-

come the challenges arising from the potential lack of stationarity. Monte Carlo

simulations and empirical applications demonstrate that the Midastar models

are useful for modelling and predicting macroeconomic and financial indicators.
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1 Introduction

Time series variables often have threshold effects, a nonlinear phenomenon character-

ized by heterogeneous properties below versus above a certain threshold. While there

is a vast literature on modelling threshold effects, the threshold autoregression (TAR)

proposed by Tong (1978) is one of the earliest and most well-known models in this

field. In the TAR model, a target series y follows an AR(p) process with coefficients

differing across regimes, and a regime switch is triggered when a threshold variable x

crosses a threshold parameter µ.1

The existing TAR literature is restricted to the single-frequency framework in

which y and x are assumed to be sampled at the same frequency. In empirical studies,

one of y and x may well be sampled at a higher frequency than the other. Aggregating

the series of the higher sampling frequency into the lower level often has an adverse

effect on statistical inference due to loss of information. In particular, it is well

known that temporal aggregation tends to weaken nonlinearities in original series (e.g.,

Brännäs and Ohlsson, 1999, Granger and Lee, 1999, Paya and Peel, 2006). Hence,

fitting the TAR model to aggregated data may result in spurious non-threshold effects:

a failure to detect threshold effects in the underlying process.2

Numerous situations in economics and finance involve variables observed at differ-

ent frequencies, underscoring the importance of mixed-frequency models in conduct-

ing valid statistical analyses (see, e.g., Marcellino and Sivec, 2016, Schorfheide, Song,

and Yaron, 2018, Andreou, Gagliardini, Ghysels, and Rubin, 2019). This is particu-

larly crucial in today’s data-rich environment, where even ultra-high-frequency data

are widely available. For instance, Li, Todorov, Tauchen, and Chen (2017) study a

mixed-scale jump regression framework in which explanatory variables are sampled

at an extremely fine time scale compared to the potentially less liquid dependent

variables.

In the Mixed Data Sampling (MIDAS) framework that originated with Ghysels,

Santa-Clara, and Valkanov (2004), a variety of methods are proposed to exploit all

data available at mixed frequencies, avoiding temporal aggregation and its shortcom-

ings. Andreou, Gagliardini, and Ghysels (2010) discuss regression models with mixed

frequency data, Guay and Maurin (2015) propose a flexible disaggregation procedure,

Ghysels (2016) establish mixed frequency vector autoregressive models, and Foroni,

1Hansen (2011), Tong (2015), and Tsay and Chen (2019) provide extensive surveys on TAR.
2Silvestrini and Veredas (2008) perform comprehensive surveys on the consequence of temporal

aggregation in time series models.
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Marcellino, and Stevanović (2019) study mixed frequency ARMA models. Ample ev-

idence demonstrates that the MIDAS approach improves the in-sample fit and the

out-of-sample prediction compared with the single-frequency approach.3

Extension of the TAR model to mixed frequency data has not been pursued in the

literature, notwithstanding its considerable potential applications. To fill this research

gap, we propose Midastar models that capture threshold effects when variables are

observed at different frequencies. This paper studies both (i) regular Midastar, where

the target variable y is observed less frequently than the threshold variable x, and (ii)

reverse Midastar, where y is observed more frequently than x. Both cases commonly

arise in various practical contexts within economics and finance. By construction, y

is not directly regressed onto x: the latter merely determines the regime. Because

of this indirect relationship, the Midastar models are free of parameter proliferation

when the ratio of sampling frequencies between y and x takes a large value. This is a

notable advantage compared with existing MIDAS regression models.

The regular Midastar is characterized by the regression parameters β (i.e., in-

tercepts and AR parameters) and the nuisance parameters γ (i.e., the delay and

threshold parameters). The former is partitioned by regimes: β = (β⊤
1 ,β

⊤
2 )

⊤. The

nuisance parameters γ are unidentified if and only if there are no threshold effects

(i.e., β1 = β2). When threshold effects are absent, the threshold variable does not

play any role in the underlying process, hence the regular Midastar and the TAR with

aggregated threshold variable are equivalent to each other. When threshold effects are

present (i.e., β1 ̸= β2), The regular Midastar is able to detect the threshold effects

at its best possible precision, while TAR poses a risk of pointing to spurious non-

threshold effects. The consequence of temporal aggregation can be even more serious

for the reverse scenario where the target variable is aggregated, since it can lead to

misspecification whether threshold effects are absent or present.

We propose to estimate (β,γ) via profiling, a two-step procedure with a long

history in statistics (Barndorff-Nielsen, 1983). For testing the null hypothesis of no

threshold effects (i.e., H∗
0 : β1 = β2), we adopt the wild-bootstrap tests of Hansen

(1996) to account for the unidentifiability of γ under H∗
0 , analogous to those in the

standard TAR literature. We establish the uniform consistency and asymptotic nor-

mality of the proposed estimator as well as the asymptotic validity of the bootstrap

test. Our regularity conditions are much weaker than those in the literature. In par-

ticular, we identify the inherent issue of lack of stationarity in the reverse Midastar,

3See Ghysels and Marcellino (2018, Part IV) for an extensive review of the MIDAS literature.
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and construct the limiting theory that addresses these complications.

Monte Carlo simulations demonstrate that our proposed methods perform well in

finite samples. We present two separate empirical applications to illustrate the prac-

tical values of the regular and reverse Midastar models. For the regular scenario, the

target variable is monthly realized volatility measures of the crude oil market and the

threshold variable is daily CBOE Volatility Index. For the reverse scenario, the target

variable is monthly employment growth and the threshold variable is quarterly real

GDP growth of the United States. Both studies indicate that the Midastar models are

useful for modelling and predicting macroeconomic and financial indicators, whereas

the single-frequency TAR model points to spurious non-threshold effects.

The remainder of the paper is organized as follows. We specify the Midastar

models in Section 2, describe the procedures of statistical inference in Section 3, and

derive asymptotic properties of the proposed methods in Section 4. We present the

Monte Carlo simulation in Section 5 and the empirical applications in Section 6. Con-

clusion is provided in Section 7. Proofs of our theorems are offered in the Appendix,

and further numerical details are relegated to an online supplemental material.4

We use the following notation throughout: R is the set of real numbers, N is the

set of natural numbers, ⌊a⌋ is the largest integer not larger than a ∈ R, ⌈a⌉ is the

smallest integer not smaller than a ∈ R, the Euclidean norm of any k-dimensional

vector c ∈ Rk is denoted as ∥c∥ = (c⊤c)1/2, 1(A) is the indicator function which

equals 1 if event A occurs and 0 otherwise, Card(A) is the cardinality of set A, Ik

is the identity matrix of dimension k ∈ N, convergence in probability is denoted by
p→, convergence in distribution is denoted by

D→, weak convergence is denoted by ⇒,

and weak convergence in probability à la Giné and Zinn (1990) is denoted by ⇒p.

The term “stationarity” is taken to mean strict stationarity. C (or C ′, C ′′) refers to

some generic constant that may take different values in different places unless defined

otherwise.

2 The Midastar models

This paper generalizes the threshold autoregressive (TAR) model to mixed frequency

data by exploiting Mixed Data Sampling (MIDAS) methods. We refer to the proposed

models as Midastar, in which the target variable y and the threshold variable x are

sampled at different frequencies.

4https://www2.kobe-u.ac.jp/~motegi/research/
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We begin by briefly reviewing the single-frequency framework where y and x are

observed at same time t ∈ L = {1, 2, . . . , n}, where n is the sample size. Tong’s (1978)

two-regime TAR model is formulated as follows.

yt =


α1 +

∑p
k=1 ϕ1kyt−k + ut if xt−d < µ,

α2 +
∑p

k=1 ϕ2kyt−k + ut if xt−d ≥ µ,

t ∈ L, (1)

where βr = (αr, ϕr1, . . . , ϕrp)
⊤ are regression parameters in regime r ∈ {1, 2}; d ∈ N

is called the delay parameter since a regime at time t is determined by the magnitude

of xt−d; µ ∈ R is the threshold parameter. In many applications, d is estimated by

choosing a certain optimal value from a pre-specified choice space D ⊆ N. To ensure

the identification of the threshold, µ is typically estimated by choosing a certain

optimal value from the choice space X = {xt}t∈L. Standard time series conditions

apply to the error term ut.

The Midastar models arise when (1) is generalized to mixed frequency data. In

Section 2.1, we study the “regular” Midastar model, in which the target variable y is

observed at a lower frequency than the threshold variable x. One motivating example

is a study of whether the dynamics of monthly unemployment rates is influenced by

the number of daily online job postings and labor market sentiment. We also explain

several key features of the regular Midastar, with a special emphasis on the effects of

temporal aggregation on threshold effects. In Section 2.2, we further discuss the reg-

ular Midastar specification. Section 2.3 then explores the “reverse” Midastar model,

where y is observed more frequently than x. The reverse model is also of significant

practical importance. A relevant financial application is to analyze how daily asset re-

turns react to monthly or quarterly macro announcements. In the “reverse” scenario,

some challenges emerge in the asymptotics due to the inherent lack of stationarity in

x. In later sections, we elaborate on these technical difficulties and discuss how we

address them.

2.1 Regular Midastar: Specification and key properties

We first consider the case where the target variable y is observed at a low frequency

and the threshold variable x∗ is observed at a high frequency. Assume that the ratio

of sampling frequencies, m ∈ N, is known and fixed across time (e.g., m = 3 when

y is sampled quarterly and x is sampled monthly). Define the set of high frequency

time periods as H = ∪t∈LHt, where each low frequency time period is divided into m
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evenly spaced points:

Ht =

{
t− 1 +

1

m
, t− 1 +

2

m
, . . . , t

}
, t ∈ L. (2)

For each t ∈ L, we observe only one realization yt for the target variable, while we

sequentially observe {x∗j}j∈Ht for the threshold variable. The asterisk is put on x to

emphasize that the high frequency observations of the threshold variable are available.

Define a temporal aggregation of x∗:

xt =
m∑
k=1

wkx
∗
t−1+ k

m

, t ∈ L, (3)

where {w1, . . . , wm} ⊆ Rm are the pre-specified linear aggregation scheme such that

wk ≥ 0 for all k ∈ {1, . . . ,m} and
∑m

k=1wk = 1. Two well-known examples of the

linear aggregation scheme are the following.

Stock aggregation: wk = 1(k = m) for all k ∈ {1, . . . ,m}.

Averaging: wk = 1/m for all k ∈ {1, . . . ,m}.

In the existing TAR literature, model (1) is fitted to {yt}t∈L and {xt}t∈L even

if {x∗t}t∈H are observable. In the MIDAS literature, it is well known that such a

temporal aggregation often has an adverse impact on statistical inference due to the

loss of information on x∗. To fill this gap, we propose the (regular) Midastar model:

yt =


α1 +

∑p
k=1 ϕ1kyt−k + ut if x∗

t− d
m

< µ,

α2 +
∑p

k=1 ϕ2kyt−k + ut if x∗
t− d

m

≥ µ,
t ∈ L. (4)

Models (1) and (4) share the same AR structures for y; the difference between the

two models appears in the regime-switch conditions. In (4), the delay of d high

frequency periods is taken from the integer time period t, exploiting the high frequency

observations of x∗. An alternative way to understand the difference between the two

models is that Midastar determines in a data-driven way which of {w1, . . . , wm} should
take 1, whereas TAR fixes the values of {w1, . . . , wm} subjectively.

To explain some key features of model (4), we stack the regression and nuisance
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parameters as follows:

β1 =



α1

ϕ11

...

ϕ1p


, β2 =



α2

ϕ21

...

ϕ2p


, β︸︷︷︸

K×1

=

β1

β2

 , γ =

d
µ

 , θ︸︷︷︸
(K+2)×1

=

β
γ

 , (5)

where K = 2(p + 1). If there are no threshold effects (i.e., β1 = β2), the threshold

variable is effectively irrelevant and models (1) and (4) are essentially equivalent to

each other. Thus, both models are able to detect the truth of no threshold effects.

If there are threshold effects (i.e., β1 ̸= β2), model (1) is generally misspecified

relative to model (4), since model (1) cannot capture the high frequency delay in (4).

The misspecification results in the failure to identify the true values of β; in particular,

model (1) can yield a flawed conclusion that β1 = β2 (spurious non-threshold effects).

This consequence is in line with the well-known fact that temporal aggregation tends

to weaken nonlinearities in original series (e.g., Brännäs and Ohlsson, 1999, Granger

and Lee, 1999, Paya and Peel, 2006). In this sense, Midastar is able to model and

detect threshold effects more precisely than TAR.

Assuming that threshold effects are present under (4), a special case where model

(1) is correctly specified relative to (4) can be constructed as follows. Suppose that

the true value of the delay parameter in (4) is a multiple of m (i.e., there exists

c0 ∈ N such that d0 = c0m). Suppose also that the aggregation scheme is the stock

aggregation. Then, model (1) with the delay parameter d = c0 recovers model (4).

Verifying the existence of c0, however, is impossible in practice since d0 is unknown.

Hence, model (1) is haunted by the risk of finding spurious non-threshold effects.

2.2 Further discussions on the model specification

A potential issue of our proposed specification is that the aggregated TAR model (1) is

not always a special case of the Midastar model (4). To see this, suppose the true data

generating process (DGP) is expressed in the form of (1). If the aggregation scheme

is skipped sampling (i.e., wk = 1 for some k ∈ {1, . . . ,m}), then model (4) with the

choice space of the delay parameter containing md0 is correctly specified relative to

the DGP. Otherwise, model (4) is generally misspecified since x∗t−d/m ̸= xt−d0 for any

d ∈ N in general. In this sense, model (4) is not a strict extension of (1).
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This issue stems from our specification that the single high frequency observation

x∗t−d/m determines the regime. One might be tempted to generalize (4) with a weighted

average of multiple observations of x∗:

yt =


α1 +

∑p
k=1 ϕ1kyt−k + ut if

∑H
h=1 ωhx

∗
t− h

m

< µ,

α2 +
∑p

k=1 ϕ2kyt−k + ut if
∑H

h=1 ωhx
∗
t− h

m

≥ µ,
t ∈ L (6)

where {ω1, . . . , ωH} are MIDAS weights such that ωh ≥ 0 for all h ∈ {1, . . . , H} and∑H
h=1 ωh = 1. Model (4) is a special case of model (6) if H ≥ d and ωh = 1(h = d)

for all h ∈ {1, . . . , H}. Model (1) is also a special case of (6) if H ≥ md+m− 1 and

ωh =


wmd+m−h if h ∈ {md,md+ 1, . . . ,md +m− 1},

0 otherwise,

where {w1, . . . , wm} are the aggregation scheme appearing in (3). Hence, model (6)

would be an ideal specification for mixed frequency data, if the nuisance parameters

γ = (ω1, . . . , ωH , µ)
⊤ were identifiable.

Unfortunately, model (6) causes an identification problem of γ in practice. There

are an uncountably many values of {ω1, . . . , ωH} that lead to the same value of∑H
h=1 ωhx

∗
t−h/m given observed {x∗t}t∈H. This means that optimal value of γ that

minimizes a loss function is not unique, hence model (6) is practically intractable.

To guarantee the identification of nuisance parameters, we specify the Midastar

model as in (4). This decision is admittedly a compromise, but our specification

has a notable advantage: the number of parameters does not depend on m, hence a

large value of m does not cause any computational problems. Parameter proliferation

due to large m is a major issue in many strands of the MIDAS literature, including

unrestricted MIDAS regressions (e.g., Foroni, Marcellino, and Schumacher, 2015),

mixed frequency vector autoregression (e.g., Ghysels, 2016, Ghysels, Hill, and Motegi,

2016, Götz, Hecq, and Smeekes, 2016), regression-based Granger causality tests (e.g.,

Ghysels, Hill, and Motegi, 2020), and mixed frequency threshold regression models

proposed by Yang and Zhang (2022). Model (4) makes it feasible to perform empirical

applications involving large m such as yearly y and monthly x∗ with m = 12.
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2.3 Reverse Midastar: Specification and key properties

So far we assumed that y is sampled at a lower frequency than x. The opposite

scenario may well arise in some applications, as aforementioned. In this section, we

propose the reverse Midastar model, in which the target variable y∗ is observed at a

higher frequency than the threshold variable x. The high frequency observations of

the target variable are expressed as {y∗s}s∈H, where H is defined in (2). Time subscript

s takes fractions, and the asterisk on y emphasizes that it is a high frequency variable.

The low frequency observations of the threshold variable are expressed as {xt}t∈L with

L = {1, 2, . . . , n}.
We specify the reverse Midastar model as follows.

y∗s =


α1 +

∑p
k=1 ϕ1ky

∗
s−k/m + u∗s, if x⌈s⌉−d < µ,

α2 +
∑p

k=1 ϕ2ky
∗
s−k/m + u∗s, if x⌈s⌉−d ≥ µ,

s ∈ H, (7)

where d ∈ N is a fixed delay parameter and µ ∈ R is a fixed threshold parameter. The

target variable y∗ follows high frequency AR(p) processes with the coefficients being

possibly different across regimes. The regime of a high frequency time point s ∈ H is

determined by the realization of the low frequency threshold variable x with d ∈ N
periods of delay. The same regime keeps arising for m consecutive high frequency

periods within each low frequency period t ∈ L. We can define the stacking of the

regression and nuisance parameters, (β1,β2,β,γ,θ), as in the regular case (5).

Assuming that the true DGP is given by (7), what happens if we aggregate y∗

into the low frequency y and fit the single-frequency TAR model (1)? When there are

non-threshold effects (i.e., β1 = β2), (7) reduces to the single-regime high frequency

AR(p) process, implying that the aggregated y follows an infinite-order AR process

in general (e.g., Silvestrini and Veredas, 2008). Hence, the TAR model with finite lag

length (1) is misspecified in general, even under the absence of threshold effects.

When there are threshold effects (i.e., β1 ̸= β2), the implied DGP for aggregated

y is analytically intractable. Nonetheless, the implied DGP should generally involve

an infinite number of autoregressive terms in a nonlinear way, making the TAR model

with finite lag length misspecified. Thus, temporal aggregation is expected to produce

bias in estimation whether threshold effects are absent or present. These insights

highlight the necessity of the reverse Midastar model when the DGP is given by (7).

To further elaborate the properties of the reverse Midastar model, we reindex H
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to {1, 2, . . . , N} with N = mn. Accordingly, each variable is redefined as follows.

Yt := y∗t/m, Xt := x⌈t/m⌉, Ut := u∗t/m; t ∈ {1, 2, . . . , N}. (8)

By construction, {Xt}Nt=1 remains the same within each chunk of size m.5 Using the

redefined variables and D = md, model (7) is rewritten as follows.

Yt =


α1 +

∑p
k=1 ϕ1kYt−k + Ut, if Xt−D < µ,

α2 +
∑p

k=1 ϕ2kYt−k + Ut, if Xt−D ≥ µ,
t ∈ {1, 2, . . . , N}. (9)

Remark. Due to the m-fold repetition of xt within “chunks”, the process {Xt}Nt=1

defined in (8) does not retain the stationarity properties inherent to xt but is instead

“stationary over chunks of data” (although the mixing condition is preserved). The

following lemma provides a formal demonstration thereof. We note that this is unique

to the reverse scenario because, under the regular scenario, the threshold variable is

genuinely of high frequency and preserves the usual notion of stationarity. In Section 4

and the Appendix, we address the resulting challenges in establishing the consistency

and limiting distribution using Bernstein’s blocking technique. The objective is to

develop a test for the threshold effect along with the corresponding asymptotic theory.

Lemma 1. Suppose the process {xt}nt=1 is stationary and α-mixing with the mixing

rate α(k) = O(k−A) for some A > 0. Suppose further that xt is absolutely continuous

with respect to the Lebesgue measure with density that is bounded away from zero on

its support. Then, the process {Xt}Nt=1 defined in (8) and presented in (9) is not

stationary, while it is α-mixing with the same mixing rate as {xt}.

The proof of Lemma 1 is provided in Appendix A.1.

3 Statistical inference

In this section, we describe the statistical inference of the regular Midastar model (4).

Similar arguments apply to the reverse Midastar model (7) or equivalently (9), with

minor notational adjustments due to flipped sampling frequencies. The interested

reader is referred to Remark at the end of Section 3.1.

5Note well that we refer to these as “chunks” (instead of the more formal term “blocks”) to
avoid any potential confusion with “(Bernstein) blocks”, a different concept that we employ in the
asymptotic theory and its derivations.
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Stacking the regressors, we have that

zt︸︷︷︸
(p+1)×1

=



1

yt
...

yt+1−p


, Zt(γ)︸ ︷︷ ︸

K×1

=

zt−11
(
x∗
t− d

m

< µ
)

zt−11
(
x∗
t− d

m

≥ µ
)
 , t ∈ L, (10)

where γ = (d, µ)⊤ as defined in (5). The notation of Zt(γ) calls for some caution,

since the exact time period when we observe Zt(γ) is t−min{1, d/m}, which is prior

to time t for any d ∈ D. Note hereafter that Zt(γ) is pre-determined prior to yt.

Using (10), model (4) can be rewritten as a single equation:

yt = Zt(γ)
⊤β + ut, t ∈ L, (11)

where β is defined in (5). One or both elements of γ could be pre-specified by the

researcher, but this paper estimates both of them in order to keep sufficient generality.

To focus on the estimation of the target parameters θ = (β⊤,γ⊤)⊤, we sidestep a lag

selection issue by assuming that p is known.6

In Section 3.1, we describe the profiling estimation of θ. In Section 3.2, we

propose to use the wild bootstrap of Hansen (1996) to test the no-threshold-effect

hypothesis. In Section 3.3, we describe an asymptotic loss-differential test of Diebold

and Mariano (1995) to compare the out-of-sample performance of Midastar and TAR.

These procedures are mostly analogous to the standard TAR models, but some extra

attention is required since we need to accommodate two sampling frequencies.

3.1 Profiling estimation

To implement profiling, we construct the choice spaces of delay parameter d and

threshold parameter µ. The choice space of d, denoted as D = {d, d+1, . . . , d̄}, needs
to be constructed with some care about a timing issue. For model (4) to be well

defined, x∗t−d/m must be observed prior to yt, hence it matters at which point of Ht

we observe yt. If yt is observed at the last point of Ht (i.e., the integer time period

t), then d can take the smallest possible value of 1. If yt is observed at the first point

of Ht (i.e., the non-integer time period t − 1 + 1/m), then d should be at least as

6Data-driven lag selection of self-exciting TAR models are explored by Wong and Li (1998) and
Galeano and Peña (2007), among others. Extending these studies to Midastar is left as a future task.
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large as m. In MIDAS, this sort of timing issue arises when analyzing ragged-edge

data (e.g., Marcellino and Schumacher, 2010). Unless otherwise noted, we assume for

notational simplicity that yt is observed at the last point of Ht. In this case, a natural

specification is d = 1 and hence D = {1, 2, . . . , d̄}.
For the choice space of µ, let {xt}t∈L be the average of {x∗t}t∈H in accordance with

(3). Let x[1] ≤ · · · ≤ x[n] be a sorted version of {xt}t∈L. In general, the space of µ is

specified as

Xκ,n =
{
x[⌊0.5(1−κ)n⌋], . . . , x[⌊{1−0.5(1−κ)}n⌋]

}
, (12)

where κ ∈ [0, 1) signifies the fraction of Card(Xκ,n) to n. Given κ, each of the two

regimes accounts for at least 50(1 − κ)% of the whole sample on average. Choosing

a value for κ that is too large (e.g., κ = 0.9) may cause an identification problem in

small samples. Following a well-known suggestion of Andrews (1993), we pick κ = 0.7

so that each regime accounts for at least 15% of the entire sample on average.

The choice space of γ is denoted as Γκ,n = D × Xκ,n. When there is no risk of

confusion, we use a short-hand notation Γ instead of Γκ,n for expositional simplicity.

The space of the regression parameter β is B ⊆ RK . Finally, the space of the entire

parameter vector θ is Θ = B × Γ.

Define the quadratic loss function L(θ) =
∑

t∈L{yt−Eθ(yt | yt−1, . . . , y1)}2, where
Eθ(yt | yt−1, . . . , y1) is the conditional expectation of yt given θ and the past observa-

tions. The least squares (LS) estimator for θ, defined as θ̂ = argminθ∈Θ L(θ), can
be computed via a two-step approach called profiling. Conditional on γ ∈ Γ, the LS

estimator for β based on (11) is given by

β̂(γ) =

{∑
t∈L

Zt(γ)Zt(γ)
⊤

}−1{∑
t∈L

Zt(γ)yt

}
. (13)

The resulting residual is given by

ût(γ) = yt −Zt(γ)
⊤β̂(γ). (14)

The LS estimator for γ can be computed as follows:

γ̂ = argmin
γ∈Γ

∑
t∈L

ût(γ)
2. (15)
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Substitute (15) into (13) to get β̂ = β̂(γ̂), resulting in θ̂ = (β̂
⊤
, γ̂⊤)

⊤
.

Remark. For completeness, we briefly outline how the estimators are defined in

the case of the reverse Midastar, although this is fairly straightforward from the

definitions. In view of (7)-(9), we have

β̂(γ) =

{
N∑
t=1

Zt(γ)Zt(γ)
⊤

}−1{ N∑
t=1

Zt(γ)Yt

}
, Zt(γ) =

1(Xt−D < µ)zt−1

1(Xt−D ≥ µ)zt−1

 (16)

with zt = (1, Yt, . . . , Yt+1−p)
⊤, and also

γ̂ = argmin
γ∈Γ

N∑
t=1

{
Yt −Zt(γ)

⊤β̂(γ)
}2

, β̂ = β̂
(
γ̂
)
. (17)

3.2 Bootstrap tests for the no-threshold-effect hypothesis

Consider testing the null hypothesis of no threshold effects against a general alterna-

tive hypothesis:

H∗
0 : β1 = β2, H∗

1 : β1 ̸= β2, (18)

where β1 and β2 are the regression parameters in each regime, as defined in (5). The

asterisk is put in (18) to emphasize that the no-threshold-effect hypothesis is a special

case of a linear parametric restriction:

H0 : Rβ = q, H1 : Rβ ̸= q. (19)

When we specify R = (Ip+1, −Ip+1) and q = 0(p+1)×1, (19) reduces to (18). It makes

the tests easier to formulate to recognize that H∗
0 is a special case of H0.

Under H∗
0 , Midastar reduces to the single-regime AR(p) where the threshold vari-

able x∗ does not play any role. Hence, the nuisance parameter γ is unidentified under

H∗
0 . This identification issue makes the test of H∗

0 non-standard, and a well-known

solution is the wild bootstrap of Hansen (1996). To describe the bootstrap procedure,

we define some quantities conditional on γ ∈ Γ. The estimated regression score is

given by ŝt(γ) = Zt(γ)ût(γ), where ût(γ) is defined in (14). The Wald test statistic

with respect to (18) is given by

Wn(γ) = n
{
Rβ̂(γ)− q

}⊤ {
RV̂ n(γ)R

⊤
}−1 {

Rβ̂(γ)− q
}
,
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where R = (Ip+1, −Ip+1), q = 0, and β̂(γ) is the conditional LS estimator defined

in (13).7 The heteroscedasticity-robust covariance matrix estimator is constructed

as V̂ n(γ) = Mn(γ)
−1Ŝn(γ)Mn(γ)

−1, where Ŝn(γ) = n−1
∑

t∈L ŝt(γ)ŝt(γ)
⊤ and

Mn(γ) = n−1
∑

t∈L Zt(γ)Zt(γ)
⊤.

Common methods to aggregate the functional Wn(γ) over Γ include supremum,

average, and exponential transformations:

supWn = sup
γ∈Γ

Wn(γ), aveWn =
1

Card(Γ)

∑
γ∈Γ

Wn(γ), (20)

expWn = ln

[
1

Card(Γ)

∑
γ∈Γ

exp

{
Wn(γ)

2

}]
.

Let g(Wn) denote either supWn, aveWn, or expWn, then proceed as follows.

Step 1: For each b ∈ {1, . . . , B}, generate ξ(b)t
i.i.d.∼ N (0, 1) with t ∈ L.

Step 2: Compute a bootstrap test statistic g{W (b)
n }, where

W (b)
n (γ) = v̂(b)

n (γ)⊤Mn(γ)
−1R⊤

{
RV̂ n(γ)R

⊤
}−1

RMn(γ)
−1v̂(b)

n (γ);

v̂(b)
n (γ) =

1√
n

∑
t∈L

ŝt(γ)ξ
(b)
t .

Step 3: Repeat Steps 1-2 independently, resulting in g{W (1)
n }, . . . , g{W (B)

n }.

Step 4: Compute the bootstrap p-value:

p̂Bn (H
∗
0 ) =

1

B

B∑
b=1

1
[
g
{
W (b)

n

}
≥ g(Wn)

]
. (21)

RejectH∗
0 at the 100a% level if p̂Bn (H

∗
0 ) < a, where a ∈ (0, 1) is the nominal

size.

Remark. The bootstrap test described above can be applied to the reverse Midastar

model with only minor adjustments, employing the quantities defined in (16)-(17).

7The Lagrange multiplier (LM) test can be constructed analogously, and hence omitted to save
space. See Motegi, Dennis, and Hamori (2023) for the detailed construction of the LM test.
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3.3 Comparing predictive power

In the previous section, we describe the bootstrap tests for the no-threshold-effect

hypothesis H∗
0 . Testing H∗

0 amounts to an in-sample analysis where we compare

the relative validity of the regular Midastar and AR models. In this section, we

formulate an out-of-sample analysis which compares the relative predictive ability of

the Midastar and TAR models. For expositional simplicity, the prediction horizon is

fixed at h = 1 low frequency period. Multi-step-ahead forecasting can be implemented

analogously.

We begin by pointing out a nowcasting aspect of the Midastar-based prediction.

In view of (4), the one-step-ahead prediction of yt+1 with t ∈ L requires the realizations

of {yt+1−p, yt+2−p, . . . , yt} and x∗t+1−d/m. The former is simply the past and present

realizations of the target variable, while the latter is a past realization of the threshold

variable if d > m, a present realization if d = m, and a “future” realization if d < m.

We might need one of the first m−1 high frequency observations of x∗ within t+1 ∈ L,
in which sense the Midastar-based prediction is a sort of nowcasting.

We perform the rolling window out-of-sample prediction based on observed {yt}t∈L
and {x∗t}t∈H, where the low frequency sample size is denoted as n̄ ∈ N. First, fit the

Midastar model to {yt}n̄t=1 and compute the profiling estimator as described in Section

3.1. The window size is fixed at n = ⌊τ n̄⌋ with τ = 0.8.8 Second, compute the one-

step-ahead forecast of yn+1, denoted as ŷn+1. Analogously, fit the Midastar model to

{yt}n+1
t=2 and compute the one-step-ahead forecast of yn+2, denoted as ŷn+2. Stop once

{ŷt}n+T
t=n+1 is obtained, where T = n̄ − n is the number of windows used for forecast

evaluation. The forecast error is given by êt = yt − ŷt for t ∈ {n+ 1, . . . , n+ T}. The
mean squared forecast error (MSE) is defined as MSET = T−1

∑n+T
t=n+1 ê

2
t .

A simple way to compare the predictive accuracies of Midastar and TAR is to

compare their MSEs. Further, Diebold and Mariano (1995) [DM1995] established a

novel approach to test if the spread between the two MSEs is statistically significant.

Compute d̂t = (êmidas
t )2−(êtart )2 for t ∈ {n+1, . . . , n+T}, where êmidas

t and êtart are the

forecast errors associated with Midastar and TAR, respectively. DM1995 proposed

multiple ways to transform {d̂t}n+T
t=n+1 into a single test statistic. The mean difference

test statistic S1 is most commonly used in the literature, and its core component is

8Alternative values such as τ ∈ {0.7, 0.9} could be used analogously. An increasing window design
where all windows begin with t = 1 is also analogous.

15



as follows.

d̄T =
1

T

n+T∑
t=n+1

d̂t =MSEmidas
T −MSEtar

T ,

where MSEmidas
T and MSEtar

T are the MSEs of Midastar and TAR, respectively.

The null hypothesis of the DM test, denoted as Heq
0 , is that the Midastar-based

and TAR-based forecasts are equally accurate. DM1995 showed that, under Heq
0

and some mild regularity conditions, the test statistic follows the standard normal

distribution asymptotically. We consider three alternative hypotheses separately:

Heq
1 : The two forecasts have different accuracies (two-sided test). Reject Heq

0

at the 100a% level if |S1| > Φ−1(1 − a/2), where S1 is the test statistic

and Φ−1(·) is the inverse distribution function of the standard normal

distribution.

Hmidas
1 : The Midastar forecast is more accurate than the TAR forecast (one-

sided test). Reject Heq
0 at the 100a% level if S1 < Φ−1(a).

H tar
1 : The TAR forecast is more accurate than the Midastar forecast (one-sided

test). Reject Heq
0 at the 100a% level if S1 > Φ−1(1− a).

4 Asymptotic theory

This section presents asymptotic results we derive for the Midastar models. Section

4.1 examines the regular Midastar, where the threshold variable naturally arrives

at a higher frequency than the target. In this framework, standard dynamic condi-

tions for threshold regressions apply, and we can establish profiling consistency and

a valid bootstrap for testing the absence of a threshold effect. However, in construct-

ing uniform consistency and asymptotic normality, we develop the theory under the

classical assumptions of stationarity and α-mixing, rather than relying on the limit-

ing theory of Hansen (1996), which assumes relatively restrictive conditions including

absolute regularity (i.e., β-mixing). Section 4.2 covers the reverse Midastar, where

upsampling the low-frequency threshold variable necessitates repetitions in “chunks,”

thereby precluding stationarity. We outline the econometric methods that overcome

these complications, and establish that the same profiling estimator achieves uniform

consistency and asymptotic normality under suitably generalized assumptions.

We begin by defining the notations for key population quantities, which will be
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used throughout this section:

V (γ1,γ2) = M (γ1,γ1)
−1S(γ1,γ2)M (γ2,γ2)

−1, (22)

S(γ1,γ2) = E
{
st(γ1)st(γ2)

⊤} , M (γ1,γ2) = E
{
Zt(γ1)Zt(γ2)

⊤} ,
where st(γ) = Zt(γ)ut. We will sometimes abbreviate V (γ) = V (γ,γ), S(γ) =

S(γ,γ), and M (γ) = M (γ,γ) when appropriate; they are the population coun-

terparts of V̂ n(γ), Ŝn(γ), and Mn(γ). The reader is referred to the Appendix for

further details as well as the proofs for the theorems presented in this section.

4.1 Regular Midastar: Assumptions and main results

We discuss the asymptotic theory for threshold regressions in the regular Midastar

framework below. In this case, we can impose the standard conditions of stationarity

and asymptotic independence. Although the specification for regular Midastar allows

us to adopt the asymptotic theory of Hansen (1996), we relax the absolute regularity

that Hansen (1996) requires, and impose α-mixing type conditions instead in deriving

the limiting distribution.

Assumption 1. The processes {(yt, ut)}t∈L and {x∗t}t∈H are jointly stationary and α-

mixing with the mixing rate α(k) = O(k−A) for some A > 2ν
2ν−1

> 0 and the constant

ν is as defined below in Assumption 2. Furthermore, x∗t is absolutely continuous

with respect to the Lebesgue measure with density that is bounded above and below by

positive constants on its support.

Remark. We note that stationarity and α-mixing conditions are assumed in a joint

sense here. This implies that any (finite-dimensional) measurable transformation of

the joint process is ergodic in the sense that Birkhoff’s ergodic theorem holds (Ibrag-

imov and Linnik, 1971, Chen, Hansen, and Carrasco, 2010). It is worth noting that

our theory does not require serial independence or martingale difference conditions on

the error term. Overall, the conditions stipulated in Assumption 1 are considerably

weaker than those assumed in Hansen (1996). The mixing condition controls the de-

gree of temporal dependence, and the arithmetic rate we impose is weak enough to

ensure that relevant inequalities and limit theorems for dependent processes can be

applied (see Rio, 2017, for comprehensive details). The existence of a bounded density

is a mild condition often assumed in the literature (see Aı̈t-Sahalia and Park, 2012,

among many others); we use this condition when constructing uniform convergence
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via the Vapnik-Chervonenkis (VC)-type covering argument.

Assumption 2. The following conditions are assumed:

(i) There exists some ν > 1 such that E|z̄t|4ν < ∞ and E|ut|4ν < ∞, where z̄t is a

uniform bound on the regressor vector Zt(γ) over γ ∈ Γ, and Γ is a compact

set.

(ii) infγ∈Γ det{M (γ)} > 0, where M (γ) is defined in (22).

(iii) The true parameter θ0 = (β0,γ0)
⊤ is an interior point of Θ.

Remark. Assumption 2 is mild and general. First, the moment condition is widely

adopted in nonlinear time series analysis (e.g., Hall and Yao, 2003, Hong and Lee,

2013). It is necessary for deriving the central limit theorem of the product processes;

an alternative is to impose an almost sure bound, as discussed in Peligrad (1986). The

compactness of Γ is also standard, and is needed to cover the set by a finite number

of “balls” in order to carry out the uniform-in-γ argument. The second condition

(ii) is imposed to validate the inversion of the sample cross-product matrix and its

probability limit. Furthermore, the interior-point assumption (iii) is also a standard

requirement for applying the usual local-analysis arguments. We require variations in

the threshold variable around the threshold so that, if H∗
1 is true, identification of β

will be possible. This restricts points of identification failure in the model to be those

associated with H∗
0 . Sufficient conditions for Assumption 1 and 2-(i) include iid {ut}

with finite 4ιth moment for some ι > 1 and the regime-wise stability condition (i.e.,

the roots of the characteristic equation λp −
∑p

k=1 λ
p−kϕrk = 0 lie strictly inside the

unit circle for each r ∈ {1, 2}). Such a regime-wise stability condition is generally

stronger than needed to ensure the ergodicity of TAR processes (Chan and Tong,

1985, Chen and Tsay, 1991).

Theorem 1 below shows that under the aforementioned conditions, we have the

uniform consistency and asymptotic normality of the profiling estimator β̂(γ).

Theorem 1. Suppose Assumptions 1 and 2 hold. Under the null H∗
0 ( i.e., β1 = β2 =

β∗
0), the following statements hold as n→ ∞:

(i) [Uniform Consistency] Uniformly over γ = (d, µ)⊤ ∈ Γ, β̂(γ) is consistent for

β∗
0. That is, we have

sup
γ∈Γ

∥∥∥β̂(γ)− β∗
0

∥∥∥ p−→ 0.
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(ii) [Asymptotic Normality] For each fixed γ = (d, µ)⊤ ∈ Γ,

√
n
[
β̂(γ)− β∗

0

] D→ G(γ),

where G(γ) is a mean-zero Gaussian process indexed by γ with covariance kernel

V (γ1,γ2), which is defined in (22).

The proof of Theorem 1 is provided in Appendix A.3.

We now perform a thought experiment where β2 depends on the sample size:

β2 = β2n. Consider a local alternative hypothesis:

H∗
1 (λn) : β2n = β1 + n− 1

2λn, λn ∈ Rp+1. (23)

The drift term n−1/2λn determines distance between regimes 1 and 2. We utilize

Andrews and Cheng’s (2012) characterization of identification categories. First, γ is

unidentified when λn = 0, in which case H∗
1 (λn) coincides with H

∗
0 : β1 = β2. Second,

γ is weakly identified when λn ̸= 0 and limn→∞ ∥λn∥ <∞. Third, γ is semi-strongly

identified when n−1/2λn → 0 and ∥λn∥ → ∞. Fourth, γ is strongly identified when

n−1/2λn → c for some c ̸= 0.

To facilitate exposition, define:

λ̄n︸︷︷︸
K×1

=

0(p+1)×1

λn

 , λ̄︸︷︷︸
K×1

= lim
n→∞

λ̄n, β̄1︸︷︷︸
K×1

=

β1

β1

 , βn︸︷︷︸
K×1

=

 β1

β2n

 ,
where λn and β2n are defined in (23). By construction, (23) can be rewritten as

H∗
1 (λn) : βn = β̄1 + n− 1

2 λ̄n. (24)

The asymptotic properties of the profiling estimator under the local alternatives

H∗
1 are as follows. First, β̂(γ)−βn converges to 0 uniformly over any γ ∈ Γ as n→ ∞,

implying consistency of the profiling estimator β̂ = β̂(γ̂) under all identification cat-

egories. In particular, the convergence holds even when γ̂ is not consistent. Second,

a consistent estimator for γ is not available under non-identification and weak iden-

tification, but is available under semi-strong and strong identification. Third, under

non-identification and weak identification,
√
n(β̂(γ̂)−βn) may not be asymptotically

normal because γ̂ does not converge; consequently, γ is treated as a nuisance parame-
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ter and we employ functionals over Γ to test H∗
0 . These results are summarized below,

and follow immediately from Theorem 1:

Corollary 1. Under Assumptions 1 and 2, the following statements hold as n→ ∞:

(i) supγ∈Γ ||β̂(γ)−βn||
p→ 0. (ii) Under H∗

1 (λn) with limn→∞ ∥λn∥ <∞,
√
n{β̂(γ)−

β̄1}
D→ λ̄+ G(γ).

Next, we consider the bootstrap test for the no-threshold-effect hypothesis H∗
0 ,

under a set of stronger conditions assumed in Hansen (1996). Uniform convergence

of the conditional LS estimator established in Corollary 1(i) is a key condition for the

asymptotic validity of this test. The conditional Wald and LM test statistics weakly

converge to a chi-squared process over γ ∈ Γ under H∗
0 ; this convergence follows as

an implication of the weak convergence of β̂(γ) established in Corollary 1(ii).

Under H∗
0 , asymptotic distributions of the sup-Wald, ave-Wald, exp-Wald, sup-

LM, ave-LM, and exp-LM statistics are non-standard. Let v̂n(γ) = n−1/2
∑

t∈L ŝt(γ)ξt

with ξt
i.i.d.∼ N (0, 1). It follows that v̂n(γ) converges weakly in probability to a mean

zero Gaussian process with covariance kernel S(γ1,γ2) in the sense of Giné and Zinn

(1990), where S(γ1,γ2) is defined in (22). This implies convergence in distribution

of the bootstrap p-value p̂Bn (H
∗
0 ) in (21) to a uniform random variable under H∗

0 .

The asymptotic power of the test depends on the identification category. When γ

is weakly identified, the power of the test is not guaranteed to approach 1 as n→ ∞.

This is intuitive because the signal of threshold effects is too weak to distinguish the

two regimes. When γ is semi-strongly or strongly identified, the test rejects H∗
0 with

probability approaching 1. These results are summarized in Theorem 2.

Theorem 2. If Assumptions 1 and 2 hold with the mixing condition being strengthened

to absolute regularity with rate η(k) = O(k−B) for some B > φ(φ− 1)−1 and φ > 1,

and if ut is a martingale difference, then the following are true. (i) Under H∗
0 : β1 =

β2, the wild-bootstrap p-value p̂Bn (H
∗
0 ) is asymptotically uniform on [0, 1]. (ii) Under

H∗
1 (λn) with ∥λn∥ → ∞, p̂Bn (H

∗
0 )

p→ 0 as n→ ∞ and B → ∞.

The proof of Theorem 2 is provided in Appendix A.4.

4.2 Reverse Midastar: Assumptions and main results

As aforementioned in Section 2.3, the m-fold repetition of x results in a repetitive

structure within each “chunk” and therefore yields non-stationarity in its dynamics.
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We show that these difficulties can be effectively handled, and the limiting theories

can be established; see the Appendix for full details.

One noteworthy econometric contribution of our paper is the establishment of the

asymptotic theory under considerably more general conditions than what is assumed

in the literature. To the best of our knowledge, this is the first threshold-regression

framework to derive the uniform consistency and asymptotic normality without re-

quiring stationarity of the threshold variable. We believe our results are applicable to

broad contexts including non-stationarity due to mixed frequency data.

Below we construct limiting theories for threshold regressions in the situations we

face in the reverse model case. What follows is the set of assumptions we impose on

the joint dynamics of the process (Yt, Xt, Ut), cf. (8).

Assumption 1′. The joint process {(Yt, Xt, Ut)}Nt=1 is ergodic as well as α-mixing

with the mixing rate α(k) = O(k−A) for some A > 2ν
2ν−1

> 0, where Xt := x⌈t/m⌉ with

{xt}nt=1 being stationary, and ν is as defined below in Assumption 2′. Furthermore,

Xt is absolutely continuous with respect to the Lebesgue measure with density that is

bounded above and below by positive constants on its support.

Remark. These conditions broadly follow Assumption 1, except stationarity. We

reiterate that {Xt}Nt=1 is not stationary, due to the repetition of some same values, see

Lemma 1 in Section 2.3. Furthermore, ergodicity and mixing are imposed in a joint

sense. We are not assuming (Yt, Ut) to be stationary, and nonetheless, the theory to

follow continues to hold. In deriving the asymptotics, we employ Bernstein’s blocking

method, which sets the dynamics to mimic approximate independence as the gap

between the blocks grows. Lastly, ergodicity and α-mixing are both assumed, unlike

the case where we have stationarity before. It is well known that α-mixing alone

is not sufficient for ergodicity without stationarity (see Ibragimov and Linnik, 1971,

Corollary 17.1.1).

Assumption 2′. The conditions assumed in Assumption 2 continue to hold, except

that the error process {ut}t∈L is now replaced with {Ut}Nt=1.

Theorem 3 below shows that under the aforementioned conditions, we continue

to have the uniform consistency and asymptotic normality of the profiling estimator

β̂(γ) in the reverse framework.
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Theorem 3. Suppose Assumptions 1′ and 2′ hold. Then, under the null H∗
0 ( i.e.,

β1 = β2 = β∗
0), the following statements hold as n→ ∞ (i.e., as N = nm→ ∞):

(i) [Uniform Consistency] Uniformly over γ = (d, µ)⊤ ∈ Γ, β̂(γ) is consistent for

β∗
0. That is, we have

sup
γ∈Γ

∥∥∥β̂(γ)− β∗
0

∥∥∥ p−→ 0.

(ii) [Asymptotic Normality] For each fixed γ = (d, µ)⊤ ∈ Γ,

√
N
[
β̂(γ)− β∗

0

] D→ G(γ), (25)

where G(γ) is a mean-zero Gaussian process indexed by γ with covariance kernel

V (γ1,γ2), which is defined in (22).

The proof of Theorem 3 is provided in Appendix A.2.

A brief sketch of the main steps in the proof is as follows. First, we apply Bern-

stein’s blocking approach to separate the sample into blocks and gaps so as to con-

trol dependence. Second, we employ Davydov-type inequalities to bound covariances

across blocks and thus ensure pointwise consistency. Third, the standard Vapnik-

Chervonenkis covering argument is utilized to achieve uniform convergence. Finally,

we establish the asymptotic normality in a manner similar to how an α-mixing CLT

for the partial sums is constructed via an asymptotic independence argument.

5 Monte Carlo simulation

This section conducts Monte Carlo simulations to evaluate the finite sample perfor-

mance of our proposed methods. The regular and reverse Midastar models are covered

in Sections 5.1 and 5.2, respectively.

5.1 Regular Midastar

Focusing on the regular Midastar, we present our simulation design in Section 5.1.1

and results in Section 5.1.2. Additional simulation results are summarized in Section

5.1.3.
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5.1.1 Simulation design

Suppose that the DGP of the low frequency target variable y is the regular Midastar

process with lag length p = 1:

yt =


α10 + ϕ10yt−1 + ϵt if x∗

t− d0
m

< µ0,

α20 + ϕ20yt−1 + ϵt if x∗
t− d0

m

≥ µ0, t ∈ L,
(26)

where the regression parameters in regime 1 are β10 = (α10, ϕ10)
⊤ = (0, 0.2)⊤, the

delay parameter is d0 = 1, the threshold parameter is µ0 = 0, the ratio of sampling

frequencies is m ∈ {3, 12}, and the error term is ϵt
i.i.d.∼ N (0, 1). We consider two cases

for β20 = (α20, ϕ20)
⊤:

Case 1 (non-identification): β20 = (0, 0.2)⊤, in which case the no-threshold-

effect hypothesisH∗
0 : β10 = β20 is true and γ0 = (d0, µ0)

⊤ is not identified.

Case 2 (strong identification): β20 = (0.35, 0.55)⊤, in which case H∗
0 is false

and γ0 is strongly identified in the sense of Andrews and Cheng (2012).

Suppose that the DGP of the high frequency threshold variable x∗ is AR(1):

x∗t = ψ0x
∗
t− 1

m
+ ν∗t , ν∗t

i.i.d.∼ N (0, 1), t ∈ H.

Assume that {ϵt}t∈L and {ν∗t }t∈H are mutually independent sequences. The AR coef-

ficient of x∗ is chosen from ψ0 ∈ {0.3, 0.9}.
We fit the regular Midastar model with lag length p = 1 to generated samples:

yt =


α1 + ϕ1yt−1 + ut if x∗

t− d
m

< µ,

α2 + ϕ2yt−1 + ut if x∗
t− d

m

≥ µ, t ∈ L.
(27)

The choice space of the delay parameter d is D = {1, 2, 3}. Note that the value of d is

in terms of high frequency time periods. The choice space of µ is given by (12) with

κ = 0.7, which is in accordance with the suggestion of Andrews (1993).

We perform the wild-bootstrap exp-Wald and exp-LM tests for the no-threshold-

effect hypothesis H∗
0 , as described in Section 3.2. When computing actual and boot-

strap test statistics, we use the heteroscedasticity-robust covariance matrix estimator,

although the true error term ϵ is homoscedastic. Rejection frequencies of each test
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are computed across J = 1000 Monte Carlo samples of size n ∈ {125, 250, 500, 1000},
where the nominal size is a = 0.05 and the number of bootstrap samples is B = 500.

To gauge the effects of temporal aggregation, we average the high frequency

threshold variable x∗. We then fit a single-frequency TAR model to {yt, xt}t∈L:

yt =


α1 + ϕ1yt−1 + ut if xt−d < µ,

α2 + ϕ2yt−1 + ut if xt−d ≥ µ, t ∈ L.
(28)

The choice space of the delay parameter is D = {1, 2, 3}. Note that the value of d

is in terms of low frequency time periods. Other configurations such as (κ, J, n, a, B)

are all the same as in the Midastar simulation. Based on model (28), we perform the

bootstrap exponential tests for the no-threshold-effect hypothesis H∗
0 .

In Case 1 (non-identification), the threshold variable x∗ is irrelevant under DGP

(26), hence model (28) is correctly specified although its two-regime structure is re-

dundant. In Case 2 (strong identification), a regime change at time t ∈ H is triggered

by x∗t−1/m, and it cannot be captured by model (28) with averaged x. Model (28)

is therefore misspecified relative to DGP (26). Thus, we expect a typical symptom

of spurious non-threshold effects that the TAR-based tests for H∗
0 should have lower

power than the Midastar-based tests.

How much power we lose after aggregating x∗ should depend on two quantities:

the persistence of the threshold variable ψ0 and the ratio of sampling frequencies m.

When ψ0 is larger or m is smaller, temporal aggregation should incur the smaller loss

of information. Hence, the power loss due to temporal aggregation is expected to be

smallest for (ψ0,m) = (0.9, 3) and largest for (ψ0,m) = (0.3, 12).

Finally, we compare the out-of-sample forecast performance of the Midastar model

(27) and the aggregated TAR model (28). The DGP is kept the same, but we consider

the larger sample sizes n̄ ∈ {250, 500, 1000, 2000} so that the difference between the

two models is sufficiently salient. For each model, we perform the rolling window

one-step ahead prediction. The window size is fixed at n = 0.8n̄, and the number of

windows is T = n̄ − n = 0.2n̄. Note that the prediction horizon h = 1 is in terms of

low frequency time periods.

We perform the asymptotic Diebold-Mariano test as described in Section 3.3. The

null hypothesis Heq
0 is that the Midastar-based and TAR-based forecasts are equally

accurate. We consider two alternative hypotheses: Heq
1 states that the two forecasts

have different accuracies (two-sided test); Hmidas
1 states that the Midastar forecast is
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more accurate than the TAR forecast (one-sided test).

In Case 1, there are no threshold effects and Heq
0 is true. In Case 2, there are

threshold effects and Heq
1 and Hmidas

1 are true. Hence, our conjecture is that the

probability of rejecting Heq
0 in favor of Heq

1 and Hmidas
1 should be sufficiently low

in Case 1 and high in Case 2. Similar to the in-sample analysis, the superiority of

Midastar relative to TAR is expected to be least salient for (ψ0,m) = (0.9, 3) and

most salient for (ψ0,m) = (0.3, 12).

5.1.2 Simulation results

In Table 1, we report rejection frequencies of the Midastar-based bootstrap tests for

the no-threshold-effect hypothesis H∗
0 . In Case 1, the empirical size of the exp-Wald

and exp-LM tests converges to the nominal size a = 0.05 as n grows, confirming

Theorem 2.(i). The exp-Wald test rejects the correct null hypothesis too often when

n ≤ 250, although the over-rejections vanish as n grows. Taking (ψ0,m) = (0.3, 3)

as an example, the empirical size of the exp-Wald test is {0.132, 0.073, 0.058, 0.047}
for n ∈ {125, 250, 500, 1000}, respectively. The exp-LM test, by contrast, achieves

accurate empirical size for all sample sizes considered. For (ψ0,m) = (0.3, 3), the

empirical size of the exp-LM test is {0.036, 0.036, 0.042, 0.039}. Hence, it is advised

to use the exp-LM test instead of the exp-Wald test to better control the type-I error

rate in small samples.

In Case 2, the empirical power of the exp-Wald and exp-LM tests converges to 1

as n grows, confirming Theorem 2.(ii). Focusing on (ψ0,m) = (0.3, 3), the empirical

power of the exp-LM test is {0.501, 0.924, 1.000} for n ∈ {125, 250, 500}, respectively
(Table 1). The empirical size and power of the exp-LM test are almost unchanged

when the ratio of sampling frequencies increases from 3 to 12. Robustness to m is a

desirable feature of Midastar, as we emphasized in Section 2.2. Overall, the simulation

results in Table 1 are all reasonable and we can conclude that the exp-LM test achieves

desired size and power properties in small and large samples.

In Table 2, we report rejection frequencies of the TAR-based bootstrap exp-LM

test for H∗
0 . The exp-Wald test is omitted since we know from the Midastar scenario

that it has size distortions in small samples. In Case 1, the empirical size of the exp-

LM test is sufficiently close to 5% for all cases considered. The empirical size with

(ψ0,m, n) = (0.3, 3, 250) is 0.037, for instance.

In Case 2, aggregating x∗ makes the exp-LM test much less powerful. The boot-

strap tests with the aggregated threshold variable often fail to detect threshold effects

25



Table 1: Rejection frequencies of the bootstrap exponential tests for the no-threshold-
effect hypothesis H∗

0 (regular Midastar model)

ψ0 = 0.3 ψ0 = 0.9

m = 3 m = 12 m = 3 m = 12

Case H∗
0 n Wald LM Wald LM Wald LM Wald LM

1 true 125 0.132 0.036 0.093 0.035 0.168 0.035 0.129 0.042

1 true 250 0.073 0.036 0.080 0.046 0.098 0.046 0.074 0.042

1 true 500 0.058 0.042 0.067 0.056 0.064 0.039 0.066 0.052

1 true 1000 0.047 0.039 0.056 0.048 0.048 0.035 0.068 0.053

2 false 125 0.711 0.501 0.718 0.590 0.761 0.558 0.801 0.625

2 false 250 0.949 0.924 0.960 0.937 0.944 0.916 0.973 0.956

2 false 500 1.000 1.000 1.000 0.999 1.000 1.000 1.000 1.000

2 false 1000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

The DGP for y is regular Midastar, the DGP for x∗ is AR(1), and the model is regular Midastar.

The no-threshold-effect hypothesis H∗
0 is true in Case 1 and false in Case 2. We report the rejection

frequencies of the bootstrap exponential tests for H∗
0 , where the nominal size is a = 0.05.

Table 2: Rejection frequencies of the bootstrap exponential LM tests for the no-
threshold-effect hypothesis H∗

0 (aggregated TAR model)

Case 1: H∗
0 is true Case 2: H∗

0 is false

ψ0 = 0.3 ψ0 = 0.9 ψ0 = 0.3 ψ0 = 0.9

n m = 3 m = 12 m = 3 m = 12 m = 3 m = 12 m = 3 m = 12

125 0.026 0.020 0.018 0.032 0.026 0.033 0.181 0.023

250 0.037 0.047 0.044 0.044 0.043 0.036 0.464 0.053

500 0.039 0.048 0.037 0.047 0.043 0.037 0.831 0.062

1000 0.033 0.040 0.052 0.053 0.055 0.035 0.993 0.137

The DGP for y is regular Midastar, the DGP for x∗ is AR(1), and the model is TAR with x being

averaged. The no-threshold-effect hypothesis H∗
0 is true in Case 1 and false in Case 2. We report

the rejection frequencies of the bootstrap exp-LM test for H∗
0 , where the nominal size is a = 0.05.

in the underlying Midastar process, a common symptom of spurious non-threshold

effects. When (ψ0,m, n) = (0.9, 3, 250), the empirical power of the exp-LM test is

0.916 for Midastar and 0.464 for TAR (Tables 1-2). When we raise m from 3 to 12 or

lower ψ0 from 0.9 to 0.3, the exp-LM test with the aggregated x has almost no power
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(Table 2). These results confirm our conjecture that the adverse impacts of tempo-

ral aggregation on the test power are particularly large when the ratio of sampling

frequencies is large or the original threshold variable x∗ is transitory.

In Table 3, we report rejection frequencies of the asymptotic DM test for the

equal predictive accuracy hypothesis Heq
0 . For Case 1, the empirical size of the DM

test is sufficiently close to 5% for all cases considered, indicating that the type-I error

rate is well controlled. Taking (ψ0,m, n̄) = (0.3, 3, 250) as an example, the empirical

probability of rejecting Heq
0 in favor of Heq

1 is 0.042.

Table 3: Rejection frequencies of the Diebold-Mariano test for the equal predictive
accuracy hypothesis Heq

0 (regular Midastar vs. aggregated TAR)

Case 1: Heq
0 is true Case 2: Heq

0 is false

ψ0 = 0.3 ψ0 = 0.9 ψ0 = 0.3 ψ0 = 0.9

H1 n̄ m = 3 m = 12 m = 3 m = 12 m = 3 m = 12 m = 3 m = 12

Heq
1 250 0.042 0.048 0.054 0.047 0.139 0.142 0.093 0.109

Heq
1 500 0.043 0.039 0.048 0.041 0.276 0.267 0.177 0.230

Heq
1 1000 0.037 0.041 0.040 0.037 0.505 0.520 0.368 0.523

Heq
1 2000 0.033 0.048 0.036 0.043 0.828 0.851 0.701 0.833

Hmidas
1 250 0.041 0.053 0.063 0.054 0.211 0.234 0.158 0.172

Hmidas
1 500 0.048 0.051 0.046 0.048 0.395 0.404 0.286 0.366

Hmidas
1 1000 0.050 0.051 0.048 0.044 0.647 0.644 0.501 0.644

Hmidas
1 2000 0.043 0.052 0.049 0.045 0.907 0.922 0.791 0.890

The DGP for y is regular Midastar, the DGP for x∗ is AR(1), and the model is either regular

Midastar or aggregated TAR. The equal predictive accuracy hypothesis Heq
0 is true in Case 1 and

false in Case 2. The one-step ahead forecasts are compared by the asymptotic Diebold-Mariano test.

Heq
1 : The two forecasts have different accuracies. Hmidas

1 : The Midastar forecast is more accurate

than the TAR forecast. Rejection frequencies of the DM test are reported, where the nominal size

is a = 0.05.

For Case 2, the DM test exhibits power approaching 1 for all scenarios consid-

ered. It requires thousands of observations for the power to reach 1, however. When

(ψ0,m, n̄) = (0.9, 3, 2000), the empirical rejection probability in favor of Heq
1 is 0.701

(Table 3). The slow convergence of the empirical power to 1 suggests that it is quite

hard to detect the subtle difference in the predictive ability between Midastar and

TAR. When we lower ψ0 from 0.9 to 0.3, the empirical power increases to 0.828. Al-

ternatively, when we raise m from 3 to 12, the power increases to 0.833. These power
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improvements are consistent with our previous findings that Midastar is robust to

(ψ0,m) whereas TAR is negatively affected by small ψ0 or large m.

Not surprisingly, the one-sided test (Hmidas
1 ) has higher power than the two-

sided test (Heq
1 ) for each combination of (ψ0,m, n̄). In Case 2 with (ψ0,m, n̄) =

(0.3, 3, 1000), the rejection probability of Heq
0 is 0.505 for Heq

1 and 0.647 for Hmidas
1

(Table 3). In summary, the size and power properties of the DM test are all reasonable,

although the power increases rather slowly as the sample size grows.

5.1.3 Further discussions

We overview additional simulations in this section, and collect complete results and

discussions in the separate supplemental material. The extended simulation is more

general than the main simulation in many directions. First, we consider local alter-

native hypotheses (23) with the nuisance parameters being weakly or semi-strongly

identified in the sense of Andrews and Cheng (2012). These are intermediate cases be-

tween non-identification and strong identification elaborated in the main simulation.

We find that the Midastar-based bootstrap tests for the no-threshold-effect hypothesis

H∗
0 have power approaching 1 under semi-strong identification but not under weak

identification, verifying Theorem 2.(ii).

Second, we examine the performance of the profiling estimator θ̂. For the Midas-

tar model, the performance of θ̂ is all consistent with Theorem 1. For the TAR model

with the aggregated threshold variable, β̂1 is positively biased and β̂2 is negatively

biased. The probability limits of β̂1 and β̂2 are nearly identical to each other, which

explains the low power of the TAR-based bootstrap tests for H∗
0 (Table 2).

Third, when testing the equal predictive accuracy hypothesis Heq
0 , we add an

alternative hypothesis H tar
1 that the TAR forecast is more accurate than the Midastar

forecast. Given our DGP, H tar
1 is always false and we expect that the Diebold-Mariano

test should reject Heq
0 in favor of H tar

1 with negligibly small probability. In fact, the

rejection frequencies are roughly 5% or lower for all cases considered. We found in

the main simulation that the probability for the DM test to correctly choose Midastar

over TAR is not necessarily high. It is a desired result, however, that the probability

of incorrectly choosing TAR over Midastar is almost zero.

5.2 Reverse Midastar

In this section, we perform Monte Carlo simulations for the reverse Midastar model.

Suppose that the DGP of a high frequency target variable y∗ is the reverse Midastar
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with p = 1:

y∗t =


α10 + ϕ10y

∗
t− 1

m

+ ϵ∗t if x⌈t⌉−d0 < µ0,

α20 + ϕ20y
∗
t− 1

m

+ ϵ∗t if x⌈t⌉−d0 ≥ µ0, t ∈ H,
(29)

where α10 = α20 = 0, d0 = 1, µ0 = 0, and ϵ∗t
i.i.d.∼ N (0, 1). The AR(1) parameters

are ϕ10 = 0.2 and ϕ20 ∈ {0.2, 0.8}. Threshold effects are absent when ϕ20 = 0.2 and

present when ϕ20 = 0.8. The DGP of the low frequency threshold variable x is AR(1):

xt = 0.4xt−1 + νt, νt
i.i.d.∼ N (0, 1), t ∈ L.

Assume that {ϵ∗t}t∈H and {νt}t∈L are mutually independent sequences. The low fre-

quency sample size is n ∈ {40, 80, 160}, and the ratio of sampling frequencies is

m ∈ {3, 12}. Note that the sample size of the target variable y∗ is N = mn. These

values mimic a variety of empirical applications in economics and finance. The case

with (n,m) = (40, 3), for instance, matches monthly y∗ and quarterly x of 10 years;

the case with (n,m) = (80, 12) approximates weekly y∗ and quarterly x of 20 years.

The reverse Midastar model with p = 1 is specified as

y∗t =


α1 + ϕ1y

∗
t− 1

m

+ u∗t if x⌈t⌉−d < µ,

α2 + ϕ2y
∗
t− 1

m

+ u∗t if x⌈t⌉−d ≥ µ, t ∈ H.
(30)

The space of d is D = {1, 2, 3}, and the space of µ is X = {xt}t∈L. The space of

γ = (d, µ)⊤ is restricted so that each regime accounts for at least 15% of the entire

sample. We fit (30) to each of J = 1000 Monte Carlo samples generated from (29),

and estimate β = (α1, ϕ1, α2, ϕ2)
⊤ and γ via profiling. Further, the bootstrap LM

tests with B = 500 iterations are performed to test the no-threshold-effect hypothesis

H∗
0 : (α10, ϕ10) = (α20, ϕ20) at the 5% level. The LM test statistics conditional on the

nuisance parameter γ are summarized into a single test statistic using the supremum,

average, and exponential functions. (The Wald tests are omitted since, as in the

regular Midastar simulation, they produce size distortions in small samples.)

We also fit the single-frequency TAR model after implementing the stock aggre-

gation: yt = y∗t for each t ∈ L. (The averaging leads to similar results, and hence

omitted.) The space of d is D = {1, 2, 3}, and the space of µ is X . We restrict the

space of γ so that each regime accounts for at least 15% of the entire sample.
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In Table 4, the rejection frequencies of the bootstrap LM tests for H∗
0 are reported.

The LM tests based on the reverse Midastar achieve accurate size and high power for

both m ∈ {3, 12}. The empirical size of the exp-LM test with m = 3, for instance,

is {0.019, 0.054, 0.046} for n ∈ {40, 80, 160}, respectively. The empirical power of the

exp-LM test is {0.553, 0.967, 1.000} for m = 3 and {1.000, 1.000, 1.000} for m = 12.

The larger value of m results in the higher power for each n, due to the fact that the

sample size of y∗ (i.e., N = mn) becomes larger.

Table 4: Rejection frequencies of the bootstrap LM tests for H∗
0 (reverse Midastar

and aggregated TAR)

Reverse Midastar model Aggregated TAR model

ϕ20 = 0.2 ϕ20 = 0.8 ϕ20 = 0.2 ϕ20 = 0.8

(empirical size) (empirical power) (empirical size) (empirical power)

Test n m = 3 m = 12 m = 3 m = 12 m = 3 m = 12 m = 3 m = 12

sup-LM 40 0.018 0.046 0.493 1.000 0.010 0.011 0.023 0.009

sup-LM 80 0.046 0.035 0.956 1.000 0.012 0.019 0.118 0.015

sup-LM 160 0.044 0.051 1.000 1.000 0.026 0.035 0.457 0.037

ave-LM 40 0.049 0.064 0.601 0.998 0.035 0.032 0.053 0.026

ave-LM 80 0.061 0.060 0.947 1.000 0.047 0.042 0.209 0.047

ave-LM 160 0.064 0.067 1.000 1.000 0.047 0.048 0.515 0.061

exp-LM 40 0.019 0.044 0.553 1.000 0.011 0.013 0.022 0.011

exp-LM 80 0.054 0.038 0.967 1.000 0.016 0.016 0.137 0.014

exp-LM 160 0.046 0.057 1.000 1.000 0.024 0.040 0.512 0.039

The DGP for y∗ is reverse Midastar, the DGP for x is AR(1), and the model is either reverse Midastar

or aggregated TAR. The no-threshold-effect hypothesis H∗
0 is true when ϕ20 = 0.2 and false when

ϕ20 = 0.8. We report the rejection frequencies of the bootstrap LM tests for H∗
0 , where the nominal

size is a = 0.05.

The aggregated TAR model leads to sharp size but low power (Table 4). The

empirical power of the exp-LM test, for example, is {0.022, 0.137, 0.512} for m = 3

and {0.011, 0.014, 0.039} form = 12. Temporal aggregation causes the greater amount

of information loss as m increases. It is therefore reasonable that the empirical power

decreases when m changes from 3 to 12. Indeed, the LM tests have no power for

m = 12, an evidence of spurious non-threshold effects. In summary, the reverse

Midastar model can accurately detect both the absence and presence of threshold

30



effects, while the aggregated TAR model more frequently fails to detect threshold

effects.

6 Empirical application

In this section, we perform two separate empirical applications to show practical values

of the regular and reverse Midastar models. The regular Midastar is applied to crude

oil market volatility in Section 6.1, and the reverse Midastar is applied to U.S. labor

market indicators in Section 6.2.

6.1 Regular Midastar

In this section, we compare the in-sample and out-of-sample performance of the reg-

ular Midastar and aggregated TAR models. We analyze monthly realized volatility

measures of the crude oil market, where the threshold variable is daily or monthly

VIX. We explain the background and motivation in Section 6.1.1, present data and

preliminary analysis in Section 6.1.2, and perform main analysis in Section 6.1.3.

6.1.1 Background and motivation

Crude oil is one of the most actively traded commodities in the world and a major

source of the global energy supply. Modelling and predicting the crude oil market

volatility are therefore of direct relevance for market participants’ risk management

and central bankers’ inflation targeting. Realized volatility (RV) is a common volatil-

ity measure of financial assets which was originally put forward by Andersen and

Bollerslev (1998). Due to its theoretical validity and computational simplicity, RV

has been analyzed and extended in various directions.9

Chen, Qiao, and Zhang (2022) [CQZ2022] fitted the TAR model to monthly RVs

of the West Texas Intermediate (WTI) spot returns, where the threshold variable

is monthly RVs of S&P 500 Index (SPX) returns. CQZ2022 detected significant

threshold effects, implying that the crude oil volatility evolves asymmetrically when

the overall financial market risk is low versus high. They also showed that TAR

achieves significantly high out-of-sample performance than benchmark AR models.

While the SPX-RVs are certainly a compelling measure of the financial market

risk, there are some alternative measures including CBOE Volatility Index (VIX). In

9Recent developments of the RV literature are overviewed in Ghysels and Marcellino (2018,
Ch.14), among others.
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fact, Chen, Liang, and Umar (2021) found significantly positive impacts of VIX on

the crude oil market volatility in a linear predictive regression. VIX data are publicly

available at the daily frequency, whereas direct calculation of daily RVs would require

intraday returns. This motivates the usage of the regular Midastar model where the

target variable is the monthly WTI-RVs as in CQZ2022 but the threshold variable is

the daily VIX in contrast to CQZ2022.

6.1.2 Data and preliminary analysis

The sample period begins in January 1990 and ends in either December 2021 or 2023.

The shorter sample period contains n = 384 months or equivalently 32 years, and it

matches the sample period of CQZ2022. We also consider the longer sample period,

which contains n = 408 months or 34 years, for a robustness check.

Crude oil prices are proxied by daily data of “Cushing, OK WTI Spot Price FOB

(Dollars per Barrel)”, which are publicly available at the website of the U.S. Energy

Information Administration (ID: RWTC). To formulate monthly RVs from daily prices,

we should deal with a time-varying ratio of sampling frequencies as the number of

business days differs across months. Let mt ∈ N be the number of business days in

month t ∈ L = {1, 2, . . . , n}. Let Ht = {t− 1 + 1/mt, t− 1 + 2/mt, . . . , t} be the set

of days in month t ∈ L. Let Pt be the WTI price on day t ∈ H, where H = ∪t∈LHt.

The WTI return on day t ∈ H is defined as rt = (Pt − Pt−1)/Pt−1.

There are three common measures of volatility at month t ∈ L:

RV ±
t =

∑
j∈Ht

r2j , RV +
t =

∑
j∈Ht

r2j1(rj > 0), RV −
t =

∑
j∈Ht

r2j1(rj < 0).

The (total) realized variance, RV ±, takes into account positive and negative returns

equally. The realized semi-variances, RV + and RV −, were originally put forward by

Barndorff-Nielsen, Kinnebrock, and Shephard (2010) as proxies of “good volatility”

and “bad volatility”. By distinguishing good and bad volatilities, portfolio managers

can handle upside and downside risks separately. In CQZ2022’s out-of-sample anal-

ysis, the superiority of TAR relative to AR is more pronounced when predicting the

bad volatility in crude oil markets than when predicting the good volatility.

For VIX, we retrieve “CBOE Volatility Index: VIX, Index, Daily, Not Seasonally

Adjusted” (ID: VIXCLS) at Federal Reserve Economic Data (FRED). The regular

Midastar model with a time-varying ratio of sampling frequencies is conceptually

feasible, but it would add considerable burden to notation and coding. Following
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Ghysels, Hill, and Motegi (2020) and some other MIDAS applications, we average a

few daily observations at the end of each month to make m constant. Let {x̃∗t}t∈H̃
be an original high frequency variable with H̃ = ∪t∈LH̃t and H̃t = {t− 1 + 1/mt, t−
1 + 2/mt, . . . , t}. The tilde symbols are used to emphasize that the ratio of sampling

frequencies is time-varying. Define H = ∪t∈LHt, and Ht = {t − 1 + 1/m, t − 1 +

2/m, . . . , t} for t ∈ L, where m = min{m1,m2, . . . ,mn}. Note that m is kept constant

at its minimum value. Wrapping operates as follows.

x∗t =


x̃∗t if (t− ⌊t⌋)m⌈t⌉ < m,

1
m⌈t⌉−m+1

∑m⌈t⌉−m

j=0 x̃∗⌊t⌋+ m+j
m⌈t⌉

if (t− ⌊t⌋)m⌈t⌉ = m, t ∈ H.

This operation produces a wrapped series {x∗t}t∈H.
A special attention is required for September 2001, in which month the number of

business days was unusually small (mt = 15) due to four consecutive days of market

closure following the September 11 attacks. If we simply picked m = 15, many high

frequency observations would be averaged every month because of only one irregular

month. We take an alternative approach of imputing the four missing values of VIX

on September 11–14 (Tuesday–Friday) with 41.76, an observed value on Monday,

September 17. This is an ad-hoc interpolation, but it raises the minimum value m

from 15 to 18; November 1997 has 5 Saturdays, 5 Sundays, and 2 holidays hence

mt = 30− 5− 5− 2 = 18. Thus, we pick m = 18 and average the 18th through 23rd

high frequency observations for each month (if available).

In Figure 1, we plot the monthly log-RVs of WTI and the daily lnVIX from

January 1990 through December 2023, where VIX is wrapped with m = 18. Several

facts are salient from Figure 1. First, the time series paths of lnRV ±, lnRV +, and

lnRV − are roughly similar to each other, if not identical. Second, the crude oil

market volatility surged during the Gulf War in 1990–1991, the global financial crisis

(GFC) in 2007–2009, the Chinese stock market turbulence in 2015–2016, the COVID-

19 pandemic in 2020, and a few other periods of emergency. The COVID-19 pandemic

had by far the largest impact on the crude oil volatility. Third, the impacts of GFC

and COVID-19 on VIX are roughly as large as each other, which implies the crude oil

market is more affected by the coronavirus pandemic than other financial markets.

In Table 5, we report sample statistics of the target and threshold variables.

Some insights can be drawn from Table 5. First, comparing the monthly lnRV ±,

lnRV +, and lnRV − of WTI, the total volatility has the smallest standard deviation

33



Figure 1: Time series plots of the monthly log-RVs of WTI and the daily VIX
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WTI: West Texas Intermediate crude oil spot price. VIX: CBOE Volatility Index. We plot the

monthly lnRV ±, lnRV +, and lnRV − of WTI as well as the daily lnVIX, where VIX is wrapped

with m = 18. Sample period: January 1990 – December 2023 (n = 408 months or mn = 7344 days).

and the bad volatility has the largest standard deviation, while the order is reversed

for kurtosis. These imply that, although the three RV measures look similar to each

other in Figure 1, there are some differences in their statistical properties. Second, the

daily lnVIX and its monthly average have similar sample statistics, which indicates

that averaging does not alter basic characteristics of VIX. Third, all five variables

considered in Table 5 are positively skewed, suggesting that positive spikes are more

dominant than negative spikes for the crude oil market volatility and VIX.
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Table 5: Sample statistics of the target and threshold variables

variable freq mean median min max stdev skew kurt

y = lnRV ± (WTI) month −4.749 −4.817 −6.879 −0.153 0.896 0.841 5.676

y = lnRV + (WTI) month −5.475 −5.499 −8.057 −0.698 0.968 0.649 5.185

y = lnRV − (WTI) month −5.571 −5.591 −8.521 −1.022 1.024 0.432 4.475

x∗ = lnVIX day 2.910 2.878 2.213 4.415 0.348 0.632 3.386

x = ave(lnVIX) month 2.910 2.869 2.303 4.136 0.335 0.631 3.315

WTI: West Texas Intermediate crude oil spot price. VIX: CBOE Volatility Index. The target variable

y is the monthly log-RVs of WTI. The high frequency threshold variable x∗ is the daily lnVIX, where

VIX is wrapped with m = 18. The low frequency threshold variable x is the monthly average of x∗.

Sample period: January 1990 – December 2023 (n = 408 months or mn = 7344 days).

6.1.3 Main empirical analysis

We fit the regular Midastar model (4) with lag length p = 2 to our data. The target

variable y is the monthly log-RVs of WTI, and the high frequency threshold variable

x∗ is the daily lnVIX. We perform the wild-bootstrap exponential LM test for the

no-threshold-effect hypothesis H∗
0 : β1 = β2, where βr = (α1, ϕr1, ϕr2)

⊤ with r ∈
{1, 2}. We use the heteroscedasticity-robust covariance matrix estimator to address

potential heteroscedasticity in the error term. The choice space for delay parameter

is D = {1, 2, . . . , 9} measured in terms of days. The choice space for the threshold

parameter is given by (12) with κ = 0.7 so that each regime accounts for at least 15%

of the entire sample on average. The number of bootstrap iterations is B = 5000. To

gauge the impacts of temporal aggregation, we also fit the TAR model (1) with p = 2

after averaging x∗. We then test H∗
0 analogously, where the choice space for delay

parameter is D = {1, 2, 3} measured in terms of months.

Resulting p-values of the bootstrap exp-LM test for H∗
0 are reported in Table

6. For Midastar, H∗
0 is rejected at the 1% level for both the shorter and longer

sample periods, and for all three RV measures. This is overwhelming evidence for

the existence of threshold effects. Statistical significance becomes weaker once x∗ is

averaged. H∗
0 cannot be rejected at the 1% level for any of the six cases considered.

In particular, we fail to reject H∗
0 at the 10% level for lnRV − in the shorter sample,

a signal of spurious non-threshold effects.

We next conduct the rolling window out-of-sample analysis. The entire sample

size is either n̄ = 384 (January 1990 – December 2021) or n̄ = 408 (January 1990
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Table 6: Bootstrap p-values of the exp-LM test for the no-threshold-effect hypothesis
H∗

0 (regular Midastar and aggregated TAR)

Sample ends in: December 2021 (n = 384) December 2023 (n = 408)

Target variable y is: lnRV ± lnRV + lnRV − lnRV ± lnRV + lnRV −

Regular Midastar (x∗) 0.000∗∗∗ 0.002∗∗∗ 0.000∗∗∗ 0.000∗∗∗ 0.001∗∗∗ 0.000∗∗∗

Aggregated TAR (x) 0.051∗ 0.024∗∗ 0.252 0.029∗∗ 0.015∗∗ 0.098∗

This table reports the bootstrap p-values of the exp-LM test for the no-threshold-effect hypothesis

H∗
0 , where the target variable y is the monthly log-RVs of WTI; the high frequency threshold variable

x∗ is the daily lnVIX; the low frequency threshold variable x is the monthly average of x∗ (m = 18).

The model is either regular Midastar or aggregated TAR with lag length p = 2. The sample period

begins in January 1990 and ends in either December 2021 or 2023. The asterisks ∗∗∗, ∗∗, ∗ are put

on the p-values when H∗
0 is rejected at the 1%, 5%, 10% levels, respectively.

– December 2023), as in the in-sample analysis. The window size is fixed at n =

⌊0.8n̄⌋, which is 307 months for the shorter sample and 326 for the longer sample.

We perform one-month-ahead prediction with either the constant-only, single-regime

AR(2), TAR, or regular Midastar model. The constant-only and AR(2) models are

added as benchmarks, and the TAR and Midastar models are specified in the same way

as the in-sample analysis. We compute the root mean squared forecast error (RMSE)

for each model, and implement the asymptotic Diebold-Mariano test to compare the

predictive power of Midastar and TAR.

Empirical results are summarized in Table 7. For all sample periods and RV

measures considered, the regular Midastar attains the smallest RMSE of the four

models. This is strong evidence that the out-of-sample performance has successfully

improved by taking mixed frequency data into account. Focusing on the shorter

sample with y = lnRV ±, the RMSE is 1.040 for the constant-only model, 0.871 for

AR, 0.865 for TAR, and 0.844 for Midastar.

For the bad volatility RV −, the two-sided DM test rejects the equal predictive

accuracy hypothesis Heq
0 in favor of the regular Midastar at the 10% level. The cor-

responding p-values are 0.080 for the shorter sample and 0.062 for the longer sample

(Table 7). When we replace the two-sided test with the one-sided test, the corre-

sponding p-values improve to 0.040 and 0.031, rejecting Heq
0 more strongly at the

5% level. In addition, the one-sided test rejects Heq
0 at the 10% level for the total

volatility RV ± in the longer sample with the p-value being 0.072.

These empirical findings are relevant for market participants since predicting the

36



Table 7: RMSEs of the out-of-sample prediction and the p-values of the Diebold-
Mariano test for the equal predictive accuracy hypothesis Heq

0 (regular Midastar)

Sample ends in: December 2021 (N = 384) December 2023 (N = 408)

Target variable y lnRV ± lnRV + lnRV − lnRV ± lnRV + lnRV −

RMSEconst 1.040 1.137 1.125 0.970 1.026 1.132

RMSEar 0.871 1.020 1.049 0.843 0.933 1.089

RMSEtar 0.865 1.027 1.072 0.831 0.922 1.088

RMSEmidas 0.844 0.990 1.025 0.800 0.891 1.039

p̂(Heq
1 ) 0.328 0.268 0.080∗ 0.143 0.388 0.062∗

p̂(Hmidas
1 ) 0.164 0.134 0.040∗∗ 0.072∗ 0.194 0.031∗∗

p̂(Htar
1 ) 0.836 0.866 0.960 0.929 0.806 0.969

The target variable y is the monthly log-RVs of WTI; the high frequency threshold variable x∗ is the

daily lnVIX; the low frequency threshold variable x is the monthly average of x∗ (m = 18). We report

the root mean squared forecast errors of the constant-only, AR, TAR, and regular Midastar models.

We also report the asymptotic p-values of the Diebold-Mariano test for Midastar vs. TAR. Heq
0 :

The two models have an equal accuracy. Heq
1 : The two models have different accuracies. Hmidas

1 :

Midastar is more accurate than TAR. Htar
1 : TAR is more accurate than Midastar. The asterisks

∗∗∗, ∗∗, ∗ are put on the p-values when Heq
0 is rejected at the 1%, 5%, 10% levels, respectively.

crude oil market volatility plays a crucial role in financial risk management. It also

matters for policymakers since a drastic change in crude oil prices is often associated

with business cycle fluctuations and inflation. In summary, this empirical application

demonstrates that the regular Midastar model is a promising tool for modelling and

forecasting financial indicators.

6.2 Reverse Midastar

In this section, we perform an empirical application of the reverse Midastar model.

It is well known that some macroeconomic indicators move asymmetrically over the

business cycle. In particular, U.S. labor market indicators tend to contract deeply

and sharply during recessions, and recover slowly and gradually during expansions;

see Neftçi (1984), Hamilton (1989), McQueen and Thorley (1993), and Sichel (1993)

for early contributions; see Ferraro (2018) and Pizzinelli, Theodoridis, and Zanetti

(2020) for more recent studies from both theoretical and empirical perspectives.

To our best knowledge, threshold effects of the business cycle on the labor mar-

ket fluctuations have always been inspected in the single-frequency framework. One
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of the most prominent proxies of the business cycle is real GDP, which is sampled

quarterly. Major indicators of the labor market condition, such as the number of

total nonfarm employees and the unemployment rate, are sampled monthly. Under

the single-frequency framework, the labor market indicator needs to be aggregated

into the quarterly level, which might hide the underlying threshold effects. This issue

motivates the use of the reverse Midastar with m = 3, where the target variable is the

monthly labor market indicator and the threshold variable is the quarterly real GDP.

Let Empt be the number of total nonfarm employees in the U.S. at month t ∈ H
(seasonally adjusted). Emp is proxied with the series PAYEMS of FRED. Let GDPt be

the seasonally adjusted real GDP of the U.S. at quarter t ∈ L. GDP is proxied with

the series GDPC1 of FRED. The sample period is January 1972 through December

2007 (n = 144 quarters and mn = 432 months). The sample period is terminated at

the end of 2007 due to the extreme turbulence caused by the global financial crisis in

2008 and the COVID-19 pandemic in 2020.

Let ∆ lnEmpt = lnEmpt−lnEmpt−1/m be the monthly employment growth. Let

∆ lnGDPt = lnGDPt−lnGDPt−1 be the quarterly GDP growth. In Figure 2, we plot

{∆ lnEmpt}t∈H and {∆ lnGDPt}t∈L. On the left panel, ∆ lnEmp marked −0.003 in

August 1983 and then 0.012 in the next month; these large values reflect the sharp

economic recovery from the prolonged recession in 1981-82. In Table 8, the sample

statistics of the growth series are reported. The employment growth is negatively

skewed, which is consistent with the existing literature (e.g., Ferraro, 2018).

Figure 2: Time series plots of the U.S. macroeconomic indicators
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Emp = the number of total nonfarm employees. GDP = the real GDP. This figure plots the

log-difference of Emp and GDP from January 1972 through December 2007.
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Table 8: Sample statistics of the U.S. macroeconomic indicators

series freq size mean median min max stdev skew kurt

∆ lnEmp month 432 0.002 0.002 −0.008 0.012 0.002 −0.263 6.017

∆ lnGDP quarter 144 0.008 0.008 −0.021 0.038 0.008 −0.281 5.017

ave(∆ lnEmp) quarter 144 0.002 0.002 −0.004 0.006 0.002 −0.716 4.019

∆ lnEmp = monthly employment growth. ∆ lnGDP = quarterly GDP growth. ave(∆ lnEmp) =

quarterly average of ∆ lnEmp. This table reports the sample size, mean, median, minimum, maxi-

mum, standard deviation, skewness, and kurtosis of each series.

The reverse Midastar model with p = 4 and m = 3 is specified as follows:

y∗t =


α1 +

∑4
k=1 ϕ1ky

∗
t−k/3 + u∗t if x⌈t⌉−d < µ,

α2 +
∑4

k=1 ϕ2ky
∗
t−k/3 + u∗t if x⌈t⌉−d ≥ µ, t ∈ H,

where y∗t = ∆ lnEmpt is the monthly employment growth and xt = ∆ lnGDPt is

the quarterly GDP growth. Regime 1 represents recession, while regime 2 represents

expansion. The space of d is D = {1, . . . , 8}, allowing for at most two years of delay in

the threshold effects of x on y∗. The space of µ is given by X = {xt}t∈L. We restrict

the space of γ = (d, µ)⊤ so that each regime accounts for at least 15% of the entire

sample.

Empirical results of the reverse Midastar are summarized as follows. The esti-

mated threshold parameter is µ̂ = 0.006. The share of the recession phase to the whole

sample is 40.1%, indicating that the expansion phase is the majority. The estimated

delay parameter is d̂ = 2 quarters, an intuitively plausible value. The bootstrap tests

with B = 5000 iterations reject the no-threshold-effect hypothesis H∗
0 at the 5% level;

the bootstrap p-value is 0.036 for the sup-LM test and 0.029 for the exp-LM test.

These results indicate that the persistence structures of the employment growth differ

significantly between the recession and expansion.

For comparison, we fit the TAR model with p = 4 after taking the quarterly

average of the monthly employment growth. The estimated delay parameter is d̂ = 2

quarters, which coincides with the reverse Midastar scenario. The bootstrap tests

based on the aggregated TAR model cannot reject H∗
0 at any conventional levels; the

bootstrap p-value is 0.507 for the sup-LM test and 0.371 for the exp-LM test. Aver-

aging y∗ seems to have weaken the underlying threshold effects; another possibility is
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that the test has become less powerful as the sample size of the target variable de-

creased from mn = 432 to n = 144. In summary, the threshold effects of the real GDP

on the total nonfarm employment can be captured by the reverse Midastar model but

not by the aggregated TAR model.

7 Conclusion

In this paper, we have proposed the Midastar models by expanding the TAR model to

the MIDAS context. Despite its considerable potential applications, this extension is

not examined in the literature, and this paper initiates its development. Our frame-

work allows the target variable y and the threshold variable x to be sampled at mixed

frequencies. Specifically, y is observed less frequently than x in the regular Midastar

model, while y is more frequently observed than x in the reverse Midastar model.

Midastar captures threshold effects accurately, while the standard TAR model

with temporally aggregated data can lead to a biased conclusion, in particular spurious

non-threshold effects. Besides, Midastar is free of parameter proliferation when the

ratio of sampling frequencies between y and x takes a large value, since y is not

directly regressed onto x. This is a notable advantage compared with existing MIDAS

regression models. The parameters of interest are estimated via profiling, and the no-

threshold-effect hypothesis H∗
0 is tested via the wild bootstrap. We have established

the uniform consistency and asymptotic normality of the proposed estimator as well

as the asymptotic validity of the bootstrap test, imposing much weaker regularity

conditions than in the literature. In particular, we have addressed the non-stationarity

problem in the reverse Midastar scenario by exploiting the blocking argument.

Our Monte Carlo simulations indicate that the proposed methods perform well in

finite samples. We apply the regular Midastar model to monthly RV measures of WTI,

in which the threshold variable is daily VIX. We also apply the reverse Midastar model

to monthly U.S. employment growth, in which the threshold variable is quarterly

U.S. real GDP growth. For both empirical examples, the Midastar approaches detect

significant threshold effects, and the statistical significance weakens or disappears after

temporal aggregation. These results highlight that Midastar is useful for modelling

and forecasting financial and macroeconomic indicators.
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Appendix: Proofs of theorems

In this appendix, we prove Lemma 1 and Theorems 1-3, which are the key re-

sults that underpin the Midastar models. We begin by reviewing and adding some

notations; as before, unless stated otherwise, we present notations for the regular

Midastar, for example using ut. Extensions to the reverse Midastar framework are

straightforward, for example, by employing Ut instead of ut for the error process.

Recall from (18) that the no-threshold-effect hypothesis is expressed as H∗
0 :

β1 = β2. The regression score conditional on the nuisance parameter γ is given by

st(γ) = Zt(γ)ut, and the estimated regression score conditional on γ is given by

ŝt(γ) = Zt(γ)ût(γ), where Zt(γ) is the regressor vector defined in (10) and ût(γ) is

the residual defined in (14). For arbitrary γ1,γ2 ∈ Γ, define some matrices conditional

on the sample:

V̂ n(γ1,γ2) = Mn(γ1)
−1Ŝn(γ1,γ2)Mn(γ2)

−1,

Ŝn(γ1,γ2) =
1

n

∑
t∈L

ŝt(γ1)ŝt(γ2)
⊤, Mn(γ1,γ2) =

1

n

∑
t∈L

Zt(γ1)Zt(γ2)
⊤.

We will sometimes abbreviate V̂ n(γ) = V̂ n(γ,γ), Ŝn(γ) = Ŝn(γ,γ), and Mn(γ) =

Mn(γ,γ) when appropriate. The population versions of these matrices, denoted as

V (γ1,γ2), S(γ1,γ2), and M (γ1,γ2), are defined in (22). Recall that G(γ) is a mean

zero Gaussian process with covariance kernel V (γ1,γ2).

A.1 Proof of Lemma 1 (m-fold repetition of x)

Proof. We note that X1 = x⌈1/m⌉ = x1, X2 = x⌈2/m⌉ = x1, . . . , Xm = x⌈m/m⌉ = x1 by

definition, whereas Xm+1 = x⌈(m+1)/m⌉ = x2. Hence, we have (X1, X2, . . . , Xm) =

(x1, x1, . . . , x1) and (X2, X3, . . . , Xm+1) = (x1, x1, . . . , x2), almost surely. Since xt is

not degenerate by the bounded density assumption, the two aforementioned vectors

cannot have the same distribution, showing that the distributional equivalence does

not hold under a shift in time. Thus, {Xt}Nt=1 is non-stationary.

On the other hand, since Xt = x⌈t/m⌉, we have that

σ(Xu : u ≤ s) ⊆ σ
(
xv : v ≤ ⌈s/m⌉

)
,

σ(Xu : u ≥ s+ n) ⊆ σ
(
xv : v ≥ ⌈(s+ n)/m⌉

)
,

where σ(Z) denotes the σ-field of events generated by Z. Since m is fixed and finite,
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there exists some constant C > 0 and integer n0 such that for all n > n0,

αX(n) ≤ αx

(
⌈(s+ n)/m⌉ − ⌈s/m⌉

)
≤ αx

(
⌊n/m⌋

)
≤ C

(
⌊n/m⌋

)−A
,

The upper bound tends to 0 as n→ ∞ because (⌊n/m⌋)−A → 0, from which αX(n) →
0 as n→ ∞. Thus, we conclude that {Xt}Nt=1 is α-mixing with the same mixing rate

as {xt}. □

A.2 Proof of Theorem 3 (Reverse Midastar)

Proof. We first prove Theorem 3 ahead of other theorems because the proof of Theo-

rem 1 can be viewed as a special case of it, apart from minor notational changes due

to operating in the reverse framework.

Recall that we have

β̂(γ) =

(
N∑
t=1

Zt(γ)Zt(γ)
⊤

)−1( N∑
t=1

Zt(γ)Yt

)
, Zt(γ) =

1(Xt−D < µ)zt

1(Xt−D ≥ µ)zt

 ,
with zt = (1, Yt−1, . . . , Yt−p)

⊤ and N = nm, and under H∗
0 : β1 = β2 = β∗

0,

Yt = Zt(γ)
⊤β∗

0 + Ut, ∀γ ∈ Γ,

from which we see that

β̂(γ) = β∗
0 +

(
1

N

N∑
t=1

Zt(γ)Zt(γ)
⊤

)−1(
1

N

N∑
t=1

Zt(γ)Ut

)
.

We first show that

sup
γ∈Γ

∥∥∥∥∥ 1

N

N∑
t=1

Zt(γ)Zt(γ)
⊤ − E

[
Zt(γ)Zt(γ)

⊤
]∥∥∥∥∥ p−→ 0, (A.1)

where N = Nn = mn→ ∞ as n→ ∞, and γ = (d, µ)⊤.

Consider the sequences of numbers rn and dn, which denote the “block size” and

“gap size”, satisfying rn → ∞, dn → ∞, rn + dn ≤ N , and rn + dn = o(n). We then

define the blocks Bj := {t; t = (j− 1)(rn+ dn)+ 1, . . . , (j− 1)(rn+ dn)+ rn}, and the

gaps Gj := {t; t = (j − 1)(rn + dn) + rn + 1, . . . , j(rn + dn)}. Therefore each block Bj

has length rn, and is followed by a gap Gj of length dn.
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Define the total number of blocks Jn = ⌊N/(rn + dn)⌋, so that the total sample

{1, . . . , N} is covered by ∪Jn
j=1Bj∪R, where R is the set that contains the “remainders”

after the last block BJn . Then,

1

N

N∑
t=1

Zt(γ)Zt(γ)
⊤ − E

[
Zt(γ)Zt(γ)

⊤
]

=
1

N

Jn∑
j=1

∑
t∈Bj

{
Zt(γ)Zt(γ)

⊤ − E
[
Zt(γ)Zt(γ)

⊤
]}

+
1

N

∑
t∈R

{
Zt(γ)Zt(γ)

⊤ − E
[
Zt(γ)Zt(γ)

⊤
]}

=:
1

N

Jn∑
j=1

∑
t∈Bj

∆t(γ) +
1

N

∑
t∈R

∆t(γ)

=:
1

N

Jn∑
j=1

Wj +
1

N

∑
t∈R

∆t(γ)

=: A1 +A2. (A.2)

We note that since each pair of consecutive blocks Bj and Bj+1 is separated by a

gap Gj of length dn, any two points t ∈ Bj and t
′ ∈ Bj+1 are at least dn steps apart.

Therefore, between events measurable with respect to the σ-algebra for Bj and that

for Bj+1, the degree of dependence as measured by the mixing coefficient is αX(dn),

where

αX(dn) = sup
s

sup {|P (A ∩B)− P (A)P (B)| ; A ∈ σ(Xu; u ≤ s), B ∈ σ(Xu; u ≥ s+ l)} .

Since dn → ∞ so that αX(dn) → 0 as n → ∞, the blocks of x, i.e. Xt over the set

Bj, is α-mixing and is approximately independent for large n.

GivenWj =
∑

t∈Bj
{Zt(γ)Zt(γ)

⊤−E[Zt(γ)Zt(γ)
⊤]} =

∑
t∈Bj

∆t(γ), we see that

E∥∆t(γ)∥2 ≤ C1 < ∞, since by the assumption supt,γ E∥Zt(γ)∥2+ν < ∞. Therefore,
using the Cauchy-Schwarz inequality, we see that

Jn∑
j=1

E
[
Wj(γ)

2
]
=

Jn∑
j=1

∑
t,s∈Bj

E [∆t(γ)∆s(γ)]

=

Jn∑
j=1

E

( ∑
t∈Bj

{
Zt(γ)Zt(γ)

⊤ − E
[
Zt(γ)Zt(γ)

⊤
]})( ∑

s∈Bj

{
Zs(γ)Zs(γ)

⊤ − E
[
Zs(γ)Zs(γ)

⊤
]})
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=

Jn∑
j=1

∑
t∈Bj

∑
s∈Bj

E
{
Zt(γ)Zt(γ)

⊤ − E
[
Zt(γ)Zt(γ)

⊤
]}{

Zs(γ)Zs(γ)
⊤ − E

[
Zs(γ)Zs(γ)

⊤
]}

=

Jn∑
j=1

∑
t∈Bj

∑
s∈Bj

(
E
∥∥∥Zt(γ)Zt(γ)

⊤ − E
[
Zt(γ)Zt(γ)

⊤
]∥∥∥2 E ∥∥∥Zs(γ)Zs(γ)

⊤ − E
[
Zs(γ)Zs(γ)

⊤
]∥∥∥2)1/2

≤ Jn · r2n · C1 ≤ C1
N

rn + dn
· rn ≤ C1

N

rn + dn
· (rn + dn)

2 = C1N(rn + dn)

= o(N2) (A.3)

in view of the fact that each block Bj has length rn, and that rn + dn = o(n) = o(N).

We also consider the “off-diagonal terms”. Applying Davydov’s inequality (see,

e.g., Bosq, 1998, Eq. (1.10)), we have

∑
1≤i<j≤Jn

E [Wi(γ)Wj(γ)]] ≤
(
Jn
2

)∑
t∈Bi

∑
s∈Bj

|Cov(∆t(γ),∆s(γ))|

≤ CJ2
nr

2
n · 2

2 + ν

ν
2ν/(2+ν) {αX(dn)}ν/(2+ν) · (E|∆t(γ)|2+ν + E|∆s(γ)|2+ν)2/(2+ν)

≤ C ′J2
nr

2
n {αX(dn)}ν/(2+ν) = C ′

(
N

rn + dn

)2

r2n {αX(dn)}ν/(2+ν)

≤ C ′N
2(rn + dn)

2

(rn + dn)2
{αX(dn)}ν/(2+ν) = C ′N2 {αX(dn)}ν/(2+ν) = o(N2) (A.4)

since dn → ∞ as n→ ∞.

Consequently, for the leading term A1 in (A.2), for each fixed γ and any ε > 0,

by Chebyshev’s inequality we have

P

∣∣∣∣∣∣ 1N
Jn∑
j=1

Wj

∣∣∣∣∣∣ > ε

 = P

∣∣∣∣∣∣ 1N
Jn∑
j=1

∑
t∈Bj

{
Zt(γ)Zt(γ)

⊤ − E
[
Zt(γ)Zt(γ)

⊤
]}∣∣∣∣∣∣ > ε



≤
E
[∑Jn

j=1

∑Jn
i=1Wj(γ)Wi(γ)

]
ε2N2

≤
∑Jn

j=1 E
[
Wj(γ)

2
]
+ 2

∑
1≤i<j≤Jn

E [Wi(γ)Wj(γ)]]

ε2N2

→ 0
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in view of (A.3) and (A.4). This proves

1

N

Jn∑
j=1

Wj
p−→ 0. (A.5)

We now move on to the “remainder term” A2 in (A.2). We recall that the sample

is blocked into sets B1, . . . , BJn (each of length rn) plus gaps G1, . . . , GJn (each of

length dn), and the remainder R is the set of any leftover indices so that

{1, 2, . . . , N} =

(
Jn⋃
j=1

Bj

)
∪

(
Jn⋃
j=1

Gj

)
∪R.

Therefore, by construction, Card(R) ≤ rn+dn ≤ cN for some constant c > 0 because

the number of elements in R is at most O(rn + dn), where rn + dn = O(N). We note

that ∥∥∥∥∥ 1

N

∑
t∈R

{
Zt(γ)Zt(γ)

⊤ − E
[
Zt(γ)Zt(γ)

⊤
]}∥∥∥∥∥

≤ 1

N

∑
t∈R

∥∥∥Zt(γ)Zt(γ)
⊤ − E

[
Zt(γ)Zt(γ)

⊤
]∥∥∥

≤ Card(R)

N
·max

t∈R

∥∥∥Zt(γ)Zt(γ)
⊤ − E

[
Zt(γ)Zt(γ)

⊤
]∥∥∥ .

But we have

P

(
max
t∈R

∥∥∥Zt(γ)Zt(γ)
⊤ − E

[
Zt(γ)Zt(γ)

⊤
]∥∥∥ > M

)
≤

∑
t∈R

P
(∥∥∥Zt(γ)Zt(γ)

⊤ − E
[
Zt(γ)Zt(γ)

⊤
]∥∥∥ > M

)
≤ Card(R)

C

M2+ν
≤ cN

C

M2+ν
=
C ′m · n
M2+ν

.

Letting n → ∞, for each n we can choose M → ∞ to make C ′/M2+δ arbitrarily

small, and therefore maxt∈R ∥Zt(γ)Zt(γ)
⊤ − E[Zt(γ)Zt(γ)

⊤]∥ = maxt∈R ∥∆t(γ)∥ is

bounded in probability.

Now, since Card(R)/N → 0, it follows that

1

N

∑
t∈R

∆t(γ)
p−→ 0. (A.6)
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Therefore, in view of (A.5) and (A.6) we finally have

1

N

N∑
t=1

Zt(γ)Zt(γ)
⊤ − E

[
Zt(γ)Zt(γ)

⊤
]
=

1

N

Jn∑
j=1

Wj +
1

N

∑
t∈R

∆t(γ)
p→ 0 (A.7)

for each fixed γ ∈ Γ.

We now establish the uniform convergence via the standard Vapnik-Chervonenkis

(VC)-type covering argument on the compact set Γ ⊂ Rd (see, inter alia, Hong and

Linton, 2020). For each δ > 0, we construct a finite δ-net {γ1, . . . ,γm} ⊂ γ such that

for any γ ∈ Γ, there exists some γj with ∥γ − γj∥ ≤ δ. Specifically, we partition

Γ by M = M(γj, δ) number of balls of radius δ, each of which has center γj, for

j = 1, . . . ,M , i.e.

γ ⊂
M⋃
j=1

B(γj, δ).

The covering number M =M(δ) grows as δ → 0, but remains finite for each fixed δ.

By Minkowski’s inequality, we have

sup
γ∈Γ

∥∥∥∥∥ 1

N

N∑
t=1

Zt(γ)Zt(γ)
⊤ − E

[
Zt(γ)Zt(γ)

⊤
]∥∥∥∥∥

≤

∥∥∥∥∥ 1

N

N∑
t=1

Zt(γj)Zt(γj)
⊤ − E

[
Zt(γj)Zt(γj)

⊤
]∥∥∥∥∥

+ sup
γ∈Γ

∥∥∥∥∥ 1

N

N∑
t=1

(
Zt(γ)Zt(γ)

⊤ −Zt(γj)Zt(γj)
⊤)∥∥∥∥∥

+ sup
γ∈Γ

∥∥∥∥∥ 1

N

N∑
t=1

E
[
Zt(γj)Zt(γj)

⊤
]
− E

[
Zt(γ)Zt(γ)

⊤
]∥∥∥∥∥

=: B1 + B2 + B3.

First, we note that due to (A.7), which holds for each fixed point γj, B1 = op(1).

Moving on to the second term, we first remark that Zt can be rewritten compactly

as follows:

Zt(γ) =

(Zt, 0)
⊤ if Xt−D < µ,

(0,Zt)
⊤ if Xt−D ≥ µ,
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≡
(
1(Xt−D < µ)Zt, 1(Xt−D ≥ µ)Zt

)⊤
.

It is worth noting that d is fixed (and so is D = md), and µ is what changes the

indicator. In fact, when µ is moved by a small amount, the indicator functions only

change if Xt−D is in the vicinity of the threshold. In other words, 1(Xt−D < µ) and

1(Xt−D ≥ µ) can only differ on a boundary set.

Specifically, a time index t is said to be in the boundary set U if Xt−D lies in either

ballXt−d ∈ B(µ1, δ)∪B(µ2, δ) = {x; |x−µ1| ≤ δ or |x−µ2| ≤ δ}. It is straightforward
to show that outside the boundary set, we have 1(Xt−D < µ) = 1(Xt−D ≥ µ).

Therefore, when t is not in the boundary set, Zt(γ1) = Zt(γ2), where γ1 = (d, µ1)

and γ2 = (d, µ2) with |µ1 − µ2| ≤ δ. Therefore,

B2 = sup
γ∈Γ

∥∥∥∥∥ 1

N

N∑
t=1

(
Zt(γ)Zt(γ)

⊤ −Zt(γj)Zt(γj)
⊤)∥∥∥∥∥

≤ sup
γ∈Γ

1

N

N∑
t=1

∥∥Zt(γ)−Zt(γj)
∥∥ · ∥∥Zt(γ) +Zt(γj)

∥∥
≤ 0 +

CδN ·maxt∈U
(√

2∥Zt∥
)

N
· sup
γ∈Γ

1

N

N∑
t=1

∥∥Zt(γ) +Zt(γj)
∥∥

≤ Cδmax
t

(
√
2∥Zt∥) ·

1

N

N∑
t=1

√
(2∥Zt∥2 + 2∥Zt∥)2 ≤ C ′δ,

where the last inequalities are due to ∥Zt∥ being bounded in probability as Zt has

finite moments (Assumption 2′-(i)). We also used the fact that Xt−D has a continuous

density fX(·) bounded by some constant f̄ , and therefore, for some fixed µ0 ∈ R,

P (∥Xt−D − µ0∥ ≤ δ) = FX(µ0 + δ)− FX(µ− δ)

∫ µ+δ

µ0−δ

fX(x)dx ≤ f̄ · 2δ,

and therefore Card {t; |Xt−D − µ| ≤ δ} ≤ 2δf̄N = O(δN).

For any ϵ > 0 we can choose δ small that C ′δ < ϵ/2, and also choose N large

enough that the sums converge within ϵ/2, yielding the desired uniform convergence

in probability of B2 to 0 (and similarly for B3). Therefore, we have constructed (A.1).

Now by continuous mapping, we have

sup
γ∈Γ

∥∥∥∥∥∥
(

1

N

N∑
t=1

Zt(γ)Zt(γ)
⊤

)−1

−
(
E
[
Zt(γ)Zt(γ)

⊤
])−1

∥∥∥∥∥∥ p−→ 0 (A.8)
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as N = nm → ∞. We remark that Assumption 2′-(ii) guarantees the existence of

the inverse in (A.8) uniformly in γ, as this requires M (γ) = E[Zt(γ)Zt(γ)
⊤] to be

nonsingular for all γ.

On noting that E(Zt(γ)Ut) = 0, by following the same argument that led to (A.1)

via the blocking method (see, for example, the proof for Theorem 3-(ii) below), we

immediately have

sup
γ∈Γ

∥∥∥∥∥ 1

N

N∑
t=1

Zt(γ)Ut − 0

∥∥∥∥∥ p−→ 0

from which it follows by the definition and Minkowski’s inequality that β̂(γ) − β∗
0

converges to 0 in probability, uniformly over γ ∈ Γ. This completes the proof of

Theorem 3-(i).

We now move on to the asymptotic normality, where we have

√
N
[
β̂(γ)− β∗

0

]
=

(
1

N

N∑
t=1

Zt(γ)Zt(γ)
⊤

)−1(
1√
N

N∑
t=1

Zt(γ)Ut

)
.

As we employed above in the Bernstein’s blocking procedure, we choose sequences

rn and dn, both of which tend to ∞ as n → ∞, and satisfy rn + dn ≤ N , and

rn + dn = o(n). The blocks and gaps Bj and Gj, as well as the number of blocks Jn

are defined as before, so that

1√
N

N∑
t=1

Zt(γ)Ut =
1√
N

Jn∑
j=1

∑
t∈Bj

Zt(γ)Ut +
1√
N

∑
t∈R

Zt(γ)Ut

=
1√
N

Jn∑
j=1

ξj +
1√
N

∑
t∈R

Zt(γ)Ut. (A.9)

For notational simplicity we prove the rest in the univariate setting; multivariate

extension is straightforward via the Cramér-Wold device. As for the “remainder” in

(A.9), we can apply Theorem 1 of Doukhan and Louhichi (1999) and yield

1

N
E

(∑
t∈R

Zt(γ)Ut

)2

→ 0,

which suggests that the second term is op(1).

For the first term in (A.9), by applying Hölder’s inequality on the moment con-

dition in Assumption 2′, it follows that (I): E|Zt(γ)Ut|ℓ < ∞ where ℓ = 2v > 2.

Also, the mixing rate is α(j) = O(j−A) for A > 2ν
2ν−1

> 0, and therefore (II):
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∑
j≥1 α(j)

1−1/2v < ∞. With (I) and (II), we can apply Theorem 1.5 of Bosq (1998),

which yields

r−1
n Eξ1ξ⊤1 → S(γ) = E

(
Zt(γ)Ut

)2
Consequently, both the Feller condition:

1

N

Jn∑
j=1

Eξ2j =
Jnrn
N

· 1

rn
Eξ21 → S(·),

and the Lindeberg condition: for any ϵ > 0,

1

N

Jn∑
j=1

E
(
ξ2j 1|ξj |≥ϵS

√
N

)
≤ 1

N

Jn∑
j=1

{
Eξ41
}1/2

P
(
|ξ1| ≥ ϵS

√
N
)

≤ CJnrn ·
Eξ21

N2ϵ2S2
= O

(rn
N

)
→ 0

are satisfied, and the required conditions for the central limit theorem (e.g., Peligrad,

1986), are met.

Therefore, as n→ ∞ we have

1√
N

N∑
t=1

Zt(γ)Ut
D→ N

(
0, E

(
Zt(γ)UtUtZt(γ)

⊤)) .
Extending this to the distributional convergence for a finite collection of γ1,γ2, . . . ,γK

is trivial, since the central limit theorem we employ holds in multivariate sense. Con-

sequently, by continuous mapping and (A.8), the limiting distribution as given in (25)

follows. The proof of Theorem 3 is now complete. □

A.3 Proof of Theorem 1 (Regular Midastar)

Proof. In the regular Midastar, recall that the conditional least squares estimator

β̂(γ) is given by

β̂(γ) =

{
n∑

t=1

Zt(γ)Zt(γ)
⊤

}−1{ n∑
t=1

Zt(γ)yt

}
,

53



where zt = (1, yt, . . . , yt+1−p)
⊤ and

Zt(γ) =

zt−11(x
∗
t−d/m < µ)

zt−11(x
∗
t−d/m ≥ µ)

 , t ∈ L = {1, . . . , n}.

Under H∗
0 : β1 = β2 = β∗

0, we have yt = Zt(γ)
⊤β∗

0 + ut, ∀γ ∈ Γ, from which we see

that

β̂(γ) = β∗
0 +

(
1

n

n∑
t=1

Zt(γ)Zt(γ)
⊤

)−1(
1

n

n∑
t=1

Zt(γ)ut

)
.

As before in Theorem 3, we write

∆t(γ) := Zt(γ)Zt(γ)
⊤ − E

[
Zt(γ)Zt(γ)

⊤
]
.

Since {(yt, x∗t , ut)} is jointly stationary and α-mixing, by standard results, inter alia

Ibragimov and Linnik (1971), its finite-dimensional measurable transformation ∆t(γ)

is ergodic stationary.

Therefore, by Birkhoff’s Ergodic Theorem we have

1

n

n∑
t=1

Zt(γ)Zt(γ)
⊤ − E

[
Zt(γ)Zt(γ)

⊤
]

p−→ 0 (A.10)

for each γ = (d, µ)⊤ ∈ Γ. The uniform convergence can be constructed via the same

VC-type covering method as in the proof of Theorem 3 above, and is not repeated for

brevity. Consequently, we have

sup
γ∈Γ

∥∥∥∥∥ 1n
n∑

t=1

Zt(γ)Zt(γ)
⊤ − E

[
Zt(γ)Zt(γ)

⊤
]∥∥∥∥∥ p−→ 0,

as n → ∞, and as before, it follows that β̂(γ) − β∗
0 converges to 0 in probability,

uniformly over γ ∈ Γ. This completes the proof of the first part of Theorem 1.

As for the asymptotic normality, we note that

√
n
[
β̂(γ)− β∗

0

]
=

(
1

n

n∑
t=1

Zt(γ)Zt(γ)
⊤

)−1(
1√
n

n∑
t=1

Zt(γ)ut

)
.

Since stationarity and α-mixing properties are preserved under any finite-dimensional

measurable transformations, it is straightforward to check Assumption 1 meets the
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required conditions for Theorem 1.7 of Bosq (1998). Consequently, we have as n→ ∞

1√
n

n∑
t=1

Zt(γ)ut
D→ N

(
0, E

(
Zt(γ)ututZt(γ)

⊤)) . (A.11)

The desired asymptotic normality follows as before in Theorem 3. Corollary 1 now

immediately follows – Recall that the local alternative hypothesis (24) is given by

H∗
1 (λn) : βn = β̄1 + n− 1

2 λ̄n. Replacing β with βn we can write

√
n
{
β̂(γ)− βn

}
=

√
n

[
1

n
Mn(γ)

−1
∑
t∈L

Zt(γ)
{
Zt(γ)

⊤βn + ut
}
− βn

]

=
√
n

{
Mn(γ)

−1Mn(γ)βn +
1

n
Mn(γ)

−1
∑
t∈L

st(γ)− βn

}

=
1√
n
Mn(γ)

−1
∑
t∈L

st(γ)
D→ G(γ)

in view of (A.10) and (A.11). Since limn→∞ ∥λn∥ < ∞, we have
√
n{β̂(γ) − β̄1}

D→
λ̄+ G(γ), as required. The same arguments apply for the proof of consistency. □

A.4 Proof of Theorem 2 (Bootstrap consistency)

Proof. We focus on the Wald tests in this proof, as the LM tests are analogous.

Define:

Wλ(γ) =
{
G(γ) +Q(γ)λ̄n

}⊤
R⊤{RV (γ)R⊤}−1R

{
G(γ) +Q(γ)λ̄n

}
,

where R = (Ip+1,−Ip+1) is the selection matrix for H∗
0 ; Q(γ) = M (γ)−1M (γ,γ0);

M (γ1,γ2) = E{Zt(γ1)Zt(γ2)
⊤}; γ0 is the fixed true value of γ when λn ̸= 0.

Incorporate all possible values of γ in Wλ(γ) with one of the three transformations:

supWλ = sup
γ∈Γ

Wλ(γ), aveWλ =

∫
Γ

Wλ(γ)dµ∗(γ), (A.12)

expWλ = ln

[∫
Γ

exp

{
Wλ(γ)

2

}
dµ∗(γ)

]
,

where some subset of Γ has positive measure with respect to µ∗ (e.g., Davies, 1977,

1987, Andrews and Ploberger, 1994). The quantities in (A.12) are the asymptotic
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counterparts to those in (20).

Let gλ = g(Wλ) denote either supWλ, aveWλ, or expWλ as appropriate. Observe

that g(·) is a continuous functional of the Gaussian process G(γ). Application of

Theorems 1 and 3 of Hansen (1996) implies that Wn ⇒ Wλ and g(Wn) ⇒ gλ. The

asymptotic distribution of Wn under H∗
0 isW0(γ) = G(γ)⊤R⊤{RV (γ)R⊤}−1RG(γ);

the asymptotic distribution of Wn under H∗
1 (λn) is a noncentral chi-squared process

on Γ. Let F 0(·) denote the distribution function of g0 = g(W0), and define pn =

1− F 0(gn). By monotonicity and continuity of F 0, pn ⇒ pλ = 1− F 0(gλ); hence, the

asymptotic distribution of pn under H∗
0 is Uniform on [0, 1].

Let {ξt}t∈L be iid standard normal random variables. Define:

Ŵn(γ) = v̂n(γ)
⊤Mn(γ)

−1R⊤
{
RV̂ n(γ)R

⊤
}−1

RMn(γ)
−1v̂n(γ),

v̂n(γ) =
1√
n

∑
t∈L

ŝt(γ)ξt.

Note that v̂n(γ) is a mean zero Gaussian process with covariance kernel Ŝn(γ1,γ2)

conditional on the sample. Let F̂n denote the distribution function of ĝn = g(Ŵn)

conditional on the sample. Let p̂n = 1 − F̂n(gn), then Theorem 2 of Hansen (1996)

implies that p̂n ⇒p p
λ.

To prove Theorem 2.(i), impose H∗
0 . Then, the asymptotic distribution of p̂n is

Uniform on [0, 1]. Application of the Glivenko-Cantelli Theorem implies that p̂Bn (H
∗
0 )−

p̂n
p→ 0 as n→ ∞ and B → ∞, establishing Theorem 2.(i).

To prove Theorem 2.(ii), impose H∗
1 (λn) with ∥λn∥ → ∞. We have that Wn ⇒

Wλ, a noncentral chi-squared process on Γ, and that p̂n ⇒p p
λ. Hence, it is sufficient to

show that gλ = g(Wλ) diverges almost surely as ∥λn∥ → ∞. Recall that g(Wn) ⇒ gλ.

By Assumption 1.(ii)-(iii), infγ∈Γ det{M (γ)} > 0 and infγ∈Γ det{V (γ)} > 0. Hence,{
RQ(γ)λ̄n

}⊤ {RV (γ)R⊤}−1RQ(γ)λ̄n → ∞

almost surely as ∥λn∥ → ∞ for every γ ∈ Γ. Hence, gλ → ∞ almost surely as

∥λn∥ → ∞, establishing Theorem 2.(ii). □
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