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1 Introduction
In this supplemental material, we present technical and numerical details omitted in the main

paper Hamori, Motegi, and Zhang (2018). We begin with a brief review of the key notation:

Uji == FJQ(in) LU = Uy, Ug) ", (v, 0q30) = Inc(vy, ..., v 0)
0 0?

69(’01, ...,vd;9) = %f(vl, ...,Ud;e) N 699(’01, .oey Vg, 9) = Wﬁ(vl, ...,vd;H) s
0 0?
éj(vl, <oy U, 9) = gg(’lil, ...,Ud;e) s 69]’(’01, <oy U, 9) = mf(vl, <oey U, 9) 5
J J

where Y}; signifies a target variable of individual ¢ € {1,..., N} and component j € {1,...,d}.
T}; is a binary variable that equals 1 if Y}; is observed and 0 if Y}; is missing.

A vector of the target variables Y; = (Yy;,...,Ys)" can formally be divided into two parts
Y= (Y, Y/

i obss Y imis) |, Where the component Y'; o5, € R%bs is assumed to be always observed while

the component Y, ;s € Rémis may be missing, and d = dyps + dpis. As in the main paper, we
simplify notation by assuming that Y; s = 0 and Y, ;s = Y, which means that all components
of Y'; are possibly missing. Then dyps = 0, dpnis = d, and 0 < Pr(T); = 1) < 1forall j € {1,...,d}.
This simplification assumption does not cause any loss of generality.

The rest of this supplemental material is organized as follows. In Section 2, we list and relabel
all assumptions stated in the main paper for clarity. In Section 3, we derive a dual solution to
the primal problem (7) of the main paper.

In Section 4, we prove Theorem 2 of the main paper, which concerns the weak convergence of
estimated marginal distributions {ﬁ’l, ce Fd}.

In Section 5, we show that the asymptotic covariance matrix Vg reduces to a well-known form
when there are no missing data. In Section 6, we provide a proof of Theorem 6 of the main paper,

which establishes the consistency of our variance estimator V.

In Section 7, we report complete results of the Monte Carlo simulations.

2 Assumptions
In this section, we list all assumptions stated in the main paper Hamori, Motegi, and Zhang
(2018) in order to make this supplemental material self-contained. See the main paper for detailed

discussions on each assumption.

Assumption 1 (Missing at Random) T; LY, ,,.is| X; for any i € {1,...,N}.



Assumption 2 The support of the covariate X, which is denoted by X, is a Cartesian product

of r compact intervals.

Assumption 3 The smallest eigenvalue of E [uy, (X )uk,(X)T] is bounded away from zero uni-

formly in K;.
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Assumption 4 For any j € {1,...,d}, the inverse propensity score m;j(x)~" is bounded above,

i.e., there exists some constant my such that 1 < m;(z)~t < < oo, Vo € X.

Assumption 5 There exists \jx inR™ and a > 0 such that sup,cy |(p") ™" (1/mx (2)) =N gur, (z)] =
O(K;“) as Kj — oo.

Assumption 6 ((K;) K;»*/N — 0 and \/NK]-_O‘ — 0.

Assumption 7 p(-) is a strictly concave function defined on R and three times continuously

differentiable, and the range of p' contains [1,m].

Assumption 8 For any j € {1,...,d}, the conditional distribution function Fj(y|x) = Pr(Y};; <

y| X ; = x) is continuously differentiable in x and is Lipschitz continuous in y.

Assumption 9 The smallest eigenvalue of E [ug, (X )uk, (X)"] is bounded away from zero uni-

formly in K,.
Assumption 10 There exists some constant n; > 0 such that 1 < n(x)™! < < oo, Vo € X.

Assumption 11 There exist fx € RX" and o > 0 such that sup,e |(0/) " (1/n(x)) =B ur, (x)] =
O(K,™) as K, — oo.

Assumption 12 ((K,)?K,*/N — 0 and VNK, ™ — 0.

Assumption 13 Let Uj; == F}(Yy;) and £(vy, ..., vg;0) :=Inc(vy, ..., vq;0).
1. (v, ..., vg4;0) is a continuous function of 6.
2. E[supgee [€(Uiis - - -, Uaiz 0)]] < 0.

Assumption 14 E[ly(Uys, ..., Us;0)| X = 2| is continuously differentiable in x.



Assumption 15 B := —E [lye(Us, ..., Uq; 6p)] and

d
S o= Var(p(Ty, X3, Ui 60) + Y Wi(Tyi, X, Uy 60))

j=1
are finite and positive definite, where
I(Ty=-=Ty=1) I(Ty=-=Tyu=1)
n(Xi) n(Xs)
+E[lg(Uti, . . ., Ugi; 00)| Xi] — E[lg(Uns, - - ., Uai; 60)],

Wi(Tji, X4, Ujis 00) := E [lg;(Uts, - - -, Uas; 00){ 85 (Tji, X, Ujis Ujs) — Ujs }Uji, X3, Tji] - (s # 1),

o(T;, X;,U;;56p) ==

lo(Ursy .-, Ugis bo) —

(b'(T'Z‘,XZ‘,U‘Z‘;U):: J I(UZSU)— J EIUZS’U Xz —i—EIUZSU XZ‘,UE 0,1.
(T X Upsi) = — e (U < 1) = — 5Bl (U < 0)| X + BT < o)X, ve 0.1
Assumption 16 (i) For each (ui,...,uy) € (0,1)%, log(us,. .., uq;0) is continuous with respect

to 0 in a neighborhood of 6. (ii) E[suPgee.jo—g,|=o(1) [|fo6(Uris - - -, Uai; 0)||] < oo.

Assumption 17 Forj e {1,...,d}, lyj(uq, ..., ug;00) is well defined and continuous in (uq, ..., uq) €
(0,1)%. Furthermore,

1. ||l (ur, ... ug; 0p)| < constantxH;l:l{vj(l—vj)}’“j for some a; > 0 such thatE[H;l:l{Uji(l—
Uji)} %] < 00;

2. or(uy, . .., uq;00)|| < constant x {vg(1 — vy)} =% H;l:L#k{vj(l —v;)}~% for some by > ay,
such that E[{U;(1 — Uy;) }o= b H?:L#k{Uji(l —Uj;)} %] < oo for some & € (0,1/2).

3 Duality of primal problem (7) of the main paper

Recall the primal problem presented in the main paper Hamori, Motegi, and Zhang (2018, Eq.

(7)):
min 3,1, T5:D(Npji, 1),
subject to Zfil Tjipjiur,(X;) = % 2511 ur, (X)),
where K; — oo as N — oo yet with K;/N — 0.
In this section, we derive a dual solution to (1) by using the method of Tseng and Bertsekas

(1987). (A dual solution to Eq. (9) of the main paper can be derived similarly, and hence the
derivation is omitted.) For each j € {1,...,d}, we define Eg,xn = (uk,(X1),... uk,(Xn)).

E[lg(Urs, - .., Ugiz 60)| X ]



Also define sj; := 1 —T;;Npj; and s; := (s;1,- .., st)T for each j € {1,...,d} and i € {1,...,N}.
Let f(v) :== D(1 —v) = D(1 —v,1), then we can rewrite the problem (1) as
N

n;i_n Zszf(ng) subject to Ef,xy - 55 = 0.
7=

For every i € {1,..., N}, we define the conjugate convex function (Tseng and Bertsekas, 1987)
of T f(+) to be

95i(2ji) =sup {zjisji — Tjif (s55)} = sup {=T;iNpjizji + 2zji — Tji f(1 = T;;Npji) }

Sji Pji

=sup {—Tjinjz'Zji + 25 — T]zf(l — iji)}
Dji

where the third equality follows by Tj; f(1 — T;iNpji) = Ty f(1 — Npji), and pj; satisfies the first

order condition:
! * * n—1
—Tjizj = =T f' (1 — iji) = Dy =~ {1 —(f) (Zﬂ)} ;
then we can have
95i(25i) = — Tjizji {1 — (7 (ij')} + zji — Ty f ((f’)f1 (ij')>

=—Tji {f ((f')_1 (%’i)) + 25— 2 ()7 (Zji)} + %ji
=—Thp (251) + 2ji

where
p(@)=F (1)) +2— =) ).

By Tseng and Bertsckas (1987), the dual problem of (1) is therefore
N N N
HgHEQﬁ(/\jTEi) = niinzgji(AJTqu(Xi)) = H;inzl {=Tjip (N uk, (X3)) + A ug, (X3) }
= _mf‘XZ {Tip (A ur, (X)) = N ug, (Xi)} = —mﬁX@J‘K(Aj) ,

i=1 J

where Ej; is the i-th column of Egn, i,e., B = ug,;(X;).

7



Since D(-) is strictly convex, i.e., D"(v) > 0, and f”(v) = D"(1—wv), f(-) is also strictly convex
and f'(-) is strictly increasing. Note that

p) = F((f) W) +v—v(f) () & p(f(v)=f)+ ) —vf(v).

Take derivatives with respect to v for both sides of the latter equation to get:

P @) () = fw) + () = f(0) = vf(v) = 1 = v)f"(v).
Since f”(v) > 0, it follows that p'(f'(v)) = 1 —v. Take derivatives with respect to v for both sides
to get p” (f'(v)) f”(v) = —1. It implies that

B 1
Jr () w)

p'(v) = < 0.

Therefore, the convexity of D(-) is equivalent to the concavity of p(-).

4 Proof of Theorem 2

To prove Theorem 2, we introduce some preliminary notation and results. Let

Sisc = B |m (X (\re) Tuse, (X)use, (X, (X)]
Wjrc(y) o= —B [F 01X (X0 (M) s, (X)) e, (X)]
QjK(xv y) = \IIJK(y>T2;I§ T UK, (.Z‘)

Note that —Q;x (x,y) is a weighted L*projection (with the weighted measure —p" (X ) Tug, (2))dFx (x))
of F(y|r) on the space linearly spanned by ug, (). Because of Assumption 3, we can assume the

sieve bases {ug;(X)} are orthonormalized, namely,
E [ug,(X)ug, (X)) = Ix,. (2)

We also introduce the following notation:

N

N 1 -

Sine = 5 20 Toue (i) T () use (X Jui (X |
=1

nely) = — /X Fy(yla) - m5(x) - p" (N, (2) Y, (2)dFx ()

Qjx(,y) = Vi (y)"Sjxu, (x) |

8



where 5\j x lies on the line joining Ay and 5\]- K such that the following Mean Value Theorem holds:

0=G Z ( KUK, X)) UKJ(XZ)—%EV:UKJ(XJ

i=1

— Z Tyf ((Ng) o, (X)) i, (X) = D, (X

1=

—

Y Z (ATKUK X1)> e, (X ug, (X)) - {j\j]( — )\;K} .

Hence
Nk = N = =S ugg, ( { Z (X)) Tuk, (X)) — 1} . (3)
For each j € {1,...,d}, we have the following decomposition:
N
W{Fj(y Z (Yji, X, Ty )}
15 A XNV N Ty ) EWX)
= ﬁ ; {NT]zPJK(Xz)I(Y]z <vy) FJO(Z/) <7Tj(Xi)I(Yﬂ <y)— (%) (Tj — (X)) — Fjo(y)> }
N
= Tlﬁ ; { (Npjr(Xi) = Npjp (X)) Tjad (Vi < y) — /X Fj(yla)m;(x)(Npjk () — Np}fx(x))de(x)} (4)
1« . 1 R 1
TN ; { (ijK(Xi) - Wj(Xi)> Tjl(Yi <y) - E {Fj(y|Xi)wj(X,-) <ijK(XZ) - Wj(Xi)ﬂ } (5)
. 1
VBB 010m (0 (N - )] (6)
1 N
+ \/N{ /X Fj(yla)m;(x)(Np;x (@) — Npjy (2))dFx (x) - ST Tip (X)) Tuie, (X3)) — 1] Qjx (X, y)}
(7)
T %ﬁ Zzl[ij’((A;K)Tqu (X)) — (@ (Xi,y) — Qisc(Xi, 1) (8)
Fj(y| X)
Z{ ]7P UK](Xy))*].}Q]K(X“y)‘F FJ(XZ) (T]7 WJ(XZ))} (9)

We shall show the terms (4)-(9) are of 0,(1) uniformly in y € R.



For the term (4): Note that

N
(4) :Tlﬁ > { (Npjx (Xi) = Npji (X)) Tyl (Vi < y) — (Npjx (X)) — Npjx (X)) Wj(Xi)Fj(lei)} (10)
=1
N
+ \/% ; { (Npjx (Xi) — Npjx (X)) (X ) Fj(y| X ) — /X Fy(ylz)m;(x)(Npjx (z) — Np§K($))dFX($)}-

(11)

Consider the term (10). Given the o-algebra o(X;,7 > 1), p;x(z) is a deterministic function of «,

and the summands {(Np; (X ) = Npj (X)) Tjil (Vi < y)—(Npjac (X i) = Npjpe (X)) (X) Fy (51 Xa) HEy
are conditionally ¢.i.d. with conditional mean zero in accordance with Assumption 1. For any fixed

y € R, by computing the conditional second moment of (10) and using Lemma 2 of the main
paper, we can obtain

E

—~

10) 2o (X, t > 1)]

I
z| =
-

E[| (Npjx(X:) = Npjg (X)) Tjil (Vi <) — (Npjn (X)) — Npj i (X)) m5(X3) Fy(y| Xo) P o (X e, t > 1)]

o
Il

E[| (Npjx (X)) — Npjp(X)) Tl (Vi < y)Plo(Xe, t > 1))

IA
=zl=
M-

1

-
Il

(N (X) — Nplg(X0)* = Op(K;/N) = 0,(1),

IN
2|~
M-

s
Il
-

then by Chebyshev’s inequality the term (10) is of 0,(1) for fixed y € R. We next show that (10)
is of 0,(1) uniformly in y € R. Denote

J(X3, T, Yiisy) o= (Npjx (X)) — Npjg (X)) Tl (Vi < y)— (Npix (Xi) — Npjp (X)) m5(X0) F (y] X5).

Given the o-algebra o(X,t > 1), for large enough N and fixed ¢ > 0, the following L?-continuity
(conditional version) holds:

1/2
{E U(Xt7t21)]}

:{ (Npjx(Xi) — NP§K(X1'))2 ‘E {{Tji(I(in <y1) — I(Yji < o)) — 7 (X3) (Fy (1] X3) — Fy (2| X))}

sup | f(Xi, Ty, Yiisun) — f( X, Ty, in;yz)|2
|y1—y2\S5

(X0t 1) }1/2

1/2
Z{ (Npjr(X;) — Np;K(Xi))2 X (Wj(Xi) AE (11X ) = Fi(y2l Xo)| — m5(X0)* - |Fy (1| X)) — Fj(y2|Xi)|2) }

1/2
S{ (Npjr(X;) — Np;K(Xi))Q x i (X) - [Fy(y1] X i) — Fj(y2| X)) }

< sup Nk () = Npie(@)| - VL -y — | < |y1 — 9] /2,
xre

10



where L denotes the Lipschitz’s coefficient of Fj(y|x) by Assumption 8, and the last inequality
follows from Lemma 2. By the law of iterated expectation, the following L*-continuity (uncondi-

tional version) holds for large enough N:

—y2|<6

1/2
{E [ sup | f(Xi, Tji, Yiis 1) — f(Xusz',Y}i;yQNQ] } < |y — yo|"/? for fixed § > 0,
Y1

therefore, Condition (5.3) of Andrews (1994) is satisfied. By Theorems 4 and 5 of Andrews (1994),
the function class {\/LN Zf\il (X, T, Yiisu)y € R} is stochastically equicontinuous. Therefore,

(10) = 0,(1) holds uniformly in y € R.

Next we consider (11). Using Mean Value Theorem twice, we can decompose (11) as follows:

N
(1) =—=> [mxz-)Fj(yX»p"d}Kqu(Xi»qu(Xi)T— [ Bstwloim @) (Tius, (@), (o) dFx (@) (e = X

Z{ - Z [ﬂj(Xz')Fj(lei)p"((AE)Tqu(Xi))qu(Xi)T—/XFj(y|33)7fj($)p"(()\§K)Tqu(x))UKj(x)TdFX(fU)

N
— ZWj(Xz')Fj(y|Xz')P/”(§j3(Xi))(5\jK = Nig) T (X u, (Xq) T

- \/N/X Fy(ylo)m; ()" (€3(2) Ny — Nji) T, ()u, (x)TdFX(x)}(AjK — Nik)

. T .
= (WR+wRe) + W) Gi -2k,

where

Wi (y) = ﬂvi [wj<X1->Fj<y|xi>p”<<x;(>%j<Xi>>qu<Xi>— /X F(yl2)m;(@)p"(Nxe) Tuse, (2)ux, (2)dFx () |
WiR(y) = \/iﬁ ﬁ;TﬁImi <)o" (&s(X))ux, (X )ux, (X»T] Ajx = X)) |

WiRy) = - VN /X 7 (2) F; (yla)p" (&5(2)uxc, (2)uxc, (2) T dFx (x) - (\jxe = Xigc)

and \;x lies on the line joining Nig and Ak, €3(x) lies between S\JTKuK].(m) and (N) Tug, ().

Consider I/Vj(ll() (y). Noting E[I/V](Il{) (y)] = 0 and computing the second moment of Wj([l()(y), we

11



have:

B[IWE )]
—Elm; (X)? Fy (4] X:)20" (Xie) T, (X)), (X) T
— B (4 X)mi(Xa)" (Njre) s (X )k, (X)) - B (01X )y (X)) T (XY, ()]
<l (X Fy (91 X020 (0 50) T, (X)), (X) g (X))
< sup | () - Elllu, (X)I?] = O(K;), (use (2))

vel'r

where the second inequality follows from the fact (Xix) ug,(z) € Iy == [y — 1,7+ 1], Vo € X
when K is large enough (see the proof of Lemma 1 of the main paper). Then by Chebyshev’s
inequality, we have that for each fixed y € R,

1
WK W) = 0,(V/E)). (12)
We next consider sup,cp HWJ.(;’() (y)||- By Lemma 2 of the main paper, we have that
sup [ (v)
yeR

=N -sup {(Xm )T [ m@F kel €ala) e, () ()P ()

yER

X / i () (yl2)p" (&3 () ur, (@)ur, () TdFx () x (M — )‘;K)}
X

2
<N- (igp " (&53(2))| - sup mj(x) - sup Fj(@/lﬂf)) (i = Ajk)T {/X uk; (2)ur; (x)Tde(x)} (Ajx = Nx)

rEX (z,y)e X xR

<N -0p(1) - Xk = Ajkll* = Op(K;)

T

where &;3(z) lies between )\jKuK (z) and (Ng) ug,(z). From the proof of Lemma 2, we know

that sup, .y |0 (&;(x))| = Op(1). Note A;x lies on the line joining \;x and Nk, by Lemma 2 of

the main paper, we have || \;x — Nkl =0, <\/Kj/N). Therefore,
up [ W2 ()] = O(V/E). (13)
v

Finally, we compute the probability order of sup,.g HWj(IQ() (y)]]-

sup [ (v)]° =N'S“p{<&x )" [NZT T(Ve <)o" (Es(X)ue, (X iJur, (X3)T
yeR yeR

12



|;N ZT (Y <) W(fJS( ))UKJ(Xi)qu(Xi)T] (;\jK _)\;K)}

N 2
<N- sup 10" (&53()) | - {(;\jK - Nig)" “{ > uk, (Xi)ug, (Xi)T] (Njx — A}k)}
z i=1
<N sup 10" (&3(@) P - 1Nk — Nkll® - A (;z ;“Kj (Xi)uk, (Xz')T>

<N - Op(1) - Op(K;/N) - Op(1) = Op(K;),

where Apax (N_l Zfil ur, (Xi)ug, (XZ-)T> denotes the largest eigenvalue of N1 Zfil ur,; (Xi)ug, (X7,
and it converges t0 Apax(Elug, (X )uk,(X)T]) < oo. Therefore,

2
sup [ W2 (0)l] = Op(V/K). (14)
Yy
Then in light of Lemma 2 of the main paper and Assumption 6, we have that for fixed y € R,
1 2 3 1 *
(1) < (IWR @ + IR+ IWR ) - 1 = X

< (Op(\/_) + O (\/—) +0 (\/_)> - Op ( %) =0y | = op(1).

Using a similar argument of showing (10) is of 0,(1) uniformly in y € R, we can obtain
(11) = 0,(1) holds uniformly in y € R.

Hence,

(4) = 0,(1) holds uniformly in y € R.

For term (5): For fixed y € R, by computing the second moment of (5) and using Lemma 1 of

the main paper, we obtain

E[G)P
= ((Npﬂ( - ) T <) = B | (N30 - — 5 ) BiXm (0] )]
<E (Np,K - (fxi))Q (T 1(Yyi < y)2]
<E [ (VF}(X:) = Ny (X2))°] = O™ = o(1),




which implies that for fixed y € R, (5) is of 0,(1). Using a similar argument of showing (10) is of
0p(1) uniformly in y € R, we can obtain that (5) is of 0,(1) uniformly in y € R.

For term (6): By Lemma 1, Assumption 6, we can derive

sup [VIVE | F(0130m, ) (N30 - — )|

<VNE[|Npix(X) - m;(X) 722 = VN - O (K;*) = o(1).

J

For term (7): Using Mean Value Theorem, we have

V[ Byl @) (Vo) = N ()P ()

— VN / Fy (gl ()0 (Vs () ure ()T dF (2) (e — Xire)
= VNI )k — X

‘ ~

= \/—Z i (A5) T, (X)) = 1V e ()2 g, (X)) (using (3))

[T5i' (N33) Ture, (X)) — LQr(X i3 y).

I
-
Mz I

=1

Therefore, the term (7) is exactly zero.

For term (8): We can decompose (8) as follows:

‘ -

) = 7 2T (X)X D = U P )55 = W)k b, (X)
= { Uk — )k} VNG ()
) ()} SR N0 + W) (S5 - S5} VG 0. (15)

Consider the first term in (15). In the proof of Lemma 2 of the main paper, we proved that

A1 * Kj
16 () =op( W)- (16)

14



By Mean Value Theorem, we have

Vi (y) = Vin(y) = — /X Fy(yle)my() | " (\xcur, (@) = 0" (Njge) T, (2)) | us, (2)dFx (x) = i/ﬁ

Note that the matrix in is negative definite with probability approaching one, )\min(ij’,%) =

Amax (Zx) 7! < 0 and Apax(X;x) is bounded away from zero with probability approaching one,
then |/\min(§~]j_§)| = O,(1). Using (13) and (16), we have

sup [(Vx (y) — Uk () TS 8VNG (X)) (17)

yeR

< sup VR W) S G N |
Yy

= aup V207 (554) W) - 1G5 50

yeR
< sup (DWW T, - W) - 1G]
)

For the second term in (15),

sup [, (4) (S5 — S5V G| (18)
Y
= sup VNG (X5s0)TE5 (5 — S ) S )
Y
VNG (50l -5 19 ()1 - 1555 (= )5

yeR

=V NG X5l - Sup Wk (y)| - tr <i}é(2ﬂ< — i) S S (Sik — EjK)i}Q
Yy

. § e S e - 3
=V NG Niac) |- s0p 150 - (S5 (B = iae) B (S — )
Y

<SVN|IG (Xl sup (195 (y)

yeR

. 1 c e - ~ 3
VRG] 510 W) - P S - b1 (S5 S — E) Sy — Sy

yER

1 ~ ~
| P 0 -t (S = S St S5 S — Si))

Nl

>~
=

&

2t

==
M

al

<VN|IG (Xl sup [ ()] - | Ammax (2550 )|
Y
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=V NG W) |- sup W5 )] - [Ain(S5)] Sik = Sik ||,
eR
Yy

)\min (i;é')

where the second and third inequalities follow from the fact that tr(AB) < Apax(B)tr(A) for any

symmetric B and positive semidefinite matrix A.

We now estimate the probability order of ’ YKk — f]jKH. Using Mean Value Theorem and

triangle inequality, we have

=ik — i (19)
< B [ (X)p" (M) T, (X)), (X uge, (X) 7] — %Zsz‘ﬂ"((/\;K)TUKj(Xi))UKj(Xz‘)UKj(Xz‘)TH
+ Z 5in" (€53(X ) Jure, (X, (X )T (Vi — Ajge) Tu, (X)

K; N -
<O, [ ¢(K;)4/ N) +sup!p’” (&s(x Z i)TH A = Nkl - ()

:Op CU{J)\/%) + Op(l) ) Op (\/K) 'Op (C(KJ) %) = Op C(Kj) % )

where &;3(z) lies between (M) Tug, () and )\]KuK (x). Note that
Sylelpll‘I’JK( ) < Ello"((Nr) e, (X)) e, (X)) < O(1) - EffJur, (X)) [°]2 = O(VE;). (20)

Combining (18)-(20), we can obtain that

Sup W () (S = Z)VNG (N
Y

—VNO, (\/%) O(V/K;)0,(1)0,(1)0, (C(Kﬁ %) = 0, (C(Kj) %)

then with (15), (17) and Assumption 6, we have

K? K4
(8) =0, (\/ WJ) + O, (C(Kj) W]) = 0,(1) holds uniformly in y € R.
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For term (9): Computing the second moment of (9) yields:

B | ([0 () T, (60) = 0Qk (Koo + 25— 1)) ]
10(\* 1 ? 2 2 (£ (y|X3) + Qj (Xi,9))* 2
<20 | (060 Tk, (X0) = = ) ThQua(Xop? | 2 | R R 7, )

Note that Q;x(X,y) can be rewritten as:
Qi (X.y) = Bic(y) Tuse (X)
where
ie(y) = argmin E |, (X) (=" ((Xixe) "o, (X)) ) {F(01X) = 8T, (X)
= B [ (X0 (i) s, (X)) i, (X, (X)) B [y (X (M) T, (X)) F5 1)

Thus Q;x (X, y) is the weighted L?-projection (with the weighted measure —;(x)p" (Xix) Tu, (2))dFx (x))
of Fj(y| X') on the space spanned by ug, (X), and the weighting function —;(x)p" (()\;‘K) ! (09 (x))

is uniformly bounded away from zero and infinity. Therefore, by definition, for any 3 € R,

[{F (yIX) Qjr (X, )}2]

00 (= (05) ", (00))) :
R - Fi(ylX) — B (y) "ug, (X) }

30 (=7 (05 )"
S% lnf'y€F1 |P E[Wﬂ ( < JK)TUKJ'(X))>{ j(y|X)_5K(y)TUKj(X)}2}
<o E B0 (20 (50T (30) ) {B01X) = 87 ()]

1 supep, [0"(0)]
m infer, [0"(7)]

E [{F]X) ~ 8Tux, (X)}7]

Taking infimum over 3 € R%s in above expression yields:

_ SUPyer, 1P ()] . sup E [{Fj(y|X) _ 5Tqu(X)}2} — 0,

T 2 1
E [{F](y|X) — Bre(y) "ur, (X)) } ] = m - infyer, |07V erss
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as K; — co. By (21), Lemmas 1-2, Assumption 6, and the result above, we obtain that

/ * T Fj 2
B | (I3 () T (X0) = Qe (X) + 21, myx) ) ]

—_

) E[Qx(Xiv)?] + 5 - B[{F,uX) - Qx(X.9)}]

<2-sup (pl(()‘;K)TuKJ (z)) —
m

reX ﬂ-j(I)

<O(C(E,2K; ) - O(1) + o(1) = o(L).

J

By Chebyshev’s inequality, we have that for every y € R,

LS~ (i (o) F(y1X.) :
N ; {[Tﬂl) ((Nx) ur, (X3)) = 1@k (Xiyy) + W(Tyz - Wj(Xi))} = 0. (22)
By Assumption 8,

[Tiir' (Nxe) ", (X)) = 1)@y (Xi,y) + (T — m5( X))

mi(X)
is Lipschitz continuous in y € R. Then Condition (5.3) of Andrews (1994) is satisfied. By
Theorems 4 and 5 of Andrews (1994), the convergence result (22) holds uniformly in y € R.
Hence (9) is of 0,(1) uniformly in y € R.

Therefore, we can obtain that

sup
yeR

\/N{Fj(y) — F(y) — %Z%(Y}i,Xi,j}i;y)H = 0p(1).

5 Simplified asymptotic variance under complete data
If there are no missing data (i.e., Ty; = --- =Ty = 1), then 7;(X;) =1 and n(X;) = 1. In
such a case, the notation in the asymptotic variance V), appearing in Assumption 15, simplifies

to
o(T;, X;,U;;6p) = Log(Uny, ..., Ugi; 0o),

¢;(Tji, X;,U;) = 1(Uj; <),

and

W;(Tj:, X, Uji; 00) = E [Ly;(Uss, ..., Uas; 00){05(Tji, X4, Ujis Ujs) — Ujs }|Ujs, Xi, Tjil
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=E[lyj(Us, ..., Uas; 00) {1(Uji < Ujs) — U} Uil , s # i

Then

d d
Y =Var {(,D(TZ,XZ, Uz; 90) + Z VVJ(U]@,G())} =Var {EQ(UH, vy Udi;eo) + ZW](UJZ, 90)}

Jj=1 J=1

d
= V&T’ {gg(Uli, ceey Udz; 60) + ZE [£9j<U15, ceey Uds; 00) {I(Uﬂ S Ujs) — Ujs} ‘UJZ}} , S 7& Z >
j=1

and B = —E[lpg(Uys, ..., Ugi; 00)]. Hence the asymptotic variance Vy = B~'¥ B! reduces to that
of Genest, Ghoudi, and Rivest (1995) and Chen and Fan (2005).

6 Proof of Theorem 6

It suffices to show || B — B|| % 0, and ||£ — || & 0 can be similarly established. Recall from
(D.3) of the main paper that

N
LTy =1, ., Ta = 1)ir (X i) loa(F1 (Y1), ooy Fa(Yai); 0) — Ellog(Uni, .., Uai; 00)]
i1

sup
0€0:(10—60 ]| =o(1)

‘ = op(1).
(23)
Rewrite (23) slightly as

N

A . I(Tii =1, Ty = 1) } H
9ce:10-all=o(1) ; . 4 = D (X}oo (01 i) n(Xi) ool s o) (1)
(24)
Since [|6 — 0] = O,(N~"/2), we have that for any € > 0 and any fixed constant C' > 0,
Pr([|0 — 6o > C-N"Y3) 50 as N — . (25)

Therefore, by (24) and (25),

Pr(|B — B| > ¢)

:Pr<}

N
ZI(Th == ].7 ~~7Tdi == 1)(jK(Xi)£00(Ulia ...,Udi;e) — E |:
i=1
N A~ A ~
<Pr ( > (T =1, ..., T = 1)4x (Xi)lop (Ui, .., Uai; 0)
i=1
- E |:I(T11 =1, "'aTdi = 1)

n(X:)

(T =1,..., T
n(X:)

=1
)509(U1i7~.7Udi;90)] H > 6>

eeewu,...,Udi;eo)} H > €10 — 6o < C-N‘”‘”’)
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+Pr([|0 — 6] > C - N71/3)

N—o0

0,
which implies that ||B — B| 2 0.

7 Complete simulation results

7.1 Benchmark scenario

Recall the benchmark simulation experiment in the main paper Hamori, Motegi, and Zhang
(2018), where we only reported partial results with respect to copula parameters and missing
mechanisms. For the copula parameters, the main paper focused on the Clayton copula with
ap = 6.000 (Kendall’s 7 = 0.75) and the Gumbel copula with v, = 4.000 (7 = 0.75). In the
supplemental material, we add Clayton with g = 1.636 (7 = 0.45) and Gumbel with 75 = 1.818
(1 = 0.45). The smaller value of 7 implies that there is a weaker association among (Y7;, Y2;, X;).
For the missing mechanisms, the main paper focused on Case C (i.e., MCAR with E[Ty;] = 0.6)
and Case D (i.e., MAR with E[Ty;] = 0.6). In the supplemental material, we add Case A (i.e.,
MCAR with E[Ty;] = 0.8) and Case B (i.e., MAR with E[T5;] = 0.8). The average amount of
missing observations is smaller in Cases A-B than in Cases C-D.

See Tables 1-6 for complete results on the benchmark scenario. The smaller value of Kendall’s
7 generally has a positive impact on the performance of each estimator. See, for instance, the
calibration estimator assisted by the data-driven selection of K in Case D with the Clayton copula
and N = 250 (Table 1). The bias, standard deviation, and root mean squared error (RMSE)
are {0.036,0.253,0.256} for oy = 1.636 (7 = 0.45) and {—0.259,0.653,0.703} for oy = 6.000
(1 =0.75). It is a reasonable result since the weaker association among (Y7;, Ya;, X;) should imply
the greater amount of information given sample size N.

The smaller missing probability also has a positive impact on the performance of each estima-
tor. See, for instance, the calibration estimator assisted by the data-driven K; under the Clayton
copula with ap = 6.000 and N = 250 (Table 1). The bias, standard deviation, and RMSE are
{—0.140,0.618,0.634} in Case B (MAR with E[Ty] = 0.8) and {—0.259,0.653,0.703} in Case
D (MAR with E[T3;] = 0.6). It is also a reasonable result since the smaller missing probability
implies the greater amount of information available given N.

In the main paper, we confirmed that the listwise-deletion estimator is inconsistent under
MAR. We also noted that the listwise deletion results in positive bias under the Clayton copula
and negative bias under the Gumbel copula. Those results are essentially a consequence of our

simulation design and the tail-dependence properties of the two copulas. In this supplemental
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material, we provide a precise reason for the positive bias under Clayton and the negative bias
under Gumbel.

Consider the Clayton copula, which has a lower-tail dependence and upper-tail independence.
When (Y7, Ya;, X;) are jointly drawn from Clayton, a small value of X; tends to be accompanied
by jointly small values of (Yi;, Ys;), whereas a large value of X; is not necessarily accompanied by

jointly large values of (Yi;, Y2;). Recall that the true propensity score function of Y; is

1
1+ expla + bx;]

mo(z;) =Pr(Ty; = 1| X; = ;) = (26)
In view of (26), the smaller (larger) X; implies the higher (lower) probability of observing Ys;
under MAR. As a result, observed pairs of (Y7;,Y3;) exhibit a deceivingly strong association.
The listwise deletion literally accepts the strong association observed, since it just puts uniform
weights for all individuals with complete data. This is why the listwise deletion over-estimates
the association between Yj; and Y5, under the Clayton copula. Analogously, it is natural to see
the negative bias under the Gumbel copula, which has a lower-tail independence and upper-tail

dependence.

7.2 Benchmark scenario with B-splines

Recall that the nonparametric estimator of Hirano, Imbens, and Ridder (2003) and the pro-
posed calibration estimator require an approximation sieve ug,(X). In the main paper and
Section 7.1 of this supplemental material, the approximation sieve is specified to be power series
up, (X) = (1,X, X?%,..., XK2=1)T_1In this section, we use B-splines in order to check if simulation
results change.

B-splines require a choice of order R > 2 and knots (see Hastie, Tibshirani, and Friedman,
2009, Section 5 for an overview of B-splines). Popularly used orders are R € {2,3,4} (i.e., linear,
quadratic, and cubic B-splines), and we use all those values. We use the minimum of covariate
X as left outside knots; the {25%, 50%, 75%} quantiles of X as inside knots; the maximum of X
as right outside knots. The dimension of the resulting base functions ug,(X) is Ky = R+ @,
where @ is the number of inside knots. Since R € {2,3,4} and ) = 3 in our case, we have that
K, € {5,6,7}. It is possible to use more or less quantiles as inside knots, but we leave it a future
task to explore such a possibility.

See Tables 7-10 for results. Recall from Tables 1-6 that the nonparametric estimator has
a serious sensitivity to a choice of Ky and that the data-driven selection of K alleviates the

sensitivity substantially. Tables 7-10 indicate that using B-splines is another compelling way
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to alleviate the sensitivity of the nonparametric estimator. The bias, standard deviation, and
RMSE of the nonparametric estimator are all similar across R € {2,3,4} in each case, and they
are as sharp as the performance of the nonparametric estimator with power series and data-driven
selection of K.

When Kendall’s 7 = 0.45, the calibration estimator based on the B-spline with any R &€
{2,3,4} performs as well as the calibration estimator with power series and data-driven Kj.
When Kendall’s 7 = 0.75, the calibration estimators based on B-splines exhibit some sensitivity
to the order R, and their performances are sometimes worse than the performance of the cal-
ibration estimator with power series and data-driven K. See, for example, Case D with the
Clayton copula, ap = 6.000, and N = 500 (Tables 2 and 8). The bias, standard deviation, and
RMSE are {—0.118,0.458,0.473} for the B-spline with R = 2; {—0.285,0.565,0.633} for R = 3;
{—0.429,0.567,0.711} for R = 4; {—0.142,0.472,0.493} for the power series with data-driven Kj.
In this example, the linear B-spline performs slightly better than the power series with data-driven
K3 while the quadratic and cubic B-splines perform worse than that. This result suggests that
using B-splines might have a negative impact on the small sample performance of the calibration
estimator when there exists a strong association among target variables and covariates.

In large sample, a choice of sieve basis functions should not matter. Focusing on the same
example as above, the performance of the calibration estimator with the quadratic B-spline indeed
keeps improving as sample size increases: {—0.328,0.709, 0.782} for N = 250, {—0.285,0.565,0.633}
for N = 500, and {—0.226,0.466,0.518} for N = 1000 (Table 8). The same goes for the linear

and cubic B-splines.

7.3 Extended scenarios

Recall the extended simulation experiments in Section 6.2 of the main paper. The first scenario
concerns a misspecified missing mechanism, while the second scenario concerns two covariates. We
provide complete simulation results on the first scenario in Section 7.3.1 and the second scenario
in Section 7.3.2. In both scenarios, the approximation sieve is specified to be power series. It is

left as a future task to consider B-splines under those scenarios.
7.3.1 Misspecified missing mechanism

Recall that the true propensity score function is specified as

1

mo(zi, yri) == Pr(Ty = 1| X, =, Y1, = yu;) = 1+ oxp|—0.42 + 0.22, + 0251

(27)
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In the main paper, we performed the nonparametric estimation of Hirano, Imbens, and Ridder
(2003) and the calibration estimation by constructing approximation sieves based on the power
series of X; only:

ug, (X:) = (1, X3, X2,..., X1

We then used fixed Ky € {2,3,4} or the data-driven selection of K} based on the covariate
balancing principle.

In this supplemental material, we consider two extra estimators that are expected to have
sharp performances by construction. The first one is the parametric estimator whose propensity
score model is correctly specified relative to the true propensity score (27). The second estimator
is the calibration estimator whose approximation sieve consists of power series of X; and Y7;.

When K, = 10, the approximation sieve is defined as
ulO(Xi7 )/ll) - (17 Xza Y1i7 X'?a )/12@7 Xzylza Xzsa }/13;7 XzQ}/lh ‘)(”L}/fz)—r

When Ky < 10, ug,(X;,Y7;) consists of the first Ky elements of uy0(X;, Y3;). For the second
estimator, we use Ky = 3 (i.e., only the first moments of X; and Yj;), K = 6 (i.e., the second
moments added), and Ky = 10 (i.e., the third moments added). We also use the data-driven K
with a choice set Ky € {1,...,10}.

Further, we only reported results on the Clayton copula with ay = 6.000 in the main paper.
Here we report complete results in Tables 11-14, where we cover Clayton with ag € {1.636,6.000}
and Gumbel with v € {1.818,4.000}.

The simulation results in Tables 11-14 indicate that the calibration estimator based on the
power series of X; performs as well as the two extra competitors in terms of bias and standard
deviation. See, for example, the Gumbel copula with 75 = 4.000 and N = 1000 (Table 14).
The bias, standard deviation, and RMSE are {—0.074,0.171,0.186} when the parametric ap-
proach is taken; {—0.041,0.166,0.171} when the power series of X; and data-driven K3 are used;
{—=0.057,0.169,0.178} when the power series of (X;, Y1;) and data-driven Kj are used. Hence, in
our set-up, the extra impact of Y3; on the propensity score is well captured by the power series of
X; only. That is not a surprising result since Y3; and X; are associated with each other through

the copula.
7.3.2 Two covariates

Recall that there are r = 2 covariates X; = (X1;, Xo;)' in the second extended scenario. In

the main paper, we only reported results on the Clayton copula with oy = 6.000. In this sup-
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plemental material, we report complete results in Tables 15-16, where we cover Clayton with
ap € {1.636,6.000} and Gumbel with v € {1.818,4.000}.

The results are consistent with the benchmark scenario with a single covariate. See, for ex-
ample, the Clayton copula with ag = 6.000 and N = 1000 (Table 15). First, the nonparametric
estimators with Ky € {3,6,10} exhibit serious sensitivity, and we observe an extremely large
bias of —1.579 when Ky = 10. Second, the data-driven selection of K3 stabilizes the perfor-
mance of the nonparametric estimator successfully; the bias, standard deviation, and RMSE are
{—0.108,1.265,1.270}. Third, the calibration estimators with Ky € {3,6,10} have stable and
sharp performances. Fourth, the bias, standard deviation, and RMSE of the calibration estima-
tor with data-driven K3 are {—0.098,0.346,0.360}, which is a remarkably sharp result. When the
data-driven approach is taken, the nonparametric and calibration estimators lead to an equally
small bias, but the latter leads to much smaller variance. We thus confirm that the advantage
of the calibration estimator observed in the single-covariate scenario is preserved under the two-

covariate scenario.
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Table 1: Benchmark simulation results on Clayton copula (N = 250)

ap = 1.636 (Kendall’s 7 = 0.45)

(a,b)

A. (—1.385,0.000)

B. (—1.430,0.400)

C. (—0.405,0.000)

D. (—0.420,0.400)

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Listwise deletion
Param (correct)
Param (misspec)
Nonparam (K; = 3)
Nonparam (K3 = 4)
Nonparam (CB)
Calibration (K5 = 3)
Calibration (K3 = 4)
Calibration (CB)

0.031, 0.249, 0.251
0.021, 0.237, 0.238
—0.426, 0.163, 0.456
0.031, 0.244, 0.246
—0.055, 0.714, 0.716
0.028, 0.227, 0.229
0.038, 0.236, 0.239
0.035, 0.237, 0.239
0.024, 0.228, 0.230

0.076, 0.248, 0.260
0.039, 0.232, 0.235
—0.374, 0.166, 0.409
0.024, 0.233, 0.234
—0.021, 0.711, 0.712
0.034, 0.233, 0.236
0.025, 0.225, 0.226
0.040, 0.223, 0.227
0.026, 0.226, 0.227

0.050, 0.302, 0.306
0.025, 0.263, 0.264
—0.108, 0.240, 0.263
0.028, 0.259, 0.261
—0.031, 0.745, 0.745
0.018, 0.257, 0.257
0.024, 0.266, 0.267
0.032, 0.267, 0.269
0.026, 0.263, 0.264

0.154, 0.296, 0.333
0.044, 0.251, 0.255
—0.091, 0.237, 0.254
0.031, 0.251, 0.253
—0.011, 0.710, 0.710
0.037, 0.244, 0.247
0.035, 0.252, 0.255
0.034, 0.250, 0.253
0.036, 0.253, 0.256

ap = 6.000 (Kendall’s 7 = 0.75)

(a,b)

A. (—1.385,0.000)

B. (—1.430, 0.400)

C. (—0.405,0.000)

D. (—0.420,0.400)

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Listwise deletion
Param (correct)
Param (misspec)
Nonparam (K2 = 3)
Nonparam (Ko = 4)
Nonparam (CB)
Calibration (Ko = 3)
Calibration (K3 = 4)
Calibration (CB)

—0.082, 0.660, 0.665
—0.230, 0.612, 0.653
—3.662, 0.328, 3.677
—0.181, 0.636, 0.661
—0.472, 2.118, 2.170
—0.182, 0.590, 0.618
—0.207, 0.605, 0.640
—0.196, 0.608, 0.639
—0.186, 0.601, 0.629

0.134, 0.667, 0.681
—0.118, 0.594, 0.606
—3.362, 0.345, 3.380
—0.164, 0.610, 0.632
—0.505, 1.753, 1.824
—0.145, 0.590, 0.607
—0.168, 0.592, 0.615
—0.137, 0.585, 0.601
—0.140, 0.618, 0.634

—0.115, 0.754, 0.763
—0.442, 0.663, 0.797
—1.687, 0.647, 1.807
—0.369, 0.649, 0.747
—0.630, 1.985, 2.083
—0.307, 0.659, 0.727
—0.365, 0.648, 0.744
—0.304, 0.646, 0.714
—0.317, 0.643, 0.717

0.420, 0.840, 0.940
—0.248, 0.650, 0.696
—1.367, 0.610, 1.497
—0.248, 0.612, 0.661
—0.495, 1.916, 1.978
—0.167, 0.670, 0.691
—0.266, 0.605, 0.661
—0.274, 0.649, 0.705
—0.259, 0.653, 0.703

This table reports bias, standard deviation, and root mean squared error (RMSE) of each estimator with respect
to ag € {1.636,6.000} after J = 1000 Monte Carlo trials. Cases A and B imply MCAR and MAR, respectively,
with relatively low missing probability (i.e., E[Ty;] = 0.8). Cases C and D imply MCAR and MAR, respectively,

with relatively high missing probability (i.e., E[T%;] = 0.6). “Param (correct)” signifies the parametric estimator

based on a correctly specified propensity score model. “Param (misspec)” signifies the parametric estimator based

on a misspecified propensity score model. For the nonparametric estimator of Hirano, Imbens, and Ridder (2003)

and the proposed calibration estimator, approximation sieves are constructed from the power series of X;. The

dimension of the approximation sieve is either fixed at K> € {3,4} or automatically selected from K> € {1,...,5}

based on the covariate balancing (CB) principle.
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Table 2: Benchmark simulation results on Clayton copula (N = 500)

ap = 1.636 (Kendall’s 7 = 0.45)

(a,b)

A. (—1.385,0.000)

B. (—1.430,0.400)

C. (—0.405,0.000)

D. (—0.420,0.400)

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Listwise deletion
Param (correct)
Param (misspec)
Nonparam (K; = 3)
Nonparam (K3 = 4)
Nonparam (CB)
Calibration (K5 = 3)
Calibration (K3 = 4)
Calibration (CB)

0.022, 0.176, 0.177
0.012, 0.162, 0.163
—0.417, 0.115, 0.432
0.024, 0.165, 0.167
—0.121, 0.731, 0.741
0.016, 0.157, 0.158
0.016, 0.164, 0.165
0.015, 0.164, 0.165
0.023, 0.165, 0.166

0.068, 0.181, 0.194
0.010, 0.158, 0.158
—0.378, 0.117, 0.396
0.018, 0.165, 0.165
—0.067, 0.744, 0.747
0.008, 0.159, 0.159
0.018, 0.164, 0.165
0.013, 0.154, 0.154
0.016, 0.155, 0.155

0.023, 0.204, 0.206
0.003, 0.182, 0.182
—0.116, 0.169, 0.205
0.016, 0.178, 0.179
—0.139, 0.838, 0.849
0.024, 0.181, 0.183
0.012, 0.181, 0.181
0.013, 0.179, 0.180
0.023, 0.182, 0.184

0.130, 0.213, 0.250
0.014, 0.174, 0.175
—0.094, 0.168, 0.192
0.023, 0.169, 0.171
—0.086, 0.941, 0.945
0.027, 0.171, 0.173
0.005, 0.175, 0.175
0.024, 0.178, 0.179
0.018, 0.181, 0.182

ap = 6.000 (Kendall’s 7 = 0.75)

(a,b)

A. (—1.385,0.000)

B. (—1.430, 0.400)

C. (—0.405,0.000)

D. (—0.420,0.400)

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Listwise deletion
Param (correct)
Param (misspec)
Nonparam (K2 = 3)
Nonparam (Ko = 4)
Nonparam (CB)
Calibration (Ko = 3)
Calibration (K3 = 4)
Calibration (CB)

—0.055, 0.468, 0.471
—0.174, 0.423, 0.457
—3.629, 0.245, 3.637
—0.150, 0.454, 0.478
—0.663, 2.380, 2.471
—0.114, 0.437, 0.451
—0.120, 0.430, 0.446
—0.094, 0.431, 0.441
—0.115, 0.431, 0.446

0.214, 0.476, 0.522
—0.092, 0.430, 0.439
—3.353, 0.235, 3.362
—0.100, 0.431, 0.442
—0.690, 2.374, 2.472
—0.066, 0.435, 0.440
—0.098, 0.417, 0.428
—0.104, 0.412, 0.425
—0.096, 0.419, 0.430

—0.046, 0.539, 0.541
—0.283, 0.464, 0.544
—1.570, 0.456, 1.635
—0.239, 0.482, 0.538
—0.801, 1.945, 2.104
—0.185, 0.481, 0.515
—0.245, 0.456, 0.517
—0.175, 0.460, 0.492
—0.213, 0.462, 0.509

0.453, 0.594, 0.747
—0.152, 0.454, 0.479
—1.273, 0.420, 1.340
—0.152, 0.434, 0.460
—0.723, 2.358, 2.467
—0.125, 0.452, 0.469
—0.161, 0.450, 0.477
—0.165, 0.456, 0.485
—0.142, 0.472, 0.493

This table reports bias, standard deviation, and root mean squared error (RMSE) of each estimator with respect
to ag € {1.636,6.000} after J = 1000 Monte Carlo trials. Cases A and B imply MCAR and MAR, respectively,
with relatively low missing probability (i.e., E[Ty;] = 0.8). Cases C and D imply MCAR and MAR, respectively,

with relatively high missing probability (i.e., E[T%;] = 0.6). “Param (correct)” signifies the parametric estimator

based on a correctly specified propensity score model. “Param (misspec)” signifies the parametric estimator based

on a misspecified propensity score model. For the nonparametric estimator of Hirano, Imbens, and Ridder (2003)

and the proposed calibration estimator, approximation sieves are constructed from the power series of X;. The

dimension of the approximation sieve is either fixed at K> € {3,4} or automatically selected from K> € {1,...,5}

based on the covariate balancing (CB) principle.
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Table 3:

Benchmark simulation results on Clayton copula (N = 1000)

ap = 1.636 (Kendall’s 7 = 0.45)

(a,b)

A. (—1.385,0.000)

B. (—1.430,0.400)

C. (—0.405,0.000)

D. (—0.420,0.400)

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Listwise deletion
Param (correct)
Param (misspec)
Nonparam (K; = 3)
Nonparam (K3 = 4)
Nonparam (CB)
Calibration (K5 = 3)
Calibration (K3 = 4)
Calibration (CB)

0.019, 0.120, 0.122
0.007, 0.117, 0.117
—0.416, 0.083, 0.424
0.006, 0.123, 0.123
—0.211, 0.650, 0.683
0.006, 0.117, 0.118
0.006, 0.112, 0.112
0.008, 0.113, 0.113
0.010, 0.115, 0.115

0.057, 0.121, 0.134
0.003, 0.111, 0.111
—0.373, 0.085, 0.383
0.013, 0.114, 0.115
—0.179, 0.832, 0.851
0.005, 0.116, 0.116
0.007, 0.116, 0.116
0.013, 0.119, 0.120
0.003, 0.115, 0.115

0.010, 0.139, 0.139
0.006, 0.129, 0.129
—0.118, 0.119, 0.168
0.002, 0.127, 0.127
—0.217, 0.644, 0.679
0.005, 0.127, 0.127
0.011, 0.130, 0.131
0.008, 0.128, 0.128
0.008, 0.126, 0.126

0.129, 0.147, 0.196
0.010, 0.129, 0.130
—0.095, 0.118, 0.152
0.014, 0.128, 0.128
—0.169, 0.786, 0.804
0.012, 0.125, 0.126
0.010, 0.126, 0.126
0.008, 0.120, 0.120
—0.003, 0.122, 0.122

ap = 6.000 (Kendall’s 7 = 0.75)

(a,b)

A. (—1.385,0.000)

B. (—1.430, 0.400)

C. (—0.405,0.000)

D. (—0.420,0.400)

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Listwise deletion
Param (correct)
Param (misspec)
Nonparam (K2 = 3)
Nonparam (Ko = 4)
Nonparam (CB)
Calibration (Ko = 3)
Calibration (K3 = 4)
Calibration (CB)

—0.036, 0.327, 0.329
~0.106, 0.297, 0.316
—3.608, 0.177, 3.612
—0.102, 0.338, 0.353
—1.011, 2.249, 2.466
—0.069, 0.299, 0.307
—0.095, 0.309, 0.324
—0.070, 0.304, 0.312
—0.088, 0.313, 0.325

0.218, 0.324, 0.390
—0.053, 0.303, 0.307
—3.320, 0.175, 3.325
—0.053, 0.312, 0.316
—0.846, 2.228, 2.383
—0.036, 0.308, 0.310
—0.056, 0.299, 0.304
—0.051, 0.302, 0.306
—0.045, 0.306, 0.309

—0.052, 0.379, 0.382
—0.172, 0.337, 0.378
—1.470, 0.338, 1.509
—0.151, 0.364, 0.394
—0.921, 2.153, 2.342
—0.116, 0.347, 0.366
—0.145, 0.307, 0.339
—0.130, 0.324, 0.349
—0.122, 0.319, 0.342

0.472, 0.408, 0.624
—0.089, 0.322, 0.334
—1.194, 0.330, 1.239
—0.057, 0.322, 0.327
—0.972, 2.470, 2.654
—0.062, 0.333, 0.338
—0.110, 0.322, 0.340
—0.092, 0.327, 0.340
—0.076, 0.315, 0.324

This table reports bias, standard deviation, and root mean squared error (RMSE) of each estimator with respect
to ag € {1.636,6.000} after J = 1000 Monte Carlo trials. Cases A and B imply MCAR and MAR, respectively,
with relatively low missing probability (i.e., E[Ty;] = 0.8). Cases C and D imply MCAR and MAR, respectively,

with relatively high missing probability (i.e., E[T%;] = 0.6). “Param (correct)” signifies the parametric estimator

based on a correctly specified propensity score model. “Param (misspec)” signifies the parametric estimator based

on a misspecified propensity score model. For the nonparametric estimator of Hirano, Imbens, and Ridder (2003)

and the proposed calibration estimator, approximation sieves are constructed from the power series of X;. The

dimension of the approximation sieve is either fixed at K> € {3,4} or automatically selected from K> € {1,...,5}

based on the covariate balancing (CB) principle.
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Table 4: Benchmark simulation results on Gumbel copula (N = 250)

o = 1.818 (Kendall’s 7 = 0.45)

(a,b)

A. (—1.385,0.000)

B. (—1.430,0.400)

C. (—0.405,0.000)

D. (—0.420,0.400)

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Listwise deletion
Param (correct)
Param (misspec)
Nonparam (K; = 3)
Nonparam (K3 = 4)
Nonparam (CB)
Calibration (K5 = 3)
Calibration (K3 = 4)
Calibration (CB)

0.027, 0.129, 0.132
—0.015, 0.126, 0.127
—0.779, 0.010, 0.779
—0.010, 0.124, 0.124
—0.101, 0.261, 0.280
—0.006, 0.122, 0.123
0.012, 0.123, 0.124
0.016, 0.124, 0.125
0.018, 0.125, 0.126

—0.030, 0.127, 0.130
—0.012, 0.118, 0.118
—0.775, 0.012, 0.775
—0.011, 0.123, 0.123
—0.135, 0.284, 0.315
—0.014, 0.122, 0.122
0.020, 0.125, 0.126
0.017, 0.129, 0.131
0.006, 0.121, 0.122

0.029, 0.154, 0.157
—0.017, 0.127, 0.129
—0.646, 0.076, 0.650
—0.020, 0.135, 0.137
—0.096, 0.262, 0.279
—0.012, 0.137, 0.138
0.018, 0.138, 0.139
0.018, 0.132, 0.133
0.015, 0.136, 0.137

—0.068, 0.138, 0.153
—0.025, 0.140, 0.142
—0.638, 0.087, 0.643
—0.034, 0.129, 0.133
—0.125, 0.269, 0.296
—0.037, 0.136, 0.141
0.014, 0.145, 0.145
0.002, 0.137, 0.137
0.008, 0.145, 0.145

Yo = 4.000 (Kendall’s 7 = 0.75)

(a,b)

A. (—1.385,0.000)

B. (—1.430, 0.400)

C. (—0.405,0.000)

D. (—0.420,0.400)

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Listwise deletion
Param (correct)
Param (misspec)
Nonparam (K2 = 3)
Nonparam (Ko = 4)
Nonparam (CB)
Calibration (Ko = 3)
Calibration (K3 = 4)
Calibration (CB)

0.013, 0.318, 0.318
—0.151, 0.285, 0.323
—2.926, 0.015, 2.926
—0.169, 0.292, 0.337
—0.525, 0.961, 1.095
—0.150, 0.289, 0.325
—0.020, 0.300, 0.301
—0.022, 0.291, 0.292
—0.024, 0.316, 0.317

—0.160, 0.308, 0.347
—0.185, 0.278, 0.334
—2.921, 0.016, 2.921
—0.205, 0.294, 0.359
—0.572, 0.953, 1.111
—0.195, 0.288, 0.348
—0.055, 0.294, 0.299
—0.059, 0.308, 0.313
—0.062, 0.313, 0.319

0.033, 0.374, 0.375
—0.231, 0.307, 0.384
—2.593, 0.249, 2.605
—0.211, 0.293, 0.361
—0.587, 0.960, 1.125
—0.198, 0.311, 0.369
—0.075, 0.323, 0.332
—0.059, 0.336, 0.341
—0.062, 0.347, 0.352

—0.243, 0.348, 0.424
—0.313, 0.323, 0.450
—2.610, 0.204, 2.618
—0.318, 0.315, 0.448
—0.645, 0.923, 1.126
—0.323, 0.308, 0.446
—0.140, 0.324, 0.353
—0.129, 0.342, 0.366
—0.142, 0.333, 0.362

This table reports bias, standard deviation, and root mean squared error (RMSE) of each estimator with respect
to v € {1.818,4.000} after J = 1000 Monte Carlo trials. Cases A and B imply MCAR and MAR, respectively,
with relatively low missing probability (i.e., E[Ty;] = 0.8). Cases C and D imply MCAR and MAR, respectively,

with relatively high missing probability (i.e., E[T%;] = 0.6). “Param (correct)” signifies the parametric estimator

based on a correctly specified propensity score model. “Param (misspec)” signifies the parametric estimator based

on a misspecified propensity score model. For the nonparametric estimator of Hirano, Imbens, and Ridder (2003)

and the proposed calibration estimator, approximation sieves are constructed from the power series of X;. The

dimension of the approximation sieve is either fixed at K> € {3,4} or automatically selected from K> € {1,...,5}

based on the covariate balancing (CB) principle.
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Table 5: Benchmark simulation results on Gumbel copula (N = 500)

o = 1.818 (Kendall’s 7 = 0.45)

(a,b)

A. (—1.385,0.000)

B. (—1.430,0.400)

C. (—0.405,0.000)

D. (—0.420,0.400)

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Listwise deletion
Param (correct)
Param (misspec)
Nonparam (K; = 3)
Nonparam (K3 = 4)
Nonparam (CB)
Calibration (K5 = 3)
Calibration (K3 = 4)
Calibration (CB)

0.018, 0.091, 0.092
—0.003, 0.086, 0.086
—0.778, 0.007, 0.778
—0.004, 0.091, 0.091
—0.165, 0.315, 0.356
—0.004, 0.087, 0.087
0.004, 0.092, 0.092
0.010, 0.090, 0.090
0.011, 0.086, 0.087

—0.039, 0.087, 0.096
—0.005, 0.087, 0.087
—0.774, 0.008, 0.774
—0.008, 0.089, 0.089
—0.161, 0.312, 0.350
—0.004, 0.087, 0.087
0.006, 0.089, 0.089
0.009, 0.087, 0.087
0.009, 0.092, 0.092

0.022, 0.099, 0.102
—0.006, 0.098, 0.099
—0.650, 0.051, 0.652
—0.004, 0.100, 0.100
—0.141, 0.296, 0.328
—0.006, 0.093, 0.094
0.010, 0.097, 0.097
0.004, 0.095, 0.095
0.006, 0.097, 0.097

—0.083, 0.098, 0.128
—0.007, 0.096, 0.097
—0.647, 0.052, 0.649
—0.015, 0.098, 0.099
—0.155, 0.306, 0.343
—0.012, 0.099, 0.100
—0.001, 0.101, 0.101
—0.003, 0.094, 0.095
—0.003, 0.095, 0.095

Yo = 4.000 (Kendall’s 7 = 0.75)

(a,b)

A. (—1.385,0.000)

B. (—1.430, 0.400)

C. (—0.405,0.000)

D. (—0.420,0.400)

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Listwise deletion
Param (correct)
Param (misspec)
Nonparam (K2 = 3)
Nonparam (Ko = 4)
Nonparam (CB)
Calibration (Ko = 3)
Calibration (K3 = 4)
Calibration (CB)

—0.009, 0.227, 0.227
—0.066, 0.211, 0.221
—2.925, 0.010, 2.925
—0.075, 0.203, 0.216
—0.614, 1.101, 1.261
—0.061, 0.207, 0.216
—0.022, 0.216, 0.217
—0.009, 0.210, 0.210
—0.008, 0.212, 0.212

—0.149, 0.223, 0.268
—0.096, 0.213, 0.233
—2.918, 0.011, 2.918
—0.093, 0.242, 0.259
—0.727, 1.159, 1.368
—0.079, 0.204, 0.218
—0.025, 0.210, 0.211
—0.033, 0.212, 0.214
—0.039, 0.213, 0.216

0.007, 0.266, 0.266
—0.113, 0.232, 0.258
—2.618, 0.137, 2.622
—0.113, 0.253, 0.277
—0.631, 1.104, 1.271
—0.080, 0.227, 0.240
—0.042, 0.232, 0.236
—0.037, 0.234, 0.237
—0.045, 0.240, 0.244

—0.256, 0.244, 0.353
—0.153, 0.223, 0.271
—2.620, 0.124, 2.623
—0.165, 0.233, 0.285
—0.682, 1.081, 1.278
—0.140, 0.224, 0.264
—0.093, 0.234, 0.252
—0.094, 0.243, 0.260
—0.100, 0.240, 0.260

This table reports bias, standard deviation, and root mean squared error (RMSE) of each estimator with respect
to v € {1.818,4.000} after J = 1000 Monte Carlo trials. Cases A and B imply MCAR and MAR, respectively,
with relatively low missing probability (i.e., E[Ty;] = 0.8). Cases C and D imply MCAR and MAR, respectively,

with relatively high missing probability (i.e., E[T%;] = 0.6). “Param (correct)” signifies the parametric estimator

based on a correctly specified propensity score model. “Param (misspec)” signifies the parametric estimator based

on a misspecified propensity score model. For the nonparametric estimator of Hirano, Imbens, and Ridder (2003)

and the proposed calibration estimator, approximation sieves are constructed from the power series of X;. The

dimension of the approximation sieve is either fixed at K> € {3,4} or automatically selected from K> € {1,...,5}

based on the covariate balancing (CB) principle.
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Table 6:

Benchmark simulation results on Gumbel copula (N = 1000)

o = 1.818 (Kendall’s 7 = 0.45)

(a,b)

A. (—1.385,0.000)

B. (—1.430,0.400)

C. (—0.405,0.000)

D. (—0.420,0.400)

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Listwise deletion
Param (correct)
Param (misspec)
Nonparam (K; = 3)
Nonparam (K3 = 4)
Nonparam (CB)
Calibration (K5 = 3)
Calibration (K3 = 4)
Calibration (CB)

0.005, 0.062, 0.062
0.003, 0.060, 0.060
—0.777, 0.005, 0.777
—0.002, 0.067, 0.067
—0.197, 0.344, 0.396
0.000, 0.059, 0.059
0.005, 0.062, 0.063
0.003, 0.061, 0.061
0.005, 0.059, 0.060

—0.053, 0.060, 0.080
0.000, 0.065, 0.065
—0.773, 0.006, 0.773
0.000, 0.063, 0.063
—0.192, 0.371, 0.418
0.001, 0.060, 0.060
0.002, 0.062, 0.062
0.008, 0.061, 0.061
0.004, 0.062, 0.063

0.006, 0.075, 0.075
0.001, 0.069, 0.069
—0.649, 0.034, 0.650
—0.001, 0.073, 0.073
—0.178, 0.405, 0.442
—0.003, 0.065, 0.065
0.001, 0.067, 0.067
0.008, 0.068, 0.069
0.001, 0.066, 0.066

—0.087, 0.071, 0.113
—0.004, 0.066, 0.066
—0.648, 0.035, 0.649
—0.007, 0.070, 0.070
—0.146, 0.463, 0.486
—0.005, 0.068, 0.068
—0.000, 0.068, 0.068
—0.005, 0.070, 0.070
0.001, 0.069, 0.069

Yo = 4.000 (Kendall’s 7 = 0.75)

(a,b)

A. (—1.385,0.000)

B. (—1.430, 0.400)

C. (—0.405,0.000)

D. (—0.420,0.400)

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Listwise deletion
Param (correct)
Param (misspec)
Nonparam (K2 = 3)
Nonparam (Ko = 4)
Nonparam (CB)
Calibration (Ko = 3)
Calibration (K3 = 4)

Calibration (CB)

0.001, 0.158, 0.158
—0.023, 0.162, 0.163
—2.924, 0.007, 2.924
—0.051, 0.251, 0.256
—0.783, 1.296, 1.514
—0.020, 0.148, 0.149
—0.015, 0.150, 0.151
—0.006, 0.154, 0.154
—0.005, 0.155, 0.155

—0.152, 0.157, 0.219
—0.038, 0.150, 0.155
—2.917, 0.008, 2.917
—0.052, 0.180, 0.188
—0.889, 1.374, 1.636
—0.032, 0.148, 0.151
—0.020, 0.151, 0.153
—0.022, 0.147, 0.149
—0.016, 0.156, 0.157

—0.007, 0.186, 0.186
—0.047, 0.168, 0.174
—2.621, 0.088, 2.622
—0.046, 0.178, 0.184
—0.797, 1.239, 1.474
—0.041, 0.162, 0.167
—0.026, 0.158, 0.160
—0.029, 0.167, 0.170
—0.018, 0.161, 0.162

—0.274, 0.173, 0.324
—0.081, 0.158, 0.177
—2.623, 0.082, 2.625
—0.074, 0.172, 0.188
—0.785, 1.233, 1.462
—0.073, 0.164, 0.179
—0.058, 0.168, 0.177
—0.046, 0.163, 0.169
—0.064, 0.172, 0.183

based on the covariate balancing (CB) principle.
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This table reports bias, standard deviation, and root mean squared error (RMSE) of each estimator with respect
to v € {1.818,4.000} after J = 1000 Monte Carlo trials. Cases A and B imply MCAR and MAR, respectively,
with relatively low missing probability (i.e., E[Ty;] = 0.8). Cases C and D imply MCAR and MAR, respectively,
with relatively high missing probability (i.e., E[T%;] = 0.6). “Param (correct)” signifies the parametric estimator
based on a correctly specified propensity score model. “Param (misspec)” signifies the parametric estimator based
on a misspecified propensity score model. For the nonparametric estimator of Hirano, Imbens, and Ridder (2003)
and the proposed calibration estimator, approximation sieves are constructed from the power series of X;. The

dimension of the approximation sieve is either fixed at K> € {3,4} or automatically selected from K> € {1,...,5}



Table 7: Benchmark simulation results on C5(1.636) with B-splines (Kendall’s 7 = 0.45)

N = 250

(a,0)

A. (—1.385,0.000)

B. (—1.430,0.400)

C. (—0.405,0.000)

D. (—0.420, 0.400)

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Nonparam (R = 2)
Nonparam (R = 3)
4)

Nonparam (R =

0.030, 0.233, 0.234
0.024, 0.237, 0.238
0.035, 0.235, 0.237

0.036, 0.235, 0.238
0.032, 0.232, 0.234
0.023, 0.233, 0.234

0.032, 0.258, 0.260
0.037, 0.262, 0.264
0.019, 0.265, 0.266

0.030, 0.254, 0.256
0.015, 0.242, 0.243
0.041, 0.252, 0.255

Calibration (R =

=

( 2
Calibration (R =3
(

Calibration (R =4

~

0.021, 0.229, 0.230
0.021, 0.227, 0.227

0.018, 0.229, 0.230

0.030, 0.229, 0.231
0.037, 0.237, 0.240
0.025, 0.242, 0.243

0.018, 0.245, 0.245
0.023, 0.258, 0.259
0.006, 0.264, 0.264

0.040, 0.252, 0.255
0.009, 0.253, 0.253
—0.005, 0.254, 0.254

N =500

(a,b)

A. (—1.385,0.000)

B. (—1.430,0.400)

C. (—0.405,0.000)

D. (—0.420,0.400)

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Nonparam (R = 2)
Nonparam (R = 3)
)

Nonparam (R =4

0.012, 0.169, 0.169
0.010, 0.161, 0.161
0.012, 0.164, 0.165

0.012, 0.165, 0.165
0.023, 0.160, 0.161
0.010, 0.157, 0.158

0.006, 0.176, 0.176
0.005, 0.185, 0.185
0.014, 0.176, 0.177

0.017, 0.171, 0.172
0.015, 0.169, 0.169
0.017, 0.181, 0.182

Calibration (R = 2)
Calibration (R = 3)
Calibration (R = 4)

0.019, 0.167, 0.168
0.007, 0.169, 0.169
0.003, 0.164, 0.164

0.017, 0.162, 0.163
0.016, 0.160, 0.161
—0.005, 0.161, 0.161

0.015, 0.180, 0.181
0.011, 0.183, 0.184
—0.020, 0.177, 0.178

0.013, 0.172, 0.172
—0.002, 0.181, 0.181
—0.020, 0.184, 0.185

N = 1000

(a,b)

A. (—1.385,0.000)

B. (—1.430, 0.400)

C. (—0.405,0.000)

D. (—0.420,0.400)

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Nonparam (R = 2)
Nonparam (R = 3)

Nonparam (R = 4)

0.001, 0.115, 0.115
0.009, 0.120, 0.121
0.004, 0.116, 0.116

0.009, 0.113, 0.113
0.013, 0.114, 0.115
0.007, 0.117, 0.118

0.004, 0.125, 0.125
0.005, 0.127, 0.127
0.010, 0.131, 0.132

0.005, 0.118, 0.119
0.008, 0.121, 0.121
0.008, 0.125, 0.125

Calibration (R = 2)
Calibration (R = 3)
Calibration (R = 4)

0.009, 0.119, 0.119
0.003, 0.118, 0.118
—0.002, 0.122, 0.122

0.013, 0.117, 0.118
0.010, 0.114, 0.115

—0.009, 0.114, 0.114

0.007, 0.126, 0.127
—0.004, 0.129, 0.129

—0.031, 0.135, 0.138

0.016, 0.123, 0.124
—0.010, 0.131, 0.131
—0.031, 0.130, 0.133

inside knots; the maximum of X is used as right outside knots.
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This table reports bias, standard deviation, and RMSE of the nonparametric estimator of Hirano, Imbens, and Ridder
(2003) and the proposed calibration estimator with respect to the Clayton copula parameter ag = 1.636 after J = 1000
Monte Carlo trials. Cases A and B imply MCAR and MAR, respectively, with E[T5;] = 0.8. Cases C and D imply MCAR
and MAR, respectively, with E[T%;] = 0.6. Linear, quadratic, and cubic B-spline base functions are used when R € {2,3,4},

respectively. The minimum of covariate X is used as left outside knots; the {25%, 50%, 75%} quantiles of X are used as



Table 8: Benchmark simulation results on C5(6.000) with B-splines (Kendall’s 7 = 0.75)

N = 250

(a,0)

A. (—1.385,0.000)

B. (—1.430,0.400)

C. (—0.405,0.000)

D. (—0.420, 0.400)

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Nonparam (R = 2)
Nonparam (R = 3)
4)

Nonparam (R =

—0.213, 0.622, 0.658
—0.158, 0.651, 0.670
—0.119, 0.605, 0.617

—0.122, 0.607, 0.619
—0.124, 0.609, 0.622
—0.124, 0.597, 0.610

—0.325, 0.605, 0.687
—0.286, 0.649, 0.709
—0.229, 0.646, 0.686

—0.186, 0.627, 0.654
—0.181, 0.630, 0.656
—0.192, 0.612, 0.642

Calibration (R =

=

R=4

( 2
Calibration (R =3
Calibration (

~

—0.164, 0.613, 0.635
—0.187, 0.580, 0.609
—0.222, 0.620, 0.659

—0.126, 0.610, 0.623
—0.139, 0.598, 0.614
—0.267, 0.649, 0.702

—0.299, 0.632, 0.700
—0.370, 0.714, 0.804
—0.520, 0.708, 0.878

—0.191, 0.612, 0.641
—0.328, 0.709, 0.782
—0.568, 0.768, 0.955

N =500

(a,b)

A. (—1.385,0.000)

B. (—1.430,0.400)

C. (—0.405,0.000)

D. (—0.420,0.400)

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Nonparam (R = 2)
Nonparam (R = 3)
)

Nonparam (R =4

—0.099, 0.418, 0.429
—0.102, 0.424, 0.436
—0.098, 0.443, 0.454

—0.088, 0.421, 0.430
—0.068, 0.431, 0.436
—0.072, 0.437, 0.443

—0.244, 0.451, 0.513
—0.198, 0.455, 0.496
—0.165, 0.455, 0.484

—0.113, 0.459, 0.473
—0.098, 0.465, 0.475
—0.132, 0.460, 0.479

Calibration (R = 2)
Calibration (R = 3)
Calibration (R = 4)

—0.116, 0.425, 0.441
—0.104, 0.449, 0.461
—0.183, 0.454, 0.489

—0.125, 0.426, 0.444
—0.086, 0.447, 0.455
—0.196, 0.468, 0.507

—0.196, 0.466, 0.505
—0.273, 0.531, 0.597
—0.406, 0.550, 0.684

—0.118, 0.458, 0.473
—0.285, 0.565, 0.633
—0.429, 0.567, 0.711

N = 1000

(a,b)

A. (—1.385,0.000)

B. (—1.430, 0.400)

C. (—0.405,0.000)

D. (—0.420,0.400)

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Nonparam (R = 2)
Nonparam (R = 3)

Nonparam (R = 4)

—0.083, 0.314, 0.325
—0.067, 0.298, 0.306
—0.057, 0.304, 0.309

—0.062, 0.292, 0.298
—0.034, 0.297, 0.299
—0.039, 0.318, 0.321

—0.136, 0.323, 0.351
—0.105, 0.330, 0.346
—0.092, 0.338, 0.350

—0.069, 0.337, 0.344
—0.073, 0.316, 0.324
—0.045, 0.322, 0.325

Calibration (R = 2)
Calibration (R = 3)
Calibration (R = 4)

—0.077, 0.306, 0.316
—0.084, 0.304, 0.316
—0.126, 0.307, 0.332

—0.053, 0.295, 0.300
—0.074, 0.298, 0.307
—0.158, 0.322, 0.359

—0.131, 0.338, 0.363
—0.218, 0.391, 0.447

—0.351, 0.421, 0.548

—0.084, 0.326, 0.337
—0.226, 0.466, 0.518

—0.343, 0.432, 0.552

inside knots; the maximum of X is used as right outside knots.
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This table reports bias, standard deviation, and RMSE of the nonparametric estimator of Hirano, Imbens, and Ridder
(2003) and the proposed calibration estimator with respect to the Clayton copula parameter ag = 6.000 after J = 1000
Monte Carlo trials. Cases A and B imply MCAR and MAR, respectively, with E[T5;] = 0.8. Cases C and D imply MCAR
and MAR, respectively, with E[T%;] = 0.6. Linear, quadratic, and cubic B-spline base functions are used when R € {2,3,4},

respectively. The minimum of covariate X is used as left outside knots; the {25%, 50%, 75%} quantiles of X are used as



Table 9: Benchmark simulation results on G3(1.818) with B-splines (Kendall’'s 7 = 0.45)

N = 250

(a,0)

A. (—1.385,0.000)

B. (—1.430,0.400)

C. (—0.405,0.000)

D. (—0.420, 0.400)

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Nonparam (R = 2)
Nonparam (R = 3)
4)

Nonparam (R =

—0.014, 0.123, 0.124
—0.017, 0.121, 0.122
—0.005, 0.121, 0.121

—0.009, 0.124, 0.125
—0.023, 0.120, 0.123
—0.016, 0.126, 0.127

—0.025, 0.133, 0.135
—0.011, 0.136, 0.136
—0.014, 0.139, 0.140

—0.041, 0.131, 0.137
—0.030, 0.136, 0.140
—0.030, 0.136, 0.140

Calibration (R =

=

R=4

( 2
Calibration (R =3
Calibration (

~

0.019, 0.123, 0.124
0.017, 0.125, 0.126

0.021, 0.128, 0.129

0.017, 0.122, 0.123
0.010, 0.121, 0.121
0.021, 0.127, 0.129

0.013, 0.137, 0.137
0.024, 0.140, 0.142
0.018, 0.142, 0.144

0.007, 0.143, 0.143
0.010, 0.145, 0.146

0.005, 0.151, 0.151

N =500

(a,b)

A. (—1.385,0.000)

B. (—1.430,0.400)

C. (—0.405,0.000)

D. (—0.420,0.400)

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Nonparam (R = 2)
Nonparam (R = 3)
)

Nonparam (R =4

—0.003, 0.083, 0.083
—0.003, 0.084, 0.084
—0.005, 0.086, 0.087

—0.010, 0.085, 0.086
—0.002, 0.083, 0.083

—0.003, 0.086, 0.086

—0.010, 0.094, 0.095
—0.007, 0.097, 0.097
—0.002, 0.098, 0.098

—0.009, 0.099, 0.099
—0.007, 0.101, 0.101
—0.010, 0.094, 0.095

Calibration (R = 2)
Calibration (R = 3)
Calibration (R = 4)

0.012, 0.088, 0.089
0.010, 0.086, 0.087
0.015, 0.087, 0.088

0.008, 0.087, 0.087
0.009, 0.089, 0.089
0.007, 0.087, 0.087

0.006, 0.098, 0.098
0.014, 0.097, 0.098
0.017, 0.101, 0.102

0.002, 0.097, 0.097
—0.001, 0.094, 0.094
0.011, 0.103, 0.104

N = 1000

(a,b)

A. (—1.385,0.000)

B. (—1.430, 0.400)

C. (—0.405,0.000)

D. (—0.420,0.400)

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Nonparam (R = 2)
Nonparam (R = 3)

Nonparam (R = 4)

—0.001, 0.063, 0.063
0.002, 0.061, 0.061
0.001, 0.060, 0.060

—0.003, 0.061, 0.061
—0.001, 0.066, 0.066
—0.000, 0.069, 0.069

—0.003, 0.071, 0.071
—0.002, 0.068, 0.068
0.002, 0.070, 0.070

—0.006, 0.068, 0.068
—0.010, 0.068, 0.069
—0.005, 0.068, 0.068

Calibration (R = 2)
Calibration (R = 3)
Calibration (R = 4)

0.007, 0.060, 0.061
0.010, 0.064, 0.064

0.009, 0.061, 0.062

0.003, 0.062, 0.062
0.004, 0.063, 0.063
0.014, 0.060, 0.061

0.003, 0.068, 0.068
0.011, 0.070, 0.071
0.015, 0.067, 0.069

0.001, 0.070, 0.070
0.002, 0.069, 0.069

0.013, 0.070, 0.071

inside knots; the maximum of X is used as right outside knots.
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This table reports bias, standard deviation, and RMSE of the nonparametric estimator of Hirano, Imbens, and Ridder
(2003) and the proposed calibration estimator with respect to the Gumbel copula parameter vy = 1.818 after J = 1000
Monte Carlo trials. Cases A and B imply MCAR and MAR, respectively, with E[T5;] = 0.8. Cases C and D imply MCAR
and MAR, respectively, with E[T%;] = 0.6. Linear, quadratic, and cubic B-spline base functions are used when R € {2,3,4},

respectively. The minimum of covariate X is used as left outside knots; the {25%, 50%, 75%} quantiles of X are used as



Table 10: Benchmark simulation results on G3(4.000) with B-splines (Kendall’s 7 = 0.75)

N = 250

(a,0)

A. (—1.385,0.000)

B. (—1.430,0.400)

C. (—0.405,0.000)

D. (—0.420, 0.400)

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Nonparam (R = 2)
Nonparam (R = 3)
4)

Nonparam (R =

—0.152, 0.296, 0.332
—0.171, 0.275, 0.323
—0.133, 0.301, 0.329

—0.203, 0.275, 0.342
—0.211, 0.306, 0.372
—0.188, 0.319, 0.370

—0.201, 0.315, 0.373
—0.191, 0.323, 0.375
—0.148, 0.331, 0.363

—0.316, 0.299, 0.435
—0.270, 0.333, 0.429
—0.275, 0.327, 0.427

Calibration (R =

=

R=4

( 2
Calibration (R =3
Calibration (

~

—0.033, 0.306, 0.308
—0.032, 0.303, 0.305

—0.063, 0.316, 0.322

—0.056, 0.297, 0.302
—0.056, 0.308, 0.313
—0.099, 0.337, 0.351

—0.038, 0.344, 0.346
—0.085, 0.346, 0.356
—0.177, 0.385, 0.424

—0.141, 0.336, 0.365
—0.178, 0.388, 0.427
—0.281, 0.459, 0.538

N =500

(a,b)

A. (—1.385,0.000)

B. (—1.430,0.400)

C. (—0.405,0.000)

D. (—0.420,0.400)

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Nonparam (R = 2)
Nonparam (R = 3)
)

Nonparam (R =4

—0.066, 0.212, 0.222
—0.061, 0.213, 0.222
—0.067, 0.219, 0.229

—0.087, 0.217, 0.234
—0.076, 0.210, 0.223
—0.098, 0.240, 0.259

—0.094, 0.227, 0.246
—0.085, 0.229, 0.244
—0.089, 0.230, 0.246

—0.148, 0.228, 0.272
—0.140, 0.228, 0.268
—0.139, 0.230, 0.269

Calibration (R = 2)
Calibration (R = 3)
Calibration (R = 4)

—0.020, 0.213, 0.213
—0.020, 0.209, 0.210
—0.049, 0.227, 0.232

—0.039, 0.214, 0.218
—0.033, 0.210, 0.212
—0.067, 0.228, 0.237

—0.034, 0.234, 0.236
—0.050, 0.251, 0.256
—0.120, 0.257, 0.284

—0.087, 0.230, 0.246
—0.136, 0.268, 0.300
—0.175, 0.287, 0.336

N = 1000

(a,b)

A. (—1.385,0.000)

B. (—1.430,0.400)

C. (—0.405,0.000)

D. (—0.420, 0.400)

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Nonparam (R = 2)
Nonparam (R = 3)
4)

Nonparam (R =

—0.029, 0.148, 0.150
—0.024, 0.155, 0.156
—0.027, 0.153, 0.155

—0.036, 0.152, 0.156
—0.038, 0.158, 0.163
—0.035, 0.153, 0.157

—0.033, 0.168, 0.171
—0.038, 0.162, 0.167
—0.041, 0.162, 0.168

—0.076, 0.169, 0.185
—0.061, 0.164, 0.175
—0.063, 0.160, 0.172

Calibration (R = 2)
Calibration (R = 3)
Calibration (R = 4)

—0.004, 0.148, 0.148
—0.009, 0.150, 0.150
—0.025, 0.154, 0.156

—0.016, 0.154, 0.154
—0.021, 0.158, 0.159
—0.052, 0.165, 0.173

—0.025, 0.166, 0.168
—0.040, 0.181, 0.185
—0.094, 0.184, 0.207

—0.053, 0.168, 0.176
—0.108, 0.226, 0.251
—0.103, 0.200, 0.224

inside knots; the maximum of X is used as right outside knots.
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This table reports bias, standard deviation, and RMSE of the nonparametric estimator of Hirano, Imbens, and Ridder
(2003) and the proposed calibration estimator with respect to the Gumbel copula parameter v = 4.000 after J = 1000
Monte Carlo trials. Cases A and B imply MCAR and MAR, respectively, with E[T5;] = 0.8. Cases C and D imply MCAR
and MAR, respectively, with E[T%;] = 0.6. Linear, quadratic, and cubic B-spline base functions are used when R € {2, 3,4},
respectively. The minimum of covariate X is used as left outside knots; the {25%,50%, 75%} quantiles of X are used as



Table 11: Simulation results on C5(1.636) with misspecified missing mechanism

N =250

N =500

N = 1000

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Param (correct)

0.040, 0.268, 0.271

0.022, 0.179, 0.180

0.005, 0.125, 0.125

Nonparam (Ko = 2)

Nonparam (K2 = 3)

Nonparam (Ko = 4)
Nonparam (CB)

0.043, 0.255, 0.258
0.046, 0.252, 0.256
—0.046, 0.975, 0.976
0.042, 0.244, 0.248

0.024, 0.177, 0.178
0.025, 0.178, 0.179
—0.129, 0.583, 0.597
0.020, 0.176, 0.177

0.028, 0.126, 0.129
0.016, 0.127, 0.128
—0.191, 0.775, 0.798
0.017, 0.128, 0.129

Calibration (K = 2)

Calibration (K = 3)

Calibration (K3 = 4)
Calibration (CB)

0.034, 0.248, 0.250
0.045, 0.248, 0.252
0.025, 0.252, 0.253
0.023, 0.250, 0.251

0.032, 0.178, 0.181
0.014, 0.183, 0.184
0.021, 0.171, 0.172
0.013, 0.181, 0.182

0.019, 0.126, 0.128
0.014, 0.127, 0.128
0.020, 0.124, 0.126
0.020, 0.125, 0.126

Calibration-Y (K3 = 3)

Calibration-Y (K3 = 6)

Calibration-Y (K2 = 10)
Calibration-Y (CB)

0.002, 0.247, 0.247
0.029, 0.249, 0.251
0.049, 0.255, 0.259
0.038, 0.242, 0.244

—0.004, 0.175, 0.175
0.016, 0.175, 0.176
0.019, 0.178, 0.179
0.020, 0.175, 0.176

—0.013, 0.122, 0.123
0.004, 0.122, 0.122
—0.004, 0.132, 0.132
0.007, 0.124, 0.124

In this table, the true copula is the trivariate Clayton copula with oy = 1.636 (Kendall’s 7 = 0.45). We re-
port bias, standard deviation, and RMSE of each estimator with respect to ag after J = 1000 Monte Carlo
trials. The missing mechanism of Ys; is specified as m2(X;,Y1;) = [1 + exp(—0.42 + 0.2X; + 0.2Y3;)]~L. This
implies MAR with E[T3;] = 0.6. “Param (correct)” is the parametric estimator based on a correctly speci-
fied propensity score model. “Nonparam” is the nonparametric estimator of Hirano, Imbens, and Ridder (2003),
where the approximation sieve consists of power series of X; only: ur,(X;) = (1, X;, X2, ... ,XiKz_l)T. “Calibra-
tion” is the calibration estimator whose approximation sieve consists of power series of X; only. “Calibration-Y”
is the calibration estimator whose approximation sieve consists of power series of X; and Yy;: w19(X;, Y1) =
(1, X5, Yii, X2, Y2, Xi Vi, X3, V3, X2Y1,, X;Y2) T for Ky = 10. When Ky < 10, ug,(X;, Y1;) consists of the first
K5 elements of u19(X;,Y1;). “CB” signifies that the data-driven K} is chosen among Ky € {1,..., Ko} based on

the covariate balancing principle. Ky = 5 for “Nonparam” and “Calibration”, while K, = 10 for “Calibration-Y”.
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Table 12: Simulation results on C5(6.000) with misspecified missing mechanism

N =250

N =500

N = 1000

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Param (correct)

—0.238, 0.666, 0.707

—0.162, 0.470, 0.497

—0.103, 0.320, 0.336

Nonparam (Ko = 2)

Nonparam (K2 = 3)

Nonparam (Ko = 4)
Nonparam (CB)

—0.231, 0.637, 0.677
—0.230, 0.622, 0.663
—0.378, 2.650, 2.677
—0.181, 0.641, 0.666

—0.121, 0.464, 0.479
—0.134, 0.471, 0.490
—0.686, 2.031, 2.144
—0.140, 0.454, 0.475

—0.049, 0.339, 0.342
—0.058, 0.338, 0.343
—0.827, 2.395, 2.534
—0.059, 0.327, 0.332

Calibration (K = 2)

Calibration (K = 3)

Calibration (K3 = 4)
Calibration (CB)

—0.290, 0.619, 0.683
—0.231, 0.641, 0.682
—0.218, 0.637, 0.674
—0.212, 0.628, 0.663

—0.195, 0.458, 0.498
—0.148, 0.452, 0.475
—0.123, 0.463, 0.479
—0.147, 0.453, 0.476

—0.125, 0.339, 0.362
—0.080, 0.313, 0.322
—0.068, 0.322, 0.330
—0.069, 0.323, 0.330

Calibration-Y (K3 = 3)
Calibration-Y (K3 = 6)

Calibration-Y (K2 = 10)

Calibration-Y (CB)

—0.315, 0.643, 0.716
—0.273, 0.642, 0.697
—0.246, 0.634, 0.680
—0.232, 0.639, 0.680

—0.225, 0.472, 0.523
—0.179, 0.471, 0.504
—0.163, 0.448, 0.477
—0.160, 0.460, 0.487

—0.168, 0.327, 0.368
—0.101, 0.314, 0.330
—0.074, 0.328, 0.336
—0.078, 0.314, 0.324

In this table, the true copula is the trivariate Clayton copula with oy = 6.000 (Kendall’s 7 = 0.75). We re-
port bias, standard deviation, and RMSE of each estimator with respect to ag after J = 1000 Monte Carlo
trials. The missing mechanism of Ys; is specified as m2(X;,Y1;) = [1 + exp(—0.42 + 0.2X; + 0.2Y3;)]~L. This
implies MAR with E[T3;] = 0.6. “Param (correct)” is the parametric estimator based on a correctly speci-
fied propensity score model. “Nonparam” is the nonparametric estimator of Hirano, Imbens, and Ridder (2003),
where the approximation sieve consists of power series of X; only: ur,(X;) = (1, X;, X2, ... ,XiKz_l)T. “Calibra-
tion” is the calibration estimator whose approximation sieve consists of power series of X; only. “Calibration-Y”
is the calibration estimator whose approximation sieve consists of power series of X; and Yy;: w19(X;, Y1) =
(1, X5, Yii, X2, Y2, Xi Vi, X3, V3, X2Y1,, X;Y2) T for Ky = 10. When Ky < 10, ug,(X;, Y1;) consists of the first
K5 elements of u19(X;,Y1;). “CB” signifies that the data-driven K} is chosen among Ky € {1,..., Ko} based on

the covariate balancing principle. Ky = 5 for “Nonparam” and “Calibration”, while K, = 10 for “Calibration-Y”.
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Table 13: Simulation results on G3(1.818) with misspecified missing mechanism

N =250

N =500

N = 1000

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Param (correct)

—0.024, 0.142, 0.144

—0.007, 0.096, 0.096

—0.002, 0.070, 0.070

Nonparam (Ko = 2)

Nonparam (K2 = 3)

Nonparam (Ko = 4)
Nonparam (CB)

—0.029, 0.140, 0.143
—0.027, 0.136, 0.139
—0.130, 0.278, 0.307
—0.022, 0.131, 0.133

—0.010, 0.098, 0.099
—0.015, 0.101, 0.102
—0.140, 0.293, 0.325
—0.006, 0.097, 0.097

—0.003, 0.071, 0.071
—0.006, 0.076, 0.077
—0.175, 0.504, 0.533
0.000, 0.068, 0.068

Calibration (K = 2)

Calibration (K = 3)

Calibration (K3 = 4)
Calibration (CB)

—0.009, 0.135, 0.136
0.009, 0.142, 0.142
0.002, 0.134, 0.134
0.010, 0.137, 0.138

—0.004, 0.100, 0.100
0.003, 0.097, 0.097
0.003, 0.099, 0.099
0.005, 0.094, 0.094

—0.010, 0.070, 0.070
—0.001, 0.069, 0.069
0.000, 0.069, 0.069
0.003, 0.070, 0.070

Calibration-Y (K3 = 3)
Calibration-Y (K3 = 6)
Calibration-Y (K2 = 10)

Calibration-Y (CB)

0.002, 0.142, 0.142
0.010, 0.134, 0.134
0.025, 0.138, 0.140
0.003, 0.140, 0.140

—0.003, 0.100, 0.100
0.003, 0.096, 0.096
0.005, 0.104, 0.104
0.010, 0.103, 0.104

—0.007, 0.071, 0.071
—0.001, 0.067, 0.067
—0.004, 0.082, 0.082
—0.003, 0.069, 0.069

In this table, the true copula is the trivariate Gumbel copula with 79 = 1.818 (Kendall’s 7 = 0.45). We re-
port bias, standard deviation, and RMSE of each estimator with respect to ~y after J = 1000 Monte Carlo
trials. The missing mechanism of Ys; is specified as m2(X;,Y1;) = [1 + exp(—0.42 + 0.2X; + 0.2Y3;)]~L. This
implies MAR with E[T3;] = 0.6. “Param (correct)” is the parametric estimator based on a correctly speci-
fied propensity score model. “Nonparam” is the nonparametric estimator of Hirano, Imbens, and Ridder (2003),
where the approximation sieve consists of power series of X; only: ur,(X;) = (1, X;, X2, ... ,XiKz_l)T. “Calibra-
tion” is the calibration estimator whose approximation sieve consists of power series of X; only. “Calibration-Y”
is the calibration estimator whose approximation sieve consists of power series of X; and Yy;: w19(X;, Y1) =
(1, X5, Yii, X2, Y2, Xi Vi, X3, V3, X2Y1,, X;Y2) T for Ky = 10. When Ky < 10, ug,(X;, Y1;) consists of the first
K5 elements of u19(X;,Y1;). “CB” signifies that the data-driven K} is chosen among Ky € {1,..., Ko} based on

the covariate balancing principle. Ky = 5 for “Nonparam” and “Calibration”, while K, = 10 for “Calibration-Y”.
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Table 14: Simulation results on G3(4.000) with misspecified missing mechanism

N =250

N =500

N = 1000

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Param (correct)

—0.327, 0.304, 0.447

—0.175, 0.229, 0.288

—0.074, 0.171, 0.186

Nonparam (Ko = 2)

Nonparam (K2 = 3)

Nonparam (Ko = 4)
Nonparam (CB)

—0.304, 0.302, 0.429
—0.331, 0.303, 0.449
—0.600, 0.899, 1.080
—0.297, 0.316, 0.434

—0.157, 0.232, 0.280
—0.142, 0.220, 0.262
—0.710, 1.117, 1.323
—0.139, 0.226, 0.265

—0.070, 0.173, 0.186
—0.066, 0.189, 0.201
—0.815, 1.279, 1.517
—0.062, 0.166, 0.177

Calibration (K = 2)

Calibration (K = 3)

Calibration (K3 = 4)
Calibration (CB)

—0.206, 0.348, 0.405
—0.142, 0.326, 0.355
—0.157, 0.340, 0.375
—0.137, 0.330, 0.357

—0.138, 0.247, 0.283
—0.088, 0.228, 0.245
—0.063, 0.236, 0.244
—0.087, 0.241, 0.256

—0.098, 0.174, 0.200
—0.044, 0.160, 0.166
—0.043, 0.161, 0.167
—0.041, 0.166, 0.171

Calibration-Y (K3 = 3)
Calibration-Y (K3 = 6)

Calibration-Y (K2 = 10)

Calibration-Y (CB)

—0.174, 0.344, 0.386
—0.135, 0.324, 0.351
—0.162, 0.369, 0.403
—0.140, 0.323, 0.352

—0.131, 0.247, 0.280
—0.084, 0.244, 0.258
—0.131, 0.265, 0.296
—0.083, 0.236, 0.250

—0.095, 0.172, 0.196
—0.053, 0.165, 0.173
—0.109, 0.225, 0.249
—0.057, 0.169, 0.178

In this table, the true copula is the trivariate Gumbel copula with 79 = 4.000 (Kendall’s 7 = 0.75). We re-
port bias, standard deviation, and RMSE of each estimator with respect to ~y after J = 1000 Monte Carlo
trials. The missing mechanism of Ys; is specified as m2(X;,Y1;) = [1 + exp(—0.42 + 0.2X; + 0.2Y3;)]~L. This
implies MAR with E[T3;] = 0.6. “Param (correct)” is the parametric estimator based on a correctly speci-
fied propensity score model. “Nonparam” is the nonparametric estimator of Hirano, Imbens, and Ridder (2003),
where the approximation sieve consists of power series of X; only: ur,(X;) = (1, X;, X2, ... ,XiKz_l)T. “Calibra-
tion” is the calibration estimator whose approximation sieve consists of power series of X; only. “Calibration-Y”
is the calibration estimator whose approximation sieve consists of power series of X; and Yy;: w19(X;, Y1) =
(1, X5, Yii, X2, Y2, Xi Vi, X3, V3, X2Y1,, X;Y2) T for Ky = 10. When Ky < 10, ug,(X;, Y1;) consists of the first
K5 elements of u19(X;,Y1;). “CB” signifies that the data-driven K} is chosen among Ky € {1,..., Ko} based on

the covariate balancing principle. Ky = 5 for “Nonparam” and “Calibration”, while K, = 10 for “Calibration-Y”.
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Table 15: Simulation results on Clayton copula with two covariates

ap = 1.636 (Kendall’s 7 = 0.45)

N =250

N =500

N = 1000

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Nonparam (K3 = 3)

Nonparam (K2 = 6)

Nonparam (K3 = 10)
Nonparam (CB)

0.038, 0.248, 0.251
0.028, 0.257, 0.259
—0.068, 1.440, 1.441
0.032, 0.254, 0.256

0.015, 0.179, 0.180
0.020, 0.184, 0.185
—0.252, 1.152, 1.179
0.001, 0.185, 0.185

0.011, 0.121, 0.121
0.000, 0.149, 0.149
—0.403, 0.960, 1.041
—0.003, 0.136, 0.136

Calibration (K2 = 3)

Calibration (K2 = 6)

Calibration (K3 = 10)
Calibration (CB)

0.010, 0.253, 0.253
0.032, 0.239, 0.241
0.045, 0.267, 0.271
0.022, 0.256, 0.257

—0.001, 0.180, 0.180
0.020, 0.168, 0.169
0.004, 0.176, 0.176
—0.002, 0.173, 0.173

—0.007, 0.128, 0.128
0.014, 0.128, 0.129
0.010, 0.126, 0.126
0.014, 0.129, 0.130

ap = 6.000 (Kendall’s 7 = 0.75)

N =250

N =500

N = 1000

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Nonparam (K3 = 3)

Nonparam (K2 = 6)

Nonparam (K3 = 10)
Nonparam (CB)

—0.266, 0.626, 0.681
—0.252, 0.688, 0.733
—0.929, 2.725, 2.879
—0.318, 0.671, 0.743

—0.150, 0.461, 0.484
—0.160, 0.531, 0.554
—1.127, 4.028, 4.183
—0.106, 1.153, 1.158

—0.086, 0.324, 0.335
—0.153, 0.476, 0.500
—1.579, 3.013, 3.402
—0.108, 1.265, 1.270

Calibration (K3 = 3)

Calibration (K2 = 6)

Calibration (K2 = 10)
Calibration (CB)

—0.308, 0.655, 0.724
—0.260, 0.619, 0.671
—0.265, 0.646, 0.698
—0.301, 0.619, 0.688

—0.253, 0.458, 0.523
—0.147, 0.446, 0.470
—0.143, 0.455, 0.477
—0.200, 0.458, 0.500

—0.178, 0.330, 0.375
—0.084, 0.331, 0.342
—0.076, 0.331, 0.340
—0.098, 0.346, 0.360

This table reports bias, standard deviation, and RMSE of each estimator with respect to oy € {1.636,6.000} after
J = 1000 Monte Carlo trials. There are two covariates X; = (X1;, X2;) ", and the missing mechanism of Ya; is
specified as m2(X ;) = [1+exp(—0.424+0.2X1;+0.2X5;)]~L. This implies MAR with E[T%;] = 0.6. The approximation
sieve of dimension K5 = 10 is constructed as u19(X) = (1, X1, Xo, X7, X2, X1 Xo;, X3, X3, X? X5, X1 X2)T. When
Ky <10, ug,(X) is defined to be the first K5 elements of u19(X). We use K3 = 3 (i.e., only the first moments of
X), Ky = 6 (i.e., the second moments added), and K = 10 (i.e., the third moments added). “CB” means that
the data-driven K3 is chosen from the choice set Ky € {1,...,10} based on the covariate balancing principle.
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Table 16: Simulation results on Gumbel copula with two covariates
70 = 1.818 (Kendall’s 7 = 0.45)
N =250 N =500 N = 1000

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Nonparam (K3 = 3)

Nonparam (K2 = 6)

Nonparam (K3 = 10)
Nonparam (CB)

—0.026, 0.134, 0.136
—0.041, 0.140, 0.146
—0.305, 0.364, 0.475
—0.065, 0.170, 0.182

—0.009, 0.098, 0.098
~0.023, 0.109, 0.112
—0.388, 0.373, 0.538
—0.066, 0.182, 0.193

—0.002, 0.070, 0.070
—0.015, 0.102, 0.104
—0.459, 0.381, 0.596
—0.076, 0.186, 0.201

Calibration (K2 = 3)

Calibration (K2 = 6)

Calibration (K3 = 10)
Calibration (CB)

—0.006, 0.141, 0.141
0.001, 0.136, 0.136
0.013, 0.143, 0.144
—0.021, 0.135, 0.136

—0.008, 0.100, 0.100
0.008, 0.096, 0.096
0.011, 0.103, 0.104
—0.021, 0.101, 0.103

—0.012, 0.069, 0.070
0.000, 0.065, 0.065
0.001, 0.077, 0.077
—0.023, 0.075, 0.078

~o = 4.000 (Kendall’s 7 = 0.75)

N =250

N =500

N = 1000

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Bias, Stdev, RMSE

Nonparam (K3 = 3)

Nonparam (K2 = 6)

Nonparam (K3 = 10)
Nonparam (CB)

—0.340, 0.308, 0.459
—0.320, 0.374, 0.492
—1.312, 1.279, 1.832
—0.372, 0.407, 0.551

—0.157, 0.228, 0.277
—0.204, 0.356, 0.410
—1.566, 1.348, 2.066
—0.322, 0.630, 0.708

—0.092, 0.160, 0.185
—0.135, 0.385, 0.408
—1.708, 1.575, 2.323
—0.403, 1.335, 1.394

Calibration (K3 = 3)

Calibration (K2 = 6)

Calibration (K2 = 10)
Calibration (CB)

—0.205, 0.329, 0.387
—0.131, 0.320, 0.345
—0.173, 0.361, 0.400
—0.204, 0.324, 0.383

—0.127, 0.241, 0.273
—0.089, 0.243, 0.259
—0.121, 0.283, 0.308
—0.161, 0.258, 0.303

—0.101, 0.174, 0.201
—0.057, 0.173, 0.182
—0.107, 0.231, 0.254
—0.166, 0.250, 0.300

This table reports bias, standard deviation, and RMSE of each estimator with respect to vy € {1.818,4.000} after
J = 1000 Monte Carlo trials. There are two covariates X; = (X1;, X2;) ", and the missing mechanism of Ya; is
specified as m2(X ;) = [1+exp(—0.42+0.2X1;+0.2X5;)]~L. This implies MAR with E[T%;] = 0.6. The approximation
sieve of dimension K5 = 10 is constructed as u10(X) = (1, X1, Xo, X7, X2, X1 Xo;, X3, X3, X? X5, X1 X2) . When
Ky <10, ug,(X) is defined to be the first K5 elements of u19(X). We use K3 = 3 (i.e., only the first moments of
X), Ky = 6 (i.e., the second moments added), and K = 10 (i.e., the third moments added). “CB” means that
the data-driven K3 is chosen from the choice set Ky € {1,...,10} based on the covariate balancing principle.
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