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1 Assumptions

Assumption 1.1 (Unconfounded Treatment Assignment) For allt € T, given X , T
is independent of Y*(t), i.e., Y*(t) L T\ X, for allt € T.

Assumption 1.2 (i) The support X of X is a compact subset of R". The support T of the
treatment variable T is a compact subset of R. (ii) There exist two positive constants n; and

1o such that
0<m <m(t,x)<m<oo, V(t,x) e T x X .

Assumption 1.3 There exist A, xx, € RE™>E2 gnd a positive constant o > 0 such that

sup ‘(p”1 (mo(t, ) — ug, (t)TAleKQUKQ(mH =O(K™?).
(tx)ETx X
Assumption 1.4 (i) For every K; and K», the smallest eigenvalues of E [ug, (T)ug, (T)"]
and E [vg, (X )vk,(X)T] are bounded away from zero uniformly in K, and K. (i) There
are two sequences of constants (1(K1) and (o(Ks) satisfying sup,cr ||uk, ()| < (K1) and
SUPgey Vi, ()| < G(K2), K = Ki(N)K2(N) and ((K) = (1 (K1)C2(K>), such that ((K)K™* —
0 and ((K)y/K/N — 0 as N — oo.

Assumption 1.5 (i) The parameter space © C RP is a compact set and the true parameter 3*
is in the interior of © , where p € N. (ii) L(Y — g(T'; 3)) is continuous in B, supgee E[|L(Y —
9(T;B))’] < oo and Elsupgee |L (Y — g(T;8)) || < oo.

Assumption 1.6

(i) The loss function L(v) is differentiable almost everywhere, g(t;3) is twice continuously
differentiable in 3 € © and we denote its first derivative by m(t; 3) := Vg(t; B);

(11) E[mo(T, X)L'(Y — g(T; B))m(T; B)] is differentiable with respect to 3 and Hy := —V gE[mo (T, X)
LY —g(T;8))m(T; B)]‘ 5 is nonsingular;

—~0

(i11) e(t,x; By) := E[L'(Y — g(T; By))|T = t, X = x| is continuously differentiable in (t,x);

(iv) Suppose that N~ SN 7w (Ty, X)L/ (Yi —g(ﬂ-;@)) m(T;; 8) = o0,(N~Y2) holds with

probability approaching one.



Assumption 1.7 (i) E [supgee |L'(Y — g(T; 8))|*™°] < oo for some § > 0; (ii) The function
class {L'(y — g(t; B)) : B € O} satisfies:

1/2
E| sup |L(Y—-g(T;6) LY —g(T:8))| <a-d
B1:1B1—BlI<é

for any B € © and any small 6 > 0 and for some finite positive constants a and b.

Assumption 1.8 ((K)/K2/N — 0 and VNK=* — 0.

2 Efficiency Bound

2.1 Proof of Theorem 1

Without loss of generality, we only consider the distribution of (7', X,Y") to be absolutely con-
tinuous with respect to Lebesgue measure, i.e., there exists a density function frxy (¢, x,y)
such that dFr xy(t,x,y) = frxy(t,z,y)dtdedy. For discrete cases, the proof can be estab-

lished by using a similar argument.

We follow the approach of Bickel, Klaassen, Ritov, and Wellner (1993, Section 3.3) to derive

the variance bound of 8%, see also Tchetgen Tchetgen and Shpitser (2012). Let { f¢ 7 x (v, t, ) }QGR

denote a one dimensional regular parametric submodel with 7 %y, t,x) = fyrx(y,t,x). By

definition, B* solves following equation:
[ Elmts g 0070 = 0 (18] sty 0. 0
By Assumption 1.1, (1) is equivalent to
| [ B gz (v =g (1:87) [T = 1. X = 2] fu(@) (1)t = 0.
Therefore, the parameter 3(«) induced by the submodel {7 x(y,t, ) satisfies:
[ [ mepe) B2 =g (1 p@) [T = 1. X = 2] fi0) @t =0 (2

where E% [-[T" = ¢, X = ] denotes taking expectation with respect to the submodel f¢;. v (+|¢, ).



Differentiating both sides of (2) with respect to «, evaluating at & = 0 and using the
condition Y*(¢) L T'|X, we can deduce that

0
-/
T Jx Oc

= [ | B0 = gl 80IT = 1. = 0] 01 @) Vs ) -

» {m(t; B(a))E* [L'(Y — g(t; B(e))|T = t, X = x| f7 (1) [5 (@)} dadt

B(a)

a=0

Oa

/ . 3* — = - 3* 4 &
+/XXTE[L (Y = gt BNIT =1, X = @lm(t: 8) - 5~ [ ()

[e%

0
" /y L mEBI 0t 8Y) - g Fir ol )

fx () fr(t)dydzdt
0

a=

0

+

m(t; B) - VEE[L'(Y™(t) — g(t; B))|T = t, X = x| Bla) - fr(t) fx(x)dadt

a=0

p=p"

O fa)

da

T
\‘l

X
=

E[L'(Y — g(t; B")|T =t, X = x|m(t; B")

fx(x)dxdt

a=0

Il
—
T

BL/(Y*(1) ~ g(t:8°)|X = &) (1) (@) Vm(t; )t - =-|  B(c)

a=0

Fr(t)dzdt
a=0

_|_

BI(Y — g 8)IT =1, X = alm(:8°) - = f3 ()

X
=

+

0
m(t )Ly = 9(6.8) - 5 il @)

fx(x) fr(t)dydzdt
-0

a=

0

B=p"

EL(Y — gl )IT = 1, X = alm(t: 8°) - f3 (1)
0

LY (8) = g(t: B))] - fr(t)Vam(t: B)dt -

+

m(t; B) - VE[L'(Y™(t) — g(t; B))| X = ] Bla)

a=0

X
=

— o
=
X

X
=

fx(x)dxdt
=0

a=

Il
—
=

B(a)

a=0
9
Jda

0
m(t; 8%) - L'(y — g(t;87)) - a—af?mx(ylt, )

+

+
— e — 5—

X

E[L'(Y = g(t; B)IT = t, X = a|m(t; 87) - o~ [ ()

=0

a=

fx () fr(t)dydxdt
0

X
=

+

XX XT

VAEILOY ()~ ot B i) Sr(

0
Oa

B(a)

a=0

+

ELL(Y — g(5 8NIT = 1,X = alm(t:8°) - 2 f2(1)

fx(x)dxdt
T =0

[ B - ) -m(t;me(t)dt}
i

«

Il
<
o)
—N

B=3* a=0
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s [ B - g NI =t X (B LA @) fr(tdeds
XxT da a=0

+ / m(t; 8%) - L'(y — g(t; 87)) - 2f;“/\T,X(ylt z)|  fx(x)fr(t)dydzdt
VXXXT o a=0

b [ B gl BT =0 X =it 8 (0| f@)dad:

Since Hy = =V { [ E[L'(Y*(t) — g(t; B))] - m(t; B) fr(t)dt}

is invertible, we get

p=p"
a -1 / * * a «
sl s =t { [ B - g =t X = alm(s8) - 55 @) r(tdad
« a=0 XXT Q a=0
s w8 Ll gl68Y) g i) Sxl@)fr(tdudeds
YXXXT @ a=0

/ . AA* — — - 3* a o
+/XXTE[L (Y = g(t: B))IT = t. X = @lm(t; B°) - 5~ f7(1)

fX(m)da:dt} :
a=0
The efficient influence function of 8%, denoted by S.s/(Y,T, X;8%), is a unique function sat-

isfying the following equation:

0

Ja

0
B(a) =E [Seff(yv T, X; ﬁ*)a—a

lngYXT (Y, X T} (3)

a=0 a=0

Therefore, to justify our theorem, it suffices to substitute S.;¢ (Y, T, X; 8*) = H, '(Y, T, X; 3%)
into (3) and check the validity. Note that

N
E |:Seff<Y7TaXaﬂ )a_a

log £ ¢ (V. X, T>]

a=0
0
:Ho_1 V(y,t, x; 6*)0_ f?\X,T(Mma t) frx(t, x)dydzdt (4)
XXTXY | —0
+H, ! V(Y. t,x; B87) fyixr(yle, t)a2 f1ix () fx () dydadt (5)
XXTXY @la=0
+H;! Yy, t,x; B°) fyix,r(y|x, t)f:rp((t\ai)a2 [%(x)dydxdt. (6)
XXT XY aQ a=0
For the term (4), we have
-1 fT(t) AR LT, LAk fT(t) . A*) . . ax



+E[e(T, X 87)mo(T, X)m(T; 87)| X = ] + E[(T, X; 87)mo(T, X)m(T; 87)|T = 1] }

0
x Dar f?|X,T(y|337t)fT,X(t,:E)dydmdt
a=0
_ -1 fT(t) AN LT ey i o
=H, XxTxy—fT|X(t|m)m(t”6) L'(y —g(t;87)) 8a'aOfYIX’T(y|m’t)fT7X<t’w)dydmdt

0
—H;'! m(t; 8%) - L'(y — g(t; 87)) - P Y ixrWle, t) fr(t) fx (z)dydxdt.
AXT XY (O )

For the term (5), we have

. fr(t) W
(5) =Ho me{fmtrw) Fr(t]2)

L E(T, X1 8)mo(T, X)m(T: 89X = 2] + E (T, X: 8)mo(T, X)m(T: BT = }

m(t; 8) - L'(y — g(t; 87)) m(t; B7) - e(t, ®; 87)

Irix (t|x) fx (x)dydxdt

a=0

0
X fY|X,T(y‘w7t)a_a

—Hy {E (T, X B)molT, X)m(Ts 8°)| X = ] + E [e(T, X: B)molT, X ym(T; 8°)|T = 1] }

XxT
0
"a azofﬁx(ﬂm)fx(w)dwdt
0
[ BT X8 m X)m(T BT =] | gt )
XxT « a=0
= [ B X (T X)m(T BT = 1 | f(ode
XXT Q a=0
o e JT(0) Can . O Gl
_I—IO1 Xng(tijB )fT|X<t|w)m<t7ﬂ ) da a:()fT<t) fX|T(w|t>dmdt

— * * 8
=y [ el B mi B 5

f7(t) - fx(z)dzdt,
=0

«

where the first equality holds in accordance with the definition of fy L'(y—g(t; B%)) fyix,r(y|z, t)dy =:
e(t,x; 3").

For the term (6), we have

-1 fr(t) e
(6) =Hy mxy{fmtrw) Frix(t]2)

+E[e(T, X 87)mo(T, X)m(T; 87)| X = ] + E[e(T, X; 87)mo(T, X)m(T; 87)|T = 1] }

m(t; B%) - L'(y — g(t; B7)) m(t; B%) - e(t, x; B7)



0
x fY|X,T(y‘mat)fT|X(t|w)a—a 5 (x)dydxdt
a=0
=Hy" {E (T, X; B")mo(T, X)m(T; 8%)| X = x| + E [«(T, X; B")mo(T, X)m/(T; B)|T = t] }
XxT
0
X frx(tlx) - P azofj‘é(m)dmdt
:Hofl E [E(T, X;ﬁ*)yro(T, X)m(T; ﬁ*)’X — a:] . fT|X(t|iL‘) . 83 fj'é(:c)dwdt
XXT | =0
=5t [ BT X8 (T Xom(T: 80X =) 5| [l
=H;" e(t,x; B )ym(t; B%) - fr(t) - 83 5 (x)dxdt.
XXT «Q a=0

We have proved (3) holds, hence S,y is the efficient influence function of 8*.

2.2 Particular Case I: Binary Average Treatment Effects

In this section, we show that when T € {0,1}, g(t; 3) = Bo + 81 -t and L(v) = v?, our general
efficiency bound derived in Theorem 1 reduces to the well-known efficiency bound for average
treatment effects in Robins, Rotnitzky, and Zhao (1994) and Hahn (1998). In accordance with

our identification condition, ; and f; are identified by minimizing the following loss function

> E[(Y*(t) = Bo— - t))] - P(T =1t).

te{0,1}
The solutions are given by

Bo =EN(0)], f7 = E[Y™(1) — Y™ (0)].
Here B is the average treatment effects.

Corollary 2.1 Suppose T € {0,1}, L(v) = v?, g(t;8) = By + B1 - t and the conditions in

Theorem 1 hold, the efficient influence functions of 55 and B given by Theorem 1 reduce to

Seff(T>X7Y7ﬁ(>)k) = ¢2<T7 Xayaﬁl;)k)?
Sers(T, X, Y5 81, B5) = 02T, X, Y5 Bg) — ¢n (T, X, Y5 57, Bg),



where

(T, X, Y350 1) = =L - 1} B[V (1)|X] - 5 — B,

P(T = 1]X) V() - {]P(T = 1|X

1-T 1-T —1}-E[Y*(0)|X]—55’

¢2(T, X, Y5 55) = P(T = 0|X) YH0) - {]P’(T =0|X)

and they are the same as the efficient influence functions given in Robins, Rotnitzky, and Zhao
(1994) and Hahn (1998).

Proof. Using our notation, we have

B =(Bo,B1)", g(t;8°) =G5 + By -t, m(t; ) =

1] , Hy =E [m(T; B )m(T;87)"] ,
e(T, X;8%) =T -{E[Y"(1) = Y*(0)|X] = B} + E[Y*(0)[ X] — 55,
T-p+(1-T) ¢ T 1—T

X S TR X+ TP —0X)  PT-1%) P BT = 0X)

g,

where p = P(T" = 1) and ¢ = P(T = 0). In accordance with our Theorem 1, the efficient

influence function of (fy, B1) is
Hal{w()(T, X)m(T: 3% {Y — E[Y|X.T]} + E (T, X: 8)mo(T, X )m(T: )| X] } |

With some computation, we have

—1
_ 1 _1
lell p] :i.[p p]:[ql 1q] ' (7)

and

mo(T, X)m(T; B°){Y - E[Y|X, T]}

T

“Pr=1x) "

1
T—

' {Y CTLENIX] - (1-T) -E[Y*(O)!X]}

1-T 1 i .
TR =0x) 1|7 '{Y‘T'E[Y (DIX] = (1= 1) -E[Y (0>1X]}

: {Y*(l) - E[Y*(I)IX]} + ﬁ - [(1)

- E {ro-evorx]

9



{W Y1)~ EY*(D)IX]} p + st - {Y5(0) — E[Y*(0)|X]) - 1 .
sz (D) — EY (D)X} - p

and

E[e(T, X; 8%)mo(T', X)m(T'; B7)| X]

. . T 1

2| (7 B (1) - Y O)IX] = 5} + BV OX] - 5) - gy 0 || [ X

FE| (T (B (0) - Y OIX] - 51} 4 BV O1X] - 5) - 5r =gy 0 || X

_E (E[Y*(1)|X] _g _55) .m - 1] ‘X]

. . 1-T 1]

+E (E[Y (0)|X] —@o) Proox) ¢ [0_ ‘X]

(B Ix) - 5t = 5) -+ (B O] - 55) -4

_ (9)

(B IX] - 55 - ) -7
Therefore, with (7), (8), and (9) we can obtain that
mo(T, X)m(T; 87) {Y — E[Y| X, T]} + E[e(T, X; 87) 70 (T, X)m(T'; B)| X]
B (p-qbl(T,X,Y;ﬂ*) +q'¢2(T,X,Y;B*)>
p- 6T, X,Y: 3 |

and the efficient influence functions of 55 and fj are given by
[3 _5] | (p-¢1(T,X,Y;ﬁ)+q-¢2(T,X,Y;ﬁ*)> B ( (T, XY 3) )
0w p- (T, X,Y; 8 01T, X,Y;8) = 6o(T, X,V 3) .

10



2.3 Particular Case II: Multiple Average Treatment Effects
In this section, we show that when 7" € {0,1,....J}, J € N, g(t; 3) = Z}]:o pi-I(t =j) and

L(v) = v?, our general efficiency bound derived in Theorem 1 reduces to the efficiency bound

of multi-level treatment effects given in Cattaneo (2010). In accordance with our proposed

J

identification condition, {Bj* i_o are identified by minimizing the following loss function

J

S E[(Y() - B)°] - P(T = j).

=0
The solutions are 35 = E[Y*(j)] for j € {0, ..., J}.

Corollary 2.2 Suppose T € {0,1,...,J}, J €N, g(t;3) = ijo B; - I(t=7), L(v) =%, and
the conditions in Theorem 1 hold, the efficient influence functions of {5;}}']:0 given by Theorem

1 reduce to

(T =)

Seps(T, X, Y5 85) = BT = 5|1 X)

AY7() —EYTO)IXT} +ENYT()|X] - 55, j €10,.... T},
and they are the same as the efficient influence functions given in Cattaneo (2010).

Proof. Using our notation, we have

-](t = 0)_
T 4 . I(t = 1) T
B = (BB (68 =06 1t =) m(t:7) = || Ho =B [m(T:8")m(T:5)].
" (6= )
Then
€(T>X;/8*> :E[Y’T7 X] - g(T;IB*)

DBV (GIX] At =35) =D 8- I(T =)

§=0

(B ()IX] = B;) - I(T =)

<
Il
o

.

11



and

(T, X) = JZ:; P(I.;T::j&> pj, where p; =P(T = j).
Then we have
P’
Hy' = E [m(T38)m(T:8)T] " = "
Pyt
and
mo(T, X)m(T; 8"){Y — E[Y|X,T]}
[ [(T=0)]
TI(T =) (T =1) d »
- {Z P =jiX) 'Pﬂ'} SR R WEEN R LY
(T =)
[ [(T =0)]
IET=1; L I(T =) v o (T =) "
= ;m'm.y(])_;P(T:ﬂX).p] E[Y*(5)|X]
[T =)
TS0 o+ {Y7(0) — EY*(0) [ X]}
| s p - (V) - EY(1)XT) "
oS s (Y () — E[Y ()| X}
and

e(T, X; B")mo(T, X)m(T; B%)

12



_ {é (E[Y*(j)IX] - 8) - I(T = j)} {é P{T(T::jf))c) .p]} (T =1)
i " (T =)
[ oS po - {E[Y*(0)|X] — 85}
| e - {EY ()X - 87}

| s py  {EY ()| X] — B3}

and

po - {E[Y*(0)|X] — B} ]

B [=(1, 8" )7, X)m(Ts 7)) = [P DT OIT=B )

ps - {EY*(5)1X] = B3}

From Theorem 1, the efficient influence function of 8* = (55, ..., %) is given by

Hy* {mo(T, X)m(T 8°){Y — E[Y|X, T} + E[e(T, X By)mo(T, X )m(T; 87)| X}

(S0 {v*(0) — E[Y*(0)|X]} + E[Y*(0)|X] — 5]

sormsg - V() — E[Y* (D)X} + E[Y(1)[X] - 8

e (Y () — EIY ()1 X1} + EY* ()| X] - 53]

which is the same as the efficient influence function developed in Corollary 1 of Cattaneo
(2010). m

2.4 Particular Case I1I: Binary Quantile Treatment Effects

In this section, we show that when 7" € {0, 1} is a binary treatment variable, L(v) = v(7—1(v <
0)) is the check function with 7 € (0, 1), and g(¢; 8") = 85 - (1 —t) + 5 - t, where 8" = (55, 57),
our general efficiency bound derived in Theorem 1 reduces to the efficiency bound of quantile

treatment effects given in Firpo (2007). In accordance with our identification condition, /3

13



and 7 are identified by minimizing the following loss function

> P(T =j)-E[(Y*(5) - 8) {T = I(Y*(j) < B)}].
7€{0,1}
The solutions are 5 = inf{q : P(Y*(0) < ¢) > 7} and ff = inf{q : P(Y*(1) < ¢q) > 7}, which

are the 7" quantiles of potential outcomes.

Corollary 2.3 Let T € {0,1}, fy-a) and fy-(o) be the probability densities of the potential
outcomes Y*(1) and Y*(0) respectively, g(t; 3%) = 85 - (1 —t)+ 87 -t, L(v) = v(r — [(v < 0)),
and the conditions in Theorem 1 hold, then the efficient influence function of B* given by

Theorem 1 reduces to

-7 {rfI(Y*(O)szfz;)} B ( -7 1) , [rfI(Y*(O)szaa) X}
Caxy | B(T=01X) Ty ) (B5) P(T=0|X) Fy*0)(Bs)
Seff<Y7 T X3 ) - T ‘ {T—I(y*@)gg;)} _ < T _ 1) E [T—I(Y*(l)gﬂi*) X} )
P(T=1|X) Fyx1)(BT) P(T=1|X) Fyey(BY)

which is the same as the efficient influence function given in Firpo (2007).

Proof. Using our notation, we have

1—
3‘*%ﬁ919@ﬁ3=%-0—w+ﬂ=am@ﬂﬂZIttr

Lw)=v(r—=I(v<0)), L'(v)=7—1(v <0) as.,

e(T,X;8%) =T -E[r —I(Y"(1) < 8)|X]+ (1 =T) - E[r — I(Y"(0) < 55)|X],
T iy
PT=1x) ' BT =0X)

70(T, X) = q, p=B(T'=1), ¢=P(T =0).

Direct computation yields

mo(T, X)m(T; B")L'(Y — g(T;87))
1-T

iy .{T_MYSBQUfﬂv+@-ﬂ}

B T 1-T
_{MTquYp+MT=mXYq}
P(zl;g\’X) ~q- {7 = I(Y"(0) < Bg)}

Pr=1x) P~ {r—1(Y"(1) < 87}

14



and

T g R —I(Y*(0) < 6)| X]
mo(T, X)m(T; B°)e(T, X; B°) =
p-Elr — I(Y*(1) < 8)|X]

PT=1]X)
and
q-E[r—I(Y"(0) < 55)|X]
E [ (T, X)m/(T; 8%)e(T, X; 8")| X] =
p-E[r—I(Y*(1) < 8))|X]
and
Ho =V 4E [no(T. X)m(T: BVL'(Y — o(T: 3] = | ¢ @) 0 .
9B [ro(T, X)m(T: )Y — g(T: )] [ .

Therefore, by Theorem 1, the efficient influence function of 3* is

Serp(Y, T, X; B")

:I{O_1 : {7]—0<T7 X)’ITL(T, ﬂ*>L/(Y - g(Ta /3*)) - 7-‘-0(,117 X>m(Ta /8*)8(T7 X; /6*)
L E[E(T, X: B)m(T, X )m(T; 8)|X] }

—1 1 0

—1 1
0 b Fy+)(B7)
sror 4 T — 1(Y7(0) < B)) -

x (s )
s A = 100 () < B0}~ p- (s — 1)
)
)

Q

S

1-T _{T*I(Y*(O)SBE;)}_< T 4
=0]X) P(T=0]X)

Ty ) (B5)

T .{r—f(Y*@)gﬂf)}_( T __ 4
BT=11X) "\ Fre () B(T=1X)

which coincides with efficiency bound derived in Firpo (2007). =

3 Convergence Rate of Estimated Stabilized Weights

In this section, we establish the convergence rate of estimated stabilized weights 7, (T, X). Let

G, x k> N, x, and 7 (t, ) be the theoretical counterparts of Gryxiss Micixi, and 7 (t, @)
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respectively:

Grerere(N) =E[Gr s, (M)] = E [p (uge, (T) " Ave, (X)) = Eluge, (T) "] - A - Efvg, (X)),
Ay vk, =argmax Gy g, (A),

ﬂ-;((t? w) ::pl (UK1 (t)TA;(lxKQUIQ (CB)) :

Because of Assumption 1.4, without loss of generality, we can assume the sieve bases ug, (T)

and vg, (X)) are orthonormalized, i.e.,
E [UK1 (T)ul—l;l (T)} = ]K1><K1v E [UKz (X)'Ul—l;g (X)] = IKQXKz' (12)
Let

C(Ey) = sup [lug, ()] 5 C(£) = sup [, (®)]|, K = Ky - Ky, ((K) = QK1)

teT xreX

We also recall the following property satisfied by mo(7', X): for any integrable functions w(t)
and v(X),
E [mo(T, X)u(T)v(X)] = E[u(T)] - E[v(X)]. (13)

3.1 Lemma 3.1
The first lemma states that 7} (¢, ) is arbitrarily close to the true stabilized weights mo(t, x).

Lemma 3.1 Under Assumption 1.2-1.4, we have

sup |mo(t, ) — mi (¢, ®)| = O(C(K)K™),
(tx)eT xX

and

E [|7o(T, X) — 75 (T, X) ] = O (K™,
and

1 N
D molTs X) = w1 X = 0, (K729).
=1
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Proof. By Assumption 1.2, mo(t, x) € [n1,m2], V(t,z) € T x X and (p')~! is strictly decreasing.
Define

Fi= sup (p)7 (molt,x)) < (p)7Hm) and y:=  inf ()7 (m(t.®)) > () (na),
(t,x)eT XX (t,x)eT xX

which are two finite constants. By Assumptions 1.3, there exist a constant C > 0 and a

K x Ky matrix Ag, g, € RE*52 guch that

sup  |(p) 7! (mo(t, ®)) — i, (8) " Ay o vy ()] < CK T,
(t,x)eT xX

which implies

ur, (1) Ay xieyvie () € ((0) 7 (mo(t, @) — CK=, (0) ™ (mo(t, ) + CK™%)  (14)
Cly-CK*7+CK ], V(t,m) € T x X,

and

p, (uK1 (t)TAKl x KoUK, (w) + OK_Q) - p/(ufﬁ (t)TAK1 x KoUK, (X)>
<7T0<t7 CC) - :0/ (uKl (t)TAKl x K2 VK, <w>)
<pl (uKl (t)TAK1><K2UK2 (m) - CK_(X) - pl(uKl (t)TAK1><K2UK2 (m» ,V(t, m) €T xX.

Let I'y := [y — 1,7 + 1], by Mean Value Theorem, for large enough K, there exist

&t x) € (ur, (1) Ay x i Vi (), g, (8) T Ak i, Vi, (2) + CK )
Cly—-CK*5+2CK*] cTIy,

&t @) € (ur, (1) T Ay i Vi, (€) — OK ™ ug, () T Ak, i, Vi, (22))
Cly—2CK™*5+CK™| CTIy,

such that

0 (uKl(t)TAleKQUKQ(w) +CK™) = p' (uxk, (t)TAKIX;QvKQ(a:)) =p"(&(t,x))CK™* > —a1CK™*
and

P (wr, (0) " A iy iy vy (®) — CK™) — p (ur, (8) " Ay ko viy () = =" (&o(t, ®)) CK ™ < a;CK ™,
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where —a; := inf,cr, p"(7) and ap := sup,r, (—p"(7)). Let a := max{a;, az}, we have

sup |7T0(t, x) — p (ug, (t)TAleKQUKQ(:B)H < aCK™“. (15)
(t,x)eT xX

For some fixed Cy > 0 (to be chosen later), define
TleKg = {A < RKlXK2 : HA — AK1><K2|| < CgKﬁa} .
For sufficiently large K; and K3, we have that VA € Tk, xx,, V(t,x) € T X X,

‘uKl (t>TAUK2 (CB) — UK, (t)TAKl x K2 VK ($)|

<[A = Agixre |- sup vk, (®)]] - Sup [ug, ()] < C2K™C (K1) G (Ko).
xc te

Then in light of (14) and Assumption 1.4, for large enough K; and Ky, VA € Tk «k, and
V(t,x) € T x X, we can deduce that

U, (1) " Avpe, (@) € (ur, () T Ay i Vi, (&) — Co K G (K1) G(K>), (16)
Uk, (1) Ay x kUi, () + C2K7QC1(K1)C2(K2))
C [y —CK™* = CoK (K1) ((Ky),
¥+ CK ™+ CoK ™G (K1) G (K2)] C T

By definition
G;(lxKg (A) =K [P (U’Kl (T>TAUK2 (X>)] - E[uKl (T)]TAE[UKE (X)L

is a strictly concave function of A. By (13), the formula tr(AB) = tr(BA) for matrices A and
B, the facts E [vg,(X)vg,(X) "] = I,xx, and E [ug, (T)uw, (T)"] = Ix,xx,, we can deduce
that

VG, iy (M icyx i) |12
=||E [ (ure, (T) " Ak, x 1o vicy (X)) wrc, (T)vre, (X) ] — Elugc, (T)|Efvge, (X)] |

=B [p' (ur, (T) " Ase, s rey vy (X)) i, (T)ore, (X) ] = Elmo (T, X)ue, (T)vre, (X)) |
2

2

2

(by (13))

E

:tr{IE

W e (D) Ak, X:(;Kgc» mUCE.) . om]

\/m{ﬁ/ (UKl (T)TAKl xgz(;K;((*;()) —mo(7T, X)} ug, (T)vk, (X)T]
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<E [W 1 (e @) A6 (X)) = ML X0 oy oy
mo (T, X)
:tr{

« E l /WO(Ta X) {pl (uK1 (T)TAKI ng(’;f{;((‘;()) — FO(T’ X)}UK2 (X)UKI (T)T

}

S (e (T AKIX;?;KZ;(;)Q) _WO(T’X)}UK1<T>UK2<X>T] E fusey (Xurey (X))

-E [uKl (T)uKl (T)T] }

:Eltr{“fﬁW E | Vao@ %) 2 (UK1<T)TAK1¢X%K2()>{ Dm0} o (0T | B [ (X (X)]
B |3 (T AK“;z(”TKf)‘”‘”O(T’X)}vm(X)uKl(T)T -uK1<T>}
B | (T, X) - uge, (T o T X) {0 (ux Alegz(TKQ)((X)) WO(T,X)}UKI(T)’UKQ(X)T] Cuge, (X)

x g, (X)TE | /7o (T, X) 1 (e, (T AK?&K“‘();))_”O(T’X)}UKZ(X)UKl(T)T ug, (T)| (by (13))
—E | |mo(T, X)) ure, (T)E | /70 (T, X) {7/ (e, (T AK\I/XL&O)Q) _”°<T’X)}UK1(T)UK2(X) 70(T, X) Tk, (X)

21.
(17)

Note that the term in the last expression

\/W{P (wre, (T) " Ao, x 6, v, (X)) _WO(T’X)}UKl (T)vk, (X)T

WO(TaX)i 7T0(T X)

mo(T, X) Fvie, (X)

uk, (T) AklxKQUKQ(X))—Wo(fX)}

Vmo(T,X)

{mo(T, X) Tug, (T), (T, X)Tvg, (X)}, which implies that

is the L?(dFr x)-projection of 17( on the space spanned by

\/W{p (uKl AKI ng(;l{i‘;()) - ﬂ-O(T’X)}uIG (Tvk, (X)

] | (18)

E||mo(T, X) T ug, (T

<E

’ {pl (U‘Kl (T)TAleKZUKQ(X)) — 7T()(T7X) 2
7To(T7X)

Now, with (17), (18), we can obtain that

||VG;(1XK2<AK1XK2)||
1
“E ‘{p’ (wsey (T) T Ay sy 0, (X)) = 70(T, X) } ]2
- (T, X)
1 .
Sﬁ( §u71? N ‘p' (“K1 (t)TAleKz"UKz(iB)) — mo(t, ac)‘ (by Assumption 1.2)
t,x)cT X
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<—— . K (by (15)). (19)

Note that for any A € 0Tk, «xk,, i.e. [|A — Ak, xx,|| = Co K™%, by Mean Value Theorem and
the fact p”(y) = —p'(y), we can deduce that

*K1><K2(A) K1><K2(AK1><K2)
Ko 9
- Z()\] - )\;()Ta)\ >.I<(1><I(2(AI(7 A )
7j=1
Ko Ko 8
=1 5= 1

<A = Asey i | IV Gy ey (M 1) ||

1SS 00— MR [ (e (1) esea0) s(T, (7) g (K)o 3~ A

l 1 j=1
= A = A x5, | IVG, iy, (A iy x 16 |
Ko Ko / T A
P (Upe (T)AK, x Ko VK, (X)
——ZZ (v, 1X %2 T )WO(T,X)uKl(T)uKI(T)TvKQJ(X)vK% (X)| (\ = M)
=1 j—1 Wo(T,X)

< HA - AK1><K2H HVG;(1><K2(AK1><K2>H

) BT [70(T. X, (T, (1) sy (X )wicoa(X) | (3 = XY (b a3 = inf (/)
=1 j=1

= [lA = AleKQII IV Gy iy (M iy x|

2772

QUQZZ (O = M) [, (T, (1) E [, (X Do o)) v = M) (by (13))

=1 j=1
a Ky Ko
3
= [[A = Ak i | VG iy (M x5 )| ZZ (A = M) TE [or, (X )vre, 1 (X)] (N = )
l l] 1

CL3
= 1A = Ak i VG ey, (M kx| — Z A=A TG = XF)
= 1A = Ak [ IV Gy ey (A iy xi0) | = 2772 HA — Aryxi |

* as
— 18 = Arriall (196Gl = 525 18 = A

C
< 1A= Ayerol] (G = 52 CaK7) by (19)
where Ag,xx, = (AF,...,AK)) lies on the line joining A = (A1, ..., Ag,) and Ag xr, =
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(M, AK,), which implies uje () Ak, xx,vi, (2) € Iy by (16); ag = infyer, {p/(y)} > 0 is a fi-
nite positive constant; the fourth and fifth equalities follow from E [u i, (Tug, (T )T] = Ik, xK,

and E v, (X)vg,(X) "] = Ik, <k, respectively. Therefore, by choosing

2ny  aC

Cy > . ,
? a3\/m

we can obtain the following conclusion:
G;ﬁsz(AIﬁXKz) > G*K1><K2<A) ) VA € a’I\K1><K2 . (20)

Since G, . g, is continuous, (20) implies that there exists a local maximum of G, x, in the
interior of Tk, xr,. Note that Gy .k, is strictly concave with a unique global maximum point

Ny «k,, therefore we can claim that
A}(lXKz e T;(lXK27 le ||A;(1><K2 - AK1XK2|| - O(K_a) : (21)

By Mean Value Theorem, (16) and (21), we can deduce that

’p, (U’Kl (t)AK1><K2UK2 (m)> - pl <UK1 (t)A*leKZUfQ (CB)) |
:’p”(é*(t? CC))‘ ‘ufﬁ (t)AKl x K3 VK, (w) — UK, (t>A*K1 x KoUK, <w>‘
<= p"(€ () X Ak xK — Ny, | X sup [, (B)[] % sup [|lux, ()]
teT xreX

<ayCo K™ (K1) G (Ka)

where ag = sup,cp, {—p"(7)} < oo is a finite positive constant, and £*(¢, x) lies between the
point ug, (£) "Ny, « Vs () and ug, (£) T Ak, Vi, () (note (16) implies £*(¢, ) € I'y for all
(t,z) € T x X and large enough K'). Therefore, using the triangle inequality, and Assumption

1.4, we can have
sup |7T0(t733) - Tr;{(tvm”
(t,x)eTxX

< sup |70<t7 CU) - ;0/ (U’Kl (t)AKl x K2 UK, (w))’
(te)eTxX

+ sup |pl (uKI (t)AKl x K2 VKy (m)) - p, (uKI (t)A;(l ><K2UK2 (m)) ‘
(t,x)eT xX

< aCK ™+ ayCo K¢ (K1) (Ky) = O (K_QC(K)) )
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where ((K) = (1 (K1)G(Ky).

We next prove E [|mo(T, X) — mi (T, X)ﬂ = O (K~%*). By Assumption 1.4, we can deduce
that

E [Jmo(T, X) - mie(T, X)I*]
<2-E “WO(T? X) - pl (U’Kl (T)AKl x K> VK, (X))|2:| +2-E |:’p, (U’Kl (T)A*leKQUIQ (X)) - p/ (uKl (T>AK1 x Ky VK, (X))‘z}

2 * 2
<2 sup fmo(t,@) — o (s, (A s sy o1, () 2 sup |0 (NI B [[uke, (T) { Ny s — M } 0 (X))
(t,2)eET XX yel'y

<O(K™2) + O(1) - E | |u, (T) {Akey sy = A } v (X))

We next compute the order of E [’u;ﬁ (T) { N, e, — Micixcrs } Vi (X) ﬂ . Note that Efug, (T)ug, (T)"] =
Iy xicy Blor, (X )vi, (X)) = Tk, xk,, (13), (21) and Assumption 1.2, we can deduce that

E | [uke, (T) {Akey sy = Arcuica } v (X))

—E [ufe, (T) {Akeyerey = Arcaesca} v ()0, (0T { Ay, = Arcarea} | s, (7))

1
]E - -
|:7TO(TaX)

1
SnT ‘E [WO(Ta X)ug, (T) {Nie, ey — Mcyxics § Vi (X)vre, (X) T {0 ok, — AK1><K2}T U, (T)}

7T0(T, X)u}l (T) {Aj(l xKo AK1><K2 } VK, (X)UK2 (X)T {A;{lxl{g - AK1><K2}T UK, (T):|

:77% : /TUIQ ) { A%, vk, — Mioxres } E [vre, (X)) vk, (X) 7] {5 ke, — AKMM}TUK1 ()dFr(t) (by (13))
:77% : /TUITQ () { Ak, x iy — Micyxics b - { AN, iy — AleK2}TuK1 (O)dFr(t)

:77% ' /Ttr<{A?<1xK2 — Akoior ) {0 e — Mioxi } i (B, (t)) dFp(t)

:% .tr({A*leKQ A} N _AKMKQ}T>

énil A x s — M|l = O(K ). (by (21)) (22)

Therefore, we can obtain
E [|70(T, X) — 7 (T, X)[!] = O (K~*).

We finally prove N~ S°N |mo(T5, X ;) — i (T, X4)|? = O, (K~2*). Note that by (22), we
can have

N 2
E {Jifz |u]T(1(Tz) {A% xry — AK1XK2}UK2(Xi)|2 —E [’u}l(T) {Ak K, — AleKz}vK2(X)|2]} ]
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IN

E [ [u, (1) {Ne, e, = Ascrxia } v (X)) ]

f

IN

E [k, (7) { My = Mo }ora (] - sup [, () {Aiey ey — Merxia} v (@)
(t,e)eT xX

CO(K %) - (K)o (Ka)? - || N ks — My || < % ((K)? - O(K %),

2= 2=z

IA

then in light of Chebyshev’s inequality and Assumption 1.4, we have

o D 0 (T (M = Arer} s (X0 = B [k, (1) (A, = s} e (0[]
=0, (L\/?K‘2“> =0, (K7%). (23)

With (21), (22), (23), and Assumption 1.2, we can deduce that
mo(Ti, X) = mie (T3, X)|°
mo(Ti, Xi) = ' (e, (T Ak iy Vs (X)) |

N Z ’p uKl K1><K2UK2 (X )) - pl (uKl (ZTZ')AK1><K2’UK2 (Xl>)|2

<2 sup |mo(t,x) — p (ux, (t)AleKQUKz(w))|2

(t,x)eT xX
2 & 2
+ Sélrp 0" ()] - N Z ’uqu (T3) {Akxm - AK1XK2} UKz(Xz‘)‘
v 1 i=1

<2 sup  |molt, @) — o (uk, () Ak, x 0 ()|
(t,x)eT xX

2 sup " (1) B | [k, (T) { Ny = Moo } v (X)[*] + 0 (K72)

vel'r

—O(K™2) + O(K™*) 4 0, (K2*) = 0, (K™) . (by (21))

3.2 Lemma 3.2

Lemma 3.2 Under Assumption 1.2-1.4, we have

A *
HAKI xXKo T AK1 x Ko
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Proof. Define

S :%ZZZ To(T3, X ue, (To)ure, (T) T (A = A vre, 5 (X )ure, 1(X3),

where A; and A} are the j-th column of A and A% ., respectively. Since Sy is symmetric,
using (13) and the facts that B [ug, (T)urk, (T)"] = Ik, xx, and E [vg, (X )vi, (X)) 7] = Try s,

we can have

Ko Ko

B [Sn] =303 00 = ) B [rolT, X)use (T (T) 0k (X s a(X)] (0 = )

=3 (N = M) E [use, (T)use, (T) '] Blog, (X v, 1( X)) (A = A7)

1=1 j=1

Ko
=D (= AT =) = [JA = Ak || -
j=1
Then we can further deduce that

2
B[y~ 14 = Ml

:E[SN] - QE[SN] ||A - A;(1><K2H + HA AK1><K2H

[(ZZ "o (T, X urey (T)ur, (T) (N — AZ‘)UKM(X)UKQJ(X)) ]

2 % - ( > ZZ 7T0 T X)UKI (T)U’K1 (T)T()\l - A;)UKQJ(X)UKQJ(X)]
B HA AK1><K2H
Z% (ZZ X)L X, (Ture (T) (M = Af >vK”<X>vK2,l<X>> }
N(N -1
+% E[50] — A - Al

(ZZ O = 29Tl X Juse, (T, () (= N >vK”<X>W27’(X)>

=1 j=1

— 1A = Mo
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2 2 2
(ZZ (A = A9 "mo(T, X yuse, (T)ure, (T) T (M = A )Usz(X)UKz,l(X)> :
=1 j=1
In light of the fact that

0<y' {Wo(t,w)uKl(t)uKl (t)T} y < mC(K)*y'y , Yy e RFL Yt x) e T x &,

we can deduce that

DD = A {mo(T, X s, (T)ure, (T) T} (M = A Jviy (X vr, (X))

=1 j=1
Ko K>
= [Z UK27j(X)(>\j - A;)T] ' {Wo(T,X)UKI (T)U'K1<T)T} ’ [Z()‘l - A;()UKQ,Z(X)]
j=1 =1
Ko 2
<ty JJuse, (D)7 - 1D = X)) T, i(X)
1=1
Ko
<n - |Jug, (T)||* - (2:”A —A*HQ> (vaz,i(X)2>
i=1
=1a - [, ()| - ||A AleKQH [or, (X))
Therefore, we can obtain that
. . 2
B[y = 14 = Al
1 x
<5 B [lue DI - s (XO1] - [ A = Ay |
1 x
<R GUED? G (e, (D Torca COIP] - 1A = Ay |
1
G B B | s ol )y (TP oy (O 1 — Ager|

< (K - oK) E [molT, X) e, (T) 2 o, O] - [ = My |* (by Assumption 1.2)

B () GK)? - E (s, (D] E [lo (OIP] - A = Ay re | (by (13))

2

Z;,Zi CCL(K1)? - Go(Ka)? Ky - Ky - ||A - A}?quQHA‘ (since Ef|luk, (T[] = K1 and E[||vk, (X)[]*] = K2)
2

_]bzi (K K- ||A- A*leKQH (since ¢(K) = (1(K1)G(K3) and K = K - K») (24)
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Considering the event set

N 1
B im {50 L= Nl A Mo}

by Chebyshev’s inequality, (24), and Assumption 1.4 we can get

. 1
B (8~ 14 A 2 3 IA = Kl 4 # K

, ||A_A;<1><K2H4 )
TgK)? K <O (%) = o(1). (25)

42| 3y = A = A

<

=
3
=

Note that

i=1 =1
where
. 1 <
HKl x Ko <A> = N Z {p (ulT(l (Tl)AUfQ (Xl)) — UR, (Ti>TAE[UK2 (X)]}
i=1
LN
— Efuy, (T)]A {N lz; Ui, (X1) — E[UKQ(X)]} :
Since A% .k, is a unique maximizer of G , x,(+), then for each j € {1,..., K»},
0

a_)\jG*KIXKQ()\T’ ct 7>\;(2>

=E [0 (use, (T)Nig, s, V1o (X)) e, (X) sy 5 (V)] = Eluge, (T)]E v, 5(X)] = 0.
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Therefore, for large enough K, we can deduce that

] (27)

2

E [I7 B ks (e, i) 2] = ZE | O i)

i {0 (ke (TN, sy v (X)) iy (T3 5 (X0) = Bl 5 (X (T5) }

K> 2
+2) E ||[E [ug, (T { ZUK” X)) - sz,j(X)]} ]
j=1
Ko
< > {E [ o (e, (DA, caeyvra(Y) ) <T>vK2,j<X>H2] + Elor, 5 (X)JE [[lur, (7)) }
2 ot 2 2
7 2B (X)) 2 [z, ()11
Ko / uT TYA* v X 2
:Ji;{E[’P (ks Pl riarral DL, ) s (T s XN + Bl (X PR o (117 |
9 &2 2
2
3 2 E s (X B e, (7)1
K2 (su /(7))
<§z{( et 00 7, X) - s (T O] + Bl 0°IE e, (D))}
j=1
Ko
" JQV;E [orcs (X)°) - E [[lure (7)1

4 &2 (Supyerl P’(V))Q 2 2 2 2
:NZ -E [UKQ,j(X) ]E [HuK1 (D)l } + Elvk, j(X)“]E [||uK1(T)|| ] }

1‘21K2
N N;E [0, 5(X)?] - E [ llurc, ()]
14 i 3
<% {771 (533 p’(v)) +4+ 2} ‘B [Hu;q (T)Hﬂ ;E Vi3 (X)?]

2
1|4 , K
=—<¢— | su +6 ) K1Ko, <Ci— ,
N{UIQGEP(V)) }1 2 < Oy

where the last inequality follows by Assumption 1.8 and C} is a finite universal constant.
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Let € > 0, fix C5(¢) > 0 (to be chosen later) and define
y - KixKsy . * K
Tk xr,(€) =< AER A = A e |l < Cs(e)Cy N[

For VA € Ti, s, (€),¥(t, ) € T x X, we can have

|uK1 (t)TAsz (:I:) — Uk, (t)TA*Kl x K5 UKo (CIZ) ‘

SIA = Ak, |l 8P e, ()| sup [lvr, (@) < Cs(€)Cay [ C1 (K1)Ga(Ko),
teT zeX

thus for large enough N, in accordance with Assumption 1.4 and (14), we have
T T A * K

ur, (1) Avg, () € [Um (1) Ak iy Ve (&) = C5(€) CaGu (B G (K )y [ 7

T A% K

ury () Mg ey Vs (%) + C5(€) CaGu (B (K [ &

7—CK™™ = Cs(e )C4C1(K1)§2(K2>\/§

K
7+ CK™% 4 Cs5(€) Cai (K1) G (K)y f N] CTae),  (28)
where Ty(e) := [y — 1 — C5(¢),7 + 1 + Cs(¢)] is a compact set and independent of (¢, z).

For any A € 0Tk, xx, (€), there exists A on the line joining A and A% <k, such that

Ko
A A * * Jd - * *
GKIXKQ (A) :GK1><K2 (AK1><K2) + Z()\] - )\])Ta)\ ()\17 ctt )\KQ)
j=1 !
Ko Ko a -
+35 ZZ )‘ o Xk) O\ a)\lGKMKQ(/\ '7>‘K2>()‘l - AZF) )

l1]1

where 5\- denotes the j-th column of A. For the second order term in above equality, note that
ug, (t)Avg, (x) € Ty(e) for all (t,) € T x X, we can further deduce that

Ko K> * 92 )
ZZ /\ - )‘] NON GK1><K2()‘ )‘K2)<>‘l - )‘l) (29)

=1 j=1
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N ZZZ )\ o )\ uKl ) (ufol( )AUK2 (X >) (Al A?)TuKl (Ti)UK2J<Xi)UK2,l(Xi>
Z D> O =N Tuse (T, (To) T\ = N v, (X )vie, (X )

I (N = ) (T X, (T use, (T2) T (A — A, (X vre, (X )
N - 7.(-0(7—‘1 Xz)

where —b(e) := SUD.er, (o) £ (7) < 00.
Define the event set

’ A ?é A*K1><K2;

{ > w@ﬂ}{ Z@xx»—xa@xn}“sNlm- %}

En —{SN > — HA AleK2

and

=

Note that
1 T T \/E
(3 Emm - senim} {3 S sk -o. ()

By (25), we can deduece that for any € > 0, there exists Ny(€) € N such that N > Ny(e) large

enough
P((En)9) < (’SN_ ‘A AKlXKQH ‘ 7HA AleKQH , A#A;ﬁ”{»
N
or ({75 s {5 - sk > 55
i=1 =
<i ' i ) % | (30)

Therefore, on the event Ej, for large enough N, we can deduce that for any A €
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aTKlXKQ (6)7

GK1XK2(A) - CATYK1><K2<A;(1><K2) (31)
* a * *
_Z (A — X)) GleKQ()\l,...,AKz)
Ko Ko 82 B
— AT — G A, A k) (N = A
+;; ] NN KixEa (AL -5 Al ) (A 0
* A * B(E) Q
S HA - AK1><K2H ||VGK1XK2<AK1XK2)|| - _SN (by (29>)
HA AK1><K2H HVGKIXKQ<A*K1XK2) HA AK1><K2H
. . 1 K
< HA o AK1><K2H |VHK1><K2 AKlXKg)H + < N1/4 ) N - 4_772 HA AK1><K2H (by (26))
X - . 1 b(e
S HA_AleKQH ||VHK1XK2(AK1XK2)|| 2 477 H K1><K2H
where the second and the last inequality follow from definition of the event Fy.
Note that for sufficiently large N, by Chebyshev’s inequality and (27) we have
19 e ) 2 A~ A (32)
. 2
= ey T R GG R
where the last inequality holds by choosing
128 - n3
Cs(e) > 4| = .
s(6) 2 b(e)2e
Therefore, for sufficiently large IV, by (30) and (32) we can derive
. b € €
P (5" or 19 it k) 2 L 1A = M) < 545 =
=P (EN and ||V Hye, e, (Mg e, || < HA AleKQH) >1—c¢. (33)
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With (31) and (33), we can obtain that
P{GKIXKQ(A> - GA(leKQ(A;ﬁXIQ) < O, VA c OTleKz(e)} Z 1-— €.

Note that the event {GleK2 (A xx,) > G xi,(A), VA € 8YK1X;{2(6)} implies that there
exists a local maximizer in the interior of T, xx,(€). Since Gk, xx,(+) is strictly concave and

A Ky xK, 1S the unique global maximizer of G Ky xK,, then we get

]P (AleKg E YKlXKQ(E)) > ]- — € 9 (34)

~0.(/5)

1.e.

A *
AKI xKgy ™ AK1 x Ko

3.3 Corollary 3.3

The next corollary states that 7k (¢, x) is arbitrarily close to 73 (¢, x).

Corollary 3.3 Under Assumption 1.2-1./, we have

R N K
sup it @) — mi(t,2) = O, (<<K> N) ,
(t,x)eT xX
and
~ * 2 K
1Tk (t,x) — 1 (t, ) |*dFr x(t,x2) =0, | = |,
TxX N
and

1 K
T, X) - (B X0 = 0, ().

=1

Proof. From the proof of Lemma 3.2, we know the facts P (AleKQ € TleKQ(e)) >1—c¢

and (28). Then for any element /~\K1x K, lying on the line joining A Kixk, and Aj |, we can
have that P(ug, (t) " Ax, xk, vk, () € Ty(€) for all (t,x) € T x X) > 1 — ¢, which implies

sup ‘p”(uKl(t>‘/~\K1><K2UK2<w)>’ = Op(l) (35)
(t,x)eT xX

Using Mean Value Theorem, Lemma 3.1, and (35), we can obtain that

sup |7%K(t7w) - 7r}}(t,ac)|
(t,x)eT xX
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= s (e (DA (@) = 0 (0 (DN v ()|
(te)eT xX

< sup |p”(uK1 (t>/~\K1><K2UK2 (£L‘>>| sup ’uKl (t)[\K1><K2UK2 (w) — UK, (t>A;(1><K2UK2 (m)
(t,x)eT xX (t,x)eT xX

<Op(1) - [[Arixrs = ANy x|l - SUp lur, ()] - sup [|vi, () ]
teT xreX

SOP(U Oy (\/g) G(K1) - G(K2) =0y (C(K) %) :

Note that by Mean Value Theorem and (35), we can deduce that

/T [fult,@) = miet )P dFrx(t,)
X

~ N 2
< sup ‘Ioll(uKl (t)AKl x K2 UK> (.’B))’Q/ ‘UKI (t) {AKI xKgo A*K1><K2} VK, (CB) dFT,X<t7 ZD)
TxX

(t,x)eT xX

<0,(1) - [r ) s (1) { Ayres = Ay vK2(m)‘2dFT7X(t,:c).

. 2
We estimate [ ., ‘uKl(t) {/\leK2 - A}1XK2} UKQ(CE)’ dFr x(t,z). Note that E[ug, (T)[ux, (T)"] =
Iy xicy s Elvg, (X)vi, (X)) = Ik, «k,, (13) and Assumption 1.2, we can deduce that

~ 2
[ s {Ass = A} o (@) dPrx (e,
TxX

T A * T ) A * T
<[ i ® {Akems = N, f ora(@ora(@) T {Rris = N} w (00Prx (t,2)
TxX

1 T N * T A * T
= [r a0k, 0 { A — Ny, o (@) (@) {Akxice = Mg | v (0dFrx (1)
1 N * A * T
<o ] molt@) k() { A = N, o @)erca (@) {Rseerc, = N ) s (08Fr ()
X
1 A * A * T
[k 0 { s~ e} ([ vma@vra@) T dPx (@) ) {Aris ~ e} s (020
mJr X
N N T
—— | gy ) {Akike = Ny | {Ariis = Ny | sy (P (2)
mJr
1 A * A * T
:tr< {AleK2 - AleKQ} {AK1 XKy — AleKQ} / uk, (t)uge, (t)dFT(t)>
m T
1 A * A * T
:mtr<{AK1XK2 _AK1><K2} {AK1><K2 _AleKg} )
VRTI i K
:a . AK2><K2 - AK1><K2 - Op <N> . (36)
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Then we obtain

K
/ |7ATK(t, w) — W;((t, $)|2dFT7x(t, m) = Op (N) .
TxX

Similar to (23), we have

N

1 A . 2 N . 2

& 2 [k (@) R, = N o0 = [ Jua (0 R = N e} o) dPrxe )
i=1 TxX

=00 (B iy, = Nieal) = 05 (R 1) =00 () (37)

where the last equality holds in light of Assumption 1.4. Hence, with (36) and (37), we have

N
1 R .
N Z |7TK(TiaXi) - 7TK(Tz‘7Xz‘)|2

i=1

N

~ 1 N *

< sup " (uk, (8) Ak, s, Vi ()] - N E ‘UKl (1T3) {AK1><K2 - AK1><K2} vre, (X)
(t,x)eT xX i—1

2

2 K
dFT7x(t, CC) + Op (—)

§01~/ ’ultA1X2—A*1XQUzw
1) | a0 { A = N (@) ~

o (8) ()05

4 Efficient Estimation

4.1 Proof of Theorem 4

Because 3 (resp. (") is a unique minimizer of N1 Zf\il T (T, X)L (Y; — g(T;; B)) (resp.
E [mo(T, X)L (Y — g(T;3))]), from the theory of M-estimation (van der Vaart, 1998, Theorem
5.7), if the following condition holds:

% > k(T X)L (Y; = 9(Ti B)) — E[mo(T, X)L (Y — g(T ﬁ)ﬂ’ = 0.

=1

sup
BeO

then [‘3 2y B*. Note that

sup
BeO

S0 Rk XL (Y~ g(Tis ) — Elmo(T, X)L (V = g(T; ﬂ))]|
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<Zlég Z{'/TK Ti, X) — mo(Ti, Xa)} L (Y, g(Ti;ﬂ))‘ (38)
+ sup %ZWO(T"’ X)L (Y — g(T3;8)) — Emo(T, X)L (Y — g(T; ﬁ))]‘ - (39)
L2(Fn)

We first show (38) is of op(1). By Theorem 3, Tg(-) —— mo(+), using Cauchy-Scharwz’

inequality and Assumption 1.5, we have
L& 1/2 L& 1/2
38) <! = 7r(Th, X)) — (T, X ;)Y Ssup{ — (Y; — g(T;
(69 < {5 3 ontr 0 - 0¥ | s {5500 ooy

1/2
<op(1) - {[s;elgE [L(Y — g(T; B))Q} + 0p(1)} =op(1) (by Assumption 5)

To show (39) is of 0p(1), by (Newey and McFadden, 1994, Lemma 2.4), it is sufficient to require

the following conditions holds:
1. © is compact;
2. L(Y — ¢(T; B)) is continuous in G;
3. E [supgee [L(Y — g(T38))|] < oo.
which are the imposed Assumption 1.5.

4.2 Proof of Theorem 5

The proposed estimator B is a special case of Chen, Linton, and Van Keilegom (2003), where
the authors establish the consistency and asymptotic normality of a class of semiparametric
optimization estimators under that the criterion function does not satisfy standard smoothness
conditions. The asymptotic distribution of the proposed estimator can be derived by applying
Theorem 2 of Chen, Linton, and Van Keilegom (2003).

Using their notation, we denote

My (B,7(-)) : Z (T3, X)L (Yi = g(T3; B)) m(T; B),

M(B,7(-)) = E[My (8,7 ()] = E[x(T, X)L' (Y — g(T; 8)) m(T’; B)]
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The ordinary derivative I'1(8, 7(+)) in B of M (8, x(-)) is

P (B.r( )P — B) = : lim M BH+7(B=B).7()) = M(B,7())

T—0 T

=VgE [n(T, X)L' (Y — g(T; B)) m(T; B)],

and the functional derivative I's(3, 7o (+))[7(:) — mo(+)] of M (8, mo(+)) along the direction 7(-) —

mo(+) is

Lo(B. 7o( () — mo()] 1= lim 2B Tol) + () = mo())) = M(B, mo ()

T—0 T

—E [(x(T, X) — mo(T, X)L (Y — g(T: 8)) m(T; B) .

In order to apply Theorem 2 of Chen, Linton, and Van Keilegom (2003), we need to verify
their Conditions (2.1)-(2.6) hold. Conditions (2.1)-(2.5) of Chen, Linton, and Van Keilegom
(2003) can be easily verified by using following facts:

e Theorem 4 ensures ||ﬁ -8 %o
e Assumption 1.6 (iv) implies | My (8, 75 (-))|| = HN‘l SN 7k (T, X)m(Ty; B) LY, — g(Tz,B)}H =
op(1/VN);

e Assumption 1.8 implies K = 0,(N'?) and K~ = 0,(N~%/2), then by Theorem 2 we

have foX 7k (t, @) — mo(t, ®)|PdFr x (t, ) = O, (K~*) + O, ( V K/N> = op(N7Y?) +
op(N~V4) < o,(N~V4).

The most important step toward the application of Theorem 2 of Chen, Linton, and Van Keilegom
(2003) is to check their Condition (2.6) holds, which states that there exits some finite matrix
V1 such that

VN {My (87, 70(-)) + Ta(B°, mo()) [ () = mo(-)]} 5 N (0, V4). (40)

If Conditions (2.1)-(2.6) hold, Theorem 2 of Chen, Linton, and Van Keilegom (2003) ensures
that

VN (B - ,6*) 4 N(0,Q),

where Q := ' (8", 70() " VA(T1(B%, mo(-) ™) T = Hy'Vi(Hy ') T. However, Chen, Linton, and Van Keilegon
(2003) do not give the expression of V; and the verification of (40) is difficult which is also ad-
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mitted by the authors themselves (see the first paragraph in Section 3.3 of Chen, Linton, and Van Keilegom
(2003)). In Section 4.3, we prove (40) holds and give

Vi =Ep(Y, T, X; 80, T, X;8%)"].

Therefore, we can have €2 = V,¢; which justifies Theorem 5.

4.3 Proof of (40)

Before proving (40), we prepare some preliminary notation and results that will be used later.

Since Ak, xk, is a unique maximizer of the concave function G, «k,, then

~ ZP (UK1 Aleng&(Xi)) ur, (T5)vr, (X Z Z“Iﬁ Th)or,(X3)" =0.
=1 [=1
Using Mean Value Theorem, we can have

Zp/ uK1 K1><K2UK2(Xi)) uKl(Ti)UIQ(Xi)T

1

ZIH

N
1=

N
Zp” <UK1 AK1><K2UK2 (X )) UK, (ﬂ>uK1 (Tl)T {AK1><K2 - A?ﬁxKg} VK, (Xi)UKQ (Xz)T

=1

ZIH

_|_

uK1(Tl)UK2(Xi)T ) (41)

|-
-
WE

=1 [=1

where Ag, xx, lies on the line joining from A Kix K> 10 Afe y k,- We define the following notation:

AK1><K2 = AK1><K2 - A;(l x Ko (42)

AKI xKy +— AK1><K2 - A;{l x Ko (43)

and
A;(1><K2 = VGKIXK2 (A;(lXKg)

-5 D (0 (1) Ny (X0) i (T (X = (% Z%(TZ)) (% Zm(x,-ﬂ) |
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In light of (27) we have

K
}A;(1><K2H = OP ( N) :

From (41), Aj, .k, can also be written as

N
1 R
A;(l x Ko — _N Z’O <UK1( ) AK1><K2UK2 (X )) UK, (Ti)uK1 (TZ)T {AK1><K2 - A}(:[XKQ} VK, (Xi)UK2 (XZ>T

=1

(45)

We now start to (40). We decompose v/ N { My (8%, mo(-)) + Ta (8%, mo () [7x () — mo(-)]} as
follows:

VN {My (87, m0(-)) + T2(8*, 70() [Fx (-) — 70 ()]}

1 N
:\/N; {WQ(E,XZ')L/ {Yi —g(T; m(T;; BY) / / T (t,x) — mo(t, x)) (a:,t;ﬁ*)m(t;ﬂ*)deyT(m,t)}
:\/N/ / m(t; B)e(t, @ B) (e (t, @) — mo(t, @) dFx 1 (w, 1)

+W// Pt @) — mi(t, @) ez, t; B)m(t; B*)dFx r(z, 1)

\ﬁzﬂﬂ (T;, X;)L' {Y; — g (T;; B*)} m(T;; BF)
:W//mt;ﬁ Je(t, x; B) (i (t, @) — mo(t, a)) dFx (. t) (46)
+VN / / Fx(t,®) — T (t, @) e(w, t; B )m(t; B*)dFx (1) (47)
-V [ /X (1,380 (e (DA iy (@) ) uly () Ar sy vrey (@)m(t; 87)dFx 1, )
+ VN /T /X e(t, @ B7)p" (u%(t)ﬁmmm(x)) ule, () AR, x k6, Vi, (@)m(t; B*)dFx (. ) (48)
VN [ [ @80 (u ()i a2 i () A s (@m0 87) P r . )
+VN / et 80" (wiey (DA V1s () ey () Ay iy (@)t B)AFx (1) (49)
z {m Th, Xm(Ti 8)=(Ts, Xi5 8°) — B [mo(T, X)m(Ts 8)e(T, X; 8)| X = X ]

— Ero(T, X)m(T: B)=(T, X: )T = T} }
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N
} 3 {m Ty, X)L {Y; — g (Ty; B} m(Ty; 8) — mo(Ts, X i)m(T3; B9)e(Th, X i3 87) (50)
+ E[ro(T, X)m(T; 8°)e(T, X; 8| X = Xi] +E [ro(T, X)m(T; 8)(T, X; 8)|T = T] }

where Ag vk, and A% k, are defined in (42) and (45). We show that the terms (46)-(49)

are all of 0,(1), while the term (50) is asymptotically normal.

For term (46): By Lemma 3.1 and Assumption 1.4, we can deduce that

| VN -Elm(T: 8)e(T, X:8) (73 (T, X) = mo(T, X))
<V sup [m(t: 8)|| - Blle(7, X: )} - B [[wie(7, X) = mo(T. X)) = O (VRE™) .

For term (47): By Mean Value Theorem and the definition of Ay, in (42), the term (47)

is exactly equal to zero.

For term (48): We can telescope (48) as follows:

VN /T /X m(t; Bt 80" (ur, (DA, i (®) ) i, (0 Arcy e,V () dFx (3, )
VN [ s ) 8007 (07 (0 et (&) i, (0) A v (@) ()
VN [ [ w8 {07 (s Ohksatna@)) = 7 ik, ()85 v ()

X u;l <t>AK1 x K> VK, (w)dFXT(‘T? t) (51)
VN / / m(t; B7)e(t, 2 B7)0" (ule (), e, vrca (&) e, (1)
TJX
x { Arixrcs = Ay, | Vi (®)dFx r(@, ). (52)

For the term (51), by Mean Value Theorem,
(51) VN [ [ mits")ete,m: 8" (e ) {uk, (0dn xeavrea(@) | {04 v, (@)} P (1),
TJX

Since &(t, ) lies between up, (t) " A,y g, Vi, () and ug, (t) "Ny, 1, vk, (), which implies

&(t, @) lies between ug, (t) T Afe, i, Vi, (®) and ug, (t)T/A\}lxKQU;Q(w). Then in light of (28)
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and (34), we have P (&5(t, @) € I'a(e), Y(t,x) € T x X') > 1 — ¢, therefore,

sup " (&s(t, ) | = Op(1) . (53)
(t,x)eT xX

With (36), (53), the fact ||Ag,xx, || < | Ak, x|, Lemma 3.2, and Assumption 1.4, we can
derive that

IO <VN  sup  |p" (&a(t, )| sup [|m(t; B7)]| - sup |e(t, ;8]

(t,e)eT xX teT (t,x)eT xX

// ’UKl(t)TAleKQUKg(fU)‘ ‘UKl()AKMKzWQ( )’dFXvT(w’t)

<VN-0,(1) - O( {//‘uK T Ak i, ()

{//‘UKI )Af i, Uiy () de,T(m,t)}
oot <\/§>O <\/§>:O( KW) (by ((36)))

(54)

1
2

deyT(:c, t) }

2

For the term (52), we first compute the probability order of ||A% . x, — Ag xro,||- Using
(45), the fact p”(v) = —p'(v) and Mean Value Theorem, we have

« ~
AKl XKQ - AKI ><1(2

Zp” wie, (To) N, w e vica (X)) s, (T, (T3) T Ay i, v, (X i) vfe, (X)

1 ~ N
— % 2P (€T X)) (s (1) Ay ayvies (X0) sy (T (1) T Ay vy (X0, (X)
=1
- AleKg
1 .
=N > {P' (e, (TN, ey i (X)) iy (T )ur, (T) T Ak, i, vic, (X v, (Xi) — AleKZ} (55)
=1

N
e S (T X)) s, (1) Ay vy (X0) b, (T, (1) Ay v, (X, (X0). (56)
=1

For the term (55), by (13) we can write Ag, xx, as

Agixi, = Erx [WO(T>X)UK1 (Tug, (T)TAleKQUKQ(X)UEQ(X)] :
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where Er x -] denotes taking expectation with respect to (7', X). We telescope (55) as follows:

ZIH

N
Z{ (. (1) A e, (X)) s (Tt () Ay sy (X0, (X)) — Amm}

=1

N
1 *
ﬁz { {0 (uge, (T}) Ny, iy Vo (X)) — 70(T3, X) } e, (T ue, (1) AleKQUKz(Xi)UfTQ(Xi)}
=1
(57)
1 N
3 2l X (e (1) A X7, (X
=1
~ B [moT. X, (e (1) Ao (X0, (0] (58)
For the term (57), by Lemmas 3.1 and 3.2 and (36), we have that
1 N
|30 D {0 (e (Ao () = 702 X0 s (T () s (X )0 ()
=1
1 & . 2
<\ v o 1 (0, (TN e iy omea (X)) = 70(T, Xl (T0) 2o (X2
=1

J Z|UK1 AK1><K2UK2(X )|2

<O(C(K)K™) -

1/2
—~ ~ K
/ |UK1 (t)AK1XKQUKQ(w)’2dFT7X(t7w) + ||AK1><K2||2 ' OP (C(K) N)]
TxX

<O(C(K)E™) - Op(|| Ak x s l)
=0(C(K)K™%) - Op (\/5) =0, (N—%C(K) : K%—a) .

For the term (58), define the linear map [J(-) : RE1*K2 5 R by

T = 55 3 ol X, (T, (1) Mo, (X000, (X2) = B [T, Xy (T (1) Mo, (X0, (X)) .

i=1

then (58) = J (Ak, xx,). For any fixed M € RE>K2 by (13) and M = E[mo(T, X )ug, (T)ux, (T)T M
Wi, (X ), (X)], then we have

E[7(M)*]
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.E[
.E{

12 E[Wo(TaX) ~ HuKl(T)WHvKQ(X)H‘*] 3k

IN

7o(T, X ug, (T)ug, (T) " Mug, (X )vg, (X)

2]

IN

2= 2= 2= =2/

12 EflJuse, (D] - Ellloge, (XO11'] - M]°
1

< GE)? - GE)? - Elure, (T)*) - ElJore, (X)IP] - | M

~ o (st ).

Using Chebyshev’s inequality we have

7D = M0, (<<K> %) ,

then in light of Lemma 3.2,

(58) = T (Aryurs) = [ Ara|0, <<<K> N) ~o, (coy)

Therefore,

(55) = (57) + (58) = O, (N—%g(K) . K%—O‘) +0, (C(K)%) .

For the term (56), in light of (53) and Lemma 3.2, we can deduce that

HNZp"’ (T2, X0) {70 A sy, (X0} {s, (R, ()T A, (X0

N
< sup  [p" (&(t,®))| - (K Z’um T Ak, x i, Vi, (X) | -

(t,x)eT xX

7T0<T’ X>UK1 (T)uKl (T)TMUKQ (X)U[—E'Q (X) —E [WU(TJ X)uKl (T)U’Kl (T)TMUKz (X)UI—EQ (X)}

)N
N
< sup |p" (&(t )| (K Zum )T Ak x i, Vi, (X)|
(t,e)eT xX =1

<0(1) - C(K) - Op(| Axy iz |) - Opl(lAky i ) < Op(1) - C(E) - Oy (\/5) - Op \/5
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Now, we can obtain

Ay, = Al = (59 + 50) = 0, (V3R 0, (k) ) +0, (¢l) )
=0, (Vi) k) 40, (<0 ) (59

Using (59), Assumptions 1.7 and 1.4, for large enough N, we have
(52) = |V [ [ (e 7)ett,0800" (uFe (O s () 0, 0) e = A e, o ) )|
X

<VN'sup [[m(t; )| sup |o” (1) |- E [|e(T, X: 87 ] U
teT 7€l T

<VN-0(1)-0(1) - 0(1) - O(1) - O(| Ak, x e, = A, e )

<0, (o) K3) + 0, () 2 ) (60)

(uKl (1) {AKl e — Al i, } v, (a:))2 dFr.x(t, m)]

XX

where the second inequality holds since by using the same argument of establishing (36), we

have

~ 2 ~
| (w0 { A = A} os@)) Pt @) = Ol e = Ay )
TxX

Therefore, by combining (54) and (60), we can obtain that

9= B2 =0, (\/% ) +0, (¢t ) w0, (07
=0, (¢((K) - K+) +0, (g(m\%) |

For term (49): By the definition of A% . in (44), we have

1 N
(19) = =S [ [ e )ete.0: 870 (e (O v 2) o, 0 (61)
X {uKl (Ti)pl (uK1 (Ti)A;(l x Ko UK2 (Xl)) UITQ (XZ)} VK, (w)dFXT(:B’ t) + m(Tlv IB*)E(TM Xi; ﬂ*)ﬂ-O(T% Xl)}

N
/ m(t; B%)e(t, z; 8%)p" (ug, ()N, w i, Vi, (%)) ugc, (t) <;,ZUK1(T1)> (62)
=1

N
x (1 S or, (Xj)) vic, (2)dFx (2, t) + E [mo(T, X )m(T; 8%)e(T, X; B7)| X = X
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B (T, X)m(Ts5)6(T, X 8T = T3 .
We shall show that both (61) and (62) are of 0,(1). Noting p” = —p', we can telescope (61)

as follows:

N
— S [ i1t (k08 ) e 0 (63)

s Qe (1) = o (e (T, () + T3 X0 oF, (X0 f o (@)}

- Z { /7_ /X m(t; B)e(t, z; BF) {p’ (u;Tﬁ (A%, w1, VEs (a:)) — mol(t, a:)} UIT(l (t) (64)

i=1

QH

< {usey (T)mo (T X )0fs, (X0) vy (2)d P o (. t)}

N
Z{[r/Xm(t;ﬂ*k(tw;ﬁ*)ﬂo(tmu}l(t) {ug, (Ti)mo(Ti, Xi)vk, (X o)} v, (2)dFx (2, )

=1

%\H

+m(ﬂ;ﬁ*)€(ﬂ,Xi;ﬁ*)ﬂo(Ti,Xi)} | (65)

We shall show that (63), (64) and (65) are all of 0,(1). Note that second moment of (63) is

i /X m(ts B)e (@5 879 (uke (e, sy () Wl (1)

}uKl {W{l T)UITQ(XZ»)}sz(w)dFXj(ac,t)

x {uKl ) [ o (e (T) N, 0100 (X)) + 0 (T X )} %(Xi)} viey (2)AFx (1)

— . . ax p/ (u}r(l(t)A*leKQUKQ(a:))
_]E[ /T/Xwo(t,:c).m(t,ﬂ Ye(t,x; B )[ o }u;ﬁ(t)

x {um () [ 0 (s (T A, e, v (X)) + 0T X, )} oF, (Xn} viey (@)dFx 1 (@, )

p (u}—(l (DA, x 1, VK (2))
7T()(t, ZB)

|

7T0t33 )e(t, :L';ﬂ*)[

sup { P (u—lr(l()AlengKg( ))+7T0(t,(l:)}2
(tw)ETXX

2

P (uge, (TN, iy Vi (X))
mo(T5, X3)

:{E

=0(1) - O(K?*¢(K)?) = O(K2*¢(K)?*) — 0, (by Assumption 1.4)

m(Ti;ﬂ*)E(TmXi;ﬂ*){

+ 0(1)} x sup {—7g(t,x) + mo(t, w)}2

(t,e)eT xX

where the third equality holds because

/ / ot @)-m(t: B°) (t:c,@)l (e (DA KlXKQUKQ(m»]u}l(t){uKl(T)vIT(Q(X)}UK2(ac)dFX7T(a3,t)

7T()(t JI)
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(ul (£)A* v
is the weighted L?-projection of m(t; 3")e(t, z; B%) o (ke Oy ey 01 () on the space linearly

o (t,x)
spanned by {ug, (t), vk, (x)} with the weighted measure my(t, x)dFr x (¢, ). Similarly, we can
also show (64) and (65) are of 0,(1). Therefore, (61) is of 0,(1).

For the term (62), since p”(v) = —p/(v) and the fact E [mo(T, X )m/(T; 3")e(T, X; B%)] = 0,
we telescope it as follows:

(62) f//mw (2 8°)p' (ufe, (DA sy 0r () e, (8 (NZuKlTl uK1<T>1>

( va WITQ(X)]) Ui, (@) dFx 1 (2, t) (66)
N
Z{ / / m(t; BVt 5 87)p' (ule, (DN e, e, s () 1, (D [t (T)] vk, (X i)vrey () dFx ()

=1

-

— E [no(T, X)m(T; B)e(T, X; B%)| X = X } (67)

12{/ / m(t; B*)e(t, @; B*)p (ufe, ()N, x k0, Vi () g, (Dre, (T)Evge, (X)]vk, (x)dFx r(, t)

=1

=

B [mo(T, X)m(T: B8")e(T, X; 8°)T = T} } (68)

- {800 i (O s v @) e, (OF [, (T B, (X o @) (.

— E[ro(T, X)m(T; 8%)e(T, X; 37)] } (69)

For the term (66), since

1
N Z UK, (Tl) —-E [uK1 (T)]

(/)

1 & K,
NZUKQ(XJ)—E[UKQ(X)]H20p< W) ;

j=1

sup | (ue, (DA%, ke, Vi () | = O(1)
(t,x)eTxX

and by Assumptions 1.4, 1.6 and 1.7, we can deduce that

(66) = VN - O(¢(K))O, (\/9 0 (\/9 -0, (cm %) ~o(1).
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For the term (67), noting the fact that E [7o(T, X )m(T; 8")e(T, X; B7)| X]| = [ m( e(t, X; 8%)

dFr(t), we can rewrite (67) as follows:

:\/LNZ {/T/Xm(t;ﬁ*)g(t,w;ﬁ*)%u;(tm [ug, (T)] 1)2;2(Xj)UK2(m)dFX(;1;)dFT(t)

J=1

— /Tm(t;ﬂ*)g(t,Xj;,a*)dFT(t>}'

By computing the second moment of (67), we can obtain that

]

| [ [ e )ete: ) TS (08 e, (7] e (Ko (@) @aFr(t) = [ e 071t X3P (0

| 1

0
i) - T X
<B[| [ [ me7tt,50) T2 (e, (1) (X o ) (@)Fe(0) = (75 (T, X3 5)

2
}
o E[H [ [ it )ete ) B e, (7)o, (X oy ()P ()

<28 [ mits)ett 387, (e, (7)o (X" oy ()P (@)Fe(0) = (T3 3):(T*, X3 5)

2
— 0,
mo(t, ) ]
where T* ~ Fp, X* ~ Fx, and T* is independent of X™; the first inequality holds by Jensen’s

inequality; the last convergence result follows from Lemma 3.1 and the fact that
[ mttsB)e(t. i, (0 (7)o (X o () AP () )
TJX

is the L%-projection of m(T*; 3" )e(T™*, X*; 3") on the space spanned by {ug, (T*), vk, (X™)}.
Thus (67) is of 0,(1) by Chebyshev’s inequality. Similar argument can be applied to show that
both (68) and (69) are of 0,(1). Therefore, we can have that

|(62)] < [(66)] + [(67)] + [(68)] = 0p(1) -
Then, we can obtain that
|(49)] < [(61)] + [(62)] = 0p(1) -
Summing up all orders (46)-(49) and using Assumption 1.8, we have

(46) + (47) + (48) + (49)
K

—O(VNE ™) +0+ {op (C(K) . K%—a) +0, <C(K)m> } +0,(1) = 0p(1).
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5 Some Extensions

5.1 Proof of Theorem 7

(Consistency). Let

[Z uKl uKl(T)T

[Z uge, (T) 7k (T;, X,)Yi

then 8, = 4 ug, (t). By assumption, there exists v* € RX1 such that

sup ‘Ht Tug, (t ’ =
teT

5= =0, (<<K> {\/g +K—a} +K;@> ,

whose proof will be established later. Using (70) and (71), we can deduce that

/T [@ . et] dFr(t)

- /T A T (8) — () T, (8) + (") Tz () — Bu2dF(t)

We first claim that

<23 —7")" UT ur, (), (t)TdFT<t>:| (5 =77 +2 /T[(V*)Tufa(t) — 0,J*dFr(t)

<205 = I - Amax (Blur, (T)ug, (T)']) + 2 sup |(v") ", () = 6

=0, (c(K )? {% +K ‘%‘} + Kf%‘) 7

and

sup |ét - Qtl =sup |’7TuK1 <t> - (7*)TUK1 (t) + (’V*)TuKl (t) - Qt{
teT teT

<sup [luge, (O] - 15 = 7|+ sup|(v7) "k, (t) — 04|
teT teT
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<O, |Gi(Ky) (C(K) {\/§+ K“} + Kﬁ) +O(K79)
=0, |Gi(f3) (<<K> {@ + KC"} + K)

Finally, we come back to prove (71). Note that

ZﬁK(Ti,Xz)UKl (T,)Y;

=1

*

-

Zufﬁ U’Kl )T

Z UF,y (T’l)ufﬁ (T‘Z)T

Zum ) (7K (Ti, X3) = mo(Ty, X3)} Y

+ ZuKl(Ti)uKl(Ti)T ZuK1 {7T0 THX )Y E[WO(THX )Y’T]}

[ 22w (Bur (1) Zum (1) {Elmo(Ti, Xo)YilTi) = (77) T, (T2)}

L:=1

=Ain + Aon + Asn.

We first compute the probability order of A;y. We use the following notation:

Hy := ({er(TI, X1) — mo(Ty, X))} Y, oo {f (T, Xn) — mo(Tv, Xnv )} YN> :

1)yt (Tw))

Unxr, = (uk, (T}
X
(I)KlXKl = N Z uKl

Then we can obtain that

[Ain|* = lzum Dug, (T;)

[Z g, (T3) (7w (Ti, X3) = mo(Ty, X3)} Y

=N "2tr (@)2 i UN sk, AxH\Unxre, (i)}_(i ><K1>

=N "2tr (U;XKlﬁNﬁ;\;Uleﬁi)[_{ixKlqA)I_{ixKl>

=N "?tr (‘i);(i/flﬁ Un ki, ﬁNﬁ;UNxchi);/le b7l ><K1)
S/\max(‘i’fé wi )N Ptr (Cf);é/fm N HyH Uy, qA)I_(i/><2K1>
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:/\maX((i)Ii(ixKl)Niltr ([A{Nﬁ;UNXKl (U;XKIUNXKJilUZ—erKl)
S[)\nlin(qA)leKl)]ilNilHﬁNH2

N
- 1
=[hain(Breyere )| 7 5 D (A (T X)) = mo( T, X)) Y2

anin (Pre i, )| ™F sup  |wg(t, @) — mo(t, z) | ZW

(tx)eTxX
<0,1)- 0, (ctryr e+ SETE)

el

'Op(l)

o, (ctpre 4 <)

(72)

where the first inequality follows from the fact that tr(AB) < Apax(B)tr(A) for any symmetric

matrix B and positive semidefinite matrix A, the second inequality follows from the same

fact and the fact that Uy, (Udy i, Unxi:) "Upyk, IS a projection matrix with maximum

eigenvalue 1, and the fourth inequality follows from the facts that ])\min(cf Kxi, )| =

Lemma 3.1 and Corollary 3.3, and N~ SV Y2 = O,(1).

Next, we compute the probability order of Asy. Let
E; = 77—0(71'7 XZ)Y; — ]E[’/To(iri, XZ)Y;lﬂ] and gN = (61, . ,€N)T.

We can deduce that

2

”A2N”2 = lzum uKl(T>T

ZuKl(T)g

) | T T H—1
:N tr ((I)Kl><K1UN><K1EN5NUNXK1®K1XK1>

-2 T T p-l ot
=N"“tr (UNXKlgNgNUNXK1q)K1><K1¢)K1><K1>

A o K
Sp‘min(q)l(leﬁ)] 2N 2||U;><K1SN||2 - Op (Wl) ’

where the last equality follows that [Awin (P, x i, )|~ = Op(1) and N2 Uy s, En|? =

by Markov’s inequality.
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We finally compute the probability order of Asy. Let

Ry(y") = ({E[Wo(TlaXl)WTl] — (V) u, (1)} {Blmo(Tw, Xn)Yn|Tn] — (7*)TUK1(TN)}) 7

then

2

[ Asn||* = lzukl Dus, (T;) "

[Z ur, (T;) {Elmo(Ti, X3)Yi|T}] — (vF) Tug, (T3) }

2

=N—?

leKlUJEXKlRN(Py*)
=N 2t (B3 g, U s, R () R (r7) Ui O, )

N2t (Ui By () RN () v e, i,

=Nt (2, U o B ()R () Ui, O3 e, e,
DB )N 210 (9322 U B0 ) R () U 0,
= (D5} )N 0 (R (V) RN (V) TUN ey (U, Unies) ™ Uy )
<Pmin(@xcy )] N Ry (7)1

N
=uin (P xc,)] 7" - %Z {Elmo(T3, X:)Yi|T}] — (v) Tux, (Tz)}Q = 0,(K*%),
i=1

where the first inequality follows from the fact that tr(AB) < Apax(B)tr(A) for any symmetric
matrix B and positive semidefinite matrix A, the second inequality follows from the same
fact and the fact that Uy, (Udy i, Unxi:) “Upyk, 1S a projection matrix with maximum
eigenvalue 1, and the last equality follows from the fact that |Amm(Px,xx, )|~ = O,(1) and
the fact that + SN {E[ro(T;, X)Yi|T) — (v") Tuk, (1)} < supyer |Elmo(T, X)Y|T = ] —
(v) Tug, (t)]? = O(K*¥). Hence, we complete the proof of (71).

(Asymptotic Normality). We have the following decomposition for b, — (t):
Or— 0 = wie, ()T (7 — ") + [(7*)TUK1( ) — 0]

T
:uKl E uKl uKl T)

[ Zum { (T, X)Y; - E[ﬂo(%X)YIT]}
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2 |

i:) T)ur,(Ti)" [ ZWﬁ { [7o(T, X3)Yi|T) — ()TuKl(TJ}

+ |00 -0

EblN(t) + b2N<t) + b3N(t).

+uK1 [

We shall show that byy(t) contributes to the asymptotic variance; and bon(t) + b3y (¢)
contributes to the asymptotic bias which is asymptotically negligible. Thus to complete the

proof of asymptotic normality, it is sufficient to prove the following results:
(i) Vi > c|lug, (t)])* for some ¢ > 0;
(i) VNV, by (t) S N(0, 1);
(i) VNV, bon () = 0,(1);
(iv) VNV, Phax(t) = 0,(1).

We first prove Result (i). By assumption, Amin (E [bx, (T, X, Y)bj (T, X, Y)]) > ¢, we

have
Vi =uje, ()%t o B [bre, (T, X, Y )b, (T, X, V)] @1t e ue, (1)

Z— : u;l( )q)KiXKl@I_(iXKlU’KI <t>

> Nuin (Pr ) e (1.

@)

For the claim (ii). Let

bin(t) = ug, (t N ZUKI Dur, (T;)"

—1 1 N
[NZbKI(Ti,Xi,m :

=1

Similar to the proof of (40), we can show
VNV (b () = buv (1) = 0,(1) -
Then

VNV Py (t) = VNV Phin(t) + 0,(1)
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N
:\/N‘/:lﬁufﬁ (t)T(i)I_{ixKlN_l Z bKl (Tw Xiv Y;>

=1

N
=VNV P, ()@ e, - N7V b (T3, X, Vi)

=1

N
VNV i (07 [ By = Pk - N b (T2, X, V)
=1

=03 (1) + biN (1) (73)

For bﬁ\),(t), we can simply apply the Liapounov CLT and show that bg\),(t) 4 N(0,1). For
1 :
T~ b 1 E? Xi? }/;

bg\),(t), we can deduce that
|
2
<0,(1)-0r (0?31} - Opl60) = O (G (0% 5L ) = 01,

2 — 2 _
R0 < Vi a1} - [0, — @ik,

where the second inequality by noting the following facts

_ F—1 —1 5—1 —1
_tr ({q)K1 XKl - ®K1XK1} {QKlXK1 - q)Kl XK1}>
=tr (D" o — P Ot bt P —® ot
- 1 XK1 K1 x Ky KixKy KixKi1 ¥ KixK; Ky x K1 Kix K1 KixKi
z —1 —1 i -1 -1
< (I)K1><K1 - CI)K1><K1} (I)leKlq)leKl {¢K1><K1 - (I)K1><K1} ®K1><K1®K1><K1>

) = - . )
S/\min (®K1XK1> >\min (®K1XK1> 2 - tr <{@K1 xKi1 — ®K1XK1} {QKlXKl - q)leKl})
)

<0,(1)-0,(1) - Op <<1<K1)2 : %) =Op (Cl(&f : %) ,

and

2
1

_ =E [[|bx, (T, X, Y)|?] = O(K)).

N
E H ZbKl(Tz‘,XuYi)
i=1

2

Thus (ii) holds.
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For (iii), by Cauchy-Schwarz’s inequality, we can obtain that

VNV, bon (1))
:N71/2Vt71/2 76} (t)T(i);(i x K1 U;XKl RN(V*)

NG

S‘G*l/Q{UKl(t)TqA’EXm (N "'y, Unsiy) @it e ey (1) }{RN ) TRy(v)}

SV i (07 B (0} {Bn3) Ry (37}
<V luge, )1} - Panax (B )| - O(VN - K%
=0(1) - O,(1) - 0,(1) = 0,(1) .

Similarly, we can show show that v NV, "/ ?|bsn ()| = 0,(1). This completes the proof of the

Theorem.

5.2 Proof of Theorem 9

Note that
/ —-1/2 o / —-1/2 o / -
V1 Jtolto etovtl\to V t0|t0 9t1|t0 V t0|t0 eto\to

t1

/2 7 : . . : :
Consider the term v NV, tol 1 * Otolty- Since 9t0|t0 is a nonparametric series estimator of 8y,

by using a similar argument of proving Theorem 6 (see also Newey (1997)), we have

N
-1/2 7 —1/2 - 1
VNV, i Bt = Vigaaiy - 0 (0) @i, - 7 3 b (1Y) +op(L), (74
where
b (T Yi) = sy (T) Y — B[V T}

Consider the term \/_V @Hto Let 6 :=t; — tgy, and

t0|t

N -1

«(Th, X;)
Z T, —6,X;) Y-

ZuKl uKl )

Then é\t1|t0 =75 Tug, (t;). We have the following decomposition for é\tﬂto — O 1t

é\tﬂto - 9t1|t0 = UK, (tl)—r(’? - ’Y*) + [(’Y*)TU’Kl (tl) - 9t1|t0]
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1 1 7k (Ti, X) T (T3, X;)
=ug, () | < T; T;)" ~ T; Y — Y
w0 | S (o (07| | S ) ey - e
_ N 1-1r N
1 1 T (T3, X5) mo (T, Xi)
t)" | — T; T)" ~ T =~ Yi — B | ————==Yi|T;
+ug, (t1) V2 uk, (T;)uk, (1;) | IN& e ){Wo(Ti —0,X;) Lro(Ti -6, X;)
— N 1 —1 r N
1 1 (13, X;)
T T. T\ T — TY AR | 00y | (%) T T

+ {(7*)%% (t1) — etllto}

EblN(t1> + ng(tl) + b3N<t1) + b4N(t1>.
Similar to the proof of Theorem 7 (pp 50, (iii) and (iv)), we can show

VNV, 8 s ()] = 0 and VNV, /2 [ban(t1)] — 0. (75)
Consider byy(t1). Similar to (73), we can show that

VNV ()

= — VNug, (1) "5t e, [ ZuKl { e _55);))— F(O(l _—(5’5X)Zf))}ﬁK(T;,Xi)Yi +op(1).
Then we have

VNV, i bin (1)
== VNV, 0 ke, (0) R, [ ZUKI i A__(S?T;((j; i Xi)}ﬁo(Ti,Xi)Yi

1,tolto —5 X; )

ey T(TZSX Il

i
V07 [ 3 TS =00
X

N
VN —1/2 — 1 ﬁK(ﬂ_(;?XZ)_WO<ﬂ_57XZ)

1,toto

1 i (To— 6. X,) — mo(Ts — 6, X
NG -um(tl)chKim[ S e (1) 5L )~ mo(T: )}

7To( i 57 Xz)
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S ot

N
% - 1 Z T —0,X;) —mo(T; — 6, X;
+ th 1/\2150 uKl(tl)T(I)KixKl [N UKy (Tz){ K( 7T0<>t() XOS )}
=1 ) %

WK(‘—5X)—W0( (SX)
{ o(Ti = 0, Xi)7x (T; — 0, X3)

=NV, 2 - bi(t) + VNV R bR () + VNV 6 ().

t1,tolto 1,tolto Jtolto

}wOm,Xi)Yi

Consider \/_V 1/2 bg\),(tl) The conditions Apin(Zok, x2k,) > ¢ > 0 and Apin(Pr, <k, ) >

t0|t0

¢ >0 imply V!

ti,tolto =
—1 2
V)| < VN VR e (011}

ot [ S {00 (T 2) X0y

> ¢ |Jug, (t1)]|* for some ¢ > 0. Similar to (72), we can show that

-1/2
\/_V t/\t

7TK(
1 <. (#x(T 5X) mo(T; — 0, X)) ” fr(TX) 7r(TX)2 2
k(i — — mo(Li — 0, X i — To(4y, X 2
1/2
<VN-0p(1)- sup |7x(t,x)—m(t,x) { ZYQ}
(t,e)eTxX
<0p (V- ) {2 1) o), (76)
Similarly, we can also show
VNV ‘b(?’) ‘ = op(1). (77)

We next consider b} (#;). We shall find the influence representation for N~/2u, (t1) Pk,
SN s (T) 7w (Th — 6, X3) — mo(Ty — 6, X3) ymo(Ty, X3)Yi/mo(to, X4)?. To achieve this goal,
we consider the asymptotic behavior of N~Y2 3N {71 (T; — 6, X,)o(T;, X, Y;) — Elmo(T —
6, X)o(T, X,Y)]}, where ¢(T, X,Y) denotes a general L? random variable. Define pu(t, ) :=
Ep(T,X,Y)|T =t,X = . Similar to the proof of (40) in Section 4.3, we have the following

decomposition:
\/—1—2{7% X)$(T;, X3, Y;) — E[mo(T — 6, X)¢(T, X, Y)]}
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{(ﬁK(Ti—(S,Xi) — 7 (Ti — 6, X4)) o(Ti, X4, Y5) (78)

—/T/X(er@—a,m)—w;((t—5,m))u<m,t)dFX,T(m,t)}

- f: { (i (T, — 5. X,) — (T, — 5, X.)) 6(T:, X, Y (79)
/ / ult, ) (it = 6,) — mo(t — 6, w»dFX,T(w,t)}
+\/—// (w3 (t — 6,2) — 7ot — 6, %)) dFx.r(, 1) (80)
VN / / et — 6,2) — wie(t — 6,2)) (. t)dFy (1) (81)
_JN / / (ke (£ = D) k01, (@) ) 0k, (8 = 0) Ay v, (@) AFx 1 (3, )
VN / / uKl )Amm%(m)) uk, (t = 0) Axy sy vy (@) dFyx (., )

VN [ @) (w6 = O v @) k(¢ = 8) A v (@) (1)
TJX

+ \/N /’l/(t7 w)p// (ufT(l (t - 5)‘/\;(1 XKQUKQ (m)) ulT(l (t - 5)‘[4}(1 ><K2/UK2 (w)dFX7T<.’L', t) (83)

X

n %N f; {mm, X»foj(XT(;'if (T + 5, X)
_E :mm,Xz-)fT]';(XTé; &f%m +6,X,) Xz}
_E _7r0(Ti, Xi)fT});|(j—éj__,:|§|(§i)ﬂ(ﬂ +6,X;) 7}]
+E |m(T}, X )fo);|i<T(;|§|()§ )u(ﬂ +94, XZ-)_
L i {m X)o(T, X, ) -l X) S s x) s

Trix (T + 0] X5)
frix (Ti| X5)

frix(T; + 0| X5)

frix (Ti| X) (T + 6, X5)

+E |:7TO(TiaXi)

XZ-] —E [WO(TZ-,XZ-)
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frix(T; + 0| X;)
Jrix (1G] X5)

frix(Ti + 0] X)
Jrix (Ti] X5)

+E {WO(TZ-,XZ-) w(Ti + 6, X)) (T + 6, Xi)] } .

1] - B |m(r. X)
Using changing of variables, the first term of (83) can be written as follows:

\/N/ / pu(t, w)ﬂ” u; (t — 5)AK1XK2'UK2 (:B)) u};l (t — 5)AleK2UK2 () fxr(z, t)dwdt
_\/_/ / {fTIX t + 5|33) } M(t + 0, 33) (UK ( )/\1(1><I<21)K2 (CL‘)) u;l (t)AleKQUKQ (ﬂi)de,T(iL‘, t).

frix(t|x)
Using a similar argument of showing that (46)-(49) are all 0,(1), we can show that (80)-(83)
are all 0,(1). By substituting ¢(T, X,Y) = uk, (t1) " Px, xre, ur, (T)70(T, X)Y /7o (T — 6, X)?,

we can obtain

+ OP(l)v (85)

1,tolto
=1

N
1/2 1 ~1/2 _ 1
\/_‘/; / bgl\)[<t1) = V;l,to/‘to ’ u}1 (t1)¢K1><K1 [\/_N Z b17K1 (7_;? Xi? }/;/)

where

frix(Ti + 0| X)  7o(T;, X, )?
fT|X(Ti\Xi) 7To( ; — 0, X)

[ frix (T +0|1X)  mo(Th, X4)?

| frx (T X)) mo(T — 6, X5)?

[ frix(Ti + 6| X)) mo(T;, X)?

| frx (T X)) mo(T — 6, X)?

[ frix (T + 01 X)) mo(T;, X;)?

bl,Kl(irini)Y;) = E[Y;lj-;?XZ] uKl(j-;)

—E

Vi uge (T)) XZ}

_E Vi ()11

+E Y -ug, (15) | -
e (TIX) mo(T o xpe Ve
By combining (85), (76), and (77), we have
\/N‘/tl_i({fto “bin(t)
=VNV, /o b ) + VNV 63 () + VNV bR ()

+ op(1). (86)

N
1
_‘/t 1/|2t uKl <t1)T(I);<1><K [_ Zbl,Kl (ﬂ)X’LJY;)
1,tofto 1 1 \/N —
Similar to the proof of (40), we can show

fop(l),  (87)

t1,to0to

N
_ 1
\/_V e ban (1) = uk, (tl)TCI’;_(ixKl [\/_N ;bQ,Kl(Tz‘>Xi>Yi)
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where

mo(Ti, X) mo (13, Xi)
bo,ic, (T3, X4, Y;) = Yiur (1) — B | —————~ - Yi - uiy (1) |15, X
2 ) mo(1; — 6, Xi) ura (1) mo(1; — 6, Xi) ura (1)
mo(Ti, X) (T3, Xi)
E Y- L) Xi| —E| ——— Yi-ux, (13)] -
* 71-0(,1—12 - 57 Xl) UKl( ) 71-0<7—; - 67 X’L) e ( )
Therefore, by combining (75), (86) and (87), we can have that
- 1 X
VNV, e Bt = Vigasig e () @i+ = D b (T, Xy o) + b (T X Yo+ 0(L)
i=1

(83)

By combining (74) and (88), we can obtain

\/N‘/;il/2 ' é\m,tolto = \/N‘/;il/Z {é\tﬂto - é\toﬁo}

1,tolto Ltolto
1 N
—1/2 _
:th,t({h&o ’ \/N Z {uKl (tl)Tq)KixKl ’ {bl,fﬁ(Ti? X, Y;) + b2,K1 (Tm X, Y;)}
i=1

sy (t0) T bg,mﬂ,m} op(1),

which implies VNV, 2 .8, ,... % N(0,1) by Liapounov CLT.

1,tolto

6 Complete Monte Carlo Simulations

To evaluate the finite sample performance of the generalized optimization estimator, we con-
duct a simulation study on a continuous treatment. We present a simulation design in Section

6.1 and results in Section 6.2.

6.1 Simulation design
Let X; = (X1, Xo;)" be covariates, and assume that X g N(0, I3). Error terms are drawn
mutually independently as &; “EEN (0,1) and ¢; "N (0,1). We consider four data generating

processes (DGPs):

DGP-L1 T=1402X;+¢and Y =1+ X; + T + €. (X5 does not play any role, and
X affects T and Y linearly.)

DGP-NL1 T = 0.1X? +fand Y = X2 + T + €. (X, does not play any role, and X,
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affects T" and Y non-linearly.)

DGP-L2 T =1+02Y7  X;+&and Y = 1+ (1/2) 35 | X; + T+ e (X; and X,
affect T and Y linearly.)

DGP-NL2 T = 0135, X;)?+ £ and YV = 1/2 4 [(1/2) X7, X;]* + T + €. (X; and
Xy affect T and Y non-linearly.)

For each DGP, the true link function is E[Y (¢)] = 1 + ¢, a simple linear function with
B = P3 = 1. Below we use a linear link function ¢(7'; 5) = 81 + 52T, compute the generalized
optimization estimator ,B = (Bl,Bg)T, and examine its performance in terms of point and
interval estimation.

To compute the generalized optimization estimator, two sieve basis functions ug, (7') and
vk, (X) need to be specified. For ug, (T), K, € {2,3,4} = K, is considered:

uy(T) = (1,T)", us(T) = (1, T,T*)7, wy(T) = (1,7, 7%, T 7.

For vy, (X)), the choice set Ky depends on the number of covariates. For DGP-L1 and DGP-
NL1, K, € {2,3,4} = K} is considered:

’UQ(Xl) = (1,X1)T, ’Ug(Xl) = (1,X1,X12)T, ’U4(X1) = (1,X1,X12,X?)T. (89)

For DGP-L2 and DGP-NL2, K, € {3,6,10} = K2 is considered:

v3(X) = (1, X1, Xo) ", (90)
UG(X) (1,X1,X27X127X22,X1X2)T;
le(X) = (17 X17 X27 X127 X227 X1X2a X?a X;a X12X27 )(1)(22)T

In addition to fixed pairs of (K, K3) € Ky x Ky, the data-driven selections described
in the main paper Ai, Linton, Motegi, and Zhang (2020, Section 7) are employed. First,
the (penalized) loss function approaches are implemented with the quadratic loss function
L{Y — g(T;8)} = (Y — 81 — 3.T)?. Second, the J-fold cross validation with J € {5,10} is
implemented. For both approaches, the choice set is K; x K.

We also compute Fong, Hazlett, and Imai’s (2018) covariate balancing generalized propen-
sity score estimator with a linear model specification and the quadratic loss function. The linear
specification is correct under DGP-L1 and DGP-L2, while it is incorrect under DGP-NL1 and
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DGP-NL2. Comparing our estimator and the parametric estimator of Fong, Hazlett, and Imai
(2018) allows us to highlight the robustness of the former to non-linear DGPs. Fong, Hazlett, and Imai
(2018) also propose a nonparametric estimator in their Section 3.3. In their simulation study,
the parametric and nonparametric estimators exhibit similar performance for each DGP con-
sidered (Fong, Hazlett, and Imai, 2018, Figure 2). Hence, the present simulation study focuses
on the parametric version of their estimator to save space.

Our proposed estimator and the parametric version of Fong, Hazlett, and Imai’s (2018)
estimator are computed in a simulated sample with size N € {100,500, 1000}, after which
another sample is generated and both estimators are computed again. This exercise is repeated
M = 1000 times.

To evaluate the performance of point estimation, the bias, standard deviation, and root
mean squared error (RMSE) of 3; and f, are calculated from (a subset of) M = 1000 sim-
ulations. In a small portion of the M = 1000 samples, 7y = (1/N) Zf\;l i (T3, X;), which
should be equal to 1 in theory, takes a value far from 1 due to numerical instability in the
computation of Aj . .. The numerical maximization with respect to A should lead to a global
maximizer Ay ., in theory, but optimizing the K; x K, elements of A all at once is often
hard in practice. Hence, we calculate the bias, standard deviation, and RMSE from Monte
Carlo samples such that 7y € [0.5,2]. There can be a few samples in which 75 ¢ [0.5,2],
and these samples are simply discarded. (We admit that this computational problem becomes
worse as the dimension of X becomes larger.)

To evaluate the finite sample performance of the interval estimation associated with the
proposed method, we implement a bootstrap method with B = 500 iterations. In this method,
we construct bootstrapped confidence intervals without using the asymptotic normality (see
the main paper Ai, Linton, Motegi, and Zhang, 2020, Eq. (6.6)). For each of 5, and f,, we
compute the 95% coverage probability and the average width of the bootstrapped confidence
intervals across M = 1000 Monte Carlo samples. For simplicity, the dimensions of the sieve
basis functions are fixed at (K, Ky) = (2,3) for DGP-L1 and DGP-NL1 and (K, K») = (2,6)
for DGP-L2 and DGP-NL2 when the performance of the interval estimation is evaluated.

6.2 Simulation results

We discuss point estimation first, and then discuss variance estimation. See Tables 1-8 for the
bias, standard deviation, and RMSE. In Figures 1-8, we draw bar charts that depict the share
of (K1, K3) selected by each data-driven method. Under DGP-L1, the generalized optimization
estimator (labeled as GOE) has sufficiently small RMSE for any fixed (K7, K3) (Tables 1-2).
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It is not a surprising result since DGP-L1 has a simple linear structure. The data-driven
methods often choose (K7, K3) = (2,2), the simplest possible approximation basis (Figures
1-2). The RMSE of the parametric version of the covariate balancing generalized propensity
score estimator (labeled as CBGPS) is even smaller than the RMSE of GOE for 3;, and as
small as the RMSE of GOE for 3, (Tables 1-2). It is not surprising since CBGPS has a correct
parametric specification under DGP-L1.

Under DGP-NL1, GOE dominates CBGPS. GOE leads to sufficiently small RMSE as long
as Ky > 3 (Tables 3-4). The relatively large RMSE for 3, under K, = 2 suggests that X?
needs to be included in vg,(X7) (see (89)). That is a reasonable result since DGP-NL1 has a
quadratic structure. As expected, any data-driven method considered often selects pairs with
K, > 3 (Figures 3-4). CBGPS, in contrast, fails with the bias in f; being around 0.2. The
bias arises from the fact that the linear specification of CBGPS is incorrect under DGP-NL1.
This result highlights that GOE performs well for both linear and nonlinear scenarios while
CBGPS performs well for linear scenarios only.

The two-covariate scenarios yield similar implications to the single-covariate scenarios. Un-
der DGP-L2, GOE with any fixed (K, K3) has small RMSE (Tables 5-6). The data-driven
methods often choose (K7, K3) = (2,3), the simplest possible approximation basis (Figures
5-6). The RMSE of CBGPS is even smaller than the RMSE of GOE for 5, and as small as
the RMSE of GOE for 5 due to the linear structures of DGP-L2.

Under DGP-NL2, GOE with Ky > 6 leads to small RMSE, and any data-driven method
considered often selects pairs with Ky > 6 (Tables 7-8 and Figures 7-8). CBGPS, in contrast,
fails with substantial bias of around 0.18 in f5. To summarize the point estimation, the
generalized optimization estimator performs well in finite samples, and its performance is still
good even when the true DGP is nonlinear; in contrast, the existing parametric estimator of
Fong, Hazlett, and Imai (2018) is sensitive to model misspecification.

See Table 9 for results on interval estimation associated with GOE. For any parameter,
DGP, and sample size, the 95% coverage probability is close enough to 0.95. The average
width of the 95% confidence interval shrinks as the sample size grows. See $; under DGP-L1,
for instance. The coverage probability is {0.957,0.966, 0.941} for N € {100, 500, 1000}, respec-
tively. Similarly, the average width of the confidence interval is {0.709,0.311,0.220}. These
results indicate that the bootstrap method leads to sufficiently accurate interval estimation

under both linear and non-linear DGPs.
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Table 1: Simulation results on point estimation of intercept f; under DGP-L1 (truth: gf = 1)

N =100 N =500 N = 1000

(K1, K3) Bias | Stdev | RMSE Bias | Stdev | RMSE Bias | Stdev | RMSE

GOE (2,2) —0.002 | 0.183 | 0.183 0.000 | 0.082 | 0.082 0.002 | 0.056 | 0.056
GOE (2,3) 0.005 | 0.187 | 0.187 0.001 | 0.083 | 0.083 || —0.001 | 0.055 | 0.055
GOE (2,4) 0.002 | 0.188 | 0.188 —0.000 | 0.083 | 0.083 0.001 0.055 | 0.055
GOE (3,2) 0.011 | 0.185 | 0.185 0.001 | 0.081 | 0.081 0.001 | 0.059 | 0.059
GOE (3,3) —0.002 | 0.188 | 0.189 | —0.008 | 0.085 | 0.085 | —0.004 | 0.057 | 0.057
GOE (3,4) —0.016 | 0.205 | 0.206 | —0.011 | 0.085 | 0.085 | —0.010 | 0.059 | 0.059
GOE (4,2) 0.006 | 0.192 | 0.192 —0.002 | 0.080 | 0.080 —0.000 | 0.058 | 0.058
GOE (4,3) —0.017 | 0.203 | 0.204 | —0.010 | 0.084 | 0.085 | —0.009 | 0.060 | 0.061
GOE (4,4) —0.022 | 0.224 | 0.225 | —0.013 | 0.089 | 0.090 | —0.014 | 0.061 | 0.063
GOE | MSE (none) || —0.005 | 0.202 | 0.203 | —0.009 | 0.086 | 0.087 | —0.005 | 0.059 | 0.059
GOE MSE (add) || —0.012 | 0.194 | 0.195 | —0.005 | 0.081 | 0.081 | —0.008 | 0.059 | 0.059
GOE | MSE (multi) || —0.003 | 0.190 | 0.190 | —0.001 | 0.081 | 0.081 | —0.005 | 0.055 | 0.056
GOE CV (J =5) 0.011 | 0.178 | 0.178 0.003 | 0.081 | 0.081 0.002 | 0.055 | 0.055
GOE | CV (J=10) || —0.005 | 0.190 | 0.190 0.006 | 0.080 | 0.080 0.005 | 0.057 | 0.057
CBGPS - —0.005 | 0.149 | 0.149 0.001 | 0.067 | 0.067 0.001 | 0.045 | 0.045

DGP-L1: T=1+X1+€&and Y =1+ X1+ 7T +¢, where X7 ~ N(0,1). “GOE” is the proposed generalized optimization
estimator. K1 and K> are the dimensions of the polynomials of T" and X1, respectively. “MSE (none)” signifies that
we pick (K1, K>) that minimizes L(Ki, K2) = N~'S°N  #(Ty, X14)[Yi — 9(Ti; B)]?. “MSE (add)” signifies that we
pick (K1, K>) that minimizes (1 + 2(K1 + K2)/N) x L(K1, K2). “MSE (multi)” signifies that we pick (K1, K2) that
minimizes (1 + 2K1K>/N) x L(K1, K>). “CV” signifies the J-fold cross validation with J € {5,10}. The choice set
of (K1, K3) is the nine pairs listed in the table. “CBGPS” is Fong, Hazlett, and Imai’s (2018) parametric covariate
balancing generalized propensity score estimator. The sample size is N € {100, 500,1000}, and the number of Monte
Carlo iterations is M = 1000.
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Table 2: Simulation results on point estimation of slope 5y under DGP-L1 (truth: g5 = 1)

N =100 N =500 N = 1000

(K1, K>) Bias | Stdev | RMSE || Bias | Stdev | RMSE || Bias | Stdev | RMSE

GOE (2,2) 0.005 | 0.109 | 0.109 | —0.000 | 0.047 | 0.047 | —0.001 | 0.033 | 0.033
GOE (2,3) 0.001 | 0.107 | 0.107 0.002 | 0.050 | 0.050 0.003 | 0.033 | 0.034
GOE (2,4) 0.014 | 0.112 | 0.113 0.006 | 0.048 | 0.049 0.006 | 0.035 | 0.035
GOE (3,2) —0.000 | 0.108 | 0.108 || —0.001 | 0.049 | 0.049 0.002 | 0.034 | 0.034
GOE (3,3) 0.002 | 0.122 | 0.122 0.006 | 0.050 | 0.050 0.008 | 0.034 | 0.035
GOE (3,4) 0.012 | 0.126 | 0.126 0.014 | 0.048 | 0.051 0.016 | 0.038 | 0.041
GOE (4,2) 0.006 | 0.117 | 0.117 0.008 | 0.049 | 0.049 0.006 | 0.034 | 0.035
GOE (4,3) 0.013 | 0.128 | 0.128 0.013 | 0.050 | 0.051 0.016 | 0.037 | 0.040
GOE (4,4) 0.021 | 0.140 | 0.142 0.017 | 0.055 | 0.057 0.021 | 0.037 | 0.043
GOE MSE (none) 0.003 | 0.131 | 0.131 0.008 | 0.052 | 0.053 0.008 | 0.035 | 0.036
GOE MSE (add) 0.003 | 0.123 | 0.123 0.005 | 0.050 | 0.050 0.007 | 0.036 | 0.037
GOE MSE (multi) 0.005 | 0.120 | 0.120 0.003 | 0.049 | 0.049 0.005 | 0.035 | 0.035
GOE CV (J=5) || —0.004 | 0.109 | 0.109 0.002 | 0.049 | 0.049 | —0.000 | 0.033 | 0.033
GOE CV (J =10) 0.006 | 0.112 | 0.112 0.000 | 0.047 | 0.047 0.000 | 0.034 | 0.034
CBGPS - 0.003 | 0.106 | 0.106 | —0.001 | 0.049 | 0.049 | —0.000 | 0.033 | 0.033

DGP-L1: T=14+X1+€&and Y =1+ X1+ T +¢, where X; ~ N(0,1). “GOE” is the proposed generalized optimization
estimator. K; and K> are the dimensions of the polynomials of T" and X1, respectively. “MSE (none)” signifies that
we pick (K1, K2) that minimizes L(K1,K2) = N~' SN #(Ti, X1,)[Yi — g(T3; 8))*. “MSE (add)” signifies that we
pick (K1, K>) that minimizes (1 + 2(K1 + K2)/N) x L(K1, K2). “MSE (multi)” signifies that we pick (K1, K2) that
minimizes (1 + 2K1K>/N) x L(K1, K>). “CV” signifies the J-fold cross validation with J € {5,10}. The choice set
of (K1, K>) is the nine pairs listed in the table. “CBGPS” is Fong, Hazlett, and Imai’s (2018) parametric covariate
balancing generalized propensity score estimator. The sample size is N € {100, 500,1000}, and the number of Monte

Carlo iterations is M = 1000.
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Table 3: Simulation results on point estimation of intercept $; under DGP-NL1 (truth: g5 = 1)

N =100 N =500 N = 1000

(K1, K3) Bias | Stdev | RMSE Bias | Stdev | RMSE Bias | Stdev | RMSE

GOE (2,2) —0.031 | 0.175 | 0.178 | —0.024 | 0.078 | 0.082 | —0.021 | 0.052 | 0.056
GOE (2,3) 0.002 | 0.176 | 0.176 0.004 | 0.079 | 0.079 || —0.001 | 0.055 | 0.055
GOE (2,4) —0.004 | 0.172 | 0.172 —0.002 | 0.080 | 0.080 0.000 | 0.056 | 0.056
GOE (3,2) —0.040 | 0.167 | 0.172 | —0.026 | 0.075 | 0.080 | —0.022 | 0.053 | 0.057
GOE (3,3) —0.019 | 0.180 | 0.181 0.002 | 0.081 | 0.081 0.003 | 0.055 | 0.055
GOE (3,4) —0.025 | 0.185 | 0.187 | —0.009 | 0.083 | 0.083 | —0.002 | 0.057 | 0.057
GOE (4,2) —0.054 | 0.185 | 0.192 —0.027 | 0.074 | 0.078 —0.025 | 0.054 | 0.059
GOE (4,3) —0.024 | 0.192 | 0.194 0.002 | 0.084 | 0.084 0.000 | 0.056 | 0.056
GOE (4,4) —0.044 | 0.190 | 0.195 | —0.005 | 0.083 | 0.083 | —0.001 | 0.059 | 0.059
GOE | MSE (none) || —0.056 | 0.177 | 0.186 | —0.022 | 0.080 | 0.083 | —0.016 | 0.055 | 0.057
GOE MSE (add) || —0.066 | 0.187 | 0.198 | —0.022 | 0.082 | 0.085 | —0.018 | 0.056 | 0.059
GOE | MSE (multi) || —0.065 | 0.182 | 0.193 | —0.023 | 0.082 | 0.085 | —0.017 | 0.058 | 0.060
GOE CV (J=5) || —0.042 | 0.183 | 0.187 || —0.016 | 0.080 | 0.082 | —0.008 | 0.057 | 0.057
GOE | CV (J=10) || —0.037 | 0.176 | 0.180 | —0.012 | 0.077 | 0.078 | —0.010 | 0.057 | 0.058
CBGPS - —0.035 | 0.179 | 0.182 | —0.021 | 0.075 | 0.078 | —0.021 | 0.053 | 0.057

DGP-NL1: T =0.1X7 4+ ¢ and Y = X{ + T + ¢, where X; ~ N(0,1). “GOE” is the proposed generalized optimization
estimator. K and K> are the dimensions of the polynomials of T" and X1, respectively. “MSE (none)” signifies that
we pick (K1, K») that minimizes L(K1,K2) = N~' SN #(Ti, X1,)[Yi — g(T3; 8))*>. “MSE (add)” signifies that we
pick (K1, K>) that minimizes (1 + 2(K1 + K2)/N) x L(K1, K2). “MSE (multi)” signifies that we pick (K1, K2) that
minimizes (1 + 2K1K>/N) x L(K1, K>). “CV” signifies the J-fold cross validation with J € {5,10}. The choice set
of (K1, K>) is the nine pairs listed in the table. “CBGPS” is Fong, Hazlett, and Imai’s (2018) parametric covariate
balancing generalized propensity score estimator. The sample size is N € {100, 500,1000}, and the number of Monte
Carlo iterations is M = 1000.
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Table 4: Simulation results on point estimation of slope S under DGP-NL1 (truth: g5 = 1)

N =100 N =500 N = 1000

(K1, K3) Bias | Stdev | RMSE Bias | Stdev | RMSE Bias | Stdev | RMSE

GOE (2,2) 0.182 | 0.177 | 0.254 0.192 | 0.081 | 0.209 0.195 | 0.055 | 0.202
GOE (2,3) 0.004 | 0.104 | 0.104 —0.001 | 0.048 | 0.048 —0.000 | 0.033 | 0.033
GOE (2,4) 0.010 | 0.116 | 0.116 0.006 | 0.047 | 0.047 0.005 | 0.033 | 0.034
GOE (3,2) 0.179 | 0.189 | 0.261 0.190 | 0.081 | 0.207 0.194 | 0.057 | 0.202
GOE (3,3) 0.005 | 0.122 | 0.122 0.004 | 0.051 | 0.051 0.007 | 0.034 | 0.035
GOE (3,4) 0.014 | 0.133 | 0.133 0.011 0.051 | 0.052 0.011 0.037 | 0.039
GOE (4,2) 0.176 | 0.187 | 0.257 0.190 | 0.083 | 0.207 0.192 | 0.059 | 0.201
GOE (4,3) 0.020 | 0.133 | 0.134 0.014 | 0.051 | 0.053 0.012 | 0.038 | 0.040
GOE (4,4) 0.022 | 0.143 | 0.145 0.014 | 0.055 | 0.056 0.016 | 0.037 | 0.040
GOE MSE (none) || 0.017 | 0.141 | 0.142 0.021 | 0.069 | 0.072 0.020 | 0.057 | 0.060
GOE MSE (add) 0.014 | 0.147 | 0.147 0.025 0.076 | 0.080 0.019 | 0.059 | 0.062
GOE MSE (multi) || 0.037 | 0.152 | 0.157 0.038 | 0.085 | 0.093 0.024 | 0.066 | 0.070
GOE CV (J=5) | 0.107 | 0.170 | 0.201 0.081 | 0.106 | 0.133 0.069 | 0.097 | 0.119
GOE CV (J=10) || 0.102 | 0.173 | 0.201 0.080 | 0.107 | 0.133 0.069 | 0.096 | 0.118
CBGPS - 0.189 | 0.188 | 0.267 0.194 | 0.083 | 0.211 0.194 | 0.057 | 0.203

DGP-NL1: T =0.1X? 4+ and Y = X{ + T + ¢, where X; ~ N(0,1). “GOE” is the proposed generalized optimization
estimator. K; and K> are the dimensions of the polynomials of 7" and X1, respectively. “MSE (none)”
we pick (K1, K2) that minimizes L(K1,K2) = N~ ' SN #(Ti, X1,)[Yi — g(T3; 8))*. “MSE (add)” signifies that we
pick (K1, K>) that minimizes (1 + 2(K; + K2)/N) x L(K1, Kz). “MSE (multi)” signifies that we pick (K1, K2) that
minimizes (1 + 2K1K>/N) x L(K1, K>). “CV” signifies the J-fold cross validation with J € {5,10}. The choice set

of (K1, K>) is the nine pairs listed in the table. “CBGPS” is Fong, Hazlett, and Imai’s (2018) parametric covariate

signifies that

balancing generalized propensity score estimator. The sample size is N € {100, 500, 1000}, and the number of Monte
Carlo iterations is M = 1000.
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Table 5: Simulation results on point estimation of intercept 8; under DGP-L2 (truth: ff = 1)

N =100 N =500 N = 1000

(K1, K3) Bias | Stdev | RMSE Bias | Stdev | RMSE Bias | Stdev | RMSE

GOE (2,3) —0.005 | 0.171 | 0.171 | —0.000 | 0.073 | 0.073 | —0.001 | 0.053 | 0.053
GOE (2,6) —0.013 | 0.171 | 0.171 | —0.010 | 0.081 | 0.082 | —0.009 | 0.055 | 0.056
GOE (2,10) —0.039 | 0.181 | 0.186 —0.034 | 0.078 | 0.085 —0.028 | 0.056 | 0.062
GOE (3,3) —0.016 | 0.169 | 0.170 | —0.002 | 0.075 | 0.075 0.000 | 0.057 | 0.057
GOE (3,6) —0.027 | 0.195 | 0.197 | —0.024 | 0.083 | 0.087 | —0.026 | 0.061 | 0.066
GOE (3,10) —0.032 | 0.202 | 0.205 | —0.034 | 0.080 | 0.087 | —0.030 | 0.058 | 0.065
GOE (4,3) —0.014 | 0.179 | 0.180 —0.006 | 0.079 | 0.079 —0.008 | 0.056 | 0.056
GOE (4,6) —0.036 | 0.207 | 0.210 | —0.029 | 0.082 | 0.087 | —0.030 | 0.059 | 0.066
GOE (4,10) —0.032 | 0.211 | 0.213 | —0.030 | 0.082 | 0.088 | —0.025 | 0.059 | 0.064
GOE | MSE (none) || —0.038 | 0.210 | 0.213 | —0.015 | 0.083 | 0.085 | —0.015 | 0.058 | 0.060
GOE MSE (add) || —0.011 | 0.191 | 0.192 | —0.010 | 0.080 | 0.081 | —0.012 | 0.057 | 0.058
GOE | MSE (multi) || —0.008 | 0.184 | 0.184 | —0.000 | 0.076 | 0.076 | —0.003 | 0.056 | 0.056
GOE CV (J =5) 0.001 | 0.174 | 0.174 || —0.003 | 0.074 | 0.074 || —0.004 | 0.054 | 0.054
GOE | CV (J=10) || —0.003 | 0.169 | 0.169 0.001 | 0.078 | 0.078 || —0.005 | 0.053 | 0.053
CBGPS - 0.000 | 0.157 | 0.157 || —0.001 | 0.067 | 0.067 0.002 | 0.049 | 0.049

DGP-L2: T =1+02Y7_ X;+€and Y = 1+(1/2) Y2_, X, +T+¢, where X1, Xz "% N(0,1). “GOE” is the proposed

generalized optimization estimator. K; and K, are the dimensions of the polynomials of T and X = (X1, X2)',
respectively. “MSE (none)” signifies that we pick (K1, K2) that minimizes L(Ki, K2) = N~ 'S N #(Ti, X)[Vi —
g(Ti; 8))2. “MSE (add)” signifies that we pick (K1, K>) that minimizes (1 + 2(K; + K2)/N) x L(K1, K2). “MSE
(multi)” signifies that we pick (K1, K2) that minimizes (1 + 2K1K>/N) x L(K1, K>). “CV” signifies the J-fold cross
validation with J € {5,10}. The choice set of (K, K2) is the nine pairs listed in the table. “CBGPS” is Fong,
Hazlett, and Imai’s (2018) parametric covariate balancing generalized propensity score estimator. The sample size is
N € {100, 500, 1000}, and the number of Monte Carlo iterations is M = 1000.
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Table 6: Simulation results on point estimation of slope 5 under DGP-L2 (truth: g5 = 1)

N =100 N =500 N = 1000

(K1, K3) Bias | Stdev | RMSE || Bias | Stdev | RMSE Bias | Stdev | RMSE

GOE (2,3) 0.001 | 0.108 | 0.108 || 0.002 | 0.047 | 0.047 0.000 | 0.035 | 0.035
GOE (2,6) 0.033 | 0.118 | 0.122 0.023 | 0.052 | 0.057 0.025 0.037 | 0.045
GOE (2,10) 0.051 | 0.128 | 0.138 || 0.042 | 0.052 | 0.067 0.040 | 0.038 | 0.055
GOE (3,3) 0.019 | 0.116 | 0.117 || 0.019 | 0.052 | 0.056 0.015 | 0.038 | 0.041
GOE (3,6) 0.023 | 0.133 | 0.135 0.029 | 0.054 | 0.062 0.031 0.040 | 0.050
GOE (3,10) 0.037 | 0.135 | 0.140 0.040 | 0.052 | 0.065 0.037 | 0.038 | 0.053
GOE (4,3) 0.024 | 0.122 | 0.125 || 0.021 | 0.052 | 0.056 0.023 | 0.037 | 0.044
GOE (4,6) 0.028 | 0.141 | 0.144 | 0.035 | 0.057 | 0.066 0.039 | 0.038 | 0.054
GOE (4,10) 0.030 | 0.141 | 0.144 | 0.029 | 0.055 | 0.062 0.029 | 0.040 | 0.049
GOE MSE (none) || 0.030 | 0.146 | 0.149 || 0.021 | 0.057 | 0.060 0.022 | 0.040 | 0.046
GOE MSE (add) 0.010 | 0.127 | 0.127 || 0.014 | 0.054 | 0.056 0.018 | 0.040 | 0.044
GOE MSE (multi) || 0.014 | 0.120 | 0.121 0.007 | 0.050 | 0.050 0.010 | 0.038 | 0.039
GOE CV (J=5) | 0.003 | 0.113 | 0.113 | 0.005 | 0.052 | 0.052 0.006 | 0.037 | 0.038
GOE CV (J=10) || 0.012 | 0.117 | 0.118 0.004 | 0.051 | 0.051 0.007 | 0.037 | 0.038
CBGPS - 0.001 | 0.111 | 0.111 |} 0.001 | 0.049 | 0.049 | —0.001 | 0.035 | 0.035

DGP-L2: T =1+0237_ X;+€and Y = 1+(1/2) X2, X;+T+¢, where X1, X2 "~ N(0,1). “GOE” is the proposed

generalized optimization estimator. K; and K» are the dimensions of the polynomials of 7" and X = (Xl,Xz)T,
respectively. “MSE (none)” signifies that we pick (Ki,K2) that minimizes L(Ki, K2) = N~'S° N #(T;, X)[Vi —
g(Ti; B))2. “MSE (add)” signifies that we pick (K1, K>) that minimizes (1 + 2(K1 + K2)/N) x L(K1, K2). “MSE
(multi)” signifies that we pick (K1, K2) that minimizes (1 + 2K1K2/N) x L(K1, K2). “CV” signifies the J-fold cross
validation with J € {5,10}. The choice set of (K1, K2) is the nine pairs listed in the table. “CBGPS” is Fong,
Hazlett, and Imai’s (2018) parametric covariate balancing generalized propensity score estimator. The sample size is
N € {100,500,1000}, and the number of Monte Carlo iterations is M = 1000.
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Table 7: Simulation results on point estimation of intercept $; under DGP-NL2 (truth: gf = 1)

N =100 N =500 N = 1000

(K1, K3) Bias | Stdev | RMSE Bias | Stdev | RMSE Bias | Stdev | RMSE

GOE (2,3) —0.043 | 0.118 | 0.126 | —0.037 | 0.053 | 0.065 | —0.038 | 0.036 | 0.053
GOE (2,6) —0.010 | 0.135 | 0.135 0.004 | 0.060 | 0.060 0.004 | 0.043 | 0.043
GOE (2,10) —0.030 | 0.132 | 0.136 —0.008 | 0.057 | 0.058 —0.007 | 0.043 | 0.044
GOE (3,3) —0.052 | 0.125 | 0.136 | —0.041 | 0.053 | 0.067 | —0.037 | 0.039 | 0.053
GOE (3,6) —0.030 | 0.137 | 0.140 | —0.007 | 0.060 | 0.060 | —0.005 | 0.045 | 0.045
GOE (3,10) —0.039 | 0.141 | 0.147 | —0.017 | 0.060 | 0.062 | —0.011 | 0.043 | 0.045
GOE (4,3) —0.052 | 0.128 | 0.139 —0.038 | 0.055 | 0.067 —0.039 | 0.037 | 0.054
GOE (4,6) —0.035 | 0.142 | 0.146 | —0.012 | 0.061 | 0.062 | —0.011 | 0.043 | 0.045
GOE (4,10) —0.048 | 0.162 | 0.169 | —0.018 | 0.061 | 0.063 | —0.015 | 0.043 | 0.045
GOE | MSE (none) || —0.061 | 0.149 | 0.161 | —0.025 | 0.057 | 0.063 | —0.024 | 0.041 | 0.048
GOE MSE (add) || —0.062 | 0.140 | 0.153 | —0.031 | 0.058 | 0.066 | —0.025 | 0.043 | 0.049
GOE | MSE (multi) || —0.046 | 0.133 | 0.140 | —0.028 | 0.057 | 0.063 | —0.022 | 0.042 | 0.048
GOE CV (J=5) || —0.041 | 0.130 | 0.136 || —0.027 | 0.060 | 0.065 | —0.019 | 0.045 | 0.049
GOE | CV (J=10) || —0.050 | 0.121 | 0.131 | —0.027 | 0.059 | 0.065 | —0.021 | 0.041 | 0.049
CBGPS - —0.051 | 0.127 | 0.137 | —0.038 | 0.053 | 0.065 | —0.039 | 0.038 | 0.055

DGP-NL2: T = 0.1(Y?_, X;)? + € and Y = 1/2+[(1/2) Y2_, X,]2 + T + ¢, where X1, X» "%" N(0,1). “GOE” is the
proposed generalized optimization estimator. K and K> are the dimensions of the polynomials of T and X = (X1, X2) ',
respectively. “MSE (none)” signifies that we pick (K1, K2) that minimizes L(Ki, K2) = N~ 'S N #(Ti, X)[Vi —
g(Ti; 8))2. “MSE (add)” signifies that we pick (K1, K>) that minimizes (1 + 2(K; + K2)/N) x L(K1, K2). “MSE
(multi)” signifies that we pick (K1, K>2) that minimizes (1 + 2K1K>/N) x L(K1, K>). “CV” signifies the J-fold cross
validation with J € {5,10}. The choice set of (K, K2) is the nine pairs listed in the table. “CBGPS” is Fong,
Hazlett, and Imai’s (2018) parametric covariate balancing generalized propensity score estimator. The sample size is
N € {100, 500, 1000}, and the number of Monte Carlo iterations is M = 1000.
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Table 8: Simulation results on point estimation of slope S under DGP-NL2 (truth: g5 = 1)

N =100 N =500 N = 1000

(K1, Ka) Bias | Stdev | RMSE || Bias | Stdev | RMSE || Bias | Stdev | RMSE

GOE (2,3) 0.172 | 0.129 | 0.215 || 0.185 | 0.060 | 0.194 | 0.184 | 0.040 | 0.188
GOE (2,6) 0.031 | 0.117 | 0.121 || 0.026 | 0.054 | 0.059 || 0.026 | 0.037 | 0.045
GOE (2,10) 0.047 | 0.131 | 0.139 || 0.041 | 0.054 | 0.067 | 0.039 | 0.037 | 0.053
GOE (3,3) 0.163 | 0.131 | 0.209 || 0.180 | 0.060 | 0.189 | 0.181 | 0.041 | 0.186
GOE (3,6) 0.027 | 0.132 | 0.134 || 0.031 | 0.054 | 0.062 | 0.031 | 0.039 | 0.050
GOE (3,10) 0.044 | 0.139 | 0.146 || 0.036 | 0.053 | 0.063 | 0.036 | 0.040 | 0.054
GOE (4,3) 0.162 | 0.133 | 0.210 || 0.175 | 0.059 | 0.185 | 0.180 | 0.040 | 0.184
GOE (4,6) 0.038 | 0.133 | 0.138 | 0.034 | 0.055 | 0.064 | 0.033 | 0.040 | 0.052
GOE (4,10) 0.029 | 0.149 | 0.151 || 0.028 | 0.054 | 0.061 | 0.030 | 0.037 | 0.047
GOE MSE (none) || 0.036 | 0.140 | 0.145 | 0.032 | 0.058 | 0.066 | 0.032 | 0.044 | 0.054
GOE MSE (add) 0.055 | 0.152 | 0.162 || 0.043 | 0.071 | 0.083 | 0.039 | 0.052 | 0.065
GOE MSE (multi) || 0.106 | 0.140 | 0.175 | 0.076 | 0.083 | 0.113 | 0.054 | 0.068 | 0.087
GOE CV (J=5) | 0.126 | 0.138 | 0.187 || 0.100 | 0.089 | 0.134 || 0.083 | 0.079 | 0.115
GOE CV (J=10) || 0.131 | 0.137 | 0.190 | 0.102 | 0.090 | 0.136 | 0.082 | 0.079 | 0.114
CBGPS - 0.176 | 0.136 | 0.223 | 0.184 | 0.058 | 0.193 | 0.184 | 0.043 | 0.189

DGP-NL2: T'=0.1(X2_, X;)? + € and Y = 1/2+ [(1/2) Y7L, X;]* + T + ¢, where X1, Xa "X" N(0,1). “GOE” is the

proposed generalized optimization estimator. K7 and K> are the dimensions of the polynomials of T and X = (X, XQ)T7
respectively. “MSE (none)” signifies that we pick (Ki,K2) that minimizes L(Ki, K2) = N~'S° N #(T;, X)[Vi —
g(Ti'B)P. “MSE (add)” signifies that we pick (K1, K2) that minimizes (1 + 2(K1 + K2)/N) x L(K1, K3). “MSE
(multi)” signifies that we pick (K1, K2) that minimizes (1 + 2K1K2/N) x L(K1, K2). “CV” signifies the J-fold cross
validation with J € {5,10}. The choice set of (K1, K2) is the nine pairs listed in the table. “CBGPS” is Fong,
Hazlett, and Imai’s (2018) parametric covariate balancing generalized propensity score estimator. The sample size is
N € {100,500,1000}, and the number of Monte Carlo iterations is M = 1000.
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Intercept (1 (true value: § =1)

Table 9: Simulation results on interval estimation (generalized optimization estimator)

DGP DGP-L1 DGP-NL1 DGP-L2 DGP-NL2
(K1, Ko) (2,3) (2,3) (2,6) (2,6)
CP95 | AveW | CP95 | AveW | CP95 | AveW | CP95 | AveW
N =100 | 0.957 | 0.709 | 0.944 | 0.677 | 0.967 | 0.722 | 0.969 | 0.537
N =500 | 0.966 | 0.311 | 0.942 | 0.305 | 0.960 | 0.304 | 0.953 | 0.236
N =1000 | 0.941 | 0.220 | 0.955 | 0.217 | 0.959 | 0.221 | 0.967 | 0.171
Slope B2 (true value: 55 = 1)
DGP DGP-L1 DGP-NL1 DGP-L2 DGP-NL2
(K1, K>) (2,3) (2.3) (2,6) (2.6)
CP95 | AveW | CP95 | AveW | CP95 | AveW | CP95 | AveW
N =100 0.940 | 0.428 | 0.956 | 0.422 | 0.956 | 0.494 | 0.965 | 0.498
N =500 0.947 | 0.184 | 0.950 | 0.180 | 0.945 | 0.205 | 0.937 | 0.208
N =1000 | 0.933 | 0.130 | 0.957 | 0.128 | 0.929 | 0.149 | 0.934 | 0.153

In this table, simulation results on the interval estimation associated with the generalized optimization estimator are
presented. 95% confidence intervals on the target parameters (81, 82) are constructed via the bootstrap with B = 500
iterations. K; and K> are the dimensions of the polynomials of T' and covariate(s) X, respectively. Under DGP-L1
and DGP-NL1, there is only one covariate X; and (K1, K2) = (2,3). Under DGP-L2 and DGP-NL2, there are two
covariates X = (X1, X2)" and (K1, K2) = (2,6). Under L1 and L2, T and Y depend linearly on X. Under NL1 and
NL2, T and Y depend non-linearly on X. “CP95” signifies the 95% coverage probability, while “AveW” signifies the

average width of the confidence intervals across M = 1000 Monte Carlo samples.
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DGP-Ll: T=14+X1+€&and Y =1+ X1 + T + ¢, where X1 ~ N(0,1). K; and K> are the dimensions of the
polynomials of T and X7, respectively. “No penalty” signifies that we pick (K1, K>) that minimizes L(K;, K>)
Nt vazl #(Ty, X14)[Ys — g(Ti; B))?. “Additive” signifies that we pick (K1, K2) that minimizes (1 + 2(K1 4+ K2)/N) x
L(K1, K>). “Multiplicative” signifies that we pick (K1, K2) that minimizes (1 +2K1K2/N) x L(K1, K2). In this figure,

we plot the empirical probability of selecting each pair across M = 1000 Monte Carlo samples. The choice set of
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(2,2) (2,3) (2,4) (3,2) (3.3) (34) (4.2) (43) (4,49

No penalty, N = 100

0.8

0.6

0.4

0.2

m__H_mlal |

(22) (23) 24) (32) 33) (34) (42) (43) (44)

No penalty, N = 500

(2,2) (2,3) (24) (3.2) (3,3) (34 (4.2) (43) (4.9

Additive, N = 100

0.8

0.6

0.4

0.2

(2,2) (2,3) (2,4) (3.2) (3.3) (34) (4.2) (43) (449

Additive, N = 500

(2,2) (2,3) (24) (3.2) (3.3) (34) (4.2) (43) (4,4)

Multiplicative, N = 100

0.8

0.6

0.4

0.2

(2,2) (23) (24 3,2) 3,3) (3,4 (4,2) (4,3) (4,4

Multiplicative, N = 500

(K1, K2) is the nine pairs put on the horizontal axis.
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Figure 2: Share of (K, K3) selected under DGP-L1 (J-fold cross validation)

1 1 1
0.8 b 0.8 0.8
0.6 b 0.6 0.6
0.4 1 0.4f 0.4
0.2 b 0.2 0.2
[ ] | |
(22) (2,3) (24) (3.2) (3.3) (34) (42) (43) (49 (22) (2,3) (24) (32) (3.3) 3.4 (41.2)(413) (4,4) (22) (2,3) (24) (32) (3,3) (34 (4-2) (4,3) (4,4)
J =5 N =100 J=5 N =500 J =5 N =1000
1 1 1
0.8 b 0.8 0.8
0.6 b 0.6 0.6
0.2 b 0.2 0.2
0 H = ) B =
(2.2) (2,3) (24) (3,2) (383) (34 (4.2) (43) (4.9 (22) (23) (214 (3.2) (3.3) (34) (42) (43) (44 (2,2) (2.3) (24) (3,2) (383) (34) (4.2) (43) 49
J =10, N = 100 J =10, N = 500 J =10, N = 1000

DGP-L1: T=14+ X1 +¢fand Y = 14+ X1 + T + ¢, where X1 ~ N(0,1). K; and K, are the dimensions of the
polynomials of T' and X, respectively. We pick (K1, K2) that minimizes the loss function of the J-fold cross validation
with J € {5,10}. In this figure, we plot the empirical probability of selecting each pair across M = 1000 Monte Carlo

samples. The choice set of (K1, K2) is the nine pairs put on the horizontal axis.
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Figure 3: Share of (K7, K3) selected under DGP-NL1 (MSE criteria)
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DGP-NLl: T = 01X? + ¢ and Y = X? + T + ¢, where X; ~ N(0,1). K; and K, are the dimensions of the
polynomials of T and X7, respectively. “No penalty” signifies that we pick (K1, K>) that minimizes L(K;, K2) =

NN #(Th, X1)[Y:

— g(Ty; B)]?. “Additive” signifies that we pick (K1, K2) that minimizes (1 + 2(K; + K2)/N) x

L(K1, K2). “Multiplicative” signifies that we pick (K7, K2) that minimizes (14 2K1K2/N) x L(K1, K2). In this figure,
we plot the empirical probability of selecting each pair across M = 1000 Monte Carlo samples. The choice set of

(K1, K2) is the nine pairs put on the horizontal axis.
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Figure 4: Share of (K, K3) selected under DGP-NL1 (J-fold cross validation)
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DGP-NL1: T = 0.1X{+¢ and Y = X{+T+¢, where X; ~ N(0,1). K; and K> are the dimensions of the polynomials of
T and X1, respectively. We pick (K1, K») that minimizes the loss function of the J-fold cross validation with J € {5, 10}.
In this figure, we plot the empirical probability of selecting each pair across M = 1000 Monte Carlo samples. The choice

set of (K1, K2) is the nine pairs put on the horizontal axis.
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DGP-L2: T =1+02Y7  X;+€and Y = 1+ (1/2) 2., X; + T + ¢, where X1, X2 "~" N(0,1). K1 and K»
are the dimensions of the polynomials of 7" and X = (Xl,Xz)T, respectively. “No penalty” signifies that we pick
(K1, K>) that minimizes L(K7, K2) = N7! Zi\;l #(Ti, X)[Yi — g(T3; B))?. “Additive” signifies that we pick (K1, Ka2)
that minimizes (1 + 2(K71 + K2)/N) x L(K1, K2). “Multiplicative” signifies that we pick (K1, K>) that minimizes
(1+2K1K2/N) x L(K1, K3). In this figure, we plot the empirical probability of selecting each pair across M = 1000

—
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Figure 5: Share

of (K71, K3) selected under DGP-L2 (MSE criteria)

(2,3) (2,6) (2,10) (3,3) (3.6) (3,10) (4,3) (4,6) (4,10)

No penalty, N = 100

0.8

0.6

0.4

0.2

o_meninnll |

(2,3) (2,6) (2,10) (3,3) (3,6) (3,10) (4,3) (4,6) (4,10)

No penalty, N = 500

(2,3) (2,6) (2,10) (3,3) (3,6) (3,10) (4,3) (4.,6) (4,10)

Additive, N = 100

0.8

0.6

0.4

0.2

(2,3) (2,6) (2,10) (3,3) (3.6) (3,10) (4,3) (4,6) (4,10)

Additive, N = 500

(2,3) (2,6) (2,10) (3,3) (3,6) (3,10) (4,3) (4.,6) (4,10)

Multiplicative, N = 100

0.8

0.6

0.4

0.2

(2,3) (2,6) (2,10) (3,3) (3,6) (3,10) (4,3) (4,6) (4,10)

Multiplicative, N = 500

0.8

0.6

0.4

0.2

0.8

0.6

0.4

0.2

0.8

0.6

0.4

0.2

il TR

(2,3) (2,6) (2,10) (3,3) (3.,6) (3,10) (4,3) (4,6) (4,10)

No penalty, N = 1000

L _Baclan

(2,3) (2,6) (2,10) (3,3) (3.6) (3,10) (4,3) (4.6) (4,10)

Additive, N = 1000

(2,3) (2,6) (2,10) (3,3) (3,6) (3,10) (4,3) (4,6) (4,10)

Multiplicative, N = 1000

Monte Carlo samples. The choice set of (K1, K2) is the nine pairs put on the horizontal axis.

74



0.8

0.6

0.4

0.2

0.8

0.6

0.4

0.2

Figure 6: Share of (K, K3) selected under DGP-L2 (J-fold cross validation)
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DGP-L2: T =1+0237_, X; +&and Y = 1+ (1/2) 35, X; + T + ¢, where X1, X, "7 N(0,1). K1 and K are
the dimensions of the polynomials of 7 and X = (X1, X2) ", respectively. We pick (K1, K2) that minimizes the loss

function of the J-fold cross validation with J € {5,10}. In this figure, we plot the empirical probability of selecting each

pair across M = 1000 Monte Carlo samples. The choice set of (K1, K2) is the nine pairs put on the horizontal axis.

5



0.8

0.6

0.4

0.2

0.8

0.6

0.4

0.2

0.8

0.6

0.4

0.2

DGP-NL2: T = 0.1(35_; X;)> + £ and ¥ = 1/2 + [(1/2) X7_, X;]° + T + ¢, where X1, X> "~ N(0,1). K and
K5 are the dimensions of the polynomials of 7" and X = (X, Xg)T, respectively. “No penalty” signifies that we pick
(K1, K>) that minimizes L(K7, K2) = N7! Zi\;l #(Ti, X)[Yi — g(T3; B))?. “Additive” signifies that we pick (K1, Ka2)
that minimizes (1 + 2(K71 + K2)/N) x L(K1, K2). “Multiplicative” signifies that we pick (K1, K>) that minimizes
(1+2K1K2/N) x L(K1, K>3). In this figure, we plot the empirical probability of selecting each pair across M = 1000

|l

Figure 7: Share

of (K7, K3) selected under DGP-NL2 (MSE criteria)
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Monte Carlo samples. The choice set of (K1, K2) is the nine pairs put on the horizontal axis.
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Figure 8: Share of (K, K3) selected under DGP-NL2 (.J-fold cross validation)
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DGP-NL2: T = 0.1(37_, X;)* + € and YV = 1/2+[(1/2) 5, X;]* + T + ¢, where X1, X> "~" N(0,1). K; and K>
are the dimensions of the polynomials of T"and X = (X1, X2) ", respectively. We pick (K1, K2) that minimizes the loss

function of the J-fold cross validation with J € {5,10}. In this figure, we plot the empirical probability of selecting each

pair across M = 1000 Monte Carlo samples. The choice set of (K1, K2) is the nine pairs put on the horizontal axis.
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