
Branching formula for Macdonald-Koornwinder
polynomials

Jan Felipe van Diejen
(Talca)

Abstract

The six-parameter Macdonald-Koornwinder polynomials with hyperoctahedral symmetry
form a multivariate generalization of the well-known Askey-Wilson polynomials. We present
a branching formula that expands the Macdonald-Koornwinder polynomials in n+1 variables
in terms of the n-variable polynomials. This formula allows one to construct the polynomials
in question explicitly by induction in the number of variables. The proof of the branching
formula hinges on the Pieri formulas and on Mimachi’s Cauchy formula for the Macdonald-
Koornwinder polynomials.

Joint work with Erdal Emsiz (Pontificia Universidad Católica de Chile, Chile).



Families of transformations for bilinear sum of

(basic) hypergeometric series and multivariate

generalizations

Yasushi KAJIHARA

Abstract

In this talk, I will present families of bilinear transformation formulas for basic hypergeometric
series and Milne’s multivariate basic hypergeometric series associated with the root system of type
A. Our construction is very similar to one of elementary proofs of Sears-Whipple transformation
formula for terminating balanced 4�3 series while we use multiple Euler transformation formula
with di↵erent dimensions which has obtained in our previous work.
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Some remarks about Koornwinder polynomials

Tom Koornwinder
(Amsterdam)

Abstract

Koornwinder polynomials Pλ(x; q, t; a1, a2, a3, a4) are a 5-parameter family of orthogonal
polynomials in n variables which have as special cases the 3-parameter family of BC-type
Macdonald polynomials and, for n = 1 (no t), the Askey-Wilson polynomials. The lecture
will survey some new insights on these polynomials and their limit cases, in particular in
connection with Okounkov’s BC-type interpolation polynomials.



Quantum integrable systems of elliptic Calogero-Moser
type

Simon Ruijsenaars
(University of Leeds)

Abstract

This seminar aims to give an overview of results concerning special classes of integrable
N -particle quantum systems. Specifically, we focus on elliptic Calogero-Moser systems of
nonrelativistic (differential operator) and relativistic (difference operator) type, related to the
Lie algebras AN−1 and BCN . In the last part we sketch our own approach to the construction
of joint eigenfunctions, based on kernel functions that give rise to Hilbert-Schmidt integral
operators.



From Noumi’s representation to elliptic K-matrices

Jasper V. Stokman
(Amsterdam)

Abstract

In 1995 Noumi constructed a 2-parameter family of polynomial representations of the
affine Hecke algebra of type C. These representations are instrumental in describing the
quantum symmetries of two different quantum integrable models.

The first model is a 5-parameter family of relativistic quantum integrable many body
systems on the circle with hyperoctahedral symmetries. The polynomial eigenfunctions
of the associated quantum Hamiltonians are the Koornwinder polynomials. Recently the
associated spectral problem has been studied in full generality, leading to various interest-
ing non-polynomial classes of multivariable basic hypergeometric functions generalising the
Koornwinder polynomials.

The second model is an integrable one-dimensional quantum lattice model, the Heisenberg
XXZ spin-1/2 chain with reflecting boundaries. The underlying quantum symmetries give
rise to a compatible system of q-difference equations, called boundary quantum Knizhnik-
Zamolodchikov (bqKZ) equations. Correlation functions of semi-infinite Heisenberg XXZ
spin chains give solutions of bqKZ equations.

A difference analog of the Cherednik-Matsuo correspondence provides a one-to-one cor-
respondence between solutions of the bqKZ equations and a suitable class of solutions of the
quantum Hamiltonians of the relativistic quantum many body system. This allows us to ex-
plicitly compute the connection matrices of the bqKZ equations. These connection matrices
give rise to a 4-parameter family of elliptic K-matrices for Baxter’s eight vertex face model.

In this talk I will discuss the basic ideas and main steps of these developments.



On elliptic Lax pairs and isomonodromic deformation
problems for integrable lattice systems

Frank W. Nijhoff
(Leeds)

Abstract

We present a general scheme of elliptic Lax pairs for integrable lattice equations of rank
2 and higher. We distinguish between systems of ”Landau-Lifschitz type” and systems of
”Krichever-Novikov type”. In the latter case for rank 2 we recover the celebrated Adler’s
lattice equation Q4, while for higher rank we obtain a novel lattice system. We also consider
de-autonomizations of the scheme leading to isomonodromic deformation systems.

This work is (partly) in collaboration with N. Delice and S. Yoo-Kong.



Integrable discrete deformations of discrete curves:
geometry and solitons, old and new

Kenji Kajiwara
(Kyushu)

Abstract

It is well-known that classical differential geometry is one of the sources of integrable
systems which dates back to 19th century, such as construction of Bäcklund transformations
for the surfaces with constant negative curvature, or Darboux’s theory of surfaces. Studies of
the dynamics of space/plane curves has been initiated by the pioneering work of Hashimoto
followed by Lamb in 70s, where the connection with the integrable systems has been explic-
itly established. In accordance with the connection between the differential geometry and
the continuous integrable systems which was rediscovered in 80s, the studies of ”discrete
differential geometry” started from the mid 90s in order to develop its discrete analogue.
One of the themes of this area is to construct the geometric framework consistent with the
theory of the discrete integrable systems, with the expectation that discrete systems may be
more fundamental and have rich mathematical structures as was clarified in the theory of
the integrable systems, or the development of theoretical infrastructure for the visualization
or the simulation of large deformation of the geometric objects.

In this talk, we present some results on integrable discrete deformations of space/plane
discrete curves in various settings, including: (i) isoperimetric deformation of plane curves
(discrete mKdV equation) (ii) conformal deformation of plane curves (discrete Burgers equa-
tion) (iii) torsion-preserving deformation of space discrete curves of constant torsion (discrete
mKdV and discrete sine-Gordon equation). We also discuss how to construct exact solutions
to the dynamics of discrete curves, which is a great advantage of applying the theory of
discrete integrable systems to geometry. If time permits, we also discuss the construction of
self-adaptive moving mesh numerical scheme of the soliton equations which admits the loop
solitons, which is a by-product of the above formulation of discrete curve dynamics.



Non-perturbative symplectic manifolds and
non-commutative algebras

Philip Boalch
(CNRS and Paris-Sud, Orsay)

Abstract

From a geometric viewpoint the irregular Riemann-Hilbert correspondence can be viewed
as a machine that takes as input a simple ”additive” symplectic/Poisson manifold and it spits
out a more complicated ”multiplicative” symplectic/Poisson manifold. In the simplest non-
trivial example it converts the linear Poisson manifold Lie(G)∗ into the dual Poisson Lie group
G∗ (which is the Poisson manifold underlying the Drinfeld-Jimbo quantum group). This talk
will firstly describe some more recent (and more complicated) examples of such ”nonpertur-
bative symplectic/Poisson manifolds”, i.e. symplectic spaces of Stokes/monodromy data
or ”wild character varieties”. Then the natural generalisations (”fission algebras”) of the
deformed multiplicative preprojective algebras that occur will be discussed.



Painlevé equations and q-Askey scheme

Marta Mazzocco
(Loughborough)

Abstract

In this talk I will show that the Cherednik algebra of type Č1C1 appears naturally as
quantisation of the monodromy group associated to the sixth Painlevé equation. As a con-
sequence I will obtain an embedding of the Cherednik algebra of type Č1C1 into Mat(2, Tq),
i.e. 2 × 2 matrices with entries in the quantum torus. By following the confluences of the
Painlevé equations, I produce the corresponding confluences of the Cherednik algebra and
their embeddings into Mat(2, Tq). Finally, by following the confluences of the spherical sub-
algebra of the Cherednik algebra in its basic representation (i.e. the representation on the
space of symmetric Laurent polynomials) I obtain a relation between Painlevé equations and
some members of the q-Askey scheme.



Remarks on the Capelli identities for reducible
modules

Tôru Umeda
(Kyoto)

Abstract

The classical Capelli identity has been investigated from many points of view and ex-
tended to various directions. In my talk, I would add one new possibility for direct gener-
alizations of the Capelli identity. This study started in 2011 Janurary 23, when An Huang,
who was a graduating PhD in physics at Berkeley, contacted me asking if his Capelli type
identities could be new. His identities are related to quaternion and octonion, and he found
them accidentally through his study of quantum field theory. To tell the truth, at first sight,
they did not seem very striking, but actually had a new view point. Aside from his two cases,
the division algebras over reals, I found similar identities for more fundamental one, the ma-
trix algebra, and also some cases arising from the multiple of the irreducible representation
of the matrix algebra. I will explain about theses identities.

This direction also suggests and reminds me of other studies of my own, e.g. the Capelli
identities associated with the group determinants. These related subjects are still open for
new investigations.



Plactic algebra, Cauchy kernels and plane partitions

Anatol N. Kirillov
(RIMS, Kyoto University)

Abstract

First I will remind a definition of the plactic algebra introduced by A. Lascoux and M.-
P. Schutzenberger in the 80’s the last century. The main objective of my talk is to study
decompositions of the Cauchy type kernels in the plactic algebra(s). I introduce certain
polynomials which are common generalization of the (double) Schubert, Grothendieck and
its duals, Demazure, Di-Franseco – Zin-Justin and Stanley polynomials. Some unexpected
connections with ASM and some classes of plane partitions will be explained. If time allowed,
I will talk about universal Dunkl ”operators”.



Special functions arising from elliptic integrable
systems

Masatoshi Noumi
(Kobe)

Abstract

In this talk I will report on several attempts for understanding special functions arising
from elliptic integrable systems. Main focuses will be on elliptic hypergeometric functions
(series and integrals) and their relations to nonlinear difference equations of Painlevé type
and linear difference equations of Ruijsenaars type.



Monodromy representations associated with the
generalized hypergeometric function n+1Fn

Katsuhisa Mimachi
(Osaka)

Abstract

We denote by n+1En the ordinary differential equation satisfied by the generalized hyper-
geometric function n+1Fn. The equation n+1En is of rank n + 1 with regular singular points
0, 1 and ∞. Let Ξ be a fundamental set of solutions of n+1En. Let γ0, γ1 be the generators
of the fundamental group π1(C\{0, 1}), where γ0 is the path encircling the point 0 with
counterclockwise direction and γ0 is the path encircling the point 1 with counterclockwise
direction. The action of π1(C\{0, 1}) on the sheaf of the solution space of n+1En is the mon-
odromy representation on the solution space of n+1En. Our concern is such a representation
with respect to Ξ. Indeed, choose a set Ξ on which γ0 acts diagonally, and determine the
matrix elements of the action of γ1. The purpose of the present talk is to solve this problem,
especially from the view point of integrals of multivalued functions, or the twisted homology
theory. A connection relation obtained by using the intersection numbers of the twisted
cycles play a crucial role on the way. If we have enough time, we would discuss another
realization of the monodromy representation on the solution space of n+1En.



Elliptic hypergeometric functions and superconformal
indices

Vyacheslav P. Spiridonov
(BLTP JINR, Dubna)

Abstract

A general form of elliptic hypergeometric functions is defined by integral representations
introduced by the speaker in 2000. These functions comprise such objects as the elliptic
beta integral, an elliptic analogue of the Euler-Gauss hypergeometric function, the elliptic
Selberg integral and so on. In 2008 they were interpreted as superconformal indices of four
dimensional supersymmetric quantum field theories. This yields a purely group-theoretical
description of the elliptic hypergeometric integrals on root systems as functions on characters
for particular representations of the direct product of three groups – the superconformal
group SU(2, 2|1), the gauge group G and the flavor group F (G and F are compact Lie
groups). If the time permits, we’ll outline the general class of special functions emerging as
partition functions or superconformal indices in quantum field theories.


