From Noumi's representation to elliptic K-matrices

Jasper Stokman
University of Amsterdam and Radboud University Nijmegen

March, 4, 2015

Jasper Stokman (UvA) Noumi’s representation March, 4, 2015 1/23



sper Stokman

Noumi’s representation



@ M. Noumi, H. Yamada, K. Mimachi, Finite-dimensional
representations of the quantum group GLq4(n, C) and the zonal
spherical functions on Ug(n — 1)\Ugq(n), Japanese J. Math. 19
(1993), no. 1, 31-80.

Jasper Stokman (UvA) Noumi’s representation March, 4, 2015 2/23



@ M. Noumi, H. Yamada, K. Mimachi, Finite-dimensional
representations of the quantum group GLq4(n, C) and the zonal
spherical functions on Ug(n — 1)\Ug4(n), Japanese J. Math. 19
(1993), no. 1, 31-80.

@ M. Noumi, Macdonald’s symmetric polynomials as zonal spherical
functions on some quantum homogeneous spaces, Adv. Math. 123
(1996), no. 1, 16-77.

Jasper Stokman (UvA) Noumi’s representation March, 4, 2015

2/23



@ M. Noumi, H. Yamada, K. Mimachi, Finite-dimensional
representations of the quantum group GLq4(n, C) and the zonal
spherical functions on Ug(n — 1)\Ug4(n), Japanese J. Math. 19
(1993), no. 1, 31-80.

@ M. Noumi, Macdonald’s symmetric polynomials as zonal spherical
functions on some quantum homogeneous spaces, Adv. Math. 123
(1996), no. 1, 16-77.

© M. Noumi, Macdonald-Koornwinder polynomials and affine Hecke
rings, Surikaisekikenkyusho Kokyuroku 919 (1995), 44-55.

Jasper Stokman (UvA) Noumi’s representation March, 4, 2015 2/23



This talk:

highlight the role of Noumi's representation of the affine Hecke algebra in:

@ solving the system of basic hypergeometric difference equations
(non-polynomial theory).
Main references:
@ J.V. Stokman, The c-function expansion of a basic hypergeometric
function associated to root systems, Ann. of Math. (2) 179 (2014),

no. 1, 253-299.
@ J.V. Stokman, Connection coefficients for basic Harish-Chandra series,

Adv. Math. 250 (2014), 351-386.
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@ integrable lattice models with boundaries.

Main references:

@ J.V. Stokman, B.H.M. Vlaar, Koornwinder polynomials and the XXZ
spin chain, arXiv:1310.5545, J. Approx. Th. (to appear).

@ J.V. Stokman, Connection problems for quantum affine KZ equations
and integrable lattice models, arXiv:1410.4383, Comm. Math. Phys.
(to appear).
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Notations

Coxeter graph

(o) | 2 n-2 n-1 n

of affine type C, (n > 2). Associated:
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Notations
Coxeter graph
(o) 1 2 n-2 n-1 n

of affine type C, (n > 2). Associated:

i. affine Weyl group W = (sp,...,5n),
ii. affine Hecke algebra Hx = Hig ik, = C(To, ..., Tn).
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Notations

Coxeter graph

(o) | 2 n-2 n-1 n

of affine type C, (n > 2). Associated:

i. affine Weyl group W = (sp,...,5n),
ii. affine Hecke algebra Hx = Hig ik, = C(To, ..., Tn).

Braid relations according to the Coxeter graph and quadratic relations:
=1 (T—k)T+k1)=0

for 0 <j < n, with kj ;= kif 1l <i<n.
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Difference-reflection operators

W-action on C":

S0Z ‘= (1 — 21,22, .- ’Zn)a

Siz = (21, ., Zi—1, Zit1, Ziy Zi+2y - - -

SpnZ 1= (21, ce oy Zp—1, _zn)

for 1 < i < n. Contragredient action (w - f)(z) := f(w~'z) on the field

M of meromorphic functions on C".
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Difference-reflection operators

W-action on C":

S0Z ‘= (]- — 21,22, .- 7Zn)7
Siz = (21,..,2i-1,2i11,Zi,Zi42, - - - » Zn),
snz = (z1,...,2n—1,—2n)

for 1 < i < n. Contragredient action (w - f)(z) := f(w~'z) on the field
M of meromorphic functions on C”".
Decomposition: W = Wy x 7(Z") with
i. Wo=(s1,...,sn) acting on M by permutations and sign changes of
the variables (hyperoctahedral group),
ii. Free rank n Abelian subgroup 7(Z") of W acting on C" by

TNz :=z+ A, AeZ".

Remark: T(€;) = Sj—1---S15051* * * Sn—15nSn—1 " * Si-
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Difference-reflection operators

Definition

The algebra D of difference-reflection operators is defined as follows:

i. D=M® C[W] as a complex vectorspace;
i. ForD=3% cyawv,D' =% ,cpnbuw €D (ay, by, € M):

DD’ := Z ( Z ay(v- bw)> u.

uveW v,wivw=u

Remark: D canonically acts on M as difference-reflection operators:

Df := Z a,(v-f)

veWw

forD=>3 cyaveD.
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Noumi's representation

Fixed pair u = (uo, u,) of nonzero complex numbers and 0 < g < 1.

Notation:
1 1 -1

B k_l(l — qrkouoq ?)(1 + q2koug tq~ )

c(z) == 0 (1— gl—22) )
1 — k2qg%—zit1
CI'(Z) = kl((l Z—Z'+1))’ 1§i<n7
—_— q 1 1

-1 (1 - k,,u,,qz")(l + kn”_lqz")

Cn(é) T kn (1 _ q22n) .

Theorem (Noumi)

There exists a unique monomorphism ;> : Hy < D such that

5 (T =k+q(s—=1), 0<j<n
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Bernstein-Zelevinsky-Lusztig

Structure of the affine Hecke algebra Hy:

i. The Hecke algebraic versions
Yi=T T T Toa Ty Ty - T
of 7(¢j) € W pairwise commute in Hy (1 <i < n);
ii. The multiplication map is a linear isomorphism
Hio ® Ay — Hy
where Hy.o = C(T1,..., T,) and Ay = C(Y{L, ... Y.
iii. C[ef, ..., tF ™ ~ Z(Hy) by p > p(Y1, ..., Ya).
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The commuting difference operators

Notations:
i. DO := M#7(Z") C D subalgebra of difference operators.
ii. Restriction map Res: D — DO:

Res( Z a,\,uT()\)u) = Z ( Z a>\7u)7'()\).

uEWo,AEZN NEZM uEW,

Theorem (Noumi)

The Wy-equivariant difference operators

—il
D, = Res( (s vn))) eDO™  (peC[tE?,. .., W)

pairwise commute.

Remark: The Koornwinder second-order difference operator and the Van
Diejen higher order difference operators are of the form D, for suitable p.
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The basic hypergeometric system of difference equations
For £ = (&1,...,&n) € C" write qc = (g%,...,q%).

Definition

The basic hypergeometric system of difference equations with spectral
parameter gt is the system of difference equations

Dof = p(¢®)f  VpeC[ts,... W

for an unknown meromorphic function f € M. The set of solutions is
denoted by S(q°).

Remarks:

i. S(¢°) C M is Woy-invariant, and a vector subspace over the field
F := M™(Z") of translation invariant meromorphic functions.

ii. For appropriate discrete values of £ (indexed by partitions of length
< n), the basic hypergeometric system of difference equations has a
Wo-invariant Laurent polynomial solution in the ¢g%: Koornwinder
polynomial.
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Solving the spectral problem
Fixed generic parameters k, u and generic spectral parameters .

Basic Harish-Chandra series (in joint works with Letzter, van Meer):
®, € S(q%), characterized by the requirement that ®¢(z) tends to an
appropriate plane wave function We(z) when R(z) — oo (where

R(z) — co means R(z; — zi11), R(z,) = ):

Theorem

weWy
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Solving the spectral problem
Fixed generic parameters k, u and generic spectral parameters .

Basic Harish-Chandra series (in joint works with Letzter, van Meer):
®, € S(q%), characterized by the requirement that ®¢(z) tends to an
appropriate plane wave function We(z) when R(z) — oo (where

R(z) — co means R(z; — zi11), R(z,) = ):

Theorem

S(a*) = P FoOue.

weWy

Basic hypergeometric function: g-analogue ¢¢ € S(qé) Wo of the
Heckman-Opdam hypergeometric function, defined as an explicit series in
Koornwinder polynomials.

c-function expansion: explicit expression for c; € F as product of theta

functions such that
e = D CwePue.

we Wy
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Baxterization of affine Hecke algebra modules

Theorem

Let m: Hx — End(V) be a representation of Hy. The affine Weyl group
W acts on the space M ® V of V-valued meromorphic functions on V' by

(V(s))f)(2) = Ci(2)f(sjz), Ciz) = m(T;) ‘Z(CJZ()Z) - kJ
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Baxterization of affine Hecke algebra modules

Theorem

Let m: Hx — End(V) be a representation of Hy. The affine Weyl group
W acts on the space M ® V of V-valued meromorphic functions on V' by

(V(s))f)(2) = Ci(2)f(sjz), Cilz) = m(T}) ‘Z(CJZ()Z) — ki

1) (Hk) C D and view V as H-module.

Proof (sketch): Write H =
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Baxterization of affine Hecke algebra modules

Theorem

Let m: Hx — End(V) be a representation of Hy. The affine Weyl group
W acts on the space M ® V of V-valued meromorphic functions on V' by

(V(s)f)(2) = G(2)f(si2),  Ci(z) := m(Tj) + ¢i(z) — ki

ci(z)

Proof (sketch): Write H = ¢,"9(Hx) C D and view V as H-module.

We have:
@ 5=¢ (1, %(T)+¢—k)inD,

Q@ D~ M ® H as vector spaces by the multiplication map.
The D-action on

Indj(V)=DeyVaMeV
gives the desired W-action.
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The boundary quantum KZ equations

Definition (Cherednik)

Let m: Hx — End(V) be a representation. The boundary quantum
Knizhnik-Zamolodchikov (bqKZ) equations are the equations

Vir(\)f=f V¥Aez"

for an unknown meromorphic V-valued function f € M ® V. We write
Soly, for the space (./\/l ® V)V(T(Z ) of solutions of the bgKZ equations.

v

Remark:

i. BgKZ equations form a compatible system of difference equations:
(V(r(A\)F)(2) = Gy (@)f(z— N, AeZ"

for suitable C.(5)(z) € End(V) (called transport operators).
ii. Soly is V(Wp)-invariant, and a F-vector subspace of M ® V.
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Relation to spectral problem
Definition (Minimal principal series)

Let £ € C". The minimal principal series with central character Woqt is

V(qt) = IndZﬁ(Y; — qg").

Notation. Standard basis {vi(q%)}wew, of V(g%):

V() = (Ty -~ T;) ®a, 1

with w = s;;s;, - - - s, a reduced expression.
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Relation to spectral problem
Definition (Minimal principal series)

Let £ € C". The minimal principal series with central character Woqt is

V(gt) == IndZﬁy(Y,- — q‘f").

Notation. Standard basis {vi(q%)}wew, of V(g%):
VW(qé) = (Til T Tir) ®Ay 1
with w = s;;s;, - - - s, a reduced expression.

Theorem (Difference Cherednik-Matsuo correspondence)

For generic parameters k,u and generic central character &, the linear map

X : M® V(qé) — M, given by Zwewo Y ® vW(qé) — ZweWo kwtw
with k,, = ki ki, - - - ki_, restricts to a F-linear Wy-equivariant isomorphism

X = S0l 48 =5 S(q).

v
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Spin representation

Definition
There exists a unique representation mq : Hx — End((C?)®") satisfying
0

k
0
7ro¢(Ti) = 0
0

o = O O
—

0

0
k—kt 0 ’

k

0 i,i+1

ko — kit 1 0 q°
(T = (7% 0 mm= (g i)
1 W n n

forl1 <i<n.
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Relation to spin chains with boundaries
Baxterization of the spin representation takes on the following form:
feMe(C?)*",

(Vs))(2) = K'(5 — 21), F(s02),
(V(si)f)(2) = Piiv1R(zi — zi41)i,i41f (siz),

(V(Sn)f) (Z) = Kr(Z,,),,f(s,,;)
with
i. P € End(C? ® C?) the permutation operator,

ii. R(x) € End(C? ® C?) an explicit solution of the quantum
Yang-Baxter equation,

iii. K'(x), K"(x) € End(C?) an explicit solution of the corresponding left
and right reflection equations.

Jasper Stokman (UvA) Noumi’s representation March, 4, 2015 16 / 23



Relation to spin chains with boundaries

Baxterization of the spin representation takes on the following form:
feMe(C?)*",

(Vs))(2) = K'(5 — 21), F(s02),
(V(si)f)(2) = Piiv1R(zi — zi41)i,i41f (siz),

(V(s,,)f) (z) = K"(zn)nf(sn2)

with
i. P € End(C? ® C?) the permutation operator,
ii. R(x) € End(C? ® C?) an explicit solution of the quantum
Yang-Baxter equation,
iii. K'(x), K"(x) € End(C?) an explicit solution of the corresponding left
and right reflection equations.
Remark: such triples (K', R, K") define an integrable one-dimensional
quantum spin chain with boundaries on both ends (Sklyanin). In the
present case: Heisenberg XXZ spin—% chain with boundaries.
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Solutions of bgKZ equations
BqKZ equations
Coy@f(z=XN)=f(z) VYreZ"

associated to the spin representation (7q, (((32)@").

Asymptotic version:
@ Asymptotic transport operators C%y) € End((C2)®n):

oy = im Cy(2),

T z—00

with z — oo meaning R(z; — zj11), R(z,) — oo as before.

@ Asymptotic bgKZ equations:

T

CHyflz—A) =f(z) VAez"
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Solutions of bgKZ equations

© There exists a basis {be}cc4}xn Of (C2)®n consisting of common
eigenvectors of the asymptotic transport operators C°5 OV (Aezm).

@ F-basis {W,(z)bc}e of asymptotic bqgKZ equations for suitable scalar
plane wave functions W, (compensating for the eigenvalues of b).

© "Asymptotically free” basis of solutions of bqKZ equations:
Sol(c2yon = @ FU,

with W (z) ~ We(z)b. if z = o0.

Remark: In special cases: construction of solutions of bqKZ equations as
quantum correlation functions of semi-infinite Heisenberg XXZ spin—%
chain (Jimbo, Kedem, Konno, Miwa, Weston).
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Connection problem
For w € W,

(V(W)We)(2) = > M¥(z;a)V(2)

for unique MY, (.;a) € F.

Definition
Fix {vy,v_} basis of C*> and write v, := v, ® --- @ v,,. The connection
matrix M"(-; ) is the F-linear operator on F @ (C?)®" defined by

M"(z; a)ve = Z MY, (z; o) ve

Connection problem: compute the matrix coefficients of M"Y (z; a)
explicitly in terms of theta functions (by cocycle property

MW (z; ) = MY(z; &)M*™(v~1z; o) it suffices to compute M%(z; a)
(0<j<n)).
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The bulk connection matrices M*(x; «)

Notations:
@ h:C? — C? linear: hv, = ev,.
Q 0(x1,...,x) = [Ii=1 0(x;) with 8(x) = (x, q/x;q) .
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The bulk connection matrices M*(x; «)
Notations:

@ h:C? — C? linear: hv, = ev,.

Q 0(x1,...,x) = [Ii=1 0(x;) with 8(x) = (x, q/x;q) .
Frenkel, Reshetikhin: For 1 </ < n the connection matrix M*®(z; «) is
essentially Baxter's dynamical elliptic R-matrix for the 8-vertex face model
acting on the i*" and (i + 1)t tensor leg:

I\/IS"(Z; a) = Pi,i+1R(Zi — Ziy1; 200 — 2/%(h1 + -+ h;_l)),‘,,'+1
with k = —log, (k) and
0 0
A(x;a)  B(x;a)
B(x;—a) A(x; —a)
0 0

R(x; ) :=

OO O =
— O O o

and

i q2n—a’ q—x (o 0 q2n, q—x—a o
Alxi o) := qu 6o B(xia) = W (2ol
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Boundary connection matrix M*(x, «)

Askey-Wilson parameters
fa,b,c,d} = {k; tuy Ky un, aF kg gt —a kg o)
and dual Askey-Wilson parameters

{57 E? Ea J} = {kn_lko_la _kn_1k07 q%u;luo_l? _q%urjluo}'
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Boundary connection matrix M*(x, «)

Askey-Wilson parameters

{a,b,c,d} = {k; uyt, —ky tun, g2k tug ™, —q2kg tuo)
and dual Askey-Wilson parameters

{3,b,¢,d} == {k Yot —ky 1ko,q2u -~ —q2u “Lug}.
Notations:

Clxs0) o 39" 08" E4" I 3) g (5) g, 3)-)

9( 20 dq—x)
and
o o o7 " a—X
5(X; a) — 0(26] ’ bq ’ Cq~ ) dq /a) q—(logq(é')—z)(logq(a)—oé)_
9(q2a’ dq—x)
Jasper Stokman (UvA) Noumi’s representation March, 4, 2015

21 /23



Boundary connection matrix

Theorem
M*(z;a) = K(zp; o — k(h1 + ha + -+ hp—1))n
with
K(x; a) := ( Ap(x;@)  Bp(x; ) )
T\ Bb(x—a)  Ap(xi—a) )’
Ap(x; a) := C(X;ng)a-__cj)a;)()’ By(x; ) == 5((:_(:.-01)@.
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Boundary connection matrix

Theorem

M (z; &) = K(zn; oo — k(h1 + ho + -+ - + hp—1))n
with

K(x;a) = ( Ap(xia)  Bp(xia) )
T A\ Be(x; —a) Ap(x;—a) )’
o) = C(x; ) — C(a; x) wa) C(x; @)
Av(xia) = Cla;—x) Bolx; ) C(—o; —x) )

Corollary

K(x; «) is a 4-parameter family of solutions of the dynamical reflection
equation

Roi(z1 — z2; 2a)Ki(z1; @ — ko) Ria(z1 + 225 2a) Ka(z2; o — k) =
= Ko(zo; ¢ — kh1)Ro1(z1 + 22; 2a) Ki(z1;  — ko) Ria(z1 — 225 2a).

v
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Remark:

@ Solutions of the dynamical reflection equation have been computed by
direct means by many people: Inami, Konno, de Vega, Gonzalez-Ruiz,
Hou, Shi, Fan, Zhang, Behrend, Pearce, Komori, Hikami, Delius,
MacKay,....

@ Upshot present approach: representation theoretic interpretation of

the dynamical parameter and of the 4 degrees of freedom for the
solutions of the dynamical reflection equation:
i. two boundary parameters kg, k, of the affine Hecke algebra;
ii. two boundary parameters ug, u, arising from Noumi's representation;
iii. dynamical parameter « arising as the representation parameter of the
spin representation.
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