Special Functions arising from

Elliptic Integrable Systems

Masatoshi Noumi (Kobe University)

March 5, 2015: RIMS, Kyoto

O Keywords:
Representation theory, hypergeometric functions and Painlevé equations

BHR

1 Rational, trigonometric and elliptic
2 Elliptic hypergeometric functions

3 Elliptic difference Painlevé equation

4 eP(Eél)) as a system of non-autonomous Hirota equations

12

28



1 Rational, trigonometric and elliptic

O Hermite’s theorem

If a nonzero entire function s(z) (z € C) satisfies the functional equation

s(z+a)s(z—a)s(b+c)s(b—c)+ s(z+b)s(z —b)s(c+ a)s(c — a)

+s(z+¢)s(z — ¢)s(a+b)s(a —b) =0 (1.1)

for z,a,b,c € C, then, up to multiplication by exp(az*+ c) for some a,c € C, it belongs

to one of the following three classes of functions:

(0)  rational s(z) =z Q=0
(1) trigonometric : s(z) =sin(nz/w1) Q=Zuw (1.2)
(2) elliptic : s(z) = 0(2]Q) QN =Zw ®Zws,

where o(z|Q2) denotes the Weierstrass sigma function

ozl == ] (1_5) e/ 2+ /v (1.3)

w
we2, w#0
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O Hirota equation in dimension one

For a nonzero odd entire function s(z) given, consider the 1-dimensional non-

autonomous Hirota equation
(H) T(zxa)s(btc)+71(2xb)s(cta)+71(2xc)s(a+b) =0 (1.4)

for 7(z), where 7(z £ a) = 7(2 + a)7(z — a). One can show that, if s'(0) # 0, any

nonzero holomorphic solution 7(z) must be a function in the three classes of functions.

Regarding the LHS of (H) as a holomorphic function in (a, b, ¢), expand it at (0,0, 0):

oo al' . o b] Ck
7(z +a) :ZHDZT(Z).T@), s(bc) =) fjkﬁg, (1.5)
i=0 4,k=0 o

where f;; are determined by the Taylor coefficients of s(z) = s;2/1! + s323/3! + -+ - .

Then (H) can be regarded as an infinite family of Hirota bilinear differential equations

(Hijr) (firD%+ friDl + fi; D) 7(2)-7(2) =0 (3,4, k € N). (1.6)
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The first nontrivial bilinear differential equation arises when (7, j, k) = (0,2,4):

(f2a + faoDZ + foa D7) 7(2)-7(2) = 0,

(Ho24)

f24 = 4(83 — 8155), f40 = 85153, f02 = —23%-
If we set ¢(2) = —0%log7(2),

D; 7(2)7(2) = =27(2)%p(2),

and hence LHS of (Hpg4) is rewritten as

7(2)? (faa — 2f10 0(2) + 2f02(6 p(2)* — ¢"(2)))

= —47(2)? ((s581 — s3) + 4sss10(2) + 6s7¢(2)”

This implies

C
0(2) =6p(2)2 Fap) + = a=—, o=

o 483
2 S1

Multiplied by 2¢/(z), this equation is integrated into

p(2)" + c1p(2)” + c1p(2) + c3

(p(2) — a1)(p(z) — a2)(p(2

)

— 51¢"(2).)
2(s551 — $3)
52
— 043).

D;7(2)-7(2) = 27(2)*(6¢(2)" — ¢"(2)),

(1.7)

(1.8)

(1.9)

(1.10)

(1.11)



2 Elliptic hypergeometric functions

O Elliptic hypergeometric series

Let [z] = s(2) (2 € C) be a function in the three classes of Hermite’s Theorem. Fixing

a generic nonzero constant € C, we define the §-shifted factorials for [z] by
2l =2z 4+ 6] [z+ (E=1)§] (E=0,1,2...),

very well-posed hypergeometric series

- [ean k

10 + g — ©

= [ag + 2k6] [
2 lao]  [0]k

k=0 1=1

r—|—5‘/7‘+4(a0; QApy ey Oy Z) =

(as a formal power series in z), and

45 Vitd (Oéo; ap, ..., Q)

for terminating V' series, when a; = —NJ (mod Q), N € N, for some i € {0, 1, ...

(2.1)

(2.2)

(2.3)



e Rational case: When [z] = z and § = 1, the V series above is expressed as

g, 2+ 1,aq,...,q, = o+ 2k (a : Q;
r+2Fr+1< 03 : ;Z> :Z ( O)kH( (0)e 2 (24)

a20 +17 /617 SRR 67‘ k—0 o7y (]‘)k i—1 1+a0_ai>k

with a; + 3 =a9+1 (i =1,...,7r), where (a)y =a(a+1)---(a+k—1).

e Trigonometric case: When [z] = sin z, we also use the multiplicative variables

u=-e(z) =exp2mv—12), qg=¢(0) (lg|<1), ai=e() (i=1,...,7). (2.5)

Then the V series defined above gives

r

1 —¢**a (a;; q
ri3Wiaa (ag; aq, ... .ap;q,0) = Z 400 (00; ) H (2.6)

—~ 1—a (¢:q)k -3 qao/az,

with v = (QCLo)%U/@l .- a,, where (a;q)r = (1 —a)(1 —qa)--- (1 — ¢*ta).



O Frenkel-Turaev sum and elliptic Bailey transform (1997)

o [renkel-Turaev summation formula:
When ag + as + ag + a4 + a5 = d + 2a (balancing condition) and a; = —N§ (N € N):

10Vo (avo; o, a2, i3, vy, )
[0 + ] N[0 + o — g — N[0 + ap — o — as|n [0 + ag — ag — as|n (2.7)
[5+Oéo—Oél]N[(S‘I‘CYO—CMQ]N[5+()(0—043]N[(5+040—&1 —042—053]]\[.

e Llliptic Bailey transformation formula:
When oy + ag + -+ a7 = 26 + 3ap and ay = —NJ (N € N):

12V11(Oéo; 0417042,@370447@5;@6,@7)

[0 + ap] N[0+ ap — oy — as|n|d + o — au — ag] N[0 + ap — a5 — ag)n
[5‘|‘Oé() — @4]]\/[54‘ g — 045]N[5—|-Oéo — OZG]N[5+ g — Oy — g — O‘G]N

(2.8)

’ 12‘/11 (aOa a1, A2, a3, Ay, 5, g, _N5)

&0:54—2040—&1—&2—043;

041:5—|—()éo—042—&3, ()42:5—|-OZO—C¥1—CK3, C¥3:(5—|—CY0—041—042.



O Rahman’s g-hypergeometric integral

o Askey-Wilson beta integral:

(4 4) (@)oo dz _ (wrususus; Qo (2.9)
47T\/ —1 C H;l:l (uizil; Q)oo < H1§i<j§4(uiuj; Q)oo
where (2;)oc = [[:729(1 — ¢’2) (Jg| <1).
e Nassrallah-Rahman: Under the balancing condition ugu; - - - us = q,
Arv/=1 Jo Tl (w2t @)oo 2 Jhcicjes(uivg; @)o
e Rahman (1986): Under the balancing condition ugu; - - - uy = ¢,
s q) - @D [ D Ticor (@ 27 @) d
U5y YY)oo " T /— 6 —
1<i<j<6 dmv—1Jo H¢:1(Uizi1; 7)o <
6
i=1\qU; /U054 )oc\q/ UiU7; () oo
_ [ iz (qui/uo; @)oo (q/uinr; q) 10W9<q/ug;q/uou1,q/uou2,---;Q/Uouﬂq,q) (2.11)

(¢?u; @)oo (o /U5 @)oo
4 Hle(qui/m; Q>OO(Q/UiU0; Q>oo
(¢%u2; @)oo (U7 /103 q) oo

10Wy (q/u?; q/urur, q/usuy, . .., q/usuy; q, Q>
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O Theta function and elliptic gamma function

Assuming that Q = Z1 ® Z7, Im7m > 0, we set p = e(7), |p| < 1. We also use the

multiplicative notation

0(u;p) = (3 D)oo (/15 P)ocs (13 D)oo (/105 P)oc (P D)oo = 3 (—1)Fpl2)ul,
keZ (2.12)

0(p/u;p) = 0(u;p), O(pz;p) = —u”'0(u;p)

for theta functions. Then [z] = —u~ 2 0(u; p), u = e(z), satisfies the functional equation

in Hermite’s Theorem. Ruijsenaars’ elliptic gamma function is defined by

T(u;p,q) = <pQ/,U;p’ Deo. (0, 0)oe = ] A =P'w) (ol < 1),
(%P, 9) oo 11
i,j=0 (2.13)
I'(pg/u;p, q) = 1 Lguipa) 0(u;p),

P(w;p,q)”  T(uip.q)
and the triple elliptic gamma function by
[(w;p,q.7) = (u;p, ¢, 7)o (Pgr /1; P, 4, 7)o

(U; D, ¢, 7)o = H (1 —p'¢r*u) (Ir] < 1), (2.14)
i.j,k=0

I'(ru;p,q,7)

L(u;p,q,7)

['(pgr/u;p,q,r) = T'(u;p,q,7), =T'(u; p, q).



O Elliptic hypergeometric integrals (van Diejen, Spiridonov, Rains)

izo L (uiz™!ip, q) dz
[<u07u17"'7u7“;p7Q>— 477'\/7 /H > >_ <215)

L(z*%p,q) 2

o Summation formula : Under the balancing condition ugu, - - - us = pq,

I(ug,ur, ... us;p,q) = || Tluauyip,q) (2.16)

0<i<j<5

o Two transformation formulas: Under the balancing condition ugu; - - - uy = p?¢?,
I(ug, w1, . .., uz; p, q)

0<i<j<3 4<i<j<T

ai — Ui\/Z?Q/U()Ul’UQU?, (Z — 07 ]-7 27 3)7 ui\/pq/u4u5u6u7 <Z - 4’ 5’ 6’ 7)

I(Uo,ul R ,U7;p,Q)

= I(\/Pd/vo, PG/ us, - - /Pa/urip,a) [ Tluiip,q) (2.18)

0<s<y <7



o Three term relations:
Ty T (uiz™1) = D(quiz™") = D(wiz™5 p, q)0(wiz™; p)
From the functional equation

wpl ()0 (uiz™ s p) + b (upu;"; p)0(u,; 2= p)
+ ;0 (ugus u; L) (w2t p) = 0,

we obtain the three term relations for I(u) = I(ug,...,u7;p, q):
uke(ujuk ;)T (u) + ui‘9<ukuz’ﬂ§ p)Tq,ujI<u) + uj‘9<uiu;[1§p)Tq wp A (u) =

In additive variables x = (xg, 1, ..., x7) with u; = e(x;) (i =0,1,...,7),

J(z) = e(=Qx))I(u), Q(z) = g5(x|r) = 55(zg + -+ +27).

satisfies

[ £ 2] T2 J(2) + [z + $i]T£jJ<£L’> + [ £ 2;)T, J(z) = 0.

Three term relations + Bailey type transformations

—> System of elliptic hypergeometric difference equations

0.

[10]

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)



O From integrals to series

Suppose that ugu, - - - u7 = ¢* (balancing condition), and that q/ugu; = ¢~

for some ¢ € {1,...,6} or q¢/upu; = pg~" (N € N). Then we have

I(pu07 Uy ... ,’LLG,pU'?)
— I Tlwup (q*/ugs p, @)1 (uo/uz; p, q)
_ 1%
1<i<j<6 H?:1 F(qui/uo;p, Q)F(Q/Uzﬂ?;pa Q)

- 12Vin (q/ug; q/uguy, . . ., q/uoug, q/uguz; , p, q; q)

in the multiplicative notation of V' series.

0
r+5Vr+4(a0;@1,--.,arQPaQSU)_Z <(9q( 2 0’0 Heqao/a

k=0

0(a)r = 0(a;p)0(qa; p) - --0(¢" 'a; p) = O(a; p, Q)k =T(¢"a;p,q)/T(a;p, q).

1]

N(N e N)

(2.24)

(2.25)



3 Elliptic difference Painlevé equation

O Sakai’s table of discrete Painlevé equations (2001)

Nine-point blowups of P? which admits affine Weyl group symmetries.

e Rational surfaces (anti-canonical divisors):

(eP): AWM
@) AD A AD A A D A A0 A
A/(71)
(dP) : Aél) — Agl) — Aél) — Dfll) — Dél) — Dél) — Dgl) — Dél)
N\ N\

(Y — BV - BV
o Affine Weyl group symmetry:

(eP):  EM
(@P):  EP =B = B - DY o A (44 AD)O = (4 + AD© - - 41D 4
> (1)
Al
@p): BN —E) BV — DY -l - ea)® - 40— Ay



Discrete Painlevé equations

(Grammaticos-Ramani-- - - & Sakai)
Rational (9) Trigonometric (9) Elliptic (1)
dP qP eP

Continuous

Painlevé equations

P
Ultradiscrete

Painlevé equations

uP

Az + Ay qPmr, qPrv
Az : Py A+ A P
Ay+Ar: P Mo P A A

Ay Pl Aq: P (Ao)

(Ao: Pp)  (Ao: P1)
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O Standard Cremona transformation (quadratic transformation)

For a triple p;,ps, p3 of points in P? which are not collinear, choose homogeneous

coordinates (zy : x9 : x3) such that
pr=(1:0:0), po=(0:1:0), p3=(0:0:1). (3.1)

The birational mapping cry, p, ps : P?---— P? defined by

- 1 1 1
q=(x1:29:23) = q= (Tox3: X123 : T1T2) = (ZU_ : — : x_> (3.2)
1 Tp T3

is called the standard Cremona transformation with respect to (p1, pe, p3)-

/PN

Ll LS

Bphpzyps Bll,l2,ls
-
L+ Ls

P2

b3 p1

VAR N2
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O Birational Weyl group action on the configuration space

Configuration space X3, of n points in general position in P? and its transversal Us ,:
X3, = GL(3; C)\Mat*(3,n; C)/T", T" = (C*)"

D1 P2 P3 P4 Ps - Pn
1001 U1y -+ Uip
Us, = {U = 10101 ugs -+ Uy det(U)j, jp.js 7 0 for distinct i,j,k}
ocoo11 1 --- 1
We denote by K(X3,,) = C(u), u = (u;;);;, the field of rational functions on Xj3,. Then
the Weyl group Ws,, = W(T23,-3) = (S0, S1,- - ., Sn—1) associated with the tree Tp 3,3

acts on K(X3,,) as a group of automorphisms.

0 s?=1
To3n-3: o o i . o o SiSj = S;iS; (io oj)
1 2 3 4 n—1 §i8j8; = §58i5; (io—oj)
S, = (s1,...,8,_1): permutation of points, sy = cryp3: standard Cremona
n 4 1516 |78 9 |10
root system || Ay | Ds | B | E7 | Ex Eél) k|- (% : of indefinite type)
dimeXs, || 0] 246|810 |12




1
k=0 So(uij) = w
k=1 si(ur) = uzj,  s1(ug;) = uy;
Uy 1
k — 2 SolU1:) = —, SolUo:) = —
2( 1.7) qu 2( 2.7) qu <33)
k=3 33(Uz’j) =1 WUy
1 Uij
k=4 5) = —, ; 4 =6,...,
sa(uis) " sa(uij) . (J n)
k=5 ....n—1 Sk(Uij) = Wi, (5)

w(uy) = Rij(u) (i=1,2;j=5,...,n). (3.4)

Since wywy(ui;) = wy(we(u)) , these rational functions R (u) satisfy the compatibility

condition

R;Ujlw2 (’U) = R;;Q (Rwl <U)> (wl, Wy € Wg,g); R*? (U) = (R;:ll (u))kl (35)
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O Discrete Painlevé equation of type Eél)

Consider the case of 9+ 1 points: W59 = W(Eél)). We regard the 9 points p1, ..., pg
as reference points for Cremona transformations, and ¢ = p;o as the general point
(21, 22) in P? to be transformed by W(Eél)):

P1 P2 P3 P4 P5 "+ P9 (

U — 1 001 U1 -+ U19 <1 c U3,1O (36)
0101 U25 -+ U929 <9
oo11 1 .-+ 1 1

For each w € W(Eél)), the action of w on u = (u;j)1<i<2.5<j<o and z = (21, 29) is
described as
w(uj) = R;’;(u), w(z;) = S (u; 2). (3.7)

Note that W(Eél)) =To x W(Eg): Ty ={T, | « € Q(Es)}. With u = (u;;) regarded

as parameters, the birational transformation
To(z1) = ST(u; 2), Tolz2) = S3(u;2); «a € Q(Es) (3.8)

associated with the translation T, € W(Eél)), a € Q(FEy), is the discrete Painlevé

equation of type Eél) in the direction « for the unknown functions z;, z».



O Geometric description of T,,, ag = €g—¢€g

Pj = (u1j7u2j) (j =1,.. ->9>> q = P10 = (21722)
Tog(21) = S7%(u;2),  Tag(22) = 55°(u; 2)
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e Picard lattice:
A characteristic feature of the birational Weyl group action on X3, is that the rational
functions R}}(u) are controlled by the Picard lattice:

L3,n = Z@O D Zel D---D Zen,
(eoleo) = =1, (ejle;) =1 (j=1,...,n), (ele;) =0 (i+#j).

In the algebro-geometric terms, Ls ,, is the Picard group of the rational surface obtained

(3.9)

from P? by blowing up at n points pi, ..., pn.

eo : class of lines in P2, ey, ..., e,: exceptional curves corresponding to pi, ..., Pn.

(AJA) = —A - A’ (minus of the intersection number of divisor classes)

In this lattice the root system of type 75 3,3 is realized by the simple roots

g =€) — €1 — €2 — €3, Q; = €5 — €541 (]:1,,7?,—1) (310)
The Weyl group Ws,, = (sg, $1,...,5,-1) acts on L3, as a group of isometries through
the simple reflections s; = s,, (¢ =0,1,...,n —1):

si(A) = A — (ay|N)ay (A € Ls,,). (3.11)
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e Case of nine-point configurations:

Qo
I Qg — €y — €1 — €2 — €3,
o o b o o o o l o G5 =6 —ECin (j:1,...,8)
a1 (6%) a3 o4 (0753 (673 oy as
Q(Es) C Q(EY) = Q(Es) ®Z6 C Lsg = Q(Es) ® Z5 ® Zeg (3.12)

We denote the null root by
d=3e)— €] —€y—€3— €4 — €5 — € — €7 — €3 — €9

3.13
:3()40—|—2041—|—4042+6@3+5O&4+4O&5+3CY6‘|‘2047+0587 ( )

the W(Eél))-invariant element corresponding to the anti-canonical divisor (the cubic
curve passing through the nine points py,...,pg); —eg is the role of the fundamental
weight ‘Ag’. For each a € Q(Eél)), the Kac translation T, is defined by

To(A) = A+ (0|A)a — (5(ala) + (aA)d (A € Lay). (3.14)

Wag = W(EM) =To x W(Es): Q(Es) > Tg: a— T, (3.15)



e Parametrization of cubic curves and point configurations:

Cartan subalgebra and its dual of the corresponding Kac-Moody Lie algebra.
B39 = L39®7C=Cey ®Ce; @--- D Cey (3.16)
f);’g :Hom@(hg,g,C) :C50@C€1@"'@C69; Sj = (63'") .

Regarding € = (eo,¢€1,...,£9) as a coordinate system of h3 9, we use this affine space for
the parametrization of cubic curves and point configurations. For generic € € h3g we
define a holomorphic mapping p. : Eq = C/Q — P? by

B [80—82—83 —t] ' [80—81—83 —t] . [80—81—52 —t]
i = (B B B

) (t € C), (3.17)

and set C. = p.(Fq). This p. induces a W(Eél))—equivariant meromorphic mapping

@039 bso- - —=Xgg:  p39(e) = [pe(e1), -+ ,pe(e9)] € Xy (3.18)
[ao+e34][€44] |0 +ei5][e34]
lao+eia][e34] [0 +E35][€i;]

P39 Ui = u(e) = (i=1,2; j=5,...,9)  (3.19)

where ag = gg—e1—e2—¢€3, and ¢;; = €; — £, which transfers the configuration of nine
points €1, ...,&9 on Eq to that on the cubic curve C. C P?. In this way the W3 9 action

of X3 9 is linearized (solved) through w39 : bh3g -+ — X3g:

uij(w(e)) = RE(u(e))  (i=1,27=5,...,9 we Wsy). (3.20)
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e Elliptic Painlevé equation eP(Eél)) :

Substituting this solution w;;(¢), we obtain a system of Cremona transformations
w(z) = SY(g; 21, 20), w(ze0) = S5(g; 21, 22) (w € Wsyg) (3.21)

for unknown functions 21, 2o with parameters € = (g9,€1,...,€9) € h3o. This system
can be described by the action of W3¢ = W(Eél)) as a group of automorphisms of the
field of rational functions K = K(z1, 22) with coefficients in K = M(Eq ®z L3 ).

On this field K = K(z1, 22), the actions of sg, s1, ..., sg are given by

So S1 S9 S3 S4 S5 S6 S7 S8
1 21 21

21 — Z9 — 1— 21 21 Z1 21 21
21 29 U15<€>
1 1 Z9

Z9 — 21 — 1— Z9 Z9 29 29 Z9
29 Z9 UQ5<€>

[514] [835] [5124] [5235]
[534] [515] [8234] [5125]

[524] [835][5124] [5135] Cij = E&i—¢&;j

[534] [525][5234] [5125]. Eijk = E0—&; —E&j—CEk .

U15<€) =

; U25(5) —

The Kac translations 7, give rise to a commuting family of birational transformations
To(z1) = ST(e; 21, 20), Ta(22) = S5(€; 21, 22) (v € Q(Fy)). (3.22)

This system of discrete time evolutions is the elliptic Painelvé equation eP(Eél)).
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O 7-functions for eP(E{")

We now introduce a system of homogeneous coordinates (f; : fo : f3) for P? such that
e12]l€124] f1 o — e24][€124] f2
T ) 2 — 7 1. 1 r >
|€34][€234] f5 l€34][€134] f5

together with new dependent variables 7,...,79 corresponding to the nine points
P1,-..,D9. Then the action of W39 on K = K(21,22) can be extended to the field
L= K(fl, f2, fg, T1y .- 7’7'9) as follows:

21 —

(3.23)

30(7_1') = fz T; (Z — 17 27 3)7 SO(fz’) = fi (’L = 1, 2, 3),
so(Tj) = T; (j=4,...,9), se(f:) :f:k,k-i—l)z' (k=1,2),
Sk(Tj) — T(k,k+1)j (]‘C: 1,,8) Sk(fz) :fz (k:4,,8)
_ 73 [£14][E124] _ [€34] [€234] S _ 73 €24][€124] _ [€34][£134]
Sg(fl) N T4 <[€123H€13] h [5123] [513] f3) 7 3(f2) T4 ([5123] [523] k [5123][523] f3) ’

s3(f3) = :—if;%-

Theorem A: The automorphisms g, S1,...,83 of L = K(f1, fo, f3;71,...,79) de-
fined as above satisty the fundamental relations for the simple reflections of W59 =

<80,81, ceey 38>-
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In this realization we look at the action of s3 on fi:

sa(f) = 2 (Sl - ) (3.21)

T4 [8123] [513]

By using the relations f; = so(7;)/7 (i = 1,2,3), this formula can be rewritten as

bilinear relations for translates of 7-functions:

s3s0(T1) _ T3 ([514] [€124] S0(71)  [e34][€034] 80(73)) 7

T1 _7'4 [8123][813] T1 [5123][513] T3 (3'25)

[8123] [513]74 8330(7'1) = [514] [5124]7'380(7'1) - [534] [5234]7130(7'3)- (3-26)
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O Lattice T-functions for eP(EE(;l))

In order to analyze the action of W34 on the 7-functions, we consider the Ws g-orbit
of eg in the Picard lattice Lgg: Msg9 = Wsg9e9 C L3o. This orbit can also be described

intrinsically as

Mg,g — { A e L3’9 ’ (A‘A) = 1, (5’/\) = —1 }, Q(Eg) = M379 NN Ta(eg).

Theorem B: There exists a unique family of elements 7(A) € L (A € Msg) such that
Tle;)=7 (j=1,...,9); w(r(A)=7(w.A) (A€ Msg; we Wsy). (3.27)

Furthermore, this family of t-functions is characterized by the following non-

autonomous Hirota equations: For any distinct i, 7, k,l € {1,...,9},

il lese]T(€i)T(e0 — €0 — €i) + [epaller]T(e;)T(e0 — €1 — €5)
+ [5ijl”5ij]7_(ek)7_(€0 — €] — ek) = 0. (328)
Furthermore, the f variables are recovered from 7(A) (A € Msg) by

T(eg — €1 — €e3)
7(€2)

f1:7'<€0—62—63>7 fy =

7(e1)

T(eg — ey — €3)

e (3.29)

) f3:
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For each A € Mjq we define 7(A) = w(my) € L by taking a w € W59 such that
A = w.eg; this definition does not depend on the choice of w since 79 is invariant under
the action of the isotropy subgroup Wjsg of eg. With this definition, the bilinear relation

[5123] [513]74 3380(7'1) = [514] [5124]7'380(7'1) — [534] [5234]7130(7'3)- (3-30)

i1s rewritten in the form

[8123] [513]7'(64) 7'(60 — €2 — 64)

= [514] [8124]7'(63)’7'<€0 — €9 — 63) — [634] [8234]7'(61)7'(60 — €1 — 62). (331)

Then by the action of &9 we obtain the bilinear equations as described in Theorem B.

Conversely, suppose that the family 7(A) (A € M3,) satisfies the property as stated
in Theorem B. Then the variables f; (i = 1,2,3) are recovered by f; = s;(7;)/7:. The
non-autonomous Hirota equations mentioned above guarantee the validity of relations

to be satisfied under the action of ss.



Remark: From the expression

7'(60 — €1 —63)
7(e2)

7'(60 — €9 —€3>
7(e1)

J1= , Ja= , fa=

of f variables in terms of 7-functions, we obtain

w(fi) = T(w-(eo—er—e3)) w(fy) = T(?/U-(Go—el—eg))7 w(fs) = T(w.(eg—e1—e3))

7(w.ep) ’ 7(w.ep) 7(w.es3)
for any w € Ws.

Remark: 79 = 7(eg) is a distinguished 7-function. It is W (FEjy)-invariant, and all the

r-functions 7(A) (A € M3g) are expressible as the translates
T(A) = Teg—A<7-9> (A c M379); M379 = TQ<€9>. <332)

The system of non-autonomous Hirota equations for {7(A)}acns,, is thus translated
into a W (FEg)-invariant system of difference equations for a single 7-function 7 = 79,

which we formulate in terms of ORG 7-functions in the next section.

In working with difference equations, it is more convenient to use the variables z =

(0, x1,...,27) €V = C® defined by
rj=¢c;—3(co—¢c9)+ 26 (i=1,...,8); zo=—us (3.33)

instead of the coordinates € = (g¢,¢€1,...,€9) of h3g.



4 eP(Eél)) as a system of non-autonomous Hirota equations
O A standard realization of the root lattice P = Q(Eg)

V = CS = CUO @(C?Jl D --- EB(Cw; (’Ui’Uj) — 5ij <Z,] c {O, 1, .. ,7}) <41)
P={a€ZU(¢p+2Z° | (¢la)€Z}

1 1 (4.2)
¢: 5(171717171717171) — §<UO+U1+"'+U7>

A(Eg)={a€eP| (aa)=21%}, |A(Ey)| = 240.
(1): +v+v; (0<i<j<7) - (5)-4=112 (4.3)
(2): Y(fwo£---+wv;) (even number of — signs) --- 27 =128

> ¢ =1+ 240¢” + 2160¢" + 6720¢° + 17520¢° + - - - (4.4)

acP

(07}

Q0:¢—UO—U1—U2—U3,

I Qj = Vj — Vjt1 (j:1776>

Qg =0 — ¢

.......................................................................



O ORG 7-function (Ohta-Ramani-Grammaticos)
Definition A set of 2] vectors {*+ay,...,£a;} in V is called a C}-frame if

(1) (ailay) =d; (i,5 €{1,....,1}),

45
(2) {+ata;|1<i<j<i}U{42aq|1<i<I}CP (4:5)

There are 2160 vectors a € 1 P with (a|a) = 1. Let C; be the set of all C; frames in P:

8
(%P)l = |_| A;  |Cs| =135, |Cs| =135 (3) = 7560 (4.6)
AeCsg
Fix a nonzero constant 6. Let D be a subset of V = C8 such that D + P§ = D.

Definition A function 7(z) defined over D is called an ORG 7-function if it satisfies

the non-autonomous Hirota equation
(bEclz)] (x££ ad) + [(c £ alz)] 7(x £ b5) + [(a £ blz)] T(x £ cd) =0 (4.7)

for any Cs-frame {£a, +b, +c} in P = Q(Ey).
Each of the six points z £+ ad, x £ bd, x £ ¢d belongs to D if and only if the others do.

In this formulation e P(Eyg) is a W (Eg)-invariant system of 7560 non-autonomous Hirota
equations.



[(b+ c|z)]T(x £ ad) + [(c & a|x)]T(x £ b0) + [(a £ b|z)]T(x £ cd) =0

T(x+cd)

» T(x—ad)

T(x+00)

T(x—cd)

56 - 72 20 - 63 30 - 63
Four types of 7560 Cs-frames




O eP(FEg) T-function as an infinite chain of eP(E;) T-functions

In the Eg root lattice P = Q(FEyg), the E7 root lattice is realized as

Q(E7)={ae€P|(¢la) =0} CP=Q(Es); A(Er)=A(Es)"™. (4.8)

Fixing a constant ¢ € C, we consider the union of parallel hyperplanes

De=| | Hetns; Herns ={z €V | (¢2) =c+nd} (n€Z). (4.9)
nez
Then an ORG 7-function 7(z) on D, can be regarded as a chain {7 (x)},cz of eP(E7)
Hc+n5 (n E Z)

Four types of bilinear equations corresponding to the types I, Iy, II;, II, of Cs-frames:

T-functions on parallel hyperplanes by setting () = 7

(I)n—ké . [(a1 + CLQ‘:U)]T(”)<ZIJ — CL()(S)T(R—H) (33 + &05) +-.-=0

(o) = [(a1 % as|2)]7™ (@ — agd) 7™ (x + agd) + - = 0
(L), ¢ [(a1 % as|2)]7" D (z — agd) 7™ (@ + agd)

= [(ao £ as|2)]7™ (z £ a16) — [(ap £ a1]2)]7™ (z £ a2d)
(L) [(a1 £ ao]2))7™ (z £ agd)

= [(ag % as|2)]7" V(2 — a10) 7" (2 + a16) —

(4.10)
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Definition A meromorphic ORG 7 function 7(x) on D, = ||, ; Heins is called a
hypergeometric T-function if

(@) =0 (n<0), 7O@)#o0. (4.11)

Theorem C: Let 7 (z), 7((x) be nonzero meromorphic functions on H., H.,s re-

spectively. Suppose that they satisfy
[(ap £ as)2)]79 (z £ a16) = [(ap £ a1|2)]70 (x £ agd) (4.12)
for any Cs-frame of type 11, and
(a1 % az|2)]7 (2 — agd) TV (x + agd) +--- =0 (4.13)

for any Cs-frame of type 1. Then these exists a unique a hypergeometric T-function
7'<$) on D. such that 70) — T’Hc and 7 — 7

Hc—l—(S :



Toda equations produce 2-directional Casorati determinants

(L), @ [(a1 % ag|2)]7" V(2 — agd) 7™ (2 4 agd)
= [(ag £ &2’56)]7'(”) (x £ a10) — [(ag £ al\x)]T(”) (x £ a0)
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O Determinant representation of hypergeometric 7-functions

Theorem D: Under the assumption of Theorem C, suppose that (Y (x) is expressed

as 7MW (z) = v (z) () with a nonzero meromorphic function vV (z) satisfying
[(ag + az|z)]yP(z £ a16) = [(ao + a1]2)|yP (% az0) (4.14)

for a Cs-frame of type 11y with (¢|lag) = 1, (¢|la1) = (¢|az) = 0. Then the components
7" (z) of the hypergeometric T-function 7(x) are expressed as follows in terms of 2-

directional Casorati determinants:
7MW (z) =~y (@) K™ (2) (€ Hoyng; n=0,1,2,...)
K™ () = det (o5 ()7, (4.15)
wi;(2) = o™ (x—(n—1)agd+(n+1—i—5)ad+(j—i)a1d) (1 <i,j <n).

The gauge factors v™(x) are determined inductively from v (z) = 70 (2), vV(x) by

[(ao £ az]2)]Y" V(2 — agd)y ™V (z + apd) = [(a1 £ as|z)]y™ (z £ a,6). (4.16)

The Toda equation (II), corresponds to the Lewis-Carroll formula for determinants.
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O W (Er)-invariant hypergeometric 7-function

An example of hypergeometric 7-function for eP(FEy) is given by multiple elliptic
hypergeometric integrals due to Rains:

[(n)(uufo, q) = [(n)(UO, e U p,y Q)

B (p,p) H HZ OF uzzk ,p, H 9 z,:flzlﬂ, dz, ...dzn. (4.17)
We consider to construct a hypergeometric T—functlon on
D, = |_| H.ins with p=ce(1), q=e(9). (4.18)
nez

o 7(O(2): The system of first order difference equations for 7% (z) (z € H,) is solved
by a product of triple elliptic gamma functions:

T (z H ['(quiujsp,q,q) (v € Hy) (4.19)
0<s<y <7
in multiplicative variables u; = e(x;) (i =0,1,...,7), where

T'(u;p,q,7) = (u; P, ¢, 7)o (PAT /U3 D, G, ) 0,

oo

(;p.q. 1) = | (L=p'@r" ) (Ipl.lal, Ir| < 1).

t,7,k=0

(4.20)
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e 7W(z): Then, the system of Hirota equations between 79 (z) and 7(Y(z) is solved

by the elliptic hypergeometric integral:

(g H [(uug;p,q,q)e(—Q(@)) (u;p,q)  (x € Hrys),
Qz) = ( \sv) <¢!x (4.21)

) Y 47-‘_ /— Z:‘:Q,pj ) Z.

Note that the condition x € H, s Corresponds to the balancing condition uguy - - - uy =

p?¢® in multiplicative variables. In fact, the system of linear difference equations for

7 () reduces to the three term relations
[ £ 2] T2 J(2) + [z + xi]TfjJ(ﬂv) + [ £ 2;)T, J(z) = 0. (4.22)

for J(z) = e(—=Q(x))I(u;p, q).
o Determinant formula for 7™ (x): Using the decomposition 7 (z) = vV (z)p(x)
with (x) = J(z), by Theorem D we know that 7™ (x) has the determinant formula

70 () = 4 (@) det (o (2))]._, (4.23)

gpgb)(x) =plx—(n—1a+n+1—i—7j)ay+ (j —i)as)
for any Cs-frame {£ag, a1, £as} of type II; with (¢|ag) = 1.
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o 7™(x) as a multiple elliptic hypergeometric integral: This 2-directional Casorati
determinant can be rewritten into multiple integrals. By Warnaar’s elliptic extension
of the Krattenthaler determinant, we finally obtain the expression of 7(")(z) in terms
of the multiple elliptic hypergeometric integral of Rains:

Wz + (n—-19) =p G T Tluusp,a.q) e(=nQx)) I™(u; p, q),

0<i<j<7

1™ (u; p, q) (4.24)

_ <pp) HHz 0F Ule ’p7 H 0 Zﬂ:l 41, )d dzn

z
ko~
2”7@'(27\/ cno zk %D, q 21 2n

1<k<iI<n

The sequence 7 (x) (n = 0,1, 2, ...) determined as above provides a W ( E;)-invariant
hypergeometric 7-function. This fact follows from the W (E;)-invariance of 7 (z),

7 (x) and the uniqueness of extension to 7 (z).



O Relation to elliptic Askey-Wilson functions

e Elliptic extension of Askey-Wilson polynomials: (Spiridonov-Zhedanov)
With parameters a = (ag, a1, as,a4) and b, for [ = 0,1,2,... consider the sequence of

terminating elliptic hypergeometric series
(I)Z<Z, a, b) = 12%1(&0 +b— (5, ao + 2, 20&0 + l(S, —ZCS, b— ay, b— ag, b— ag), (425)
where oy = %(ao + a1 + as + az — §). These functions satisfy the difference equation

L(z,T,,a;u)®/(z;a,b) = P(z;a,b+0)Ny(a,b;u) (1=0,1,2,...)

o Jep ° B (4.26)
Ai(a, b;u) = P [aoiﬁ]g[b—ai], B=ag+b—ag
where
L(z,T,,a;u) = A(z;a,b,u))(T? — 1)+ A(=z;a,b,u))(T,° — 1) + Ag(a, b; u)
| bz = b+ )z b — o £ u] [ [z + al] (4.27)
A(z;a,b,u) = 222 + 0

is a six-parameter subfamily of Ruijsenaars-van Diejen operator of type BC].
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We modify the elliptic Askey-Wilson functions as

[b:|: Z]l

V,(z;a,b) =
Z<Z7a7 ) [b+2@0:‘:2]l

®)(z;a,b) (1=0,1,2...). (4.28)

Returning to the W (FE;)-invariant hypergeometric 7-function 7(x) previously intro-
duced, assume that q/uou; = ¢, N € N for some 7 € {1,...,6}. Then, up to a gauge
factor, the nth 7-function 7™ (x) on H,,,s coincides with the determinant

det (llj)\j+n_j(zi; a, b))n (429)

1,7=1
of Schur type specialized as
(AyeesAn) =(N,...,N),

(4.30)
(z1,.-y2n) = (c+ (n—=1)0,c+ (n—2)6,...,¢)

under a change of parameters.



