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The generalized HGF

oo

Q1,02, ..., Qpil _ . (a1)k(a2)k - (Qpg1)r k
+F< B ) =2 Gk Gkt S FI<E

where (a)y =a(a+1)---(a+k—1).



The generalized HGF

Q1,02, ..., Qpil _ . > (a1)k(a2)k - (Qpg1)r k
+F< B ) =2 Gk Gkt S FI<E

where (a)y =a(a+1)---(a+k—1).

The differential equation ,,.F),:

{ez{ I1 (Qz-l—ﬁi—l)}—z{ I1 (9,3-1—041)}}}7:0,

1<i<n 1<i<n+1

where 0, = zd/dz.



Characteristic exponents of .1 F,:

071_/8171_527"',1_/871 at Z:O7
n n+1

0, 1,...,n—1,25i—2ai at z=1,
i=1 i=1

ap, 02, ..., Opy1 at z = o0.
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Integral representations of the solutions

/ wp(t)dty - dt,
D
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Integral representations of the solutions

/ wp(t)dty - dt,
D

For u(t) = I, fi(t)*, up(t) = I1,(e fi(t))", where ¢; = £ is determined so that
€; fl(t) >0on D.
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Integral representations of the solutions

/ wp(t)dty - dt,
D

For u(t) = I, fi(t)*, up(t) = I1,(e fi(t))", where ¢; = £ is determined so that
€; fl(t) >0on D.

n n+1
u(t) = H t?i H (ti—l — ti)Aifl’i
=1 =1

with

Ni=0aip1—Bi Nici=0i—o;—1, to=1, thy1 =2, PBny1 =1

14



Integral representations of the solutions

/ wp(t)dty - dt,
D

For u(t) = I, fi(t)*, up(t) = I1,(e fi(t))", where ¢; = £ is determined so that
€; fl(t) >0on D.

n n+1
u(t) = H t?i H (ti—l — ti)Aifl’i
im1 i=1
with
Ni=oip1 —Bi Nic1i=0i—a;—1, to=1, thp1 =2, PBrna=1
on

T.=C"\U~, {t;=0}u UM {t; 1 —t; =0}.
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0<tj+1<---<tn<z
1<t1<"'<tj<OO
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>, i=0,1,...,n.



For

PO _

0<tj+1<---<tn<z
J+1 =

2 j:O717"'7n7
1<t1<"'<tj<OO

we have

Ij+1(z) = / UD(O) (t) dtl e dtn
D

(0) J+1
J+1
= II Blas—Bi+1.8 —a) x =+ (1+0().
1<s<n+1
s£j+1
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0 . '
’yO(DJ(.(J)F)l) = e(—QBn_j)DJ(.Jr)l, ji=0,1,...,n
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0 .
’YO(DJ((j_)l) :e(_25n—j)DJ(+)17 J _0717"'7n7

where e(A) = exp(my/—1A).
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Yo acts diagonally
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Yo acts diagonally

0 0 .
w0(DS) = e(—2B,-5)DY,, 5=0,1,....n.
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Yo acts diagonally

) =e(—28,_,)D\%,, j=0,1,...,n.

0
'YO(D(' : FENE)

J+1

What is the action of ;7
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Yo acts diagonally

0 0 .
w0(DS) = e(—2B,-5)DY,, 5=0,1,....n.

What is the action of ;7

O<tjp1 < - <tp, <z
71 =7
1<t1<"'<tj<00
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In what follows we assume that

ﬂl_ﬁj¢za ].SZSjSTL—f—l, and /B’n+1:1-
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In what follows we assume that
ﬂl_ﬁj¢za ].SZS]STL—FL and 6n+1:17

and moreover,
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0<tj+1<---<tn<z
1<t1<"'<tj<OO
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_<0<tj+1<---<tn<z

) ':()7]‘7"'7 )
1<t1<"'<t]‘<00> J "

Case n = 1:
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0<t; <<ty < z
DY), = i+l " . j=0,1,...,n,
1<t1<"'<tj<OO
Case n = 1:
* 0 *
NDY)=aiq o
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0<t; <<ty <
D, = jt1 nSEY =01, .0,
1<t1<"'<tj<OO
Case n = 1:
1 (0) . 0 z 1
71(D1>:’71 ° ° = ° °
0 z 1 A
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0<t; <<ty <
D, = jt1 nSEY =01, .0,
1<t1<"'<tj<OO
Case n = 1:
1 (0) . 0 z 1
71(D1):’71 ° ° = ° ° .
0 z 1 A

Here and in what follows, the vertical arrow in each picture indicates the point at
which the argument of each factor of the integrand is fixed to be zero, while we omit

to write such an arrow when the chain in the picture is an interval of Tk.
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0<t, <<ty < .
D](O+)1: s i ) ]:O;L"'vnv
1<t1<"'<tj<OO
Case n = 1:
1 (0) . 0 z 1
71(D1):’71 ° ° = ° °
0 z 1 A
0 z 1
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O<ti1 < <t, <z
DO — it n i=0,1,...
7j+1 < 1<t1<<t]<OO ) J ) , 1,
Case n = 1:
. (0) i} 0 z 1
(D7) =91q o2 ° = ° °
0 z 1 A
0 z 1

=TT = DI 4 e(A12)(1 — e(2X01)) (2 < t1 < 1).
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0<t; <<ty <
D, = jt1 nSEY =01, .0,
1<t1<"'<tj<OO
Case n = 1:
. (0) i} 0 z 1
(D7) =714 ° © = © °
0 z 1 A
0 z 1

= {0 =D +e(h)(1 - e(2hn))(z <t < 1).

Lemma 1.
" 0 0
T (Dg )) = Dg )

+ ()" 11 = e(2X01))e(A 2 + Aoz + - F Xpnr1) (2 < tp < - <ty < 1).
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_<0<tj+1<---<tn<z

) '207]‘7"'7 )
1<t1<"'<t]‘<00> J "

Lemma 1.
7 (D) = D

+ (—)n_l(l — 6(2)\01))6()\12 + )\23 —+ -+ An7n+1)(2 <tp, <<t < 1).
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_<0<tj+1<---<tn<z

2 j:O717"'7n7
1<t1<"'<tj<OO

Lemma 1.
¥ (DY) = DI
+ (—)n_l(l — 6(2)\01))6()\12 + )\23 —+ -+ An7n+1)(2 <tp, <<t < 1).

Proof.
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PO _

0<tj+1<---<tn<z
J+1 =

2 j:O717"'7n7
1<t1<"'<tj<OO

Lemma 1.
¥ (DY) = DI
+ (—)n_l(l — 6(2)\01))6()\12 + )\23 —+ -+ An7n+1)(2 <tp, <<t < 1).

Proof. Induction implies the assertion.
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PO _

0<tj+1<---<tn<z
J+1 =

2 j:O717"'7n7
1<t1<"'<tj<OO

Lemma 1.
¥ (DY) = DI
+ (—)n_l(l — 6(2)\01))6()\12 + )\23 —+ -+ An7n+1)(2 <tp, <<t < 1).

Proof. Induction implies the assertion. (1) The case n = 1 is proved above.
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PO _

0<tj+1<---<tn<z
J+1 =

2 j:O717"'7n7
1<t1<"'<tj<OO

Lemma 1.
¥ (DY) = DI
+ (—)n_l(l — 6(2)\01))6()\12 + )\23 —+ -+ An7n+1)(2 <tp, <<t < 1).

Proof. Induction implies the assertion. (1) The case n = 1 is proved above. (2)

Suppose the case n — 1.
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PO _

0<tj+1<---<tn<z
J+1 =

2 j:O717"'7n7
1<t1<"'<tj<OO

Lemma 1.
¥ (DY) = DI
+ (—)n_l(l — 6(2)\01))6()\12 + )\23 —+ -+ An7n+1)(2 <tp, <<t < 1).

Proof. Induction implies the assertion. (1) The case n = 1 is proved above. (2)

Suppose the case n — 1.

VD) = (0 <ty <o <ty < 2).
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PO _

0<tj+1<---<tn<z
Jj+1 —

, 7=0,1,...,n,
1<t1<"'<tj<OO

Lemma 1.
¥ (DY) = DI
+ (=)L —e(2h01))e(M2 F Aoz + - F Apnr1) (2 <ty < - <ty < 1).

Proof. Induction implies the assertion. (1) The case n = 1 is proved above. (2)

Suppose the case n — 1.

VD) =40 <ty < - <ty < 2)

_J0 z 1
- Oe—e— 0O o
tity - tn
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PO _

0<tj+1<---<tn<z
Jj+1 —

, 7=0,1,...,n,
1<t1<"'<tj<OO

Lemma 1.
" 0 0
Y1 (D§ )) = Dg )

+ (=)L —e(2h01))e(M2 F Aoz + - F Apnr1) (2 <ty < - <ty < 1).

Proof. Induction implies the assertion. (1) The case n = 1 is proved above.

Suppose the case n — 1.

YD) =450 <ty < - <ty < 2)

_J)0 z 1
- Oe—e— 0O o
tity - tn
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VD) =450 <ty <o <ty < 2)
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VD) =450 <ty <o <ty < 2)
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\ ) trh_1
( t,-space )
0 tn 2 1
- 0 z 1 oe——e0 o
o—3»—0 <] tl tn—l
\ Vs
)
( t,-space )
+ G(An,n+1) 0 z 1
o] o—>»—0
\ Vs
\
( t,-space )
+e(Annt1) 0 z 1
o O——=—0
\ Vs
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0 tn 2 1
= 0 z 1 oe——eo o
o0—>» 0 o tl . tn—l
(
( t,-Space )
+ €(>\n,n+1) 0 z 1
o o—»p—0
\ J
\
(
( t,-Space )
+ 6(>\n,n—|—1) 0 z 1
o O——=%—0
\ V
\
tn-space
:ng_‘—e()\n,n—i—l) 0 z 1 X (0<t1 <<y <tn>
o o0—»—0
t,-space
+ 0 z 1
(o] O——=—0
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tn-space

= D%O) +e(Ann+1) 0 z 1 X0 <ty <-r <tno1 <tn)
o o—>»—0
t.,,-space
+ 0 z 1
o oO——=—o0
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tn-space

= D%O) +e(Ann+1) 0 z 1 X0 <ty <-r <tno1 <tn)
o o—>»—0
t.,,-space
+ 0 z 1
o oO——=—o0

=0<t; < - <tpo1 <tyn)

+ (—1)”72(1 —e(2Xo1))e(A2 + -+ + An—l,n)(tn <tp1 <---<t1<1)
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tn-space

= D%O) +e(Ann+1) 0 z 1 X0 <ty <-r <tno1 <tn)
o o—>»—0
t.,,-space
+ 0 z 1
o oO——=—o0

=0<t; < - <tpoq <tyn)

+ (-1)”72(1 — 6(2)\01))6(}\12 —+ -+ An—l,n)(tn <t <<t < 1)
Hence, we have
i (D) = DI

+ (=)L —e(2h01))e(Mz F Aoz -+ Apnr1) (2 <ty < - <ty < 1).
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tn-space

= D%O) +e(Ann+1) 0 z 1 X0 <ty <-r <tno1 <tn)
o o—>»—0
t.,,-space
+ 0 z 1
o oO——=—o0

=0<t; < - <tpoq <tyn)

+ (-1)”72(1 — 6(2)\01))6(}\12 —+ -+ An—l,n)(tn <t <<t < 1)
Hence, we have
i (D) = DI

+ (=)L —e(2h01))e(Mz F Aoz -+ Apnr1) (2 <ty < - <ty < 1).
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Lemma 2.

+ ()" el D A (=20 541)) (2 <t <o <ty < 1),
1<s<n+1
s#j+1

o1



Lemma 2.

0 0
VI(DJ('Jr)l) = Dg('+)1

+()" el D Amne) (L= €20 541)) (2 <ty <o <ty < 1),
1<s<n+1
s#j+1

Proof.

02



Lemma 2.

0 0
VI(DJ('Jr)l) = Dg('+)1

el Y A= @) (5 <t <o <t < 1),
1<s<n+1
s#j+1

Proof. Induction on j implies the assertion.
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Lemma 2.

0 0
VI(DJ('Jr)l) = Dg('+)1

+()" el D Amne) (L= €20 541)) (2 <ty <o <ty < 1),
1<s<n+1
s#j+1

Proof. Induction on j implies the assertion. (1) The case j = 0 is just Lemma 1.
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Lemma 2.

0 0
VI(DJ('Jr)l) = Dg('+)1

+()" el D Amne) (L= €20 541)) (2 <ty <o <ty < 1),
1<s<n+1
s#j+1

Proof. Induction on j implies the assertion. (1) The case j = 0 is just Lemma 1. (2)

Suppose the case j — 1.
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Lemma 2.

0 0
VI(DJ('Jr)l) = Dg('+)1

+()" el D Amne) (L= €20 541)) (2 <ty <o <ty < 1),
1<s<n+1
s#j+1
Proof. Induction on j implies the assertion. (1) The case j = 0 is just Lemma 1. (2)

Suppose the case j — 1.

yi(D'Y)

L O<tipi <<t <z
j+1):’71

1<ty < <tj <0
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Lemma 2.

0 0
VI(DJ('Jr)l) = Dg('+)1

+()" el D Amne) (L= €20 541)) (2 <ty <o <ty < 1),
1<s<n+1
s#j+1
Proof. Induction on j implies the assertion. (1) The case j = 0 is just Lemma 1. (2)

Suppose the case j — 1.

O<tig<---<t, <z
*D(-O) _A* Jj+ n
(D) =N l<t; <. <t; <oo
ty
= 0 z 1 Lj 00
titr
178
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Lemma 2.
D() D()
)1( §£1) §£1

+()" el D Amne) (L= €20 541)) (2 <ty <o <ty < 1),
1<s<n+1
s#j+1

Proof. Induction on j implies the assertion. (1) The case j = 0 is just Lemma 1. (2)

Suppose the case j — 1.

v (DY

o 0<tj+1<"'<tn<2:
j+1)—’71

1<t < - <tj<o0

(

tl‘
= 0 @_ﬁo
t
.

J+1

\

( ti-space

R C\L@”
L o o
31
o by
m\\\\\\;fz\_——go

o8



t1-space

0

o

tit1
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(

t1-space

(o]
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(

t1-space

(o]

X tj 0
tj_|_1 - .
\ N J
0
= D;—f—)l + €(>\01)
t1-space t2
% z 1
oO—»—o0
t1-space
+ z 1
O—=—o0
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0
= Dj(—i—)l —|— 6()\01)

t1-space to
X ot
(T N
t]+1 ot tn tl ]_
t1-space b2 .
+ 0 2,/ t L 00
z 1
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0
= Dj(—l—)l + 6()\01)

t1-space 2
% [ 2 1 0 2 m_go
tit1 - tp 1 1
to
t1-space ey
. ; @_ﬁo ]
z 1
.. y
0
= D§+)1 —|-€()\01)
t-
1-space 0<tj+1<"'<tn<2
X
z 1 th < <t; <0
o—»—0
to
t1-space ey
. ; w ]
z 1
oO—=o0 t]+1 -
.. iy



0
= Dj(—l—)l —|— 6()\01)

d

t1-space
z 1
o—3»—o0
t1-space

z 1

O—=—0

(

O<tj+1<~~-<tn<z
t1<"'<tj<OO
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0
= Dj(—l—)l —|— 6()\01)

z 1

o—3»—o0

t1-space
y 175P O<tj+1<~~-<tn<z
hh <. <t; <0

t1-space

z 1

O—=—0

The assumption implies

St o [ 0<t <<ty <2
B t <o <t; < oo

3
+ ()" el D A1 —e2hj11)) (2 < tn < -+ <ty < t).
2<s<n-+1
s#j+1
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0
= Dj(—l—)l —|— 6()\01)

1 t < <tj < oo
o—>»—0

t1-space
X[ 1P <O<tj+1<~--<tn<z)

t1-space .
t
00

z 1 ]

The assumption implies

0 T Uty - ([ 0<tii <<ty <z
t <o <t; <00
tit1

s
+ ()" el D A1 —e2hj11)) (2 < tn < -+ <ty < t).
2<s<n-+1
s#j+1

Hence we have

0 0
(DY) = D'Y,

+ (—)n_16< Z )\3_17S> (1 - 8(2)\j7j_|_1)) (Z <t << < 1).
1<s<n+1
s#j+1
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0
= Dj(—l—)l —|— 6()\01)

1 t < <tj < oo
o—>»—0

t1-space
X[ 1P <O<tj+1<~--<tn<z)

t1-space .
t
00

z 1 ]

The assumption implies

0 T Uty - ([ 0<tii <<ty <z
t <o <t; <00
tit1

s
+ ()" el D A1 —e2hj11)) (2 < tn < -+ <ty < t).
2<s<n-+1
s#j+1

Hence we have

0 0
(DY) = D'Y,

+ (—)n_16< Z )\3_17S> (1 - 8(2)\j7j_|_1)) (Z <t << < 1).
1<s<n+1
s#j+1
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0 0
(D) = D,

+ (—)"—16( > AS_M) (1—e(2Xjj11)) (2 <tn < ---<t; <1).
1<s<n+1
s#j+1

68



0 0
n (DY) = DY,

+ (—)"_le( > As_1,5>(1 —e(2Njj41) (2 <t, < - <t <1).
1<s<n+1
s#j+1
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+ (—)”—1«3( > As_1,5>(1 —e(2Xjj41)) (2 < tn < - <ty < 1)
1<s<n+1
s#j+1
— pl
n+1

+ 2v/ —16<ZBS — Za5> S(Oéj_|_1 — Bj+1) (Z <ty <<t < 1),
s=1 s=1

where s(A) = sin(7A).
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+ (_)n_16< Z )\5_1,5> (1 - 6(2)\j7j+1)) (Z <tp <
1<s<n+1
s#j+1
= pY
n+1

=+ 2\/—_16 (Z Bs — Z Oés> S(Oéj_|_1 — Bj+1) (Z <t, <-
s=1 s=1

where s(A) = sin(7A).

n+1
(z<ty< - <ti<l)=Y D ?
=1

71
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Twisted homology group HY(T,£) and H, (T, L)

HY(T, L) or H,(T, L), where L is determined by

n n+1
u(t) = Ht?iﬂ_ﬁi H(tz —t;-1)" T (Bugr = 1t = 1ty = 2)
=1 =1

72



Twisted homology group HY(T,£) and H, (T, L)
HY(T, L) or H,(T, L), where L is determined by

n—+1

n
u(t) = Ht?i+1_ﬁi H(tl - tifl)ﬁi_ai_la <6n+1 = 17t0 = 1atn+1 - 2)7
=1 i=1

on

T=C"\U" {t; =0} U {t; —t;i.1 =0}
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Twisted homology group HY(T,£) and H, (T, L)
HY(T, L) or H,(T, L), where L is determined by

n—+1

n
u(t) = Ht?i+1_ﬁi H(tl - tifl)ﬁi_ai_la <6n+1 = 17t0 = 1atn+1 - 2)7
=1 i=1

on
T=C"\U" {t; =0} U {t; —t;i.1 =0}

At first, fix z tobe 0 < z < 1.

[¢]
[¢]
o
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[¢]
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[¢]

t1 =1

to—t; =0
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Basis of H(T, L):

7



Basis of H(T, L):

O0<tjp1 <---<tp, <2z
D\ p® ... pP | DY, = T §
{ L A 1<ty <--<tj <o ’
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Basis of H(T, L):

O0<tjp1 <---<tp, <2z
D\ p® ... pP | DY, = T §
{ L A 1<ty < - <tj <o ’
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Basis of H(T, L):

DO _(0<tj+1<"'<tn<z)}
g+ T ’

p® D", ... DO
{ 1 »~2 y M n+1 1<t1<<t]<00

\ t2:z ()\23)

to = 0 (>\2)
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Basis of H(T, L):

VS

n=1
00

n=2

{D§O>,D§°),...,D

(0)

DO _(0<tj+1<"'<tn<z
n+1 1

1<ty < <tj <00
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Basis of H(T, L):

0 0 0 0 0<tjp1 <---<th <z
{Dp,py,...,pggl D;.glz( j |

1<ty < <tj <00

Vs
Dr(z1+)1:(z<tn<"'<tl <1)
n=1
p{ DY
o—0 —_
00 0 z 1 00
n=2

\ Nt —t1 =0 (Ai2)
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Basis of H(T, L):

0 0 0
{Dp,py,...,pggl

D(o)_ 0<tj+1<---<tn<z
I 1<ty < <t <0 ’

Vs
DU = (z<t, < <t <1)
n+1 n 1 :
n=1
0 1 0
Dg) Dé) Dg)
OO -----=- -~ L ———
00 0 z 1 00
n=2
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Basis of H(T, L):

O0<tjp1 <---<tp, <2z
p» p ... DY | D% = I §
{ 1 P2 ' M4l j+1 <t < - <t; <00 ’

Vs
DU = (z<t, < <t <1)
n+1 n 1 :
n=1
0 1 0
Dg) Dé) Dé)
OO -----=- -~ L ———
00 0 z 1 00
n=2

t1 =0 t1 =1
(A1) (Ao1)

= d¢; such that
1 0
D! )1 = E Cj D§ )

1<j<n+1
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Intersection form (Intersection numbers)

The map
reg : HY(T,L) — H,, (T, L)

is defined as an inverse of the natural map
v Hy (T, L) — HY(T, L).

To define the intersection numbers for C,C’ € HY (T, L), we first regularize one of
them, secondly compute the intersection number of the consequent cycles and finally

sum up them. Actually, the intersection form

( , VY:HYNT £)x HYT, L) — C

is the Hermitian form defined by

(C.C) = (C,C") =) apal Y Li(p,o)vo(t)o, (D)/]ul?,

tepno

for C, C' € HI(T, L), if

regC’:Zapp@vp, C’:Zafja(}bvg,

P o

where a,,a, € C, p,o:n-simplex, v,, v/ : a section of £ on p, o, ~: the complex
conjugation, I;(p,o): the topological intersection number of p and o at ¢.
The value (C, C") is called the intersection number of C and C” and written also by

Ce(C'
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Example of regularization. T = C\{0, 1}, u(t) = t*(1 — t)”.

m = regm:{iS(e;O)—i—[e,l—e—éS(l—e;l)}
- C
1 0

Here d, = e(2a) — 1, e(a) = exp(myv/—1a). The symbol S(a;z) stands for the posi-

1
tively oriented circle centered at the point z with starting and ending point a, € is a

Y

|

0

small positive number and the argument of each factor of u(¢) on the oriented circle

S(e;0) or S(1 —e€;1) is defined so that argt takes value from 0 to 27 on S(e;0), and

arg(l —¢) from 0 to 2m on S(1 —e€;1).
a
8
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Example of regularization. T = C\{0, 1}, u(t) = t*(1 — t)”.

m = regm:{iS(e;O)—i—[e,l—e—éS(l—e;l)}
- C
1 0

Here d, = e(a) — 1, e(a) = exp(2my/—1a). The symbol S(a;z) stands for the posi-

1
tively oriented circle centered at the point z with starting and ending point a, € is a

Y

|

0

small positive number and the argument of each factor of u(¢) on the oriented circle
S(e;0) or S(1 —e€;1) is defined so that argt takes value from 0 to 27 on S(e;0), and
arg(l —t) from 0 to 27 on S(1 —€;1).

a
@

Examples of intersection numbers.

(0,1} (0,1 :—di—1+;—51 (0,1) reg (0,1)
oo (TN
dadﬁ 8(04)8(5), 0 1
where s(a) = sin(ma) (a) (8)
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Examples of intersection numbers.
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Connection coefficients

1 0
D7(H)-1 = Z Cj Dg(‘ g

1<j<n+1
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Connection coefficients

1 0
D7(H)-1 = Z Cj Dg(‘ g

1<j<n 4
n=1
0 1 0
p” o’ Dy DO PO _
N —_ 1 eD;7 =0
° 0, O
00 0 2 1 00 Dy " eD;7 =0
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Connection coefficients

1 0
Dly= Y DY

1<j<n+1
n=1
pO®  pm®  po
0—10.....?...-02— DgO).DéO):O
0)

o0 0 z 1 00 Dgo) ° D§ =0

n=2
tl - 0 tl =1
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D e DJ(.O) = 0;; (E)n H sin(B8s — B5)

2 <sSmin sin(fBs — as) sin(as — G;)

s#i
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D{” ¢ D'V = g, (E)n 11 e sin(8s — 5;)

2 1<s<n+1 s — ) sin(as — B;)
s#j
DY o DO — <_V—1) | (e —
n+ J 2 <5t sin(fs — as)

s#i

where 3,41 = 1.
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D{” ¢ D'V = g, (E)n 11 e sin(8s — 5;)

2 1<s<n+1 s Oés) Sin(as — ﬂj)
s#£j
/=1 n 1
Dv(mlﬁ)—l e DWW — (] H B
’ 2 Sln(ﬁs - as)
1<s<n+1

S#jJ
where Bn—l—l =1.

== Dq(11421 o DJ(-O) . sin(as — f35)

Ci— — 2 I o snlas = )

] DJ('O) d D](O) 1_S;j+ sin(Bs — ;)
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Lemma 3. Fori,j such that1 <i,j5<n+1, ifo; —5; ¢ Z and B; — B ¢ Z (i # j)

, then we have

n+1

pW — s(as = B5) o)
SRS N
i
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Lemma 3. Fori,j such that1 <i,5 <n+1, ifo; —5; ¢ Z and f;

, then we have

PO, = ’il [[ a8, po
" J=11<s<n+1 s(Bs — B;) ’
-y

Therefore, we get

SURENC ST SO FONEPAREE)

n+1 n+1 '
—D;$1+z¢—e(zﬁs zas> A =

1=1 1<s<n+1
$#1
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7)

X D(O).
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Theorem. Suppose that

E="(s(f1— o) ' D1,s(B2 — 2) ' Da,...,5(Bns1 — On+1)” Dng1).

Then
HE=p)E (i=1,2),
where
[ e(—28,) 0 0 0 0]
0 e(—2Bn-1) 0 0 0
0 0 €(—25n_2)
p(v0) =
0 0
0 0 0 e(—261) O
0 0 0 0 1
and
F 1

n n+1 1
_ o , Zlgsgn—f—l s(B1 — as)
ply)=1-— 2\/—_16(i_z1 Bi ; a;) f S coenii 5B = )

s#1

Z1§s§n+1 s(Bn — as) Zl§s§n+1 $(Bn+1 — as)

Y ZISSSH-H S(Bn - ﬁs) ’ ZISSSR-I-I S(Bn—&-l - Bs)

s#n s#n—+1
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Theorem. Suppose that

E="(s(f1— o) ' D1,s(B2 — 2) ' Da,...,5(Bns1 — On+1)” Dng1).

Then
YE=p()E (1=1,2),
where
p(v0) = diag( e(—=28,), e(—26n-1), .-, e(=261), 1)
and
Bh
n n+1 1
. — o _ Zlgsgn_H 3(51 - as)
P =1 2\/_16(; 8 ; ) || Zrsssntas(Br—Bs)
s#1
- 1 -
Z1§s§n+1 $(Bn — ) 21§s§n+1 $(Bn+1 — as)
Y Y 1<s<n+18(Bn — Bs) 7 Yo1<s<n+1 8(Bnt1 — Bs)
s#n s#n+1
(6n+1 - 1)
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t2 — tl =0 (/\12)
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Dj={0<t;j<- <t <z 1<ty <-<tj_3 <oo}

Proposition 1. Fork=0,1 and 1 <j <n+ 1, we have

n+1
* k
’Vk:(Dj) = Z Dimgj)a
=1

where
(0 L 1<j<i<n+1,
(0) 6(22?:1‘/“) 1§i:j§n7
m;; =
1 o i=7=n+1,
i—j —1 j—1 . .
((=1)" je(Zizi e + Zi:i_q_l At + 22?:;‘ pe)e(N;)) ... 1<i<j<mn+1,
and
(0 L 1<ji<i<n+1,
Ll < g =1L
o )! 1<j=i<n,
/l:j o n . .
e(ZZt:O)\t,tH) e ] :Z:n+1,
(=)™ e (3010 v, e ) (e i;é A1) .. i=n+1,1<j<mn,

with MUt = )\t + )\t,t—l—l'
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Connection formulas

@) n+1 F(l + 22:1 Bs — 22111 as) Hlﬁsgém—l F(ﬂj - 63) ©)
fn—H(Z) N Z H HlSsSn—H F(ﬁj — o) ) fj ).

J=1 s#i

where f(9(z) = 218 (1 + 0(2)), £, (2) = (1 = 2) = BZi o (1 4+ O(1 — 2)).
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New title: Monodromy representations associated with the generalized hypergeo-
metric function ,,41F),

Abstract: We denote by ,41F, the ordinary differential equation satisfied by the
generalized hypergeometric function ,41F,. The equation ,41F, is of rank n + 1
with regular singular points 0,1 and oco. Let = be a fundamental set of solutions of
n+1Fn. Let v0,71 be the generators of the fundamental group m (C\{0, 1}), where 7
is the path encircling the point 0 with counterclockwise direction and g is the path
encircling the point 1 with counterclockwise direction. The action of m(C\{0,1})
on the sheaf of the solution space of ,,11F, is the monodromy representation on
the solution space of ,11F,. Our concern is such a representation with respect to
=. Indeed, choose a set = on which 7y acts diagonally, and determine the matrix
elements of the action of 7. The purpose of the present talk is to solve this problem,
especially from the view point of integrals of multivalued functions, or the twisted
homology theory. A connection relation obtained by using the intersection numbers
of the twisted cycles play a crucial role on the way. If we have enough time, we would
discuss another realization of the monodromy representation on the solution space of
w1 En.

On the other hand,

/(0) UD(O) (t) dtl B dtn = H B(as - 51 + l,ﬁs - Oés) X fi(O)(Z)7
D

i 1<s<n+1
sF#£1
t)dt dt
/Df:;l o, () dh - i
= H B(B1+ -+ 8s —a1 — - — s, Bsp1 — asq1) ¥ fé?l(z)-

For u(t) = [[, fi(t)*, up(t) = [1,(e fi(t))", where ¢, = £ is determined so that
€; fz(t) > (0on D.
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Proposition 3.1. (1) For a fized i such that 1 <i<n+1, if Re(as—F; +1) >0
and Re (Bs —as) >0 for 1 <s<n-+1 with s #1i, and |z| < 1, we have

/ o U (0 (t)dty - -- dty,
D;

7

1—1

i— i_l s —Ps s s_1
N /O<ti<~..<tn<z (tio1 — ;)P H {t? e (g — by g)Peme }
1<t1 < <tj—1<00 s=1

n
% H { t?s+1fﬁs (ts—|—1 _ ts)5s+1*a.s+1*1} dtl e dtn

s=1

0

= I Bla.-8i+1.8-a) ),

1<s<n+1

sH£1

where tg = 1,tp+1 = 2, Bn41 = 1, and

OE S

ay— B+ 1, ag— B +1, ... ... ... ant1 —Bi +1
X nt1bn — A
Bi—Bi+1, ..., Bi—=Bi+1, ..., Bp1 = Bi+1
(2) If Re(B1+ -+ Ps—a1 —--—as) >0 for1 <s<n, Re(Bs —as) >0 for

1<s<n+1, and |l — z| < 1, we have

n n+1
/ H t?s+1—ﬁs H(ts—l _ ts)ﬂs—as—l dty--- dt,
2<tn<--<t1<1 gy

s=1

[T B+ e — o1 o= s — ) £ ),

=1

V)

where tg = 1,tp+1 = 2, Bn41 = 1, and
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f(l) (Z) = (1 — Z)61+"'+Bn7a17‘“*an+1

% | Z H (Bs Oés+1 f[l Zk_l — k) )iy oot (1 — z)fttin,

B — ak))iy+otis

kokokokokkkok
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The genericity condition for the exponents A\; and A\;_; is:
Aty_i=ti> No=ty=tppi=-—=tys Mpy=ty 1= =ty=co ¢ L,
forl<i<n+1land 1l <p<q<n, where

/\ti_lzti = )\1—1,1 )

q q
Ao=ty=ty 1= =ty ‘= E As + E As—1,s 5
s=p s=p+1

q+1

q
)\tp:tp+1:--~:tq:oo == § )\s - E )\s—l,s .
s=p s=p

and
)\ti_lzti = /82 — O — 1 )
AO=ty =ty 1= =ty = Qg1 — By —(q—p),

Atp:tp+1:~~~:tq:oo = Qp — ﬁq—l—l + 2+ q—0p.
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