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The generalized HGF

n+1Fn

(
α1, α2, . . . , αn+1

β1, . . . . . . , βn

; z

)
=

∞∑
k=0

(α1)k(α2)k · · · (αn+1)k
(β1)k · · · · · · (βn)k k!

zk, |z| < 1,

where (a)k = a(a+ 1) · · · (a+ k − 1).
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The generalized HGF

n+1Fn

(
α1, α2, . . . , αn+1

β1, . . . . . . , βn

; z

)
=

∞∑
k=0

(α1)k(α2)k · · · (αn+1)k
(β1)k · · · · · · (βn)k k!

zk, |z| < 1,

where (a)k = a(a+ 1) · · · (a+ k − 1).

The differential equation n+1En:

{
θz

{ ∏
1≤i≤n

(θz + βi − 1)
}
− z
{ ∏
1≤i≤n+1

(θz + αi)
}}

F = 0,

where θz = zd/dz.
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Characteristic exponents of n+1En:

0, 1− β1, 1− β2, . . . , 1− βn at z = 0,

0, 1, . . . , n− 1,
n∑

i=1

βi −
n+1∑
i=1

αi at z = 1,

α1, α2, . . . , αn+1 at z = ∞.
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Monodromy representation

0 1
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Monodromy representation

0

z0

1
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Monodromy representation

0

z0

1

γ0
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Monodromy representation

0

z0

1

γ1
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Monodromy representation

0

z0

1

γ1γ0
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Integral representations of the solutions∫
D

uD(t)dt1 · · · dtm
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Integral representations of the solutions∫
D

uD(t)dt1 · · · dtm

For u(t) =
∏

i fi(t)
µi , uD(t) =

∏
i(ϵi fi(t))

µi , where ϵi = ± is determined so that

ϵi fi(t) > 0 on D.
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Integral representations of the solutions∫
D

uD(t)dt1 · · · dtm

For u(t) =
∏

i fi(t)
µi , uD(t) =

∏
i(ϵi fi(t))

µi , where ϵi = ± is determined so that

ϵi fi(t) > 0 on D.

u(t) =
n∏

i=1

tλi
i

n+1∏
i=1

(ti−1 − ti)
λi−1,i

with

λi = αi+1 − βi λi−1,i = βi − αi − 1, t0 = 1, tn+1 = z, βn+1 = 1.
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Integral representations of the solutions∫
D

uD(t)dt1 · · · dtm

For u(t) =
∏

i fi(t)
µi , uD(t) =

∏
i(ϵi fi(t))

µi , where ϵi = ± is determined so that

ϵi fi(t) > 0 on D.

u(t) =
n∏

i=1

tλi
i

n+1∏
i=1

(ti−1 − ti)
λi−1,i

with

λi = αi+1 − βi λi−1,i = βi − αi − 1, t0 = 1, tn+1 = z, βn+1 = 1

on
Tz = Cn\ ∪n

i=1 { ti = 0 } ∪ ∪n+1
i=1 { ti−1 − ti = 0 }.
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D
(0)
j+1 =

(
0 < tj+1 < · · · < tn < z

1 < t1 < · · · < tj < ∞

)
, j = 0, 1, . . . , n.
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For

D
(0)
j+1 =

(
0 < tj+1 < · · · < tn < z

1 < t1 < · · · < tj < ∞

)
, j = 0, 1, . . . , n,

we have

Ij+1(z) =

∫
D

(0)
j+1

u
D

(0)
j+1

(t) dt1 · · · dtn

=
∏

1≤s≤n+1
s ̸=j+1

B(αs − βi + 1, βs − αs)× z1−βj+1(1 +O(z)).
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γ0(D
(0)
j+1) = e(−2βn−j)D

(0)
j+1, j = 0, 1, . . . , n.
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γ0(D
(0)
j+1) = e(−2βn−j)D

(0)
j+1, j = 0, 1, . . . , n,

where e(A) = exp(π
√
−1A).
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γ0 acts diagonally
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γ0 acts diagonally

γ0(D
(0)
j+1) = e(−2βn−j)D

(0)
j+1, j = 0, 1, . . . , n.
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γ0 acts diagonally

γ0(D
(0)
j+1) = e(−2βn−j)D

(0)
j+1, j = 0, 1, . . . , n.

What is the action of γ1?
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γ0 acts diagonally

γ0(D
(0)
j+1) = e(−2βn−j)D

(0)
j+1, j = 0, 1, . . . , n.

What is the action of γ1?

γ1

(
0 < tj+1 < · · · < tn < z

1 < t1 < · · · < tj < ∞

)
=?
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In what follows we assume that

βi − βj /∈ Z, 1 ≤ i ≤ j ≤ n+ 1, and βn+1 = 1.
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In what follows we assume that

βi − βj /∈ Z, 1 ≤ i ≤ j ≤ n+ 1, and βn+1 = 1,

and moreover,

αi − βj /∈ Z, 1 ≤ i, j ≤ n+ 1.
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D
(0)
j+1 =

(
0 < tj+1 < · · · < tn < z

1 < t1 < · · · < tj < ∞

)
, j = 0, 1, . . . , n,
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D
(0)
j+1 =

(
0 < tj+1 < · · · < tn < z

1 < t1 < · · · < tj < ∞

)
, j = 0, 1, . . . , n,

Case n = 1:
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D
(0)
j+1 =

(
0 < tj+1 < · · · < tn < z

1 < t1 < · · · < tj < ∞

)
, j = 0, 1, . . . , n,

Case n = 1:

γ∗
1(D

(0)
1 ) = γ∗

1

 0 z 1

 .
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D
(0)
j+1 =

(
0 < tj+1 < · · · < tn < z

1 < t1 < · · · < tj < ∞

)
, j = 0, 1, . . . , n,

Case n = 1:

γ∗
1(D

(0)
1 ) = γ∗

1

 0 z 1

 =

{
0 z 1

}
.

29



D
(0)
j+1 =

(
0 < tj+1 < · · · < tn < z

1 < t1 < · · · < tj < ∞

)
, j = 0, 1, . . . , n,

Case n = 1:

γ∗
1(D

(0)
1 ) = γ∗

1

 0 z 1

 =

{
0 z 1

}
.

Here and in what follows, the vertical arrow in each picture indicates the point at

which the argument of each factor of the integrand is fixed to be zero, while we omit

to write such an arrow when the chain in the picture is an interval of TR.
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D
(0)
j+1 =

(
0 < tj+1 < · · · < tn < z

1 < t1 < · · · < tj < ∞

)
, j = 0, 1, . . . , n,

Case n = 1:

γ∗
1 (D

(0)
1 ) = γ∗

1

 0 z 1

 =

{
0 z 1

}

=


0 z 1

 .
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D
(0)
j+1 =

(
0 < tj+1 < · · · < tn < z

1 < t1 < · · · < tj < ∞

)
, j = 0, 1, . . . , n,

Case n = 1:

γ∗
1(D

(0)
1 ) = γ∗

1

 0 z 1

 =

{
0 z 1

}

=


0 z 1

 = D
(0)
1 + e(λ12)(1− e(2λ01))(z < t1 < 1).
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D
(0)
j+1 =

(
0 < tj+1 < · · · < tn < z

1 < t1 < · · · < tj < ∞

)
, j = 0, 1, . . . , n,

Case n = 1:

γ∗
1(D

(0)
1 ) = γ∗

1

 0 z 1

 =

{
0 z 1

}

=


0 z 1

 = D
(0)
1 + e(λ12)(1− e(2λ01))(z < t1 < 1).

Lemma 1.

γ∗
1 (D

(0)
1 ) = D

(0)
1

+ (−)n−1(1− e(2λ01))e(λ12 + λ23 + · · ·+ λn,n+1)(z < tn < · · · < t1 < 1).
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D
(0)
j+1 =

(
0 < tj+1 < · · · < tn < z

1 < t1 < · · · < tj < ∞

)
, j = 0, 1, . . . , n,

Lemma 1.

γ∗
1 (D

(0)
1 ) = D

(0)
1

+ (−)n−1(1− e(2λ01))e(λ12 + λ23 + · · ·+ λn,n+1)(z < tn < · · · < t1 < 1).
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D
(0)
j+1 =

(
0 < tj+1 < · · · < tn < z

1 < t1 < · · · < tj < ∞

)
, j = 0, 1, . . . , n,

Lemma 1.

γ∗
1 (D

(0)
1 ) = D

(0)
1

+ (−)n−1(1− e(2λ01))e(λ12 + λ23 + · · ·+ λn,n+1)(z < tn < · · · < t1 < 1).

Proof.
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D
(0)
j+1 =

(
0 < tj+1 < · · · < tn < z

1 < t1 < · · · < tj < ∞

)
, j = 0, 1, . . . , n,

Lemma 1.

γ∗
1 (D

(0)
1 ) = D

(0)
1

+ (−)n−1(1− e(2λ01))e(λ12 + λ23 + · · ·+ λn,n+1)(z < tn < · · · < t1 < 1).

Proof. Induction implies the assertion.
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D
(0)
j+1 =

(
0 < tj+1 < · · · < tn < z

1 < t1 < · · · < tj < ∞

)
, j = 0, 1, . . . , n,

Lemma 1.

γ∗
1 (D

(0)
1 ) = D

(0)
1

+ (−)n−1(1− e(2λ01))e(λ12 + λ23 + · · ·+ λn,n+1)(z < tn < · · · < t1 < 1).

Proof. Induction implies the assertion. (1) The case n = 1 is proved above.
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D
(0)
j+1 =

(
0 < tj+1 < · · · < tn < z

1 < t1 < · · · < tj < ∞

)
, j = 0, 1, . . . , n,

Lemma 1.

γ∗
1 (D

(0)
1 ) = D

(0)
1

+ (−)n−1(1− e(2λ01))e(λ12 + λ23 + · · ·+ λn,n+1)(z < tn < · · · < t1 < 1).

Proof. Induction implies the assertion. (1) The case n = 1 is proved above. (2)

Suppose the case n− 1.
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D
(0)
j+1 =

(
0 < tj+1 < · · · < tn < z

1 < t1 < · · · < tj < ∞

)
, j = 0, 1, . . . , n,

Lemma 1.

γ∗
1 (D

(0)
1 ) = D

(0)
1

+ (−)n−1(1− e(2λ01))e(λ12 + λ23 + · · ·+ λn,n+1)(z < tn < · · · < t1 < 1).

Proof. Induction implies the assertion. (1) The case n = 1 is proved above. (2)

Suppose the case n− 1.

γ∗
1(D

(0)
1 ) = γ∗

1(0 < t1 < · · · < tn < z).
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D
(0)
j+1 =

(
0 < tj+1 < · · · < tn < z

1 < t1 < · · · < tj < ∞

)
, j = 0, 1, . . . , n,

Lemma 1.

γ∗
1 (D

(0)
1 ) = D

(0)
1

+ (−)n−1(1− e(2λ01))e(λ12 + λ23 + · · ·+ λn,n+1)(z < tn < · · · < t1 < 1).

Proof. Induction implies the assertion. (1) The case n = 1 is proved above. (2)

Suppose the case n− 1.

γ∗
1 (D

(0)
1 ) = γ∗

1(0 < t1 < · · · < tn < z)

=

 0 z 1

t1 tnt2


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D
(0)
j+1 =

(
0 < tj+1 < · · · < tn < z

1 < t1 < · · · < tj < ∞

)
, j = 0, 1, . . . , n,

Lemma 1.

γ∗
1 (D

(0)
1 ) = D

(0)
1

+ (−)n−1(1− e(2λ01))e(λ12 + λ23 + · · ·+ λn,n+1)(z < tn < · · · < t1 < 1).

Proof. Induction implies the assertion. (1) The case n = 1 is proved above. (2)

Suppose the case n− 1.

γ∗
1 (D

(0)
1 ) = γ∗

1(0 < t1 < · · · < tn < z)

=

 0 z 1

t1 tnt2



=


0 z 1

t1
tn

tn−1

t2


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γ∗
1 (D

(0)
1 ) = γ∗

1(0 < t1 < · · · < tn < z)

=


0 z 1

t1
tn

tn−1

t2


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γ∗
1 (D

(0)
1 ) = γ∗

1(0 < t1 < · · · < tn < z)

=


0 z 1

t1
tn

tn−1

t2



=

 0 z 1

tn-space



0 z 1

t1 tn
tn−1

t2


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=

 0 z 1

tn-space



0 z 1

t1 tn
tn−1

t2


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=

 0 z 1

tn-space



0 z 1

t1 tn
tn−1

t2


=

 0 z 1

tn-space

{

0 z 1

t1

tn

tn−1

}

+ e(λn,n+1)

 0 z 1

tn-space



0 z 1

t1
tn

tn−1t2



+ e(λn,n+1)

 0 z 1

tn-space



0 z 1

t1 tn

tn−1

t2


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=

 0 z 1

tn-space

{

0 z 1

t1

tn

tn−1

}

+ e(λn,n+1)

 0 z 1

tn-space



0 z 1

t1
tn

tn−1t2



+ e(λn,n+1)

 0 z 1

tn-space



0 z 1

t1 tn

tn−1

t2


= D

(0)
1 + e(λn,n+1)

[ 0 z 1

tn-space
× (0 < t1 < · · · < tn−1 < tn)

+

 0 z 1

tn-space



0 z 1

t1 tn

tn−1

t2


]
.
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= D
(0)
1 + e(λn,n+1)

[ 0 z 1

tn-space
× (0 < t1 < · · · < tn−1 < tn)

+

 0 z 1

tn-space



0 z 1

t1 tn

tn−1

t2


]
.
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= D
(0)
1 + e(λn,n+1)

[ 0 z 1

tn-space
× (0 < t1 < · · · < tn−1 < tn)

+

 0 z 1

tn-space



0 z 1

t1 tn

tn−1

t2


]
.

The assumption implies
0 z 1

t1 tn

tn−1

t2

 = (0 < t1 < · · · < tn−1 < tn)

+ (−1)n−2(1− e(2λ01))e(λ12 + · · ·+ λn−1,n)(tn < tn−1 < · · · < t1 < 1)
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= D
(0)
1 + e(λn,n+1)

[ 0 z 1

tn-space
× (0 < t1 < · · · < tn−1 < tn)

+

 0 z 1

tn-space



0 z 1

t1 tn

tn−1

t2


]
.

The assumption implies
0 z 1

t1 tn

tn−1

t2

 = (0 < t1 < · · · < tn−1 < tn)

+ (−1)n−2(1− e(2λ01))e(λ12 + · · ·+ λn−1,n)(tn < tn−1 < · · · < t1 < 1).

Hence, we have

γ∗
1 (D

(0)
1 ) = D

(0)
1

+ (−)n−1(1− e(2λ01))e(λ12 + λ23 + · · ·+ λn,n+1)(z < tn < · · · < t1 < 1).
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= D
(0)
1 + e(λn,n+1)

[ 0 z 1

tn-space
× (0 < t1 < · · · < tn−1 < tn)

+

 0 z 1

tn-space



0 z 1

t1 tn

tn−1

t2


]
.

The assumption implies
0 z 1

t1 tn

tn−1

t2

 = (0 < t1 < · · · < tn−1 < tn)

+ (−1)n−2(1− e(2λ01))e(λ12 + · · ·+ λn−1,n)(tn < tn−1 < · · · < t1 < 1).

Hence, we have

γ∗
1 (D

(0)
1 ) = D

(0)
1

+ (−)n−1(1− e(2λ01))e(λ12 + λ23 + · · ·+ λn,n+1)(z < tn < · · · < t1 < 1).

□
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Lemma 2.

γ1(D
(0)
j+1) = D

(0)
j+1

+ (−)n−1e(
∑

1≤s≤n+1

s̸=j+1

λs−1,s)(1− e(2λj,j+1)) (z < tn < · · · < t1 < 1).
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Lemma 2.

γ1(D
(0)
j+1) = D

(0)
j+1

+ (−)n−1e(
∑

1≤s≤n+1

s̸=j+1

λs−1,s)(1− e(2λj,j+1)) (z < tn < · · · < t1 < 1).

Proof.

52



Lemma 2.

γ1(D
(0)
j+1) = D

(0)
j+1

+ (−)n−1e(
∑

1≤s≤n+1

s̸=j+1

λs−1,s)(1− e(2λj,j+1)) (z < tn < · · · < t1 < 1).

Proof. Induction on j implies the assertion.
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Lemma 2.

γ1(D
(0)
j+1) = D

(0)
j+1

+ (−)n−1e(
∑

1≤s≤n+1

s̸=j+1

λs−1,s)(1− e(2λj,j+1)) (z < tn < · · · < t1 < 1).

Proof. Induction on j implies the assertion. (1) The case j = 0 is just Lemma 1.
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Lemma 2.

γ1(D
(0)
j+1) = D

(0)
j+1

+ (−)n−1e(
∑

1≤s≤n+1

s̸=j+1

λs−1,s)(1− e(2λj,j+1)) (z < tn < · · · < t1 < 1).

Proof. Induction on j implies the assertion. (1) The case j = 0 is just Lemma 1. (2)

Suppose the case j − 1.
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Lemma 2.

γ1(D
(0)
j+1) = D

(0)
j+1

+ (−)n−1e(
∑

1≤s≤n+1

s̸=j+1

λs−1,s)(1− e(2λj,j+1)) (z < tn < · · · < t1 < 1).

Proof. Induction on j implies the assertion. (1) The case j = 0 is just Lemma 1. (2)

Suppose the case j − 1.

γ∗
1 (D

(0)
j+1) = γ∗

1

(
0 < tj+1 < · · · < tn < z

1 < t1 < · · · < tj < ∞

)
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Lemma 2.

γ1(D
(0)
j+1) = D

(0)
j+1

+ (−)n−1e(
∑

1≤s≤n+1

s̸=j+1

λs−1,s)(1− e(2λj,j+1)) (z < tn < · · · < t1 < 1).

Proof. Induction on j implies the assertion. (1) The case j = 0 is just Lemma 1. (2)

Suppose the case j − 1.

γ∗
1 (D

(0)
j+1) = γ∗

1

(
0 < tj+1 < · · · < tn < z

1 < t1 < · · · < tj < ∞

)

=

 1z ∞0

tj+1

tn

t1
tj


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Lemma 2.

γ1(D
(0)
j+1) = D

(0)
j+1

+ (−)n−1e(
∑

1≤s≤n+1

s̸=j+1

λs−1,s)(1− e(2λj,j+1)) (z < tn < · · · < t1 < 1).

Proof. Induction on j implies the assertion. (1) The case j = 0 is just Lemma 1. (2)

Suppose the case j − 1.

γ∗
1 (D

(0)
j+1) = γ∗

1

(
0 < tj+1 < · · · < tn < z

1 < t1 < · · · < tj < ∞

)

=

 1z ∞0

tj+1

tn

t1
tj


=

 1z ∞0

t1-space


×

 z ∞0

tj+1

tn

t2
tj

t1

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=

 1z ∞0

tj+1

tn

t1
tj


=

 1z ∞0

t1-space


×

 z ∞0

tj+1

tn

t2
tj

t1

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=

 1z ∞0

t1-space


×

 z ∞0

tj+1

tn

t2
tj

t1

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=

 1z ∞0

t1-space


×

 z ∞0

tj+1

tn

t2
tj

t1


= D
(0)
j+1 + e(λ01)

×

[ 1z

t1-space

 z ∞0

tj+1 tn

t2
tj

t1 1



+

 1z

t1-space

 t1z ∞0

tj+1

tn

t2
tj


]
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= D
(0)
j+1 + e(λ01)

×

[ 1z

t1-space

 z ∞0

tj+1 tn

t2
tj

t1 1



+

 1z

t1-space

 t1z ∞0

tj+1

tn

t2
tj


]
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= D
(0)
j+1 + e(λ01)

×

[ 1z

t1-space

 z ∞0

tj+1 tn

t2
tj

t1 1



+

 1z

t1-space

 t1z ∞0

tj+1

tn

t2
tj


]

= D
(0)
j+1 + e(λ01)

×

[ 1z

t1-space

(

0 < tj+1 < · · · < tn < z

t1 < · · · < tj < ∞

)

+

 1z

t1-space

 t1z ∞0

tj+1

tn

t2
tj


]
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= D
(0)
j+1 + e(λ01)

×

[ 1z

t1-space

(

0 < tj+1 < · · · < tn < z

t1 < · · · < tj < ∞

)

+

 1z

t1-space

 t1z ∞0

tj+1

tn

t2
tj


]
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= D
(0)
j+1 + e(λ01)

×

[ 1z

t1-space

(

0 < tj+1 < · · · < tn < z

t1 < · · · < tj < ∞

)

+

 1z

t1-space

 t1z ∞0

tj+1

tn

t2
tj


]

The assumption implies

 t1z ∞0

tj+1

tn

t2
tj

 =

(
0 < tj+1 < · · · < tn < z

t1 < · · · < tj < ∞

)

+ (−)n−2e(
∑

2≤s≤n+1

s̸=j+1

λs−1,s)(1− e(2λj,j+1)) (z < tn < · · · < t2 < t1).
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= D
(0)
j+1 + e(λ01)

×

[ 1z

t1-space

(

0 < tj+1 < · · · < tn < z

t1 < · · · < tj < ∞

)

+

 1z

t1-space

 t1z ∞0

tj+1

tn

t2
tj


]

The assumption implies

 t1z ∞0

tj+1

tn

t2
tj

 =

(
0 < tj+1 < · · · < tn < z

t1 < · · · < tj < ∞

)

+ (−)n−2e(
∑

2≤s≤n+1

s̸=j+1

λs−1,s)(1− e(2λj,j+1)) (z < tn < · · · < t2 < t1).

Hence we have

γ1(D
(0)
j+1) = D

(0)
j+1

+ (−)n−1e

( ∑
1≤s≤n+1

s̸=j+1

λs−1,s

)
(1− e(2λj,j+1)) (z < tn < · · · < t1 < 1).
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= D
(0)
j+1 + e(λ01)

×

[ 1z

t1-space

(

0 < tj+1 < · · · < tn < z

t1 < · · · < tj < ∞

)

+

 1z

t1-space

 t1z ∞0

tj+1

tn

t2
tj


]

The assumption implies

 t1z ∞0

tj+1

tn

t2
tj

 =

(
0 < tj+1 < · · · < tn < z

t1 < · · · < tj < ∞

)

+ (−)n−2e(
∑

2≤s≤n+1

s̸=j+1

λs−1,s)(1− e(2λj,j+1)) (z < tn < · · · < t2 < t1).

Hence we have

γ1(D
(0)
j+1) = D

(0)
j+1

+ (−)n−1e

( ∑
1≤s≤n+1

s̸=j+1

λs−1,s

)
(1− e(2λj,j+1)) (z < tn < · · · < t1 < 1).

□
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γ1(D
(0)
j+1) = D

(0)
j+1

+ (−)n−1e

( ∑
1≤s≤n+1

s̸=j+1

λs−1,s

)
(1− e(2λj,j+1)) (z < tn < · · · < t1 < 1).
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γ1(D
(0)
j+1) = D

(0)
j+1

+ (−)n−1e

( ∑
1≤s≤n+1

s̸=j+1

λs−1,s

)
(1− e(2λj,j+1)) (z < tn < · · · < t1 < 1).
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γ1(D
(0)
j+1) = D

(0)
j+1

+ (−)n−1e

( ∑
1≤s≤n+1

s̸=j+1

λs−1,s

)
(1− e(2λj,j+1)) (z < tn < · · · < t1 < 1)

= D
(0)
j+1

+ 2
√
−1e

(
n∑

s=1

βs −
n+1∑
s=1

αs

)
s(αj+1 − βj+1) (z < tn < · · · < t1 < 1),

where s(A) = sin(πA).
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γ1(D
(0)
j+1) = D

(0)
j+1

+ (−)n−1e

( ∑
1≤s≤n+1

s̸=j+1

λs−1,s

)
(1− e(2λj,j+1)) (z < tn < · · · < t1 < 1)

= D
(0)
j+1

+ 2
√
−1e

(
n∑

s=1

βs −
n+1∑
s=1

αs

)
s(αj+1 − βj+1) (z < tn < · · · < t1 < 1),

where s(A) = sin(πA).

(z < tn < · · · < t1 < 1) =
n+1∑
i=1

ciD
(0)
i ?
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Twisted homology group H lf
n (T,L) and Hn(T,L)

H lf
n (T,L) or Hn(T,L), where L is determined by

u(t) =
n∏

i=1

t
αi+1−βi

i

n+1∏
i=1

(ti − ti−1)
βi−αi−1, （βn+1 = 1, t0 = 1, tn+1 = z）
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Twisted homology group H lf
n (T,L) and Hn(T,L)

H lf
n (T,L) or Hn(T,L), where L is determined by

u(t) =
n∏

i=1

t
αi+1−βi

i

n+1∏
i=1

(ti − ti−1)
βi−αi−1, （βn+1 = 1, t0 = 1, tn+1 = z）,

on

T = Cn\ ∪n
i=1 { ti = 0 } ∪ ∪n+1

i=1 { ti − ti−1 = 0 }.
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Twisted homology group H lf
n (T,L) and Hn(T,L)

H lf
n (T,L) or Hn(T,L), where L is determined by

u(t) =
n∏

i=1

t
αi+1−βi

i

n+1∏
i=1

(ti − ti−1)
βi−αi−1, （βn+1 = 1, t0 = 1, tn+1 = z）,

on

T = Cn\ ∪n
i=1 { ti = 0 } ∪ ∪n+1

i=1 { ti − ti−1 = 0 }.

At first, fix z to be 0 < z < 1.

n = 1

0 z 1 ∞∞
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n = 1

0 z 1 ∞∞
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n = 1

0 z 1 ∞∞

n = 2

t1 = 0 t1 = 1

t2 = 0

t2 − t1 = 0

t2 = z
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Basis of H lf
n (T,L):
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Basis of H lf
n (T,L):{
D

(0)
1 , D

(0)
2 , . . . , D

(0)
n+1

∣∣∣∣ D(0)
j+1 =

(
0 < tj+1 < · · · < tn < z

1 < t1 < · · · < tj < ∞

)}
,
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Basis of H lf
n (T,L):{
D

(0)
1 , D

(0)
2 , . . . , D

(0)
n+1

∣∣∣∣ D(0)
j+1 =

(
0 < tj+1 < · · · < tn < z

1 < t1 < · · · < tj < ∞

)}
,

n = 1

0 z 1 ∞∞

D
(0)
1 D

(0)
2
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Basis of H lf
n (T,L):{
D

(0)
1 , D

(0)
2 , . . . , D

(0)
n+1

∣∣∣∣ D(0)
j+1 =

(
0 < tj+1 < · · · < tn < z

1 < t1 < · · · < tj < ∞

)}
,

n = 1

0 z 1 ∞∞

D
(0)
1 D

(0)
2

n = 2

D
(0)
3

D
(0)
2

D
(0)
1

t1 = 0 t1 = 1

t2 = 0

t2 = z

t2 − t1 = 0

(λ1) (λ01)

(λ2)

(λ23)

(λ12)
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Basis of H lf
n (T,L):{
D

(0)
1 , D

(0)
2 , . . . , D

(0)
n+1

∣∣∣∣ D(0)
j+1 =

(
0 < tj+1 < · · · < tn < z

1 < t1 < · · · < tj < ∞

)}
,

vs

(z < tn < · · · < t1 < 1).

n = 1

0 z 1 ∞∞

D
(0)
1 D

(0)
2

n = 2

D
(0)
3

D
(0)
2

D
(0)
1

t1 = 0 t1 = 1

t2 = 0

t2 = z

t2 − t1 = 0

(λ1) (λ01)

(λ2)

(λ23)

(λ12)
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Basis of H lf
n (T,L):{
D

(0)
1 , D

(0)
2 , . . . , D

(0)
n+1

∣∣∣∣ D(0)
j+1 =

(
0 < tj+1 < · · · < tn < z

1 < t1 < · · · < tj < ∞

)}
,

vs

D
(1)
n+1 = (z < tn < · · · < t1 < 1).

n = 1

0 z 1 ∞∞

D
(0)
1 D

(0)
2

n = 2

D
(0)
3

D
(0)
2

D
(0)
1

t1 = 0 t1 = 1

t2 = 0

t2 = z

t2 − t1 = 0

(λ1) (λ01)

(λ2)

(λ23)

(λ12)

82



Basis of H lf
n (T,L):{
D

(0)
1 , D

(0)
2 , . . . , D

(0)
n+1

∣∣∣∣ D(0)
j+1 =

(
0 < tj+1 < · · · < tn < z

1 < t1 < · · · < tj < ∞

)}
,

vs

D
(1)
n+1 = (z < tn < · · · < t1 < 1) .

n = 1

0 z 1 ∞∞

D
(1)
2D

(0)
1 D

(0)
2

n = 2

D
(0)
3

D
(0)
2

D
(1)
3

D
(0)
1

t1 = 0 t1 = 1

t2 = 0

t2 = z

t2 − t1 = 0

(λ1) (λ01)

(λ2)

(λ23)

(λ12)
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Basis of H lf
n (T,L):{
D

(0)
1 , D

(0)
2 , . . . , D

(0)
n+1

∣∣∣∣ D(0)
j+1 =

(
0 < tj+1 < · · · < tn < z

1 < t1 < · · · < tj < ∞

)}
,

vs

D
(1)
n+1 = (z < tn < · · · < t1 < 1) .

n = 1

0 z 1 ∞∞

D
(1)
2D

(0)
1 D

(0)
2

n = 2

D
(0)
3

D
(0)
2

D
(1)
3

D
(0)
1

t1 = 0 t1 = 1

t2 = 0

t2 = z

t2 − t1 = 0

(λ1) (λ01)

(λ2)

(λ23)

(λ12)

=⇒ ∃ cj such that

D
(1)
n+1 =

∑
1≤j≤n+1

cj D
(0)
j
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Intersection form (Intersection numbers)

The map
reg : H lf

m(T,L) −→ Hm(T,L)

is defined as an inverse of the natural map

ι : Hm(T,L) −→ H lf
m(T,L).

To define the intersection numbers for C,C ′ ∈ H lf
m(T,L), we first regularize one of

them, secondly compute the intersection number of the consequent cycles and finally

sum up them. Actually, the intersection form

⟨ , ⟩ : H lf
n (T,L)×H lf

n (T,L) −→ C

is the Hermitian form defined by

(C,C ′) 7−→ ⟨C,C ′⟩ =
∑
ρ, σ

aρ a′σ
∑

t∈ρ∩σ

It(ρ, σ)vρ(t)v′σ(t)/|u|2,

for C, C ′ ∈ H lf
m(T,L), if

reg C =
∑
ρ

aρ ρ⊗ vρ, C ′ =
∑
σ

a′σ σ ⊗ v′σ,

where aρ, a
′
σ ∈ C, ρ, σ:n-simplex, vρ, v′σ: a section of L on ρ, σ, −: the complex

conjugation, It(ρ, σ): the topological intersection number of ρ and σ at t.

The value ⟨C,C ′⟩ is called the intersection number of C and C ′ and written also by

C • C ′
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Example of regularization. T = C\{0, 1}, u(t) = tα(1− t)β .

−−−→
(0, 1) ⇒ reg

−−−→
(0, 1) =

{
1

dα
S(ϵ ; 0) +

−−−−−→
[ϵ, 1− ϵ]− 1

dβ
S(1− ϵ ; 1)

}

0 1

⇒

0 1

Here da = e(2a)− 1, e(a) = exp(π
√
−1a). The symbol S(a ; z) stands for the posi-

tively oriented circle centered at the point z with starting and ending point a, ϵ is a

small positive number and the argument of each factor of u(t) on the oriented circle

S(ϵ ; 0) or S(1− ϵ ; 1) is defined so that arg t takes value from 0 to 2π on S(ϵ ; 0), and

arg(1− t) from 0 to 2π on S(1− ϵ ; 1).

z

a
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Example of regularization. T = C\{0, 1}, u(t) = tα(1− t)β .

−−−→
(0, 1) ⇒ reg

−−−→
(0, 1) =

{
1

dα
S(ϵ ; 0) +

−−−−−→
[ϵ, 1− ϵ]− 1

dβ
S(1− ϵ ; 1)

}

0 1

⇒

0 1

Here da = e(a)− 1, e(a) = exp(2π
√
−1a). The symbol S(a ; z) stands for the posi-

tively oriented circle centered at the point z with starting and ending point a, ϵ is a

small positive number and the argument of each factor of u(t) on the oriented circle

S(ϵ ; 0) or S(1− ϵ ; 1) is defined so that arg t takes value from 0 to 2π on S(ϵ ; 0), and

arg(1− t) from 0 to 2π on S(1− ϵ ; 1).

z

a

Examples of intersection numbers.

−−−→
(0, 1) •

−−−→
(0, 1) = − 1

dα
− 1 +

−1

dβ

= −dα+β

dαdβ
= −s(α+ β)

s(α)s(β)
,

where s(a) = sin(πa)

0 1

(0, 1) reg (0, 1)

(α) (β)

−−−→
(0, 1) •

−−−−→
(1,∞) =

e(β)

e(2β)− 1
0 1 ∞

reg (0, 1) (1,∞)

1 + ϵ

(α) (β)
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Examples of intersection numbers.

−−−→
(0, 1) •

−−−→
(0, 1) = − 1

dα
− 1 +

−1

dβ

= −dα+β

dαdβ
= −s(α+ β)

s(α)s(β)
,

where s(a) = sin(πa)

0 1

(0, 1) reg (0, 1)

(α) (β)

−−−→
(0, 1) •

−−−−→
(1,∞) =

e(β)

e(2β)− 1
0 1 ∞

reg (0, 1) (1,∞)

1 + ϵ

(α) (β)
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Connection coefficients

D
(1)
n+1 =

∑
1≤j≤n+1

cj D
(0)
j .
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Connection coefficients

D
(1)
n+1 =

∑
1≤j≤n+1

cj D
(0)
j .

n = 1

0 z 1 ∞∞

D
(1)
2D

(0)
1 D

(0)
2

=⇒ D
(0)
1 •D(0)

2 = 0

D
(0)
2 •D(0)

1 = 0
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Connection coefficients

D
(1)
n+1 =

∑
1≤j≤n+1

cj D
(0)
j .

n = 1

0 z 1 ∞∞

D
(1)
2D

(0)
1 D

(0)
2

=⇒ D
(0)
1 •D(0)

2 = 0

D
(0)
2 •D(0)

1 = 0

n = 2

D
(0)
3

D
(0)
2

D
(1)
3

D
(0)
1

t1 = 0 t1 = 1

t2 = 0

t2 = z

t2 − t1 = 0

(λ1) (λ01)

(λ2)

(λ23)

(λ12)

=⇒ D
(0)
i •D(0)

j = 0

(i ̸= j)
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D
(0)
i •D(0)

j = δij

(√
−1

2

)n ∏
1≤s≤n+1

s̸=j

sin(βs − βj)

sin(βs − αs) sin(αs − βj)
,

92



D
(0)
i •D(0)

j = δij

(√
−1

2

)n ∏
1≤s≤n+1

s̸=j

sin(βs − βj)

sin(βs − αs) sin(αs − βj)
,

D
(1)
n+1 •D

(0)
j =

(√
−1

2

)n ∏
1≤s≤n+1

s ̸=j

1

sin(βs − αs)
,

where βn+1 = 1.
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D
(0)
i •D(0)

j = δij

(√
−1

2

)n ∏
1≤s≤n+1

s̸=j

sin(βs − βj)

sin(βs − αs) sin(αs − βj)
,

D
(1)
n+1 •D

(0)
j =

(√
−1

2

)n ∏
1≤s≤n+1

s ̸=j

1

sin(βs − αs)
,

where βn+1 = 1.

=⇒ cj =
D

(1)
n+1 •D

(0)
j

D
(0)
j •D(0)

j

=
∏

1≤s≤n+1

s̸=j

sin(αs − βj)

sin(βs − βj)
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Lemma 3. For i, j such that 1 ≤ i, j ≤ n+ 1, if αi − βj /∈ Z and βi − βj /∈ Z (i ̸= j)

, then we have

D
(1)
n+1 =

n+1∑
j=1

∏
1≤s≤n+1

s̸=j

s(αs − βj)

s(βs − βj)
×D

(0)
j .
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Lemma 3. For i, j such that 1 ≤ i, j ≤ n+ 1, if αi − βj /∈ Z and βi − βj /∈ Z (i ̸= j)

, then we have

D
(1)
n+1 =

n+1∑
j=1

∏
1≤s≤n+1

s̸=j

s(αs − βj)

s(βs − βj)
×D

(0)
j .

Therefore, we get

γ1(D
(0)
j+1)

= D
(0)
j+1 + 2

√
−1e

(
n∑

s=1

βs −
n+1∑
s=1

αs

)
s(αj+1 − βj+1)D

(1)
n+1

= D
(0)
j+1 + 2

√
−1e

(
n∑

s=1

βs −
n+1∑
s=1

αs

)
s(αj+1 − βj+1)

n+1∑
i=1

∏
1≤s≤n+1

s̸=i

s(αs − βi)

s(βs − βi)
×D

(0)
i .
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Theorem. Suppose that

Ξ = t(s(β1 − α1)
−1D1, s(β2 − α2)

−1D2, . . . , s(βn+1 − αn+1)
−1Dn+1).

Then

γ∗
i Ξ = ρ(γi)Ξ (i = 1, 2),

where

ρ(γ0) =



e(−2βn) 0 0 · · · 0 0

0 e(−2βn−1) 0 · · · 0 0

0 0 e(−2βn−2)
...

...

...
...

...
. . . 0 0

0 0 · · · 0 e(−2β1) 0

0 0 · · · 0 0 1


and

ρ(γ1) = I − 2
√
−1 e(

n∑
i=1

βi −
n+1∑
i=1

αi)


1

1

...

1


 ∑1≤s≤n+1 s(β1 − αs)∑

1≤s≤n+1

s̸=1

s(β1 − βs)
,

. . . ,

∑
1≤s≤n+1 s(βn − αs)∑
1≤s≤n+1

s̸=n

s(βn − βs)
,

∑
1≤s≤n+1 s(βn+1 − αs)∑
1≤s≤n+1

s̸=n+1

s(βn+1 − βs)

 .
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Theorem. Suppose that

Ξ = t(s(β1 − α1)
−1D1, s(β2 − α2)

−1D2, . . . , s(βn+1 − αn+1)
−1Dn+1).

Then
γ∗
i Ξ = ρ(γi)Ξ (i = 1, 2),

where

ρ(γ0) = diag
(
e(−2βn), e(−2βn−1), . . . , e(−2β1), 1

)
and

ρ(γ1) = I − 2
√
−1 e(

n∑
i=1

βi −
n+1∑
i=1

αi)


1

1

...

1


 ∑1≤s≤n+1 s(β1 − αs)∑

1≤s≤n+1

s̸=1

s(β1 − βs)
,

. . . ,

∑
1≤s≤n+1 s(βn − αs)∑
1≤s≤n+1

s̸=n

s(βn − βs)
,

∑
1≤s≤n+1 s(βn+1 − αs)∑
1≤s≤n+1

s̸=n+1

s(βn+1 − βs)

 .

(βn+1 = 1)
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D3

D2

D1

t1 = 0 t1 = 1

t2 = 0

t2 = z

t2 − t1 = 0

(λ1) (λ01)

(λ2)

(λ23)

(λ12)
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Dj =
{
0 < tj < · · · < tn < z, 1 < t1 < · · · < tj−1 < ∞

}
Proposition 1. For k = 0, 1 and 1 ≤ j ≤ n+ 1, we have

γ∗
k(Dj) =

n+1∑
i=1

Dim
(k)
ij ,

where

m
(0)
ij =



0 . . . 1 ≤ j < i ≤ n+ 1,

e(2
∑n

t=i µt) . . . 1 ≤ i = j ≤ n,

1 . . . i = j = n+ 1,

(−1)i−je(
∑j−1

t=i µt +
∑j−1

t=i+1 λt + 2
∑n

t=j µt)⟨e(λi)⟩ . . . 1 ≤ i < j ≤ n+ 1,

and

m
(1)
ij =



0 . . . 1 ≤ j < i ≤ n+ 1,

1 . . . 1 ≤ j = i ≤ n,

e(2
∑n

t=0 λt,t+1) . . . j = i = n+ 1,

(−1)n−j+1e(
∑n

t=0 λt,t+1)⟨e(
∑j−1

t=0 λt,t+1)⟩ . . . i = n+ 1, 1 ≤ j ≤ n,

with µt = λt + λt,t+1.
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Connection formulas

f
(1)
n+1(z) =

n+1∑
j=1

∏
s̸=i

Γ(1 +
∑n

s=1 βs −
∑n+1

s=1 αs)
∏

1≤s≤n+1
s̸=i

Γ(βj − βs)∏
1≤s≤n+1 Γ(βj − αs)

× f
(0)
j (z) ,

where f
(0)
i (z) = z1−βi(1 +O(z)), f

(1)
n+1(z) = (1− z)

∑n
i=1 βi−

∑n+1
i=1 αi(1 +O(1− z)).
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New title: Monodromy representations associated with the generalized hypergeo-

metric function n+1Fn

Abstract: We denote by n+1En the ordinary differential equation satisfied by the

generalized hypergeometric function n+1Fn. The equation n+1En is of rank n + 1

with regular singular points 0, 1 and ∞. Let Ξ be a fundamental set of solutions of

n+1En. Let γ0, γ1 be the generators of the fundamental group π1(C\{0, 1}), where γ0
is the path encircling the point 0 with counterclockwise direction and γ0 is the path

encircling the point 1 with counterclockwise direction. The action of π1(C\{0, 1})
on the sheaf of the solution space of n+1En is the monodromy representation on

the solution space of n+1En. Our concern is such a representation with respect to

Ξ. Indeed, choose a set Ξ on which γ0 acts diagonally, and determine the matrix

elements of the action of γ1. The purpose of the present talk is to solve this problem,

especially from the view point of integrals of multivalued functions, or the twisted

homology theory. A connection relation obtained by using the intersection numbers

of the twisted cycles play a crucial role on the way. If we have enough time, we would

discuss another realization of the monodromy representation on the solution space of

n+1En.

On the other hand,

∫
D

(0)
i

u
D

(0)
i

(t) dt1 · · · dtn =
∏

1≤s≤n+1
s̸=i

B(αs − βi + 1, βs − αs)× f
(0)
i (z),

∫
D

(1)
n+1

u
D

(1)
n+1

(t) dt1 · · · dtn

=
∏

1≤s≤n

B(β1 + · · ·+ βs − α1 − · · · − αs, βs+1 − αs+1)× f
(1)
n+1(z).

For u(t) =
∏

i fi(t)
µi , uD(t) =

∏
i(ϵi fi(t))

µi , where ϵi = ± is determined so that

ϵi fi(t) > 0 on D.
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Proposition 3.1. (1) For a fixed i such that 1 ≤ i ≤ n + 1, if Re (αs − βi + 1) > 0

and Re (βs − αs) > 0 for 1 ≤ s ≤ n+ 1 with s ̸= i, and |z| < 1, we have∫
D

(0)
i

u
D

(0)
i

(t) dt1 · · · dtn

=

∫
0<ti<···<tn<z

1<t1<···<ti−1<∞

(ti−1 − ti)
βi−αi−1

i−1∏
s=1

{
tαs+1−βs
s (ts − ts−1)

βs−αs−1
}

×
n∏

s=i

{
tαs+1−βs
s (ts+1 − ts)

βs+1−αs+1−1
}
dt1 · · · dtn

=
∏

1≤s≤n+1
s̸=i

B(αs − βi + 1, βs − αs)f
(0)
i (z),

where t0 = 1, tn+1 = z, βn+1 = 1, and

f
(0)
i (z) = z1−βi

× n+1Fn

(
α1 − βi + 1, α2 − βi + 1, . . . . . . . . . αn+1 − βi + 1

β1 − βi + 1, . . . , ̂βi − βi + 1, . . . , βn+1 − βi + 1
; z

)
.

(2) If Re (β1 + · · · + βs − α1 − · · · − αs) > 0 for 1 ≤ s ≤ n, Re (βs − αs) > 0 for

1 ≤ s ≤ n+ 1, and |1− z| < 1, we have

∫
D

(1)
n+1

u
D

(1)
n+1

(t) dt1 · · · dtn

=

∫
z<tn<···<t1<1

n∏
s=1

tαs+1−βs
s

n+1∏
s=1

(ts−1 − ts)
βs−αs−1 d t1 · · · dtn

=

n∏
s=1

B(β1 + · · ·+ βs − α1 − · · · − αs, βs+1 − αs+1) f
(1)
n+1(z),

where t0 = 1, tn+1 = z, βn+1 = 1, and
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f
(1)
n+1(z) = (1− z)β1+···+βn−α1−···−αn+1

×
∑

i1,...,in≥0

n∏
s=1

(βs − αs+1)is
is!

n∏
s=1

(
∑s

k=1(βk − αk))i1+···+is

(
∑s+1

k=1(βk − αk))i1+···+is

(1− z)i1+···+in .

********
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The genericity condition for the exponents λi and λi−1,i is:

λti−1=ti , λ0=tp=tp+1=···=tq , λtp=tp+1=···=tq=∞ /∈ Z,

for 1 ≤ i ≤ n+ 1 and 1 ≤ p ≤ q ≤ n, where

λti−1=ti := λi−1,i ,

λ0=tp=tp+1=···=tq :=

q∑
s=p

λs +

q∑
s=p+1

λs−1,s ,

λtp=tp+1=···=tq=∞ := −
q∑

s=p

λs −
q+1∑
s=p

λs−1,s .

and

λti−1=ti = βi − αi − 1 ,

λ0=tp=tp+1=···=tq = αq+1 − βp − (q − p) ,

λtp=tp+1=···=tq=∞ = αp − βq+1 + 2 + q − p .
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