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The Painlevé equations and q-Askey scheme

Marta Mazzocco

Loughborough University

������� (*) 

5 March 2015
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Painlevé equations and special polynomials: tradition

Special polynomials give rational solutions to the Painlevé
equations. Yablonskii , Vorobev, Noumi, Yamada, Okamoto, Umemura, Clarkson. . . . . .

In Random Matrix Theory:

Fredholm determinants are special solutions of Painlevé
equations. Tracy, Widom, Adler, van Moerbeke, Its, Bleher, Borodin, Forrester. . . . . .

Only special solutions are related to special/orthogonal polynomials

This relation relies on the τ -function
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equations. Tracy, Widom, Adler, van Moerbeke, Its, Bleher, Borodin, Forrester. . . . . .

Only special solutions are related to special/orthogonal polynomials

This relation relies on the τ -function
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Painlevé equations and special polynomials: tradition

Special polynomials give rational solutions to the Painlevé
equations. Yablonskii , Vorobev, Noumi, Yamada, Okamoto, Umemura, Clarkson. . . . . .

In Random Matrix Theory:

Fredholm determinants are special solutions of Painlevé
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Today: Fundamental link based on representation theory

To each Painlevé equation we associate a cubic surface called
monodromy manifold.

The monodromy manifold admits a Poisson bracket that can
be quantised.

These quantum algebras admit representations on the space
of Laurent polynomials.

In this representation an operator acts as multiplication, the
other as q-difference operator

The eigenvaules of the q-difference operator are basic
hypergeometric polynomials (q-Askey scheme).

M.M. arXiv:1307.6140
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Marta Mazzocco The Painlevé equations and q-Askey scheme



Introduction Cherednik algebra PVI and Cherednik algebra Proofs for PVI The other Painlevé equations
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q-Askey scheme Koekoek, Lesky, Swarttouw 2010
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Painlevé equations and q-Askey polynomials M.M. arXiv:1307.6140
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Other results
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Introduction Cherednik and its spherical sub-algebra PVI and Cherednik algebra Proofs for PVI The other Painlevé equations

Other results

The monodromy group of PVI admits a natural quantisation to
the Cherednik algebra H of type Č1C1.

The monodromy manifold of PVI quantises to the spherical
subalgebra of H.

7 new algebras as confluences of H such that their spherical
subalgebra is the quantisation of the monodromy manifold of each
Painlevé equation.

M.M. arXiv:1307.6140
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Confluence Painlevé equations,

Confluence monodromy manifolds, Rubtsov and M.M. arXiv:1212.6723

Confluence Askey Wilson algebra,

Confluence Cherednik algebra ⇒ seven new algebras. M.M.

arXiv:1307.6140
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Painlevé equation.

M.M. arXiv:1307.6140
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The monodromy manifold of PVI quantises to the spherical
subalgebra of H.

7 new algebras as confluences of H such that their spherical
subalgebra is the quantisation of the monodromy manifold of each
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Cherednik algebra of type Č1C1 Cherednik ’92, Sahi ’99

Algebra generated by V0,V1, V̌0, V̌1:

(V0 − k0)(V0 + k−1
0 ) = 0

(V1 − k1)(V1 + k−1
1 ) = 0

(V̌0 − u0)(V̌0 + u−1
0 ) = 0

(V̌1 − u1)(V̌1 + u−1
1 ) = 0

V̌1V1V0V̌0 = q−1/2,

k0, k1, u0, u1 scalars.
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Spherical sub-algebra algebra:

choose a unipotent element: e = 1+V̌1

1+u2
1

,

spherical sub–algebra: eHe
eHe = 〈X1,X2,X3〉
q−1/2X1X2 − q1/2X2X1 = (q−1 − q)X3 − (q−1/2 − q1/2)ω3e

q−1/2X2X3 − q1/2X3X2 = (q−1 − q)X1 − (q−1/2 − q1/2)ω1e

q−1/2X3X1 − q1/2X1X3 = (q−1 − q)X2 − (q−1/2 − q1/2)ω2e

Casimir:

q
1
2X2X1X3−qX 2

2−q−1X 2
1−qX 2

3 +q
1
2ω2X2+q−

1
2ω1X1+q

1
2ω3X3 = ω4e.

Zhedanov ’91, Oblomkov ’04

Marta Mazzocco The Painlevé equations and q-Askey scheme



Introduction Cherednik algebra PVI and Cherednik algebra Proofs for PVI The other Painlevé equations
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Recap:

Cherednik algebra of type Č1C1:

(V0 − k0)(V0 + k−1
0 ) = 0

(V1 − k1)(V1 + k−1
1 ) = 0

(V̌0 − u0)(V̌0 + u−1
0 ) = 0

(V̌1 − u1)(V̌1 + u−1
1 ) = 0

V̌1V1V0V̌0 = q−1/2.

Represented on
Laurent polynomials
Non-symmetric
Askey-Wilson (Sahi, Noumi-Stokman)

Spherical subalgebra:

q−1/2X1X2 − q1/2X2X1 =

(q−1 − q)X3 + (q−1/2 − q1/2)ω3e,
and cyclic

Represented on
symmetric
Laurent polynomials
(Askey-Wilson)
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Sixth Painlevé equation

ytt =
1

2

(
1

y
+

1

y − 1
+

1

y − t

)
y2
t −

(
1

t
+

1

t − 1
+

1

y − t

)
yt +

+
y(y − 1)(y − t)

t2(t − 1)2

[
α + β

t

y2
+ γ

t − 1

(y − 1)2
+ δ

t(t − 1)

(y − t)2

]
.

Singular points at 0, 1,∞.
Parameters α, β, γ, δ.
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All Painlevé equations are isomonodromic deformation
equations (Jimbo-Miwa 1980)

dB

dλ
− dA

dt
= [A,B]

A = A(λ; t, y , yt), B = B(λ; t, y , yt) ∈ sl2.

This means that the monodromy data of the linear system

dY

dλ
= A(λ; t, y , yt)Y

are locally constant along solutions of the Painlevé equation.
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PVI as isomonodromic deformations

d

dλ
Y =

3∑

k=1

Ak

λ− ak
Y , λ ∈ C\{a1, a2, a3}

A1,A2,A3 ∈ sl(2,C),
∑3

k=1 Ak = −A∞, diagonal.

• Fundamental matrix: Y∞(λ) =
(
1 + O( 1

λ)
)
λ−A∞

• Monodromy matrices: γj(Y∞) = Y∞Mj

eigenv(Mj) = exp(±pj
2 ), i = 1, 2, 3,∞,

M∞M1M2M3 = 1.
Jimbo, Miwa ’81
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Cherednik algebra as quantisation of the monodromy group

(M3 − e
p3
2 )(M3 − e−

p3
2 ) = 0, (V0 − k0)(V0 + k−1

0 ) = 0,

(M2 − e
p2
2 )(M2 − e−

p2
2 ) = 0, (V1 − k1)(V1 + k−1

1 ) = 0,

(M1 − e
p1
2 )(M1 − e−

p1
2 ) = 0, (V̌1 − u1)(V̌1 + u−1

1 ) = 0,

(M∞ − e
p∞

2 )(M∞ − e−
p∞

2 ) = 0 (V̌0 − u0)(V̌0 + u−1
0 ) = 0,

M∞M3M2M1 = 1. V̌1V1V0V̌0 = q−1/2.

There is a natural quantisation which works.

M1 → i V̌1, M2 → iV1, M3 → iV0, M∞ → i V̌0.

u1 = −ie−
p1
2 , k0 = −ie−

p3
2 , k1 = −ie−

p2
2 , u0 = −ie− p∞

2 .

Marta Mazzocco The Painlevé equations and q-Askey scheme



Introduction Cherednik algebra PVI and Cherednik algebra Proofs for PVI The other Painlevé equations
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Monodromy manifold for PVI

Riemann Hilbert correspondence: ∀(M1,M2,M3)/SL2(C) there
exists a unique local solution to PVI modulo Okamoto
transformations.

We can describe the monodromy manifold by
coordinates

xi := Tr(MjMk), i , j , k = 1, 2, 3, k , j 6= i .

The relation M∞M3M2M1 = 1 gives:

x1x2x3 + x2
1 + x2

2 + x2
3 + ω1x1 + ω2x2 + ω3x3 = ω4.

This cubic is the moduli space of monodromy representations:

ρ : π1(C \ {0, t, 1,∞})→ SL2(C).

Jimbo ’81, Iwasaki ’03
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Monodromy manifold and spherical sub–algebra

Natural Poisson bracket on

x1x2x3 + x2
1 + x2

2 + x2
3 + ω1x1 + ω2x2 + ω3x3 − ω4 = 0,

defines a natural Poisson bracket:

{x1, x2} = x1x2 + 2x3 + ω3, and cyclic.

q−1/2X1X2 − q1/2X2X1 = (q−1 − q)X3 + (q−1/2 − q1/2)ω3e

....cyclic...

q
1
2X2X1X3−qX 2

2−q−1X 2
1−qX 2

3 +q
1
2ω2X2+q−

1
2ω1X1+q

1
2ω3X3 = ω4e.
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How to quantise?

The PVI monodromy manifold is the character variety of a
Riemann sphere with 4 holes.

Its real slice is the Teichmüller space of a Riemann sphere
with 4 holes.

We use the combinatorial description of the Teichmüller space
to introduce flat coordinates.

Complexify the flat coordinates to describe the character
variety.

Quantise flat coordinates.
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Poincaré uniformsation

Σ = H/∆,

where ∆ is a Fuchsian group, i.e. a discrete sub-group of PSL2(R).

Decompose each hyperbolic element in Right, Left and Edge
matrices Fock, Thurston

R :=

(
1 1
−1 0

)
, L :=

(
0 1
−1 −1

)
, Xy :=

(
0 −e y

2

e−
y
2 0

)
.

8 LEONID CHEKHOV, MARTA MAZZOCCO, VLADIMIR RUBTSOV
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Figure 4. The fat graph of the 4 holed Riemann sphere. The red
dashed geodesic is x1.

are obtained by decomposing each hyperbolic matrix γ ∈ ∆g,s into a product of
the so–called right, left and edge matrices:

R :=

(
1 1

−1 0

)
, L :=

(
0 1

−1 1

)
, Xsi :=

(
0 − exp

(
si

2

)

exp
(
− si

2

)
0

)
.

In this setting our x1, x2, x3 are the geodesic lengths of thee geodesics which go
around two holes without self–intersections.

We are now going to produce a similar shear coordinate description of each of the
other Painlevé cubics. We will provide a geometric description of the corresponding
Riemann surface and its fat-graph. Our geometric description agrees with the one
obtained in [32], which was obtained by building a Strebel differential from the
isomonodromic problems associated to each of the Painlevé equations.

3.1. Shear coordinates for PV . The confluence from the cubic associated to
PVI to the one associated to PV is realised by

p3 → p3 − 2 log[ϵ],

in the limit ϵ → 0. We obtain the following shear coordinate description for the
PV cubic:

x1 = −es2+s3+
p2
2 +

p3
2 − G3e

s2+
p2
2 ,

x2 = −es3+s1+
p3
2 +

p1
2 − es3−s1+

p3
2 − p1

2 − G3e
−s1− p1

2 − G1e
s3+

p3
2 ,

x3 = −es1+s2+
p1
2 +

p2
2 − e−s1−s2− p1

2 − p2
2 − es1−s2+

p1
2 − p2

2 − G1e
−s2− p2

2 − G2e
s1+

p1
2 ,

(3.12)

where

Gi = e
pi
2 + e− pi

2 , i = 1, 2, G3 = e
p3
2 , G∞ = es1+s2+s3+

p1
2 +

p2
2 +

p3
2 .

These coordinates satisfy the following cubic relation:

x1x2x3 + x2
1 + x2

2 − (G1G∞ + G2G3)x1 − (G2G∞ + G1G3)x2 −
−G3G∞x3 + G2

∞ + G2
3 + G1G2G3G∞ = 0.(3.13)
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Teichmüller space of a Riemann sphere with 4 singularities

Interpret each xi as a geodesic length:

x1 = es2+s3 +e−s2−s3 +e−s2+s3 +(e
p2
2 +e−

p2
2 )es3 +(e

p3
2 +e−

p3
2 )e−s2

x2 = es3+s1 +e−s3−s1 +e−s3+s1 +(e
p3
2 +e−

p3
2 )es1 +(e

p1
2 +e−

p1
2 )e−s3

x3 = es1+s2 +e−s1−s2 +e−s1+s2 +(e
p1
2 +e−

p1
2 )es2 +(e

p2
2 +e−

p2
2 )e−s1

they satisfy the cubic relation for PVI:

x1x2x3 + x2
1 + x2

2 + x2
3 + ω1x1 + ω2x2 + ω3x3 = ω4.

The Goldman bracket {s1, s2} = {s2, s3} = {s3, s1} = 1 gives rise
to the correct Poisson bracket on it (L. Chekhov and M.M. J.Phys A 2010).

Complexify s1, s2, s3 ⇒ flat coordinates on the Character variety.
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Quantisation:
si → quantum operator s~i with commutation relation

[s~i , s
~
j ] = iπ~{si , sj}.

⇒ Weyl ordering:

exp
(
s~i

)
exp

(
s~j

)
= exp

(
s~i + s~i +

1

2
[s~i , s

~
j ]

)
,

Quantum algebra. Zhedanov algebra q = e−iπ~:

q−1/2x~1 x
~
2 − q1/2x~2 x

~
1 = (q−1 − q)x~3 + (q−1/2 − q1/2)ω3

q−1/2x~2 x
~
3 − q1/2x~3 x

~
2 = (q−1 − q)x~1 + (q−1/2 − q1/2)ω1

q−1/2x~3 x
~
1 − q1/2x~1 x

~
3 = (q−1 − q)x~2 + (q−1/2 − q1/2)ω2

(L. Chekhov and M.M. J.Phys A 2010).
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Marta Mazzocco The Painlevé equations and q-Askey scheme



Introduction Cherednik algebra PVI and Cherednik algebra Proofs for PVI The other Painlevé equations
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Quantise the monodromy matrices: each monodromy matrix
corresponds to a half–geodesic on our Riemann surface.

Quantise them in the same way: we obtain the Cherednik algebra
of type Č1C1 (M.M. arXiv:1307.6140)

M1 → i V̌1, M2 → iV1, M3 → iV0, M∞ → i V̌0.

u1 = −ie−
p1
2 , k0 = −ie−

p3
2 , k1 = −ie−

p2
2 , u0 = −ie−S1−S2−S3 .
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of type Č1C1 (M.M. arXiv:1307.6140)

M1 → i V̌1, M2 → iV1, M3 → iV0, M∞ → i V̌0.

u1 = −ie−
p1
2 , k0 = −ie−

p3
2 , k1 = −ie−

p2
2 , u0 = −ie−S1−S2−S3 .
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Embedding of the Cherednik algebra of type Č1C1 into
Mat(2,Tq)

. V0 =

(
k0 − k−1

0 − ie−s3 −i e−s3

k−1
0 − k0 + i e−s3 + i es3 i e−s3

)
,

V1 =

(
k1 − k−1

1 − i es2 k1 − k−1
1 − i e−s2 − i es2

i es2 i es2

)
,

V̌1 =

(
0 − ies1

i e−s1 u1 − u−1
1

)
, V̌0 =

(
u0 0
s − 1

u0

)
,

eS2eS1 = qeS1eS2 , eS3eS2 = qeS2eS3 , eS1eS3 = qeS3eS1 .
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Monodromy manifolds for the Painlevé equations

PVI x1x2x3 + x2
1 + x2

2 + x2
3 + ω1x1 + ω2x2 + ω3x3 = ω4

PV x1x2x3 + x2
1 + x2

2 + ω1x1 + ω2x2 + ω3x3 = ω4

PIV x1x2x3 + x2
1 + ω1x1 + ω2x2 + ω2x3 + 1 = ω4

PIII x1x2x3 + x2
1 + x2

2 + ω1x1 + ω2x2 = ω1 − 1

PII x1x2x3 + x1 + x2 + x3 = ω4

PI x1x2x3 + x1 + x2 + 1 = 0

Saito and van der Put
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The confluence from PVI to PV is realised by

s3 → s3 − log[ε], p3 → p3 − 2 log[ε], ε→ 0

x1 = −es2+s3 − e−s2+s3 − (e
p2
2 + e−

p2
2 )es3 − e

p3
2 e−s2

x2 = −es3+s1 − e
p3
2 es1 ,

x3 = −es1+s2−e−s1−s2−e−s1+s2−(e
p1
2 +e−

p1
2 )es2−(e

p2
2 +e−

p2
2 )e−s1

x1x2x3 + x2
1 + x2

2 + ω1x1 + ω2x2 + ω3x3 = ω4

Quantum PV algebra:

q−1/2x~1 x
~
2 − q1/2x~2 x

~
1 = (q−1/2 − q1/2)ω3

q−1/2x~2 x
~
3 − q1/2x~3 x

~
2 = (q−1 − q)x~1 + (q−1/2 − q1/2)ω1

q−1/2x~3 x
~
1 − q1/2x~1 x

~
3 = (q−1 − q)x~2 + (q−1/2 − q1/2)ω2

M.M. and V.Rubtsov arXiv:1212.6723
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V0 =

(
−1 0

1 + i eS3 0

)
, V 2

0 + V0 = 0

V1 =

(
k1 − k−1

1 − i eS2 k1 − k−1
1 − i e−S2 − i eS2

i eS2 i eS2

)
,

V̌1 =

(
0 − ieS1

i e−S1 u1 − u−1
1

)
,

V̌0 =

(
0 0
s − 1

u0

)
, V̌0

2
+ u−1

0 V̌0 = 0

q1/2V̌1V1V0 = V̌0 + u−1
0 ,

q1/2V̌0V̌1V1 = V0 + 1.
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HV :

V 2
0 + V0 = 0,

(V1 − k1)(V1 + k−1
1 ) = 0,

V̌0
2

+ u−1
0 V̌0 = 0,

(V̌1 − u1)(V̌1 + u−1
1 ) = 0,

q1/2V̌1V1V0 = V̌0 + u−1
0 ,

q1/2V̌0V̌1V1 = V0 + 1.

Represented on the space of Laurent polynomials.

Non-symmetric continuous dual q–Hahn polynomials. M.M. SIGMA

2014

Spherical sub-algebra represented on the space of symmetric
Laurent polynomials.
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PIV: PII: PI:

V 2
0 + V0 = 0, V 2

0 + V0 = 0, V 2
0 = 0,

(V1 − k1)(V1 + k−1
1 ) = 0, V 2

1 + V1 = 0, V 2
1 + V1 = 0,

V̌1
2

+ u−1
1 V̌1 = 0, V̌1

2
+ u−1

1 V̌1 = 0, V̌1
2

+ V̌1 = 0,

V̌0
2

+ V̌0 = 0, V̌0
2

+ V̌0 = 0, V̌0
2

+ V̌0 = 0,

V̌1V1V0 =
V̌0 + 1√

q
, V̌1V1V0 = V̌0+1√

q , V̌1V1V0 =
V̌0 + 1√

q
,

V̌0V̌1 = 0, V̌0V̌1 = 0, V̌0V̌1 = 0,

V0V̌0 = 0, V0V̌0 = 0, V0V̌0 = 0,
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Introduction Cherednik and its spherical sub-algebra PVI and Cherednik algebra Proofs for PVI The other Painlevé equations

Other results

The monodromy group of PVI admits a natural quantisation to
the Cherednik algebra H of type Č1C1.

The monodromy manifold of PVI quantises to the spherical
subalgebra of H.

7 new algebras as confluences of H such that their spherical
subalgebra is the quantisation of the monodromy manifold of each
Painlevé equation.

M.M. arXiv:1307.6140

Marta Mazzocco Confluence of the Painlevé equations, Cherednik algebras and q-Askey scheme
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The monodromy manifold of PVI quantises to the spherical
subalgebra of H.

7 new algebras as confluences of H such that their spherical
subalgebra is the quantisation of the monodromy manifold of each
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v2
0 +

(� + � � 1)2

4
= 0,

v̌0
2 +

(� � �)2

4
= 0,

v2
1 +

(↵� �)2

4
= 0,

v̌1
2 +

(↵ + �)2

4
= 0,

v0 + v̌0 + v1 + v̌1 = 1.
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Outlook

Additive discrete Painlevé equations

→ cover the whole
q-Askey scheme.

q-difference and elliptic Painlevé equations may correspond to
elliptic hypergeometric bi-orthogonal polynomials.

Multivariable high order analogues of the Painlevé equations
→ confluence scheme for Macdonald polynomials
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→ confluence scheme for Macdonald polynomials
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