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Painlevé equations and special polynomials: tradition

@ Special polynomials give rational solutions to the Painlevé
€q Uations. Yablonskii , Vorobev, Noumi, Yamada, Okamoto, Umemura, Clarkson. .. ...
@ In Random Matrix Theory:

e Fredholm determinants are special solutions of Painlevé
€q Uations. Tracy, Widom, Adler, van Moerbeke, Its, Bleher, Borodin, Forrester.. .. ..

Only special solutions are related to special /orthogonal polynomials

This relation relies on the 7-function

Marta Mazzocco



Today: Fundamental link based on representation theory

Marta Mazzocco



Today: Fundamental link based on representation theory

@ To each Painlevé equation we associate a cubic surface called
monodromy manifold.

Marta Mazzocco



Today: Fundamental link based on representation theory

@ To each Painlevé equation we associate a cubic surface called
monodromy manifold.

@ The monodromy manifold admits a Poisson bracket that can
be quantised.

Marta Mazzocco



Today: Fundamental link based on representation theory

@ To each Painlevé equation we associate a cubic surface called
monodromy manifold.

@ The monodromy manifold admits a Poisson bracket that can
be quantised.

@ These quantum algebras admit representations on the space
of Laurent polynomials.

Marta Mazzocco



Today: Fundamental link based on representation theory

@ To each Painlevé equation we associate a cubic surface called
monodromy manifold.

@ The monodromy manifold admits a Poisson bracket that can
be quantised.

@ These quantum algebras admit representations on the space
of Laurent polynomials.

@ In this representation an operator acts as multiplication, the
other as g-difference operator

Marta Mazzocco



: Fundamental link based on representation theory

@ To each Painlevé equation we associate a cubic surface called
monodromy manifold.

@ The monodromy manifold admits a Poisson bracket that can
be quantised.

@ These quantum algebras admit representations on the space
of Laurent polynomials.

@ In this representation an operator acts as multiplication, the
other as g-difference operator

@ The eigenvaules of the g-difference operator are basic
hypergeometric polynomials (g-Askey scheme).

M.M. arXiv:1307.6140
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Painlevé equations and g-Askey polynomials M M. arXiv-1307 6140
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Other results

Riemann Monodromy quantisation
Hilbert manlfold

Askey Cerednik
‘6 algebra Cv'l G

Confluence Painlevé equations,
Confluence monodromy manifolds, Rubtsov and M.M. arxiv:1212.6723

Confluence Askey Wilson algebra,

Confluence Cherednik algebra = seven new algebras. mwm.

arXiv:1307.6140
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Cherednik algebra of type CiCy crenic 52, soni s

Algebra generated by Vg, V4, Vg, Vi:

(Vo — ko)(Vo + ko't
(Vi — ki) (Vi + kit
(\70 — uo)(\70 + Uy
(\71 — Ul)(\71 + ul_l

ViViVoVo = g /2,

)=0
)=0
Y=o
)=0

ko, k1, ug, u1 scalars.
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Spherical sub-algebra algebra:

1+V;

choose a unipotent element: e = 1
1+u1

spherical sub—algebra: eHe
67‘[6 = <X1, X2, X3>

q YV2X1 X% — qV2X X1 = (g7 — @) X5 — (72 — ¢Y/?)wse
g V2XX3 — 412 X3 X0 = (g7 — q) X4 — (q‘l/ — q?)wre
g 2X3X1 — 412X X5 = (g7 — @) Xe — (7Y% — ¢/?)wse
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Spherical sub-algebra algebra:

1+V;

choose a unipotent element: e = 1
1+u1

spherical sub—algebra: eHe
67‘[6 = <X1, X2, X3>

g 2XiXo — q12XoXe = (71 — @)Xz — (712 — ¢/ )wze
g2 X X3 — g2 X3 Xo = (71 — )Xy — (q‘l/ - q'?)wie

a YV2X3X1 — qV2Xi X3 = (g7 — @) Xo — (¢7Y2 — gY/?)woe
Casimir:

2 Xo X1 X3—qX3—q X2 —qX3+q2wXo+q 2w Xi+q2wsXs = wae.

Zhedanov '91, Oblomkov '04
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o Cherednik algebra of type CiCi:

(Vo—ko)(\/o—l—k )
(Vi —ka)(Vi+ kg =
(Vo — Uo)(\{mL Uol) =
7

@ Spherical subalgebra:
q 2X1 X — g2 X Xy =

(671 = )X + (g% = g'/P)wse,
and cyclic
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o Cherednik algebra of type CiCi:

(Vo—ko)(\/o—l—k )
(Vi —ka)(Vi+ kg 1=
(Vo - Uo)(\{mL Uol) =
o, i

@ Spherical subalgebra:
g 12X X0 —

and cyclic

g2 Xo X1 =

(@71 = @)Xs + (¢7Y2 — gY/?)wse,

Represented on

Laurent polynomials
Non-symmetric
Askey-Wilson (sahi, Noumi-Stokman)

Represented on
symmetric

Laurent polynomials
(Askey-Wilson)
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Sixth Painlevé equation

S (T I T 7 N P
Yee = 2\y Ty -1yt Yt t -1 y—¢ Yt
yly -1y -1 t t—1 t(t—1)
M G R A e A v
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Sixth Painlevé equation

_11+1+1 21+1+1 N
.ytt—2y y—1 y—¢ Yt t -1 y— Yt

yly -1y —1t) [a+5yt2+7

+ t2(t —1)2

(y=12 (y-—t

Singular points at 0, 1, cc.
Parameters «, 3,7, 9.
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All Painlevé equations are isomonodromic deformation
equations (Jimbo-Miwa 1980)

dB dA
n - AB

A=A\ t,y,yt), B=B(\t,y,y) € sly.
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All Painlevé equations are isomonodromic deformation
equations (Jimbo-Miwa 1980)

dB dA

& A _aB

dx  dt 14, B]
A=A\ t,y,yt), B=B(\t,y,y) € sly.

This means that the monodromy data of the linear system
dY
a - A()\' tayayt)y

are locally constant along solutions of the Painlevé equation.
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PVI as isomonodromic deformations

d A
d)\Y:kZ_:l/\—ak Y, )\EC\{al,ag,a3}

A1, Az, As € sl(2,C), S Ax = —As, diagonal.
e Fundamental matrix: Yoo(A) = (1+ O(3)) A=

e Monodromy matrices: 7;(Ys) = Yoo M

eigenv(M;) = exp(£%), i=1,2,3,00,

Moo My My Ms = 1.

Jimbo, Miwa '81
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Cherednik algebra as quantisation of the monodromy group

(M3 — 67)(/\/]3 — 677) =0,
(My — e7)(My — e~ %) =0,
(My — e?)(My —e™2) =0,
(Moo — €2 ) (Moo — e~ ) =0
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Cherednik algebra as quantisation of the monodromy group

(M3 —e?)(Ms—e2) =0, (Vo—ko)(Vo+kyt)=0,
(My —eZ)(My— e 3) =0, (V4—k))(Va+ki)=0,
(My—e?)(My—e2) =0, (Vi—u)(Vh+u') =0,
(Mo — €)M — ) =0 (Vo — up)(Vo + 15 ) = 0,
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Cherednik algebra as quantisation of the monodromy group

(M3 —e?)(Ms—e2) =0, (Vo—ko)(Vo+kyt)=0,
(My —eZ)(My— e 3) =0, (V4—k))(Va+ki)=0,
(My—e?)(My—e 2) =0, (Vi —u)(Vi+u;t) =0,
(Mo — €)M — ) =0 (Vo — up)(Vo + 15 ) = 0,

There is a natural quantisation which works.

/\/]1 — i\71, M2 — i\/l, M3 — i\/o, MOO — i\70.

P1 P3 P2 P
2

o =—ie 2, kyg=—ie" 2, ki=—ie" 2, uy=—ie
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Monodromy manifold for PVI

Riemann Hilbert correspondence: V(M;, Ma, M3)/SLy(C) there
exists a unique local solution to PVl modulo Okamoto
transformations.
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Monodromy manifold for PVI

Riemann Hilbert correspondence: V(M;, Ma, M3)/SLy(C) there
exists a unique local solution to PVl modulo Okamoto
transformations. We can describe the monodromy manifold by

coordinates
xi i =Te(M;My), i,j,k=1,2,3, k,j#Ii.
The relation M cM3MoM; = 1 gives:

2 2 2
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Monodromy manifold for PVI

Riemann Hilbert correspondence: V(M;, Ma, M3)/SLy(C) there
exists a unique local solution to PVl modulo Okamoto
transformations. We can describe the monodromy manifold by
coordinates

xi i =Te(M;My), i,j,k=1,2,3, k,j#Ii.
The relation M cM3MoM; = 1 gives:
X1X2Xx3 + X12 + X22 + X:)% + W1X1 + WaXo + W3X3 = Wy.
This cubic is the moduli space of monodromy representations:

p:m(C\{0,t,1,00}) = SLy(C).

Jimbo '81, lwasaki '03
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Monodromy manifold and spherical sub—algebra

Natural Poisson bracket on
2 2 2 _
X1X2X3 + X{ + X5 + X3 + wix1 + waxp +w3x3z — wg = 0,
defines a natural Poisson bracket:

{x1, %} = x1x20 + 2x3 + w3, and cyclic.
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Monodromy manifold and spherical sub—algebra

Natural Poisson bracket on
2 2 2 ) -
X1X2X3 4+ X7 4+ x5 + X5 + wixy + waxo + w3xz —wg = 0,
defines a natural Poisson bracket:

{x1, %} = x1x20 + 2x3 + w3, and cyclic.

T Y2X1 % — qV2X0 X1 = (g7 — @) X5 + (72 — ¢Y/?)wse

....cyclic...

q%X2X1X3—qX22—qlelz—qX32+q%w2X2+q7%w1X1+q%w3X3 = wqe.

Marta Mazzocco
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How to quantise?

@ The PVI monodromy manifold is the character variety of a
Riemann sphere with 4 holes.

@ lts real slice is the Teichmiiller space of a Riemann sphere
with 4 holes.

@ We use the combinatorial description of the Teichmiiller space
to introduce flat coordinates.

@ Complexify the flat coordinates to describe the character
variety.

Quantise flat coordinates.

Marta Mazzocco



Poincaré uniformsation

T = H/A,
where A is a Fuchsian group, i.e. a discrete sub-group of PSLy(R).

Marta Mazzocco



Poincaré uniformsation

Y = H/A,

where A is a Fuchsian group, i.e. a discrete sub-group of PSLy(R).

Decompose each hyperbolic element in Right, Left and Edge
matrices Fock, Thurston

1 1 0 1 0 —e2
P (4 4) (% ) (&),
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Teichmuiller space of a Riemann sphere with 4 singularities

Interpret each x; as a geodesic length:

P2 _m P3 _

X1 = e$2+53+e*52753+6752+53+(e 2 4+e 2 )es3+(e 2 +e 2 )e 2
sa— _ P3 _P3 P _

X2_e53+51+e S3 51+e S3+51+(e2 +e 2)651_|_(ez +e 2)e S3
51— _ P1 _P1 P2 _P2y _

X3 = eSit®2 L a=S1—52 | o= 51152 (e 5 e 2 )e52 (e 5 e 2 )e s1

they satisfy the cubic relation for PVI:

2 2 2
X1X2X3 + X7 + X5 + X3 + wiX) + wax2 + w3x3 = wa.
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Teichmuiller space of a Riemann sphere with 4 singularities

Interpret each x; as a geodesic length:

x| = 652+53+e*52*53+e*52+53+(e7+e >
. _ ;s Py _
Xp = €BTSf eS8 Sl L eSS4 (e7 fe7 2 )el+(e2 +e 2 )e S
I _ L el
x3 =Mt pe 17 e TR (e2 +e7 2 )e2+(e2 +e 2 )e ™

they satisfy the cubic relation for PVI:
X1X2X3 + X12 + X22 + X32 + wix1 + waXxo + w3Xx3 = ws.

The Goldman bracket {s1,s:} = {s2,53} = {s3,51} = 1 gives rise
to the correct Poisson bracket on it (L. chekhov and M.M. J.Phys A 2010).
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Teichmuiller space of a Riemann sphere with 4 singularities

Interpret each x; as a geodesic length:

P2 _PR2 P3 —

Xy = e?TH L2 B Lo wtB (2 fe72 et (€2 fe7 2 )e
53— — P3 _P3 PL —

Xp = €3t LN fem S (62 fe7 2 et (€2 fe 2 )e
—5— _ Pl _A P2 _P2y _
x3=eMt2fe 2 eIt Y (g2 4o 2 )ePf (e +e 2)e ™

they satisfy the cubic relation for PVI:
X1X2X3 + X12 + X22 + X32 + wix1 + waXxo + w3Xx3 = ws.
The Goldman bracket {s1,s:} = {s2,53} = {s3,51} = 1 gives rise

to the correct Poisson bracket on it (L. chekhov and M.M. J.Phys A 2010).
Complexify s, sp, 53 = flat coordinates on the Character variety.
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Quantisation:
S; — quantum operator s,-h with commutation relation

[s,ﬁ, sjﬁ] = irh{s;,s;}.
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Quantisation:
S; — quantum operator s,-h with commutation relation

[s,ﬁ, sjﬁ] = irh{s;,s;}.

= Weyl ordering:

o (1) exp (51) = e (5 + 51+ 101

Quantum algebra. Zhedanov algebra q = e~ /™"
-1/2 h h _ 1/2 B h _ -1\, h 1/2 1/2
g XX —agx = (@ —a)g + (g7 — g ws
T @ = (57 (7 e
q’1/2><§><f 1/2X1X3 = (@' =94 + (7%= g,

(L. Chekhov and M.M. J.Phys A 2010).

Marta Mazzocco



Quantise the monodromy matrices: each monodromy matrix
corresponds to a half-geodesic on our Riemann surface.
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Quantise the monodromy matrices: each monodromy matrix
corresponds to a half-geodesic on our Riemann surface.

Quantise them in the same way: we obtain the Cherednik algebra
of type C1 Gy (M. arxiv:1307.6140)

Ml — i\71, M2 — i\/l, M3 — i\/o, MOO — i\70.

. P - . P2 . S5,
n=—ie 2, kg=—ie 2, ka=—ie 2, uy=—le 515253,
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Embedding of the Cherednik algebra of type C;C; into

Mat (2, T,)

Ve — ko — kgt — ie™= —je ™"
T Kl -k tie s tien e )’

1 . 1 . .
V1:<k1_k1 —ie? ki—k ~—ie 52—/e52)’

i e% i e%

( 0 —ie ) - ( w 0 >
: —s -1 ) 0— _ 1 )
re o —uy s w0

<

H
|
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Embedding of the Cherednik algebra of type C;C; into

Mat (2, T,)

Ve — ko — kgt — ie™= —je ™"
T Kl -k tie s tien e )’

1 . 1 . .
V1:<k1_k1 —ie? ki—k ~—ie 52—/e52)’

ie% i e
. 0 — jest v up 0
Vi=| . g o1 s Vo = s 1 )s
/1e up Ul o

Sz 653 651 S3 651
, .

e2e%t = qes1 652, M = ge e = ge
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Monodromy manifolds for the Painlevé equations

PVl xixax3 + X2 + X3 + X3 + wix1 + waxa + w3xg = wa

PV X1X2X3 + X12 + X22 + w1Xx1 + woaxs + w3Xx3 = wa
PIV X1XoX3 + x12 + wix1 + woxo + woxz + 1 = wa
Pl x1X0X3 + X2 + X3 4+ wix1 + waxo = wy — 1
Pl X1X0X3 + X1 + Xo + X3 = wa
Pl x1x0x3+x1+x+1=0

Saito and van der Put
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The confluence from PVI to PV is realised by

S3 —> 53 — |Og[€], p3 — p3 — 2 Iog[e], e—0
P2 P2 P3
xp = —e2FB e nt% _ (e f e 7 )eM —e2e
P3
Xp = —_eS3ts _ g3 e51’
P1 P1 P2 P2
x3=—e1tR_g 172 _e"S1t92_(e2 4e 2 )eR—(e2 +e 2 )e %

X1X2X3 + X12 + X22 + wiX1 + waXxo + w3Xx3 = wy
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The confluence from PVI to PV is realised by

S3 —> 53 — |Og[€], p3 — p3 — 2 Iog[e], e—0
P2 P2 P3
xp = —e2FB e nt% _ (e f e 7 )eM —e2e
P3
Xp = —_eS3ts _ g3 e51’
P1 P1 P2 P2
x3=—e1tR_g 172 _e"S1t92_(e2 4e 2 )eR—(e2 +e 2 )e %

X1X2X3 + X12 + X22 + wiX1 + waXxo + w3Xx3 = wy
Quantum PV algebra:

TV — g P = (7P = g1 )ws

q =
gV — g = (a7 = @)X+ (02— ¢P)w
g VAN — g = (g = @)X + (a7 = ¢ )w

M.M. and V.Rubtsov arXiv:1212.6723
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B -1 0 ) B
V0_<1—|—ie53 0>’ Yo+ Vo=0
y ki — kit —ie® kg —kit—ie 2 —je%
1= ie> ie> ’
v 0 — e
" ie S uy—ut )
v O 0 v o v
vo—(s _1>, Vo + ug Vo = 0
up

q"PViViVe = Vo + g,
q1/2\70\71\/1 =V + 1
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V¢ + Vo =0,

(Vi —ki))(Vi + k) =0,
\702 + u51\70 =0,

(Vi —un)(Vi+u;t) =0,
aPViViVy = Vo + uy Y,
qPVoi Vi = Vp + 1.
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V¢ + Vo =0,

(Vi —ki))(Vi + k) =0,
\702 + u51\70 =0,

(Vi —un)(Vi+u;t) =0,
aPViViVy = Vo + uy Y,
qPVoi Vi = Vp + 1.

@ Represented on the space of Laurent polynomials.

@ Non-symmetric continuous dual g—Hahn polynomials. mm. sisma

2014

@ Spherical sub-algebra represented on the space of symmetric
Laurent polynomials.
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PIV:
V§ 4+ Vo =0,
(Vi — k) (Vi + k) =0,

\712+Uf1\71 =0,

\702+ \7():0,

" Vo + 1

ViVivp = ot ;
Va

VoV =0,

VoVo =0,

PII
V§+ Vo =0,
VZ+ Vi =0,
\712+uf1\71 =0,
Voo + Vo =0,

Vo+1

ViViVp =

VoVi =0,
VoVo =0,
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Outlook

\ g — - " Askey |
‘ Riemann |Monodromy| quantisation ‘ "

d Wilson
| Hilbert | manifold | | algebra

s=m Cerednik
‘ PVI @ algebra (_V‘lcl

N
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Outlook

\ g — - " Askey |
‘ Riemann |Monodromy| quantisation ‘ "

d Wilson
| Hilbert | manifold | ' algebra

U o

Operators to functions

s=m Cerednik
‘ PVI @ algebra (_V‘lcl

N
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Outlook

‘, ‘ Riemann "Monodmm;‘ quantisation ‘ V?/?I':Ji @ Cerednik
| PVI J’r Hilbert \\ manifold \ ‘ algebra == algebra () C;
7{\% ks

Operators to functions

‘ g-difference to difference

GLz
algebra
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Outlook

‘/ | Riemann__(yonodromy| Guantisation ‘ V?/?I':)i == Cerednik
\lr Hilbert \\ manifold \ ‘ algebra ‘6;4:"\ algebra ¢ ¢

N o

Operators to functions

‘ g-difference to difference

Addittve
algebra
alge ra

(64~ —1)?
o+f O7
§— 2
‘702+( 4’7) -0,
2 (04*5)2
RSl
V1+ 4 5
2
‘712+(Oé+5) :07

/



Outlook
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o Additive discrete Painlevé equations— cover the whole
g-Askey scheme.

o g-difference and elliptic Painlevé equations may correspond to
elliptic hypergeometric bi-orthogonal polynomials.

@ Multivariable high order analogues of the Painlevé equations
— confluence scheme for Macdonald polynomials
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