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# Bilinear summation formula for orthog-
onal polynomials (to name few)

Motivated by the theory of moments and etc.

e A. Cayley, Orr (19th century)

e H. Bateman, W.N. Bailey, Burchnal-Chaundy, G.N. Watson
(Beginning of the 20th century)

e E.D. Rainville, L. Carlitz

Many classical results can be found in R. Askey's lecture
notes " Orthogonal polynomials and special functions (OPSF)"
with fundamental properties of orthogonal polynomials.

More recently

e M. Rahman and his collaborators (the theory of orthogonal
polynomials)

e [.H. Koornwinder, E. Koelink, J.V. Stokman and his collab-
orators (representation theoretic)

(among others)

In this talk, | will propose yet another simple approach towards
the construction of bilinear transformations by using multiple
hypergeometric transformations.



O Main theme of my talk

The results obtained here seem to be more general than ever
before. Namely, | present a class of bilinear transformation for-
mulas which include the following as a special case:

ZQK (b/s,c1/s,¢0/8, a7, 9,tq) K
KEN (1/57Q7Q/datQ/e,tQ/fl,tq/fQ)K
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€f1f29

v(ta, tq/eg,tq/ f19,tq/ fag)n
(tq/e,tq/ f1,tq/ f2.tq/g)n
< obs g, 5q/c1d, sq/cad, sq/bd, q Vg /t, gV . q]
q/d,q " frg/t,qa " fag/t, sq/d,q Neg/t T

provided s*t2¢° ™ = bc;cade fi fag.

Our construction is very close to one of most famous and el-
ementary proof of Sears transformation formula for terminating
balanced 4¢3 series.



% Notations of basic hypergeometric series

Throughout of this talk, we assume that 0 < |¢| < 1.
We denote the basic hypergeometric series , 1¢, as

s [ao, ap, ... ar; 0 u] _ Z (ag)n(ai)y - - <a7">”un.

Cly...Cp N (Cl)n e (CT)TL<Q>TL

and

(@)oo := H(l —aq"), (a):= for k € C

neN

is a g-shifted factorial.
And we frequently use

(a1,a2, -+ ,an)nN = (a1)n(a2)n -~ - (an)N



% Very well-poised basic hypergeometric series

The basic hypergeometric series ,, 1, is “well-poised” if agg =
ajcy = -+ = apc,. It is called very well-poised if it is well-

poised and if a; = ¢\/ag and as = —¢q./ay . Namely, the very
well-poised ,, 10, is expressed as the following form:

1¢ [ ag, QMa _q\/CL»O) as, SRR Qp, g, u
e \/afi()a _\/a'707 a’OQ/a'Sa SR CLOQ/CL?’L7 7

_ Z 1 —a,q* (ao)k(as)i - - - (an)k 2

T—ao (q)e(ava/as)e - (aoq/an)s

= n—l—an [GJO; agz, ..., 0n;q, U]

keN



O A proof of Sears transformation

Sears transformation formula for terminating balanced 4¢3 se-
ries

493 [a,g, Z’)C‘}_N;q;q]
(e/a) (f/a)n a,d/b,d/c,qgV
(6 ( ) 4¢3[d aq N/G aq N/faqq

)N
provided the (1—) balancing condition

abeqt™ = def.



First, consider the following product of two 5¢; series:

21 [a,cb; q;u] X (dizgf)oo2¢l [f/eff/djq7 d;u] |

Now assume that ab/c = de/ f. By the 3rd Heine transforma-
tion (basic analogue of Euler transformation formula for Gauss'
hypergeometric series o F7):

C C

21 [a’cb; ¢ u] _ Wgz)/;)oo

The following equality holds:

21 [C/b’ C/a; q, @] 3

201 [a, b; C];U: X 201 :f/eff/d)% d;u]
= 201 [C/ PRl S d}f;q;u]

Taking the coefficient of u” in the equation above and relabeling
the parameters gives Sears transformation.



% Definition of A, basic hypergeometric series

B=(pB1,...,0,) € N" multi-index
Bl = 50, i length of

In this talk, a multiple series Z S(B) is called A,, basic hy-

peN"
pergeometric series if:

e the series has a form

A(ra®
Z %ufl .- u™ x (basic hypergeometric stuff)

i Al
where
Alw)= ] (@—=)
1<i<y<n
and
Azg”y= ] (xig" — z54")
1<i<y<n
are Vandermonde determinants of x = (x1,...,x,) and

vq” = (x1¢™, ..., 1,q¢™) respectively.
e symmetric w.r.t. the subscript

on =1 = basic hypergeometric series



% Multiple basic hypergeometric series

O Origin (ordinary case)
W.Holman, L.Biedenharn, J.Louck Representation of
SU(n+1) :

Clebsch-Gordan coefficients of SU(2) = terminating 3F5 se-
ries
(Hahn polynomials)

Racah-Wigner coefficients of SU(2) = terminating balanced
+F35 series (Racah polynomials)



& Derivation

e S.Milne A certain algebraic invariants and ¢-difference
equation

e S.Milne, G.Lily, G.Bhatnager,
C.Krattenthaller, M.Schlosser
Multidimensional matrix inversion
(Multidimensional Bailey lattice)

Y.K, M.Noumi-Y.K Cauchy kernel and Macdonald's
g-difference operators



& Application

e C.Krattenthaller, I.Gessel Cylindric partition enumer-
ation

e S.Milne Analytic number theory —-sum of squares

e S.Milne, V.Leininger New infinite families of 1 function
identities

e J.F. van Diejen, M.Noumi-Y.K Macdonald polyno-
mials



In this talk, we wants to claim:

”Multivariate hypergeometric transforma-
tion is useful for (even in the case of) one-
variable hypergeometric series case.”

(Especially, hypergeometric transformations with different di-
mensions in our previous work.)



O Euler transformation formula for basic hyper-
geometric series of type A

Theorem 1. ( Y.K. 2004 Adv. Math.) Suppose
that none of denominators vanish. Then we have the Euler
transformation formula for basic hypergeometric series of type
A with different dimension:

> L AEd) 11 (azi/x))y,
A(z) 1<ij<n (qri/x}),
1<i<n,1<k<m (CZilyr/ TnYm ),

(al ... anbl ... bmu/cm)oo

(U>oo
Z (a1 -+ anby - - - bpu/c™)

oEN™ A<y>
H ((C/bl>yk/yl)5k H ((C/ai)xiyk/xnym>5k

1<k,l<m (qyk/yl)(sk | <i<n.l<k<m <C$Zyki/xnym)5k

fora;t,....a ' bi/c,... by,/ccC.

y Wn

vyeN"




O Sears transformation formula for basic hyperge-
ometric series of type A

Theorem 2. ( Y.K. 2004 Adv. Math.)
A(xq” bix;/x:)~
quv\ (2q) H (bji/ %)y,

22w AL e,
(C]_N, a)M <Ck37iyk/xnyM>%
(e, fn 1<Z.<£[<,€<m (dziyr/ TnYm ),
vl(e/a, f/a)n Zq5|A(yq5) 1l ((d/c)yr/y1)s,

(e, v G AW s, (/s

<q_N7 a)|5| H <(d/bz)xzyk/xnym>5k

(ql_Na/€7 ql_Na/f) (dwzyk/xnym%k

provided a BCq¢* " = d™ef.

= Qa

Ol 1<i<ni<k<m



However it was obtained from the case when we consider the
product:

A(xq? a;Ti/x;)~,
Zum A((j;)> H ( /;)

~veNn 1<i,j<n (qxz/x]>%

(Cxiyk/xnym>%

1<i<n, 1<k<m

X 201 [f/e}f/d;q;d%u]

Question

What arises when we consider the product of multiple
series in general??



% Definition of the multiple very well-poised BHS
Wnm

To simplify expressions of formulas, we introduce a notation of
multiple very well-poised basic hypergeometric series as follows:

o g%z 5 (b {01 2)

_ Z Sl H Alzq") H 1 — " isa;
1 Ax) L 1 — sx;/x,
vyeN" 1<i<y<n 1<i<n

(52/ )y (azi/ @)y,
Ll ((sq/aj)xj/xn))y ( Il >

1<j<n
H (Vk) | ( H (upi/Tn)-, ) |
1<k<m <Sq/uk>!’7\ 1<i<n ((sq/vk)zi/T0)s,
where {u;},, means uy, ..., u, according to this order.

This series contains “well-poised” combinations of factors

(uz1/@n)y - (UWTno1/ %)y, - ()5,

(sq/u)}y
(V)4

((sq/v)xr/Tn)yy - ((8¢/V)T01/Tn)s,_, - (54/0)5,

Note that in the case when n = 1, W™ reduces 9,44 Wapm3
series.

Y




O Key Lemma

Homogeneous part of multiple hypergeometric series

Y

(multiple) very well-poised hypergeometric series

# (Example) g-multiple binomial theorem and Rogers’

terminating multiple very-well-poised s¢; summa-
tion
An A,, g-binomial theorem S.C. Milne (Adv. Math (1985))

(b1 -+ byy1U) o _ Z u\@@(ﬂﬁ) H (bjzi/x;))s

(1) Aoy AL Tgwfay),

In the case when n =1, it reduces to g-binomial theorem:

(B
=D v

keN




After changing n — n + 1, take the coefficients of u" in
the both side of A,, g-binomial theorem. The coefficient which
appear from the right hand side can be expressed in terms of
W™ series. Then by changing the parameter appropriately, we

obtain A,, Rogers’' terminating ¢1V5 summation formula due to
Milne,

(aq/by - -byc)n H (agzi/xn)N

g/ 2L Tag/b)aijz,)y

b} N aql-i—N
_ Wn,l({ 1fn . . )
{mi}n GOa by---b,c

The case when n = 1, this formula reduces to Rogers’ termi-
nating 45 summation formula

b e geN. 0] (ag/bo)y (ag)y
6W5[ hed e ] (aq/O)x (ag/b)x




Set the homogeneous part in multiple basic hypergeometric

series as Py

oy (fodr | e

A(xq") (ajzi/2;)y,
Y ) g o

veN" |y|=N 1<i,5<n (QJZZ/:E])%

v H (bkxzyk/xnym>%

(Cxiyk/xnym)% .

1<i<n, 1<k<m

Then we have
Lemma

CD}V’m (Cf {{bgik}}$> :(the coeff. of u” in m+1®Dm Series )

_ (a)y T (bryr)

(@) N i (cyr) N
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W (o
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_ c"'q
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aj-- - aplp1 B
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O The master formula and its reversing version

Theorem 3

S o (fal

{bkyk}Tm) 1)

{Cyk‘}m1

e () ()
- St ()

LeN

i\ L
% q)nz /1M ({d s fmo {epzp}m) (_1>
{ws}mQ {fzp}nz
when the "balancing” condition AB/c™ = DFE/f™ holds.

And
5o (fode ) )
< P ({féepinz {(f/%zw;}mz) < ZJ;Z )NK

{(¢/ ai)xi}m)

{Cxi}m

- on

mi\ N—L
x QN2 {ds}mz {epzp}nz ¢
L ws mo {fzp}ng AB
when AB/c™ = DE/f™ holds.




¢ Example of bilinear transformation formula for multivariate
hypergeometric series

(a) ni,me > 2,m; = mo = 1 case of (1) (after an appropriate
replacement of parameters):

(c1/s,c2/8)k ((bi/s)a; )
KZENQ (¢,q9/d)k 1<1;[n1 ((1/s)z; Y
(", 9)x ((tq)2p) K

(tq/ f1,tq/ f2)x 1§12;[n2 ((tq/ep)zp)k

2,2
| S
X Wm’Q( Ok | K sy gy q K, g )

{Tifn, " Beicod

thN—I—Q
“« Wn2,2( {e,}n, Kt 7 K—N. )
(|4 fi, 4% 9,q Efifag

_ gN (tq/flga tQ/f2g>N H ((tQ>Zpa (tQ/epg)Zp)
(tq/ it/ v 22, (Ea/9)zp, (ta/ep)zp)n
y 5 [ g,5q/c1d, sq/cad, {(sq/bid)z;}n,,
S g fd, N fig /t,q N fog [t {(5q/ d)ai b
{(aVg/t) 2 ngr a7 g q]
{(@Vepg/t)zp}n, 7

provided s°t?¢*™" = BeycodE fi fag.



In the case when ny = no = 1 and 1 = 21 = 1, the formula
above reduces to:

Z qK (b/87 01/57 62/87 q_N7 g, tQ)K
(1/87 q, Q/d7 tQ/G, tQ/fla tq/fQ)K

KeN
i K K3 -K 52@2
X sWr |q " s;b,c1,c0,q " d,q 5
i bClcgd
B e " KN thN-FQ
x sWerlq tie, f1, fo. 07 9,47 i q; ]
€f1f29

v(ta,tq/eg. tq/ frg.ta/ fag)n
(tq/e,tq/ f1.tq/ f2.tq/g)n
< o | 950/crdssafcad, sq/bd, @ g/t,g" » q]
la/d, a7 g/t a7 fog/t, sq/d, g Neg/t T
provided s*?¢**
the present talk.

= bcicode fi fog, which we showed first of



O Another example of bilinear transformation formulas for (mul-
tivariate) hypergeometric series

(b) ni=mny=m3=my=2 caseof (1) :

If the "balancing” condition

o3V t? = bedidaef Bry6102ed)

holds, then we have:

(b/t, c/t,dy/t, do/t)c
Kze;\I <1/t7 (]/6, Q/fa Q>K
(O-Q7 €, ¢7 q_N)K qK
(oq/B,0q/v,0q/01,0q/62) K
_ t3q3 ]

X

x 10Wy |tq " b,c,dy, dyyeq™™ fa ™ a7 g bod o]

[ 3N+3]

_ 0°q
X 10Wy UC]K;ﬁa% 5175276qK’¢qK’qK N;q; Bv0102€0




_ ¢N<JQ/51¢: 0q/0¢)y  (6,09/vP)n
(0q/d1,0q/02)n  (€/9,(0q/7))N

% <OQ7 OQ/5¢)N
<O'Q/¢, O-Q/B)N
Z (tQ/Cf, tQ/bfo tQ/dlfy tQ/d2f>L
LeN <€/f7tQ/f7Q/f7Q>L

(" Ne/p,qa N dJo a1 ¥
(¢ Nvp/o,q NBo/o,q Norp/a,qNoad /o)L
X 10Wy [q_Lf/e;tq/ce,tq/be,tq/dle,tq/dge,
_ o bedidoe fqg™
L L —L.,. 172
fa =/t fa a7 g 3 ]
X 10Wy [qL_N(b/e; oq/ve, 0q/Be, aq/oe, oq/dqe,
, ﬁ75152€¢C]N1]

X

¢ "oloq e d" g —

which can be considered as one of the most general formulas of
our class of bilinear transformations in one dimensional setting.

Note Each of 131V series is NO'T necessary to be balanced.
But the product of the argument of ¥y series is ¢> by the
"balancing” condition above. So, if one of the 1jWWy series is
balanced, all of those become to be balanced.




