15, April 2026 (Wed) 17:30— (JST)
Web-seminar on Painlevé Equations and related topics

g-Painlevé equation and g-middle convolution

TAKEMURA Kouichi (Ochanomizu Univ.)



1 Abstract

It is known that ¢-difference Painlevé equations are obtained as
compatibility conditions of two linear g-difference operators (Lax pair).
The main target of the talk is the linear g-difference equation which
produces the g-Painlevé VI by the connection preserving deformation,
which was introduced by Jimbo and Sakai in 1996.

We investigate the symmetry of the linear g-difference equations,
especially by the ¢g-middle convolution. It is related to the ¢-Heun
equation and its g-integral transformation.

Some basic matters on the ¢g-middle convolution will be also explained.



2 Painlevé equations (P1, P2, ... P6)
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Painlevé equations are characterized by the Painlevé property: the only
movable singularities are poles.



Painlevé equations can be obtained by the compatibility condition of two
linear differential operators (Lax pair).

In the case of Painlevé VI (P6), it is related to monodromy preserving
deformation of the linear differential equations

o (A A A o (@)
@ _ (Lo Y, Y =
dx (x +x—1+x—t> ’ [yz(ﬂf) 7

=

where Ay, A1, A; are 2 X 2 matrices.
Painlevé variables \, ;1 are contained in the coefficients of these matrices.

A is realized as the zero of ai2(x), Ao + A + At _ (all(m) alQ(m)).
r x—1 x—t az1(z) a2:(x)
Painlevé VI dA _OH du __OH
dt  ou’ dt O\’
1 2
H = — DA =t)u” — {0 A —1)(A—t
T A= D= 08® — {80(A — DA =1

+ 01 AN — 1) + (0: — DAXA — D} + k1(k2 + 1)(X —1)].
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3 Discrete Painlevé equations

In 1990s, discrete Painlevé equations were studied from the following
viewpoints

e Singularity confinement

e Algebraic entropy = 0: (polynomial growth of degrees of solutions)
e Symmetry (of affine Weyl group)

Sakai (2001): Geometric construction from algebraic surfaces
elliptic difference Eél)
q-difference Eél), Eél), Eél), Dél) (= qP6), Afll), Eél), -
additive difference E\", E\Y EV DV (= P6), AV (= P5), -

Kajiwara, Noumi, Yamada gave a review of discrete Painlevé equations
(J. Phys. A, 2017)

In this talk, we mainly discuss ¢-difference Dél)(: qP6), which we
denote by q—P(Dél)). (q—P(Eél)) and q—P(Eél)) will also appear.)

4



¢-P(DM): g-Painlevé VI (Jimbo, Sakai (1996))
Under the condition b1bsa3a4 = qajasbsby,

f(t)f(qt) _ (g(t) —tai)(g(t) —tas)
b3b4 (9(t) —a3)(g(t) —as) ’

g()g(qt) _ (f(qt) —tb1)(f(qt) — tbo)
azaq (f(qt) —b3)(f(qt) —bs)

It arises from the connection matrix preserving deformation of the linear
g-difference equations;

Y(qz) = (By + Biz + B22®)Y (z), Y(z) = ( yl(@) .
y2()
(By, B1, B2: 2 X 2 matrices with non-degenerate conditions)

By the limit ¢ — 1, we have the usual Painlevé VI and Fuchsian
differential equation with the singularities {0, 1,¢, oo}
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Description by Kajiwara, Noumi, Yamada
[6] K. Kajiwara, M. Noumi, Y. Yamada,
Geometric aspects of Painlevé equations. J. Phys. A 50 (2017), 073001.

q—P(Dél)): Under the condition k{k3 = quyvs ... U,

PN it Ut~ N W et 2
p— 3 4 ) p—
(9— ) g—5)" 7% v (f —v3)(f —va)
~ time evolution, - inverse time evolution.
Rl =K1/q, Re =qka, 7; =1v; (1 =1,...,8).

Weyl group symmetry was described.

They described other g-Painlevé equations by using the same variables

(fagﬂ%lv’%%ylv .. '7V8)
Unified description for ¢-Painlevé equations
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A Lax pair of q-P(Dél)) by Kajiwara, Noumi, Yamada

I, — {z(gyl — 1)(gre — 1) V1VaV3V4(g — ,Z—Z)(g — :—2) }

qq /g
vva(2 —vg)(2—wva) (BB —2) (1
-+ f—g (g Tz )‘|‘ Q(f_z) (g TZ)
L2:(1_£)T+Tz_$

T time evoluion T'(f) = f, T, : T,h(z) = h(qz).

g-Painlevé equaion q-P(Dél)) Is described as the compatibility
condition for L; and L».



The equation L1y = 0 is a second-order g-difference equation

G 4] )+ B ED L)

e {Z(ng — 1)(gV2 — 1) B V1V2V3V4(g — Z_Z)(g . Z_g)
19 fg

}y(z) = 0.

It is essentially equivalent to the linear g-difference equation of Jimbo
and Sakai for y1(x).

Y(qz) = (By + Biz + B22)Y (z), Y(z) = (5283) .



Plan of this talk

We observe relationships among a g-deformation of Heun's differential
equation, g-Painlevé equation q—P(Dél)) and the initial value space.
(Similar relationships for q—P(Eél)), q—P(Eél)) 9, 14])

We review the Weyl group symmetry W(Dél)) and W(Dél)).

We investigate the symmetry of the linear g-difference equations which
are associated with Lax pairs of some ¢-Painlevé equations [9, 14].

In particular, we look into the symmetry which is related to the g-middle

convolution.
Some basic matters on the ¢-middle convolution will be also explained.

We observe a relationship between the time evolution on the g-Painlevé
equations and the parallel translation from the Weyl group symmetry.
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4 g-Heun equation and g-Painlevé equation

Heun’s differential equation (v +d+ec=a+ 3+ 1)
d?y (7 0 € ) dy afz — B

y =0,

@jL ;+z—1+z—t dz+z(z—l)(z—t)

It is a standard form of Fuchsian differential equation with four regular
singularities {0,1,%,00}.
The parameter B is called an accessory parameter.

Hypergeometric differential equation is a standard form of Fuchsian
differential equation with three regular singularities {0, 1, co}.
d?y

d
z(l—z)@%—(v—(&—l—ﬁ—l—l)z)d—z—ozﬁy:().

The hypergeometric function o Fy (v, 8;7v; 2)(= >, (‘z%'f)bii),” 2")

satisfies it.
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4.1 g-hypergeometric equation

The basic hypergeometric series by Heine (1846)

00 n—1
2¢1 a, b C, CC Z n n) ()\7Q)n — H(]. — )\qz)
n=0 Jn (€5 q)n i=0

It satisfies the g-hypergeometric equation

(z—q)f(z/q) — ((a +b)x — q—c)f(z) + (abx — c) f(qz) = 0.
If ¢ — 1, then we obtain the hypergeometric differential equation.
Coefficients of f(xz/q), f(x) and f(qx) are polynomials of degree 1.

The g-Heun equation is defined by replacing the coefficients with
polynomials of degree 2.
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4.2 g-Heun equation

{asz® + a17 + aptg(x/q) — {box® + byx + by }g(x)
+ {coz® + c17 + o }g(xq) = 0, (agapcacy # 0).

It was introduced by Hahn (1971, [4]) as a ¢-difference analogue of
Heun's differential equation.

It was rediscovered in 2016 ([12]) by considering degeneration of one
particle Ruijsenaars-van Diejen system four times.

Fourth degenerate Ruijsenaars-van Diejen operator (T g(z) = g(¢*1z))
A4 (z; h1, ho, b1, 1o, 00, 00, 8) =2 Hx — qh1+1/2t1)(x — qh2+1/2t2)T_1
4 gtz (g — ql1_1/2t1)(x — ql2_1/2t2)Tx
—{(g™ + g2z + g Fhathitlateatan)/2(gB/2 4 g7 Pty

g-Heun equation is written as

A<4> (x;h17h27l17l27041705275)g(x) — Eg(:U) (E eigenvalue)a
12



As ¢ — 1, we obtain Heun's differential equation

d?y <7 0 € )dy afz — B

@—l_ ;—l_ z—1 i z—1 dz+z(z—1)(z—t

y=0,
)

[4] W. Hahn, Funkcial. Ekvac. 14 (1971), 73-78.
[12] K. Takemura, J. Integrable Systems 2 (2017), xyx008.
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Heun's equation in terms of = Ruijsenaars-van Diejen system
elliptic function difference (one particle)

[Inozemtsev system (one particle)] analogue Ag(z) = Eg(x)

|} trigonometric limit

2 S

(1) _
{— F—F Li(li + Dp(x + wz)}f(a:) A g(z) = Eg(a:)
- — Ef(z) | [} deger.leratlon
variant of g-Heun equation of degree 4
{ equivalent AP g(z) = Eg(x)
|} degeneration
d*y [~ 9 e \dy variant of g-Heun equation of degree 3
—Z 4+ =+ +
dz>2 z  Zz —é z—t)dz A<3>g(x) = Fg(x)
aﬁj_ Sy = 0 g-difference I degeneration
2(z2=1)(z—1) analogue &
Heun's differential equation = q-Heun equation (degree 2)

A% g(z) = Eg(z)
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4.3 Linear g-difference eqn associated to g-Painlevé egn

We investigate the linear g-difference equation

Lly(z) — 07

where L, is one of the Lax Pair of q—P(Dél)). It is written as

i : u_?,>f<g =0l ) - miz) + (5 ;é)f%[ 2 (a2 - (=)
n {z(gyl — 1;;6]@ — 1) B V1 Vo34 (Y ;gz_z)(g _ ’:—2) }y(z) = 0.

It is not the ¢-Heun equation, but we obtain the g-Heun equation by
specializing the parameters f and g.
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We substitute f = v3 to the equation Liy(z) = 0. Then we have

(Z—Mﬁw—ww@y@ﬂﬁ+-1 (z—fl)GH~@Jy@@

V119 V7 Vs

~ [(i N i)zz ~ ((V3V7 — k1) (vavr — k1) 1
V1 VQ V1VoV3V7V7 g
qU4Vs QV4V6)Z

+ 2B +
1 1% K9 K2

1/2
qU3lV4pVs /

e (9 R GO O

It is the g-Heun equation. The accessory parameter corresponds to the
(vsvr—k1)(vave—K1) 1 | vs | vs | GVaVs | qVale
term( 9+V1+V2_|_ K2 ™ K2 )

23ty

Namely, the parameter g plays a role of the accessory parameter.
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We substitute (f, g) = (f1, fi91 + v5/K2) into L1y(z) = 0, and set
f1 = 0. Then we obtain

(2 = )~ ava)y(/) + (2= =) (2= 2 )yla2)

1 1 % Vs (Va—+v K1Kko(U7r+1
B [( N )Z2+{glqygy4(1__6)_q s(Vst+ra)  Kika(vr 8)}Z
Vy V2 45 K2 V1VoVslV7lVs

/2 1/2
qRi1Vqg V4/

que \ /2 | (que\T1/2 _
V11/2V21/2V71/2V81/2 { (V_5) + (V_5) }:|y(Z) - O

It is the g-Heun equation.

The blow-up (f,g) = (f1, fig1 + v5/k2) at (f,g) = (0,v5/k2) is related
to the initial-value space of q—P(Dél)).

For details, see Sasaki-Takagi-T. [10].

_|_

In summary, the g-Heun equation is related to the q—P(Dél)) throught
the Lax pair and the initial-value space.
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Lax equation = Ruijsenaars-van Diejen system

associated to e—P(Eél)) Noumi-Ruijsenaars (one particle)
(elliptic-difference) -Yamada (2020) Ay(z) = Ey(x)
Lax equation o N |} trigonometric limit
associated to ¢-P(FEg ') Sasaki-Takagi-T. AV y(z) = Ey(z)
(2023) |l degeneration
Lax equation 0 = variant of g-Heun equation of degree 4
associated to q—P(Eé ) T.(2017) APy (2) = By(z)
STT (2023
( ) |} degeneration
Lax equation 0 = variant of g-Heun equation of degree 3
associated to q—P(Eé ) T.(2017) AB) y(2) = By(z)
STT (2023
( ) |l degeneration
Lax equation 1) = g-Heun equation (degree 2)
associated to ¢-P(D:"’) T. (2017) ANy (z) = Ey(z)
STT (2023)

- specialization of (f,g) to £
Degenerate cases: Chihiro Sato ]E_ISrld T. (2026) Phys. Scr.



In the case ¢ = 1, the results corresponds to the relationship among the
sixth Painlevé equation, 2 x 2 Fuchsian system with four singularities

and Heun equation.

2 X 2 Fuchsian system with sing. {0,1,t, 00}

dY—(@+ 4 A )Y, Y:(yl(z)) (1)

dz ~ \ =z z—1 z—1 ?/2(2)
We determine elements of Ay, Ay, A; under the following assumption:

Eigenvalues of A;: 6;, 0, (¢ =0,1,1)

0
AO‘l‘Al‘l‘At:_( /Bl Ko >,f9<>o=/<31—/<32-
E(z — A
Then (1,2)-element a12(2) = s _( e )_ s

On the case A # 0, 1,¢, 00, by adding the relation u = a11(\), the
elements of Ay, Ay, A; are determifgd by 69,601,0;,0, A\, 1, k.



By eliminating y2(2) in Eq.(1), we have

d21 1 — 60 1 — 64 1 — 0, 1 du

dzy2+< z +Z—1+z—t_z—)\> dyz (2)
ki1 (r2 + 1) AMA-1Dp it —-1)H _

‘|‘< Z(Z—l) +z(z—1)(z—)\> Z<Z_1)(Z_t)>y1 0,

H = t(tl_l) A =T (A _t)MQ —{Oo(A—1)(A—1)

+ AN —1)+ (0 — DAN = 1)+ ki(ke + 1)(N —1)].
Five regular singularities z = 0,1, %, 00, A;
z = \: apparent singularity (non-log.)

The monodromy preserving condition for Eq. (2) is written as
d\ 0H du  OH

dt f:* dt N’
and this is written as the sixth Painlevé equation on A.

Namely the sixth Painlevé equation is obtained by the monodromy
preserving deformation of Eq. (2) (or Eq. (1)).
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If we set A =0 in Eq. (2), then we obtain Heun's differential equation.

We can obtain the Heun equation by other ways of restricting
parameters, and it is related to the initial value space of Painlevé VI.

[11] K. Takemura, Middle convolution and Heun's equation, SIGMA 5
(2009), paper 040.

The equation Lyy(z) = 0 in the g-deformed situation corresponds to
Eq. (2) in the case ¢ = 1.

The appearance of ¢g-Heun equation by blow-up of the parameters

(e.g. (f,9) = (f1,f191 +v5/Kk2) and f; = 0) in the g-deformed situation
corresponds to the restrictions to Heun's differential equation in the case

q = 1.
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5  Weyl group symmetry of q—P(Dél))

Let W(Dél)) be the affine Weyl group (or infinite Coxeter group) which
corresponds to the following diagram.

T2
- >
0 4
7‘-1{7
2 3
1 5
(1)y.

Generators of W (D:"): sg,S1,...,S5.
Relations: s? =id (i = 0,1,...,5), 5081 = $150, S0S280 = S250S2 etc.

Extended affine Weyl group W(Dél)) Is defined by adding the generators
1, 792 (—|— relations W% == 7'('% — (7'('17'('2)4 = id,ﬂ'lSO = S$171 etc.),

which correspond to the diagram automorphism.
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Kajiwara, Noumi, Yamada [6] introduced a representation of W(Dél)),
which is associated to q—P(Dél)).

Define the action of the generators sg, ..., s5, T, T to the variables
f:gayl7'°°7V87K’17’%2aq by
So . Uy <= Usg, S1 1 Vg <2 V4
| K1 K1 _ K1K2 f—vs
So 1 Vg — —, vy — —, Ko — . g%g K1
V7 V3 V3l f— P
_ 1
. K2 K2 K1k g~ o
S3 U] — —, Us——, K| — ., = f o
Vs V1 V1Vs 9~ ws
Sq4 : V1 <7 Vg, S5 . Uy <7 Vg

T :q—1/q, v1 = 1/vy, vo = 1/vg, v3 = 1/v7, ...
vs — 1/vg, k1 — 1/Kk1, ke = 1/ko, f— f/k1, g — 1/g

mo:q— 1/q, v1 = 1/v7, ...
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The representation of W(Dél)) is defined on the rational functions with
the variables f,qg,v1,1v9,...,V8, K1, K2, q With the relation

2 .2
RiRkRo = QU1 VV3VAV5VeVTY.

Recall that the principal variables of the g-Painlevé equations are f and
g, and the variables v1,1v5, ..., s, K1, kKo are supplementary.

For the other g-Painlevé equations, the representations of the extended
affine root systems are also defined on the rational functions with the
variables f,qg,v1,v9,...,V8, K1, K2,q.
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We recall the linear g-difference equation Liy(z) = 0 ass. to q—P(Dél)).

{Z(gvl — Dlgre —1) _ mvevavaly — )0~ ) }y(Z)

q9 19
nva(s —vs)(5 — va)

: (9y(2) — y(z/q))

=
(= 2)(=— ) 1
+ - - (—y(Z) - y(QZ)) = 0.
q(f — 2) g
By the gauge-transformation, y(z) = y(2) (9v3/21¢)oc , we obtain
(gr1/(v72); @) o
the equation for 3(z), whose parameters are changed by
~ 2% K1 . Rik2 . f—vs
Vg = —, V7t = —, Ra = » g — ¢ Ky
V7 V3 V3l f— U

Namely we obtain the action of sy by this gauge-transformation.
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The operator sy: gauge-transformation.
The operator s is related to the ¢-middle convolution ([9]).

[9] S. Sasaki, S. Takagi, K. Takemura, ¢g-middle convolution and
q-Painlevé equation, SIGMA, 18 (2022), paper 056.

1 D
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Middle convolution : Introduced by Katz (1996).
Dettweiler and Reiter reformulated for Fuchsian differential equations

dY (x) ( Aq A,

dx T — aq T — Qo

Middle convolution: Convolution + quotient by some subspace
Convolution < Euler's integral transf. y(z) — [, y(s)(z — s)*ds

q-middle convolution : Sakai and Yamaguchi (2011, 2017 IMRN)

)Y(x) (A1,...,A;): m X m matrices.

Y(gz) = B)Y(z), B(x)=Boo+) 7 _B;/bi

We slightly modify the g-convolution. (Arai, T. arXiv:2503.11214)
Merits on reformulation:
Slightly simpler expression.
Convergence of the g-integral transformation ass. to the g-convolution.
One more parameter £ in g-integration.

q

Composition: mcl,-mcy ~ mcc/]\JrM (S-Y. U, .U, ~ Viog(g* +q#—1)/ log q)
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Replacement of ¢-difference equations

Y(qx) = (BOO + i 1 _B;/bi)Y(x).

Then the g-difference equation is equivalent to
N N
— x_I—;x—bi () iz:;x—bi (). G)
Addition

Define the addition add,, by
add,u : (B()a B17 I BN) — ((1 o q,u)]m -+ qluB(b qluBla s 7q'uBN)'

If Y(x) € C™ satisfies (3), then V() = Y (x) satisfies the equation
induced by add,,.
Addition is obtained from the gauge-transformation

28



6 Reformulation of g-middle convolution

Reformulated g-convolution is associated to
N = = N

Y(qw)—Y(w):Z Bi v \Y(qm)—Y(fE):Z Gi

> Y
—T —~ 1 — b; —T —~ 1 — b; (%)
1=0 1=0

Definition 1 (Reformulation of g-convolution, Arai-T. (2025)).
Let B = (B, B, . . BN) be the tuple of m X m matrices and \ € C.
Define the ¢- convolutlon cs : (Bo, B1,...,Bn) = (Go,G1,...,GN) by

/C]—ABO +(1-q¢g M, ¢g?*B; - q_/\BN\
Gy — 0 0 0

—\ 5 5 )

(Go,G1,...,Gn are (N + 1)m x (N + 1)m matrices)
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- g By ¢ *Bi1+ (1—q M)y ¢ *Bn
S e 0 o |
Gv=1 o0 O O
\q_ABO ¢ By -+ ¢ *By+(1- q_)‘)[m)
Sakai-Yamaguchi defined the g-convolution ¢5Y for (Buo; Bi, ..., By),

Y (qx) = {BOO + i 7 _B;/blY(x).
= Z SY

On two g-convolutions, we have ¢! = add_» o c
q A A
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g-convolution and g-integral transformation

Jackson integral (£ € C\ {0})

€00 00
(s)dgs =(1—q) > q"&f(q"9).

n=——aoao

0

Kernel function N
Let Py(x,s) = Pil)(x, s) or P>(\2>(:z:, s), where

_ A1 /. N .
PO (3, 5) = o> (€7 5/%5q)oc. PO (4, 5) = 5 (_:Ii\/s,q}oo |
(gs/234) oo (¢ 2/8;q)c
(#30)00 = (1 = 2)(1 — qz)(1 — ¢*x) - )
P\ (z, s) satisfies the relation
\ = ~ T —qts ~
q PA(QZIZ‘,S):P)\(ZIZ‘,S/C]): PA(ajaS)'

g-convolution is related to the ¢-integral transformation whose

kernel function is Py(z, s). 31



g-convolution and g-integral transformation

Theorem 2. ([2], cf. [8, Theorem 2.1], [1, Corollary 2.3]) Set by = 0.

Let Y (x) be a solution to Yigz) - Y(2) = [Z Bi }Y(:E)

Let £ € C\ {0}. Set - = b -
§0 p (7, 3) Yo(x)

Yi(x) =/ N0 Y (s)dys, (i=0,...,N), Y(z) = -
. Py (@

N

If every element of )N/Z(a:) converges for s = 0,1,..., N and

lim Py(z,¢" €)Y (¢"¢) =0, lim Py(z,¢"&)Y ("¢ =0,
——00 L—+4o00

—~

K
then the function Y (z) satisfies

1=0

A primitive version of Thm 2 was obtained by Sakai-Yamaguchi.
The parameter £ was added in [Sas%Ei—Takagi—T(2022)], [Arai-T(2023)].



To prove the theorem, we introduce the finite summations

~IK,L _ Py(z, 5) .
YR (2) = (1= ¢)x /\Z S ($)lsmgres (1=0,1,0.,N).

Proposition 3. (Inhomogeneous equation for finite summation)
SK,L
N Yo[ ](f)
Set VI (z) = ] M) =
K, L
Yy )

[ 2 (Pa(z, ¢5 )Y (¢5€) — Pa(z, " €)Y (¢"+1€))

(1—q)qg o=

~~

\ 2 (P (2, 1Y (¢€) — P (o, g2V (¢216))

Then we have

YKL (gz) — VIEL () el 1
_ (KL () Z flKGL
—x {;x—b}y () :ij (@)
33




In the situation of Prop 3, we assume that YLl () converges as
K — —oo and L — 400 and Py(z,¢* 1) Y (¢5¢) — 0 (K — +o00).

Then Y E-Ll(z) converges to Y (z) as K — —oco and L — +00, and
Y (x) satisfies

34



A sufficient condition for convergence is given by the inequalities on the
eigenvalues of two matrices I,, — By and I,,, — Bo — B; — --- — Bjp.

Theorem 4. (Arai-T. 2025 [2]) Set by = 0. Let Y (x) be a solution to

Y(gr) —Y(z) _ [Z B; }Y(a:)
xr — b,

1=0

If the absolute value of any eigenvalue of I,, — By is strictly less than 1

and the absolute value of any eigenvalue of I,,, — By — By —--- — By s
strictly more than |g*|, then the assumption of the convergence in Thm

2 holds and the integral representation Y (x) satisfies

~

Y (qx) —}7(:1:) _ [i G; }?(x)
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g-convolution does not preserve irreducibility in general.
(Go,G1,...,Gn: (N +1)m x (N + 1)m matrices)

Definition 5 (¢g-middle convolution, the same as Sakai-Yamaguchi).
We define the G-invariant subspaces K and £ of (C™)™ ! as follows;

ker Bg
K = ; , L=ker(Go+Gi+---+Gn).
ker By

We denote the action of G, on the quotient space (C™)™+1 /(K 4+ L) by
Gr (k=0,1,...,N). Then the g-middle convolution mcs is defined by
the correspondence (By, B1,...,By) — (Go,G1,...,GnN).

mcl : (Bo, B1,...,Bn) + (Go,G1,...,GN).
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( Examples of g-middle convolution

(.1 g-hypergeometric equation

We obtain g-hypergeometric equation from a scalar ¢-difference eqn.

(Qx; q) oo 1 — Bx

(873 q) oo 1 —ax
It is written as the following scalar g-difference equation.

y(gz) —y(z) _ [@Jr B, }y(x% Bo—1—q" By —q" (1_§).

The function y(x) = x# satisfies y(qz) = ¢" y(x).

—X 84

We apply g-convolution for B = (By, B1).

37



Write C;J\(Bo, Bl) (Go, Gl) G. Then

Q. — (]_)‘Bo +1— q_>‘ q‘ABl _ 1 — q—)‘+u q—>\+ﬂ(1 _ 5/&)
0 0 0 0 0 )

o ( 0 0 )
! ¢ By ¢ *By+1—q*

0 0
N (q‘/\ —q M (1 = Bla) + 1 q”) |

The correspoding g-difference equation is

~

Vige) ~Y(@) G0 G gy §(a) = (@)(@“)) |

—X

The g-difference equation for yg(x) is written as

(¢ Bz — Q)yo(z/q) + ¢ (az — q)Jo(qz) (4)

—{(g"a+ Bz —q— ¢ "} (z) = 0.
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By specializing the parameters, we obtain the standard form of the
g-hypergeometric equation

(x — @)g(z/q) + (abzx — ¢)g(qz) — {(a +b)z — ¢ — c}g(x) = 0.

By Thm 2 (g-integral transformation related to g-convolution), we
obtain g-integral representations of solutions to the equation

—~ ~

Y(gr) —Y(x) _ {@ LG F}(x)v Y(x) = @?Eg) |

The function

(1—q)a Z (") (T3, ¢ q) o

olw) = (q" T/, q"EB5q) o

n=—oo

satisfies g-hypergeometric equation (4) for any &, if 4 > 0 and
lq|*|a/Bl < 1.

We specialize the parameter £ to o%tgain one-sided series.



e Thecase { =1/a. (n€Z<p = (¢";9)0 = 0)

(M (ax), 4" q) o

~ o —)\ PN

o) = (1= 0™ S e
4" (g ”2/(0456),(1, Qoo A ¢/(ax), B/,
— (]- Q) T (q2/(&x),Q6/()&,Q)OO 2¢1 ( >\+2/(OK.CC) 4, q )

po(qpnt1 :
=(1-9) ZF‘ (?q“,fﬁ/%jjjooo x o1 < q§+1gl;a 4,4 /(ax)) :

e The case £ = ¢ *z.

A

— . -\ 11—\
L e @T70T,459) ( Bwq M)
Yo(r) = (1 —q)qg ""a" — — 291 1, q
(@) = ) (g 2Bz, ¢ q) o ¢ tox

I—-A+p %
_ q 454 ) oo /D, —
— (]‘ o q)q A ((Q’u q q)) 'u2¢1 ( ql/—ﬁ)\—glu 4, q Aﬁx) .
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7.2 Other g-hypergeometric type equation

We can obtain variants of ¢g-hypergeometric equation and the generalized

g-hypergeometric equations of order 3 by applying ¢g-middle convolutions
and additions appropriately.

Solutions in terms of Jackson integrals are also obtained.
By specializing the parameter &, we obtain solutions in terms of 3¢ etc.

[1] Y. Arai, K. Takemura, On ¢-middle convolution and g-hypergeometric
equations, SIGMA 19 (2023), paper 037, arXiv:2209.02227.

[2] Y. Arai, K. Takemura, Reformulation of ¢g-middle convolution and
applications, arXiv:2503.11214.
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7.3 Linear g-eqn of Jimbo-Sakai and ¢g-middle convolution

[9] S. Sasaki, S. Takagi, K. Takemura, ¢g-middle convolution and
q-Painlevé equation, SIGMA, 18 (2022), paper 056.

Linear g-difference equation of Jimbo-Sakai:

Y(gz,t) = Az, )Y (1), Y (w,t) = [ z;gg ] ,

A(z,t) = Ag(t) + A1 (t)z + Asa® = (a”(x) a12($)> DAy = (Xl O) |

a1 (33) a99 (ZC)

det A(z,t) = x1x2(x — tay)(x — tas)(x — a3)(x — ayq),

The eigenvalues of Ag(t) are tf1,t0. (Assume x1Xx2a1a2a3a4 = 01603)
We introduce the parameters w, y, z and impose the condition.

a12(x) = x2w (& —y), a11(2)]a=y = (y — tar)(y —taz)/(qz).
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Then the elements of A(x,t) are determined as

Az, t) = (Xl((x_y)(x—@) +21) x2w(z —y) )

xiw ™ (yx 4 9) x2((z —y)(z — B) + 22)
where
1 _
o = N N [y 1(((91 —|—92)t—X121 —X222) —XQ((al ‘|‘a2)t‘|‘a3 + a4 _23/)]
1 — X2
1 _
B = s —y 1((91 + 02)t — x121 — x222) + x1((a1 + a2)t + as + a4 — 2y)]

vy=z1+z2+Wy+a)(y+8)+ (a+ By — aiast’ — (a1 + az2)(as + as)t — asaq
§ =y ' (a1azazast® — (ay + 21)(By + 22))

and ta)
— ta — ta
21 = € E - , 22 =gx1(y —a3)(y — as)z.
gXx1z
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By a gauge transformation, we change Y (qx,t) = A(x,t)Y (z,t) to

A(x,t)
co(x — tar)(x — tas)’

Y(qz) = B(z)Y (), B(z) = B(z,t) =

where ¢y € C\ {0}. Write

Y(gx) — Y (x B B B
@)=Y By, B, By,
—X €T T — taq Tr — tas
Then, detBy = 0, detBy = 0.
detBy =0 < ¢y = tailag or ta91—2a2'
Set ¢y = ta011a2.

: Vo1 V11 V21
There exist non-zero vectors , , s.t.
V02 V12 V22

s )= (5) m (o) = (5) (i) = (5)



We apply the g-middle convolution mci to (By, B1, B2).
mci (C?) = (C*)®3 /(K + L), dim K = 3.

/ﬂalagt Iiza,la,gt

If ¢ = 5 or ———, then dim £ = 1 and dim(mci (C?)) = 2.
1 1
Set q>‘ = /{QC;lazt. Basis of IC, L are given as
1
v 0 0 0
/vg;\/o\(O\ (03
0 v 0 0
/c<c< 0 | vi A 6 > £<C< . >
0 0 V21 0
N0/ N0/ \vz/ \1/
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g-convolution is written as ¢l (By, B1, B2) = (Go, G1, G2),
BO — (]. — qA)IQ Bl B2

GO — O y
O
O O
Gi=|By Bi—(1—-¢"I; By |, Go= @
O Bo Bl B2 — (]. — q)\)lg

To obtain the matrix elements of mc5(By, B1, B2) on the quotient space
(C%)®3 /(KK + L) ~ C?, we consider a simultaneous similarity
transformation P~1G;P, i =0,1,2. Set

(00()@010 0\
0

g1 g2 1 wvga 0 Gy = P~1GP
P _ O 0 O O V11 O | 61 _ P_1G1P,
1 1 1 0 V12 0 6 _P_lG p
0 0 0 0 0 1wy 2 25
\0 0 1 0 0 v
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We have the expressions

G, — (Go 0)’ G, — <G1 0)7 G, — (GQ 0)7
ES ES S S S S
where éo,gh é% are 2 x 2 matrices. We can choose the values g1, g2
such that Gg + G1 + G5 is a diagonal matrix.

Proposition 6.

¢ ~ o~ o~
|f q>‘ = KQC;laZ , then mcg\(Bo,Bl,Bg) ~ (GO,Gl,GQ).
1
r)—Glx ~
! = |22+ | G(w),
—X X Tr — taq T — tag

~ ~ ~

G(qx) = F(2)G(x), A(x) = ¢o(x — tar)(x — taz) F(x).

We choose ¢y € C\ {0} appropriately.
By comparing A(x) with A(x), we obtain the mapping of the parameters
Y,%,a1,... on the g-middle convollﬁt7ion mc5 as follows.



2 2 2 2,3
_ X1X2a1a2l _ X20102t°05 _ Xa071a5t

/4 9 % 9 te I4 9 te I4
X1 0 X2 X2 1 0, 2 0,
X2a1a2a3t X201G2041
a, — a1, Qa9 — a2, a3 — , Qg —
01 01
(y—as)(y—a4) 1
~ 9°Ty—ta))(y—taz) ~ x1
Y e e
q (y—ta1)(y—taz) X1Xx2a1a2t
s (y — a3)(y — aq) (y — tar)(y — taz) "
(y - tal)(y — tCLQ) (g_ X2a196i2a3t) (37_ X2a106i2a3t) .
We can make a correspondence between the variables vy, z,a1,... of
Jimbo-Sakai and f, g,vq,... of Kajiwara-Noumi-Yamada.

Then, the transformation of the parameters induced by the g-middle
convolution is written as
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V1 UV9o Vs K9 \ ValVs K9 o Vols
V]_ 7 3 VQ — VQ, 7 q 3 7 3
) Vs Vg Vg K9

K1 K1 K1 K1 VolV3 Vs VolVs Vs

? ) ? ’ V3 — g ’ 4 =7 )
V7 V7 Vg Vg K2 K2

(f—vs)(f—va) 1
G GO
vr Vg

f—=f= /5

(f—vs3)(f—va) K2
K1 K1 9— Vivals
(=) ()

v rg8

_ (F-2)(F-%2) o —w
g — g = ——= — g
(F- o) (F-am=) (- 2) (- 2)

Theorem 7. The transformation of the parameters induced by the
g-middle convolution mc} (¢* = kaaiast/01) is written as

52515052555352505152.
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Recall that

0 4
2 3
1 5,
| K1 K1 _ K1K2 L
SQ.VS%_, V7%_, K;Q 7 s g /g K1
V7 V3 V3ly J— e
_ 1
. K9 K9 _ K1k 9 —
§3 V1 — —, Vs — —, R1 — ] f—>f—y5
Vs V1 V1V5 9= %,
So - Vy <7 Vg, S1 : V3 <7 V4, S4 : V1 <7 V2, S5 . Vg <7 Ug.
A proof of the theorem is based on
f—vs | —us 1y
$2508152(9) = formf_md s25051528583(f) = [
vr

Vs
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We calculated the g-integral transformation associated to the g-middle

convolution mc? (¢* = kaaiast/6;).

Let YV(z) = (Z;Eg) be a solution to the original g-difference equation

associated to (By, By, B2). Then, the function

(fo;o Pk(fjs)yl(S) dqs\
oo Py(x,s
% @) fo x(S, )yg(s)dqs
- o Jo oo 2y () dys
Y(z)=| Yi(z) | = 00 Py (x,5)
)//\'2(33) fO s—taq y2(8) qu
Jo " 2y (s) dys
\ S5 DA ) (5) dys )

satisfies the g-difference equation which is associated to the
g-convolution c(){, if the condition for convergence holds.
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1 () -
Write ¥(z) = P~'Y(2)=| : | . Then Y(2)= (Zig”
Vs ()

satisfies the g-difference equation which is associated to the ¢g-middle
convolution mc(f\, If the condition for convergence holds.
By calculating the integral representations of g1 (x) and 92(x), we have

Theorem 8. The function Y (z) determined by

- ~1 t—6)t [ ~
o () = (a1 —az2)(k192 — 1)(koaiast — 01) / y1(s) By (2, ) dys,
kow(kiaiast — 01)qz g S—x
5 1 §oo qz04 tayas
J2(x) = { —
quwyzxa2a1a2 Jo S —qY S—Y

n (C]291 — tajas q2yz )szlaz — 0

r — S

P dys.
X1taias — 04 s — qy }yl(S) A(:IJ, S) qS

formally satisfies the g-difference equation which is associated to the

g-middle convolution mc? (¢® = Koaraot/61).
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g-integral transformation for ¢-Heun equation
Set y = a3 in Theorem 8.
The original g-difference equation is written as

(@~ e — antyys(gu) + UL 2@ 0D, (g

B arast(ke + K1q) - 5 05
{ 01 z° + BE'x + ajast (1—1—01)}3/1( r) = 0.

/ oo A+1 .
If ¢* = gz , then g1 (x) = / yi(s) (4777 s/ 4)oc d,s satisfies
0

(91 S— & (qs/x7Q)oo

Ki1aiazt ( ﬁgalagagt) ( gk2a1a2a4t
T — T —

0 . 2 )i (2/a)

(# — a1t)(z — a2t)31 (qz) +

Kiaiast + 0 koa ast? (01t + asask 5
_{Q11q92 1562—|—E,£U—|— 201042 (;2 341>}y1(x):().
1 1

These equations are g-Heun equations.
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Theorem 9. [Sasaki-Takagi-T. 2022]
Assume that 1150304 = hihohsqg? and y(x) satisfies the g-Heun equation

(= h1g'?) (& — hag'/?)g(x/q) + lala(x — g™/ ?) (2w — lag™ "/ ?)g(qx)
—{(Is + la)a®+ lsla Bz + (llalslahyho) V2 (hY? + by ) }g(z) = 0.

If \ satisfies ¢* = g/l4, then

£oo A+1 .
. y\s) \q S/L5q)oo
o = [ 1) e af

0

s—x (q8/7;q) 0
(x — hhq"?)(z — hyg" P g(x/q) + 151y (z — g~ ?) (z — g™/ ?)g(q)
—{(I5 + )&+ Bl B + (1515151307 h) 2 (R)' 24 (h) ™'/ ?) Yg(z) = 0,
L=l gy =1lo, I3 =13, Iy = q, b} = qhi/ls, hy = qha/ls, hy = 14/(qhs).

dys formally satisfies
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We can calculate the g-integral transformation from the g-middle
convolution mc? for the other parameter ¢* = kyajast/6;.

Then, the Weyl group symmetry is written as s3 in W(Dél)), although
we cannot obtain any integral transformation of ¢g-Heun equation by
restricting the parameters.

In summary, formal integral transformation of g-Heun equation was
obtained from the ¢-middle convolution mci{ where ¢* = Koaiast/01,

. . 1
whose symmetry is $95150525553525051S2 In W(Dé )).
However, it is not simple to obtain argument for convergence.

By considering the g-integral transformation by the kernel identity, we
can obtain g¢-integral transformations of g-Heun equation with attention
to convergence.

[15] T., Kernel function, g-integral transformation and g-Heun
equations, SIGMA 20 (2024), paper 083.
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Theorem 10 ([15], ¢g-integral transformations of g-Heun equations).
Assume that the function h(s) satisfies the ¢g-Heun equation

A<4> (S; h/lv lla 2,a1,a’2,5’)h(5) — E/h(S) and

lim As) |
LS Foo glhithy—l1—l5—a)—asy+B'+2)/2 ls= qr

5_ Cl, lim h(S)

K——oco § —o

= 2

s=q¥

for some constants E’, C7, Cs.
Let A1, ho,l1,ls, 0,0, 8, E, X, 1, 1o be the parameters which satisfy

=1+l —hy—hy—aj+ay—8)/2, p=po+1+x,
E:qMO-FOél—CV/lE/’ 5: _5/_X7 g = (1 _O/l—l_O/2 — X5

Define the kernel functions by

(¢"s/7;q) 00 z\H—Ho (MO r /50 q) oo
Plgll)ﬁo( ) o . ’ P/SQL)LO( ) — (_> —p+1 .
(gHos/z;q) o S (g=HT12/s; @)oo
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(i) The Jackson integral

goo / / / / / / /
g(z) =z~ [) g (hithy—li—ly—aj —ay+p +2)/2h(S)P;E,1;)Lo (z,5) dgs

converges and it satisfies
A<4> (ZE, h17 h2,l1,l2,0&1, 042,6)9(33) — Eg(iU) T (1 _ Q)(k2($) o k1($)),

kl (CB) — Clx—alqli0+a1+h/1—|-h/2+)((q5/ _ 1)t1t2,

—« v THOTXg o al,—at
ka(z) = Cow ™ ﬁz((fz—uoﬂxf)) GrlghoTer (g2 — 1),

(ii)) The Jackson integral

gOO / / / / / / /
g(z) =2~ /O g (hithy—li—ly—aj —ay+p +2)/2h<S)P/§,2/)10 (z,5)dgs

converges and it satisfies
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A (:U; hi,ha,l1,l2, 01, 042,5)9(33) — Eg(:z:‘) T (1 — Q)(l@(f’?) - kl(az‘)),

Fq (g ot z/8) Y. :
k — C —a1+x+le—x—1749 po+ai1+hi+hs+x (B — 1)t t
1 () 17X § 9. (q—Fo—xz/€) (q ) 112,

kz(ﬂ?) — C2x—0é1-l-x+1q#0+a1 (qalz—aﬁ _ 1).
In the theorem, if C; = Cy = 0, then
A<4> (ZIZ', hl) h27 ll) l27 q, (2, B)g(x) — Eg(ﬂf),

and we obtain the g-integral transformations of solutions to the ¢g-Heun
equations with different parameters.

Murakami and T. (2026) obtained special solutions of ¢-Heun
equation which are expressed as finite sum of g-hypergeometric
functions by using the g-integral transformations.
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8 Symmetry of Linear ¢g-eqn. assoc. to q—P(Dél))

We recall the linear ¢-diff. equation Lyy(z) = 0 assoc. to q—P(Dél)).

z(gm — 1)(gV2 — 1) V1V2V3V4(g — Z_z)(g _ Z—i)
{ a9 ; fg }?J(Z)
vive(g — v3)(5 — va)

I (9y(2) —y(2/q))

& _qZ)(_ZZ; 2s) Gy(?«’) - y(QZ)) = 0.

_|_

so is related to the gauge-transf. y(z) = gj(z)( (QZB(/Z’ 3)03 .
qk1/\V72)54 )

s3 Is related to the g-middle convolution.
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Another gauge-transformation

Let y(2) be a solution to the linear ¢-difference equation Liy(z) = 0,
and set y(2) = 2%5(2).

Then, the function §(z) satisfies the equation L13(z) = 0, whose
parameters are changed by

(V17 Vo, V5/’%27 VG//{Qag) — (q_dylvq_dy27qdy5//£27qdy6/ﬁ;27ng)‘

We denote by Gla] the transformation of the parameters

(v1,V2,V5/K2,V6/K2,9) — (V1/a,va/a, avs[kKe, ave /K2, ag).
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Dilation z — ¢z

Set z =wu/c and y(z) = y(u) = y(cz). )
If y(z) satisfies L1y(z) = 0, then y(u) satisfies L1y(u) = 0, whose
parameters are changed by

(V37V47V7//€17V8/R17f) — (CV370V47V7//€1/C7 V8/K'1/Ca Cf)

We denote this transformation of the parameters by D|c]|.

By the way, the number of the parameters v, 15, ..., 5; K1, kKo are too
much for g-Painlevé equation q—P(Dél)) and the Weyl group symmetry
W (D).

The gauge-transformation Gla| and the dilation D|c| are extra symmetry.
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We introduce an equivalent of the parameters by taking the
gauge-transformation G|a| and the dilation D|c| into account.

(v1,v2,V3, V4, Vs, Vs, V7, V85 K1, K25 f, 9)

~ (V1 Vo, V3, Vg, Vs, Vg, Ve, Vg3 K1, K f, 9')

& da,b,c,d € C(vy, v, -+ ,v8,Kk1, k2, f,9) \ {0} such that

(V1, V5, V3, Vi Vs, Vg, V7, Ve K1, Ko f 5 G)

= (v1/a, s /a, cvs, cvy, abus, abvg, v7 /(cd), vs /(cd); k1 /d, bra; cf, ag)

This part is not presented in our previous papers [9, 10, 14]

It is shown that the actions sg, s1, S2, S3, S4, S5, 71, T2 are compatible
with the equivalence.

More precisely, we have the following proposition.
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Proposition 11. (Sato, T., Yamashita, in preparation)

Let (v1, V5, vy, vy, VL, Vg, Vb, Vg K, kS5 f', ') be a tuple of the
parameters which is equivalent to
(V1,V2,V3,V4,V5,V6,V7,V8;%1,K2j>9)-

The actions of the generators of W(Dél)) to

(1, Vb, Vs, Uy, Ve, VG, Vs, Vg K1, Ko 5 g") are written as the same form of
the actions to (v1, Vo, 3, V4, Us, Vg, U7, Vs K1, k2; f,g) up to the
equivalenve.

Recall that
(32(V1)782(V2),82(V3),---,32(V8);82(/€1)782(/€2);82(f)752(g))
— UV
— (V17V27%1/V77V47V57V67K'1/V37VS;K'IJ’%I’%Q/(V3V7);JE79:;_ /4;_:13)
V7

We have so(v5) = so(c)sa(v3) = sa(c)k1/vr = (K /v5)(s2(c)/c).
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(s52(v1)s 82(v5), 82(v3), 82(vh), 82(v5), 82(16), s2(v7), 82(V8);
s2(k1), s2(ka); s2(f), s2(g"))

= (v1a/s2(a), vha/s2(a), (k1 /v7)(s2(c)/c), vysa(c) /e, vgs2(ab) /(ab),
vgsa(ab)/(ab), (k] /vg)ed/ss(cd), vged/so(ed); kid/so(d),

i (Vi) sa(b)ed (bed): f'5a(c) e g L2 55(a) fa)

/
Ve

Rz

Therefore, the realization of the action so to (v1,v5,...; f',g") is similar
to the one to the action ss to (v1,v4,...; f,g) up to the equivalence.

We can also show similar relations for the actions sg, s1, S3, S4, S5, 71, 2.
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90 ¢-P(D!") in terms of Weyl group W (D!")

In Sakai's geometric realization, the time evolution of discrete Painlevé
equations is described by the parallel translation in the extended affine
Weyl group.

W (Ds): finite Weyl group of type Ds.
(2: Root lattice of type D5, P: Weight lattice of type Ds.

On affine Weyl group W(Dél)) and extended affine Weyl group
W(D(l)) we have

W(DY) ~ W(Ds) x Q, W(D") ~ W (Ds) x P

By choosing a special element of P as a parallel translation

(i.e. (mam182518052)%) on Sakai's representation of /V[V/(Dél)) coming
from the algebraic surface related with the initial value space,

we would obtain the g-Painlevé equation with the symmetry Dél).
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On the other hand, in Kajiwara Noumi Yamada's realization [6], the
expression of the parallel translation in the affine Weyl group is not
compatible with the discrete Painlevé equation at a glance.

In the case q—P(Dél)), a candidate of the parallel translation is
(7’(’27’(’182818082)2.

2 _ qUrVgl3ly (9 - V5//<32)(g — V6//<32)

(mamsasisosa) (/) = rf  (g—1/vi)(g—1/v2)

V3l4 (9 — V5//<32)(9 - V6//<32)
foo(g=1/n)g—1/r2)

It is different from 7 —

Moreover,

K2

d Y
el 8V37 (7727T182818082)2(V1) —

2 _
(mamis2sis0s2)"(vs) = = - V1V
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To fix the difference, we introduce the transformation = by

(V17V27V37V47V57V67V77V8;K'17/{2;f7g) —

Vs Vg Vs Vg K1 K1 V9 V1V
V1, V2, V3, Vy, Vs, Ve,
K2 K2 qU3ly qU3lVy K2 K2
K1 K1 l{% V1 UV2Vs Vg K1 K9
vr, Vs, 9 K1, 2 K2; f7 g]-
qU7lg qU7lg q V3V4V7lg Ko qU3Vy  Vslg

It originates from the gauge-transformation and the dilation. Namely,

=(0) = G| ||| (©),

UsVg quTls

for C S {V17V27V37V47V5//£27V6/K’27V7/K’17V8//{17f7.g}'

The transformation = is within the equivalence of the parameters in
Proposition 11.
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Theorem 12. (7. arXiv:2201.07529, RIMS B91 (2023) [14]) Set

T ==- (7’(‘27‘(’182818082)2.

gT ()T (v2)  (T(f) =TWws))(T(f) = T(va))

and we recover the time evolution of the ¢-Painlevé equation q—P(Dél)).
On the parameters, we have

T(v)=v; (1=1,2,3,4,5,6,7,8), T(k1) = q ‘k1, T(k2) = qka.

We can obtain similar results for q—P(Eél)) and q-P(Eél)) (see [14]).
There is a mistake for the expression = in the case q—P(Eél)) in [14].
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.. . Ixr 1 .
Kajiwara-Noumi-Yamada: W(Dé )) acts on the vairables
(V17V27V37V47V57V67V77V8;/§17K2;f7g)'

Sakai: W(Dél)) acts on the vairables (a1, a2, a3, aq4,b1,b2,b3,b4; f, g).

The number of the parameters of Kajiwara-Noumi-Yamada realization is
too much, and it may cause the difference between the time evolution
and the Weyl group symmetry.

By considering equivalence of the parameters, we can deduce the
number of the parameters.

Then, we can fix the difference between the time evolution and the Weyl
group symmetry by finding the transformation =.
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Summary

e Painlevé equations and discrete Painlevé equations.

e Hypergeometric differential equation, Heun's differential equation,
g-hypergeometric equation and g-Heun equation

e g-Heun equation, degenerate Ruijsenaars-van Diejen systems and
g-Painlevé equations (q—P(Dél)) etc.)

e A Lax pair (L1, Ly) and Weyl group symmetries W(Dél)) and
W (D).

e Symmetry of the equation Liy(z) = 0.

e ¢g-middle convolution

e A realization of q—P(Dél)) in terms of the symmerty W(Dél)).
We needed to adjust the parameters by the equivalence.

e Similar results for q—P(Eél)) and q—P(Eél)).
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Problems and related works

e The problem to study the g-middle convolution for the linear
q-difference equation Liy(z) = 0 of Kajiwara-Noumi-Yamada on

q—P(Eél)) and q—P(Eél)) should be clarified in a near future.
(The work by Fujii-Nobukawa ([3], arXiv:2207.12777) might be related
to this problem)

e g-integral transformation for variants of the g-Heun equation (T. [15]).

e Linear 3 x 3 ¢-difference equation on q—P(Eél)) and ¢g-middle
convolution by Park (2023 SIGMA).

e Linear 3 x 3 g-difference equation, Eél) symmetry and ¢g-middle
convolution by Nobukawa (arXiv:2601.06070).
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