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Ohyama et al.: 7-function, irreducibility, space of initial values, algebraic solutions

w?oou, 1 N v?
(dP3) uTT:E—?—I—;(—&su +2ab)+z, e==x1, a€C, beRy

Kitaev-Vartanian: asymptotics on R*, iR* near 0, oo  isomonodromy deformation

etu = (x/3)%y, ebt? = 2(x/3)? <

AV !
1
(E) y//:(y) _y__2y2+3_a+_
T Yy

Yy x
e=1,b>0
ur) = (25 4 @I coshiion) + @) mi(r) + C(G) + ol)

as T — +oo along R, where (1) = 3v/3b"/37%3 v(G), C(G): constant depending on

the monodromy data G = (g,;) € SL2(C) if g11912921922 # 0

g2=0 = u(r)= %bQ/ng/?’ +c(a, b) (s —ie™™) exp(i(3v/3b1/ 373 + 31))(1+0(1))

0<op<m/3

—m/3< <0

x = et

Kitaev-Vartanian ebr? = 2(x/3)?
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Boutroux Ansatz:  representation of solutions by elliptic functions as r — oo

P. Boutroux: 1913 Py, Py line of periods, Boutroux equations (determine the
modulus of the elliptic function)

N. Joshi, M. D. Kruskal: 1988 Py, P, multi-scale expansion method

V. Yu. Novokshenov: 1990 P, isomonodromy deformation, WKB

A. A. Kapaev: 1991 P, isomonodromy deformation, WKB

A. V. Kitaev: 1993 Py, 1994 P,, Py isomonodromy deformation, WKB

This study is basically along the lines of [Kapaev], [Kitaev].

A.R.Its, A. A. Kapaev: 2001 Py Riemann-Hilbert approach (Deift-Zhou method)

K. Iwaki: 2020 P; topological recursion, 7-function

P3: Novokshenov: 2007  sine-Gordon type

P4: Kapaev: 1996 announcement
P4: V. L. Vereshchagin: 1997 3 =0
Pg, P5I S.



Kitaev-Vartanian:

w?roou, 1 5 v?
(dP?)) UTT:E—?—i‘;(—gEU +2ab)+z, e==+1, aeC, bGR;éO

governs the isomonodromy deformation for

dU

Uu —=U U
(U) o (k> 7)U,
0 2iee'?
U(p,7) = —2iTpos + 2 . .
) = e 2 <—<e/4>ew<uf/u ir—ig) 0 )
1y 7, . , 1 0 2¢e’? (ia — iTp, /2)
_ ;<za + §(u Ju — Z#%))Jg + 2 (—iuew 0

o, = (d/dt)p = 2a/T + b/u, that is, the monodromy data remain invariant under
small change of 7 if and only if u™ = (d/d7)u holds and u(7) solves (dP3)

01 0 —i 1 0
o1 = 0o = Oq =
1 o0) =\ o)’ 7 \lo -1

e=1,b6>0

u(r) = 31—\/2( % +/r(@)eT cosh(id(r) + v(G) Ind(r) + C(G) + 0@%)))

as T — +oo along R, where (1) = 3v/3b'/37%/3 v(G), C(G): constant depending on
the monodromy data G = (g,;) € SL2(C) if g11912921922 # 0

g2=0 = u(r)= %b2/371/3 +c(a, b) (s —ie™™) exp(i(3v/3b1/ 373 + 37))(1+0(1))



Kitaev-Vartanian Monodromy data of (U)
(U): irregular singular points u = 0, 0o

Vi (n) = (I + O(p= ")~ O/2+i0% exp(—irp’oy)
@ — oo through |arg yu + arg 72 — 7k /2| < 7/2,
XP(n) = (i/V2)65 (01 + 03+ O(n)) exp(—iVrebp " 03)
p — 0 through |arg u — arg(reb)/? — nk| <7 (k€ 7Z)
5. 89 G € SLy(C):

V() =Y (w)Se, X)) =X0(w)S), Yo (p) = XJ(wG

1 0 1 s{° 1 s
90 — S — 1 SO — 0 G = »
0 <580 1) ) 1 <O 1 > ) 0 (0 1) ) (gj)

M GSFSPogem(/2797: — 605G manifold of monodromy data, dim M = 3

M/ ~ C C3: equivalence class (orbit) by ac,
nonsingular affine cubic surface (vd Put, Saito)
11922 £ 0 = s5°, s7°, 5§ : expressed by g¢;;’s

coordinates: (911922, g12/922, go1/g11): invariant under ac

= u(7), y(x): labelled by G

Ve e C\{0}, (Y (u), X2(n)) ~ (¢73/2Y ()32, 732 X0 ()
Yoo (p) = X§ (WG G ~ Gemo3/?,
=

ac . (Sgo’ Sfo, Sg,G) — (603/25800703/2,603/251000703/2, S{()J,Gcfag/Q)

(911, 922) # (0,0)

gi1=0 = (387922)
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(E) with x = €%t governs isomonodromy deformation of the linear system

t(>1): not necessarily € R, but allowed to be in a strip containing R

A
LE) — =-B(\,H)¥
(LE) —+=3B(A1)Y,
, 0 —2ie'ty
B\, t) = —ieAos +
1) ’ (Fo(t,y,yt)/y 0 )

— (Co(t,y,y") +3(1/2 +ia)t™ )N oy + 2¢™ (S (Z)> "

t Y0
Y- e N 1 0
Lo(t,y,v') =< — — (14 3ia)t™H, = .
o(t,y,9") Y Y ( ia) 03 <O _1)

y, y': arbitrary complex parameters

(LE): isomonodromy property <= y'=dy/dt, y = y(te'®) = y(z) solves (E)



system (LE) admits the matrix solutions
Y = (I + O )07 exp(—(i/6)e"*tA%0)
as A — oo through |arg A + ¢/2 — jn /2| < 7/2,
YP() = (i/V2)(01 + 03 + O(N)) exp(—(2i/3)e 1A a3)
as A — 0 through |arg A — ¢ — jn| < .

V() =Y28e, YR () =Y (NS, Yoo (\) = Y (G,

GS‘g"S;"’age“W—“)"B = 3801(},
Cose ) 7o) o)
Slii2 _ Ugefw(afi/2)03Sgoew(afi/2)03o.37 5‘2 = glg£+1o'1

G =GP, S*=0,75°05, =45
O, = (eb)V/ 4714 (—ue~)"1/2((3/2)(eb) /21 )Y/ 2+

(911922> 912/922> 921/911) = (§11§22, §12/§22, f]21/§11), G = (fhg)



M4 w(A, 2)? =423 — A2% + 1 elliptic curve

[Ty =11, UIL_: two-sheeted Riemann surface glued along the cuts [0o, 23] U [20, 21]
o PYC) \ ([o0, 22] U [20, 21])

zj: Toots of w(A, z) such that zy = z; = 2713, 2y = —472/3 when A = 3. 22/3

branch of V423 — A22 4+ 1 :=2/2 — z00/2 — 21/2 — 22:
Re/z = z; — +00 as z — oo along RT C I

Number zp, z; such that Imzg < Imz; if ¢ > 0, Imz; < Imzy if ¢ < 0 when
Ay~ 3-2%3
i w(A¢>7Z)
Vo € R, 344 € C such that V cycle c C 114, Ime —— —dz=0
c 2

In other words, Boutroux equations.

(1) for every ¢, Ay is uniquely determined;
(2) A,: continuous in ¢ € R, smooth in ¢ € R\ {kn/3 |k € Z};
(3) Aptanss = €T3 Ag, Agin = Ay, Aoy = Ag;
(4) T4, degenerates iff ¢ = km/3 then
Ay=As, =322 Ayp3=ePBA) Apgrys = B8 A,,

In other words, Boutroux equations.
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Boutroux equations

0 < |¢| < 7/3 basic cycles a and b on 114,

b 20 b /
A

1Ly A1 1Ly
(a) ¢ — =0 (b) ¢ — +0

w(A, 2)? =423 — A2 + 1

Boutroux equations

w(A¢,z) A¢>72)

(BE) Imei¢/—dz=0, Imei¢/ wl dz =0
a b

22 22
admit a unique solution A,
(1) for every ¢, Ay is uniquely determined;
) Ag: continuous in ¢ € R, smooth in ¢ € R\ {k7/3 |k € Z};
) Agonss = €AY, Agin = Ay, Ay = Ay
4) T4, degenerates iff ¢ = kn/3 then
Ag=Arr =328 Ays=eTBA),  Aigrs = e84,

(2
(3
(

periods on Il4,:

dz dz
W=Q,.= ] ——— Q=0 :/— Im /0 > 0
. Lw<A¢,z>’ b= = Ly i/t

A—7r/37 A27r/3

A727r/37 A7r/3

FIGURE 1. Trajectory of A, for |¢| <7
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Results

y(z) = y(G, x): solution of (E) labelled by G = (g;;) € SL2(C).
Theorem 1. Suppose 0 < ¢ < 7/3 and ¢11g12922 # 0.

—

y(z) = p(i(z — 2f) + O(x7°%); g2 (Ay), g3(Ag)) + %

as ¥ = te'® — oo through the cheese-like strip

S(Qb,too,lio,éo) = {x:tel¢|Ret>tooa |Imt| < K’O}\ U {llL'—O'l < 50}
U'E/P(.Tg)
P(xg) ={o|pli(c — x7); 92(Ag), g3(Ay)) = 00} = {xg —iQaZ — i L}
36 > 0 Ko, do: given, Jto = too(Ko, do)
A2 AZ’)

_ A _
—ixg = L <Qa log gz _ O (log(g11922) — m)) —iaf) mod Q.7Z + QuZ
2m 922
with
0¥ dz -
O = / ——— Tl D[oo,0"] D =00, z; along the upper shore of [0o, 25]
o W(Ay, 2)

Theorem 2. Suppose —7/3 < ¢ < 0 and g11921922 # 0. the phase shift of y(G, x):

—ix, = 2_—7: (Qa log % + Qp(log(g11922) — m)) —iafdyg  mod Q,Z + QpZ.

t6i¢ € S(¢7 tOO7 Ko, 50)

0<op<m/3

The phase shifts above are represented by ¢11g22, ¢21/911 and g12/go2, which are

invariants under an action on G
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Qa b, Qo depend on A,, for 0 < |¢| < 7/3
y(x) = P(Ag, 20(G, Qia Qﬁa Qg), z)

For [¢ — 2mm /3| < w/3 (m € Z), set QL = e2mm/3Q0 2" Qf = e2mmi/sqeimm/?,
analytic continuation of y(x) beyond |¢p| < 7/3:

Theorem 3. Suppose 0 < ¢ —2mn/3 < 7/3 (respectively, —7/3 < ¢ — 2mm/3 < 0)
_—
y(x) = y(G,x) = P(Ay, x0(G"™, 05,05, 0F); o)
as = te'* — oo through S(¢, teo, Ko, d) With P(zo(G™, Q2 Q% QF)),
if 911”15 g% # 0 (vespectively, g{1” g5 98" # 0), where
Gm — (5801)mGagne(m“/?’)(“’W)"?’ if m>1;

(0150 "Gogelnm/3)i/2=a)os ifm=-n<-—1.

The period, say, Q2 may be expressed by the integral on IT

Q¢_/ dz _/ dz
a eamrifzg W(Ag, 2) N 2mmi/3g w(e2mm/3A¢_2mﬂ/3,z)

| ¢ | |

_ 2m7rz/3/ — 2m7m/3Q¢72m7r/3 ( — 2mm/3<—)

e e ¢ z=e :
a w(A(b—QmTr/?n <)

The matrix G has another expression of the form
G(sgoslooageﬁ(i/2—a)a3)magne(mw/3)(a—i/2)a3 if m > 1,

G<036ﬂ(a—i/2)03STOSSO)nO.ge(nW/B)(i/Q—a)Jg ifm=—n < —1.

Gm —
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Outline of our argument

(1) For system (LE) with (y,4"), under a constraint, solve the direct monodromy
problem by using WKB analysis, that is, calculate the connection matrix G.

(2) For a given monodromy data G (or G), find an asymptotic form (yas(z, G), (Bg)as(z, G))
(an approximate solution to the inverse monodromy problem).

(3) For G solve the inverse monodromy problem with the justification by Kitaev
(rigorous proof of the unique existence: Brouwer’s fixed point theorem).
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Our isomonodromy system

A |
et _ it
(LE) 5 =SBOOY, (=)
, 0 —2ie'y
B\, t) = —ielos +
1) ’ (Fo(t,ywt)/y 0 )
— (To(t, y,y") +3(1/2 +ia)t Aoz + 267 (O é) A2
1
g
To(t,y.y') = % (14 3iap

characteristic roots of B(t,\): £u

(tA) = ieA2 4 — a2 4 X6 — Biemi9(1 + 2ia) X1,

oyt 12 1 : 1
ay =ay(t) = e 2 (% + 2—t> + 4y + i 3ie (1 + 2ia)@
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First let ¢ = 0. If ag = ag—o = Ag = 3 - 2%/3, then
1(00, N gm0 = =A%+ apA 2 — 44X = AT = 21/3)2(\2 4 4273),

¢l < 7/3:
6 turning points w(t, A): Ao, A1, Aj, AL, A2, A) singular points A = 0, oo
(coalescing Mg, A — 210 N[N — =210 Ny N, — £2%/37 (¢ — 0, t = 00))
limit turning points: \; = \;(t = 00), \; = Nj(t = c0) (j = 0,1,2) :

simple as long as they do not coalesce, three lines issue

A
limit Stokes curve: / Re pi(00, A)dA =0

limit Stokes graph: on Ry = Ry UR, : two-sheeted Riemann surface
R glued along the cuts [Ag, M1, [Ny, N, [Na, ie7%/20] U [N, —e~¢/20]

along the Stokes curve both canonical solutions are oscillatory, which is suitable for
calculation of the connection matrix

e\ p(00, A) =24/ (1 = A2 0)(1 = A2 02) (1 - A;20)
=2, /1- 02001 - 22 1420
Ao =Xj(00),  A§ AT A3 00 = —4,
\/1_)‘;50)\2—)1 as A — 0 on Ry
= u(t,\) = —ie? X+ O(1) (R§ 2 A — )
p(t,A) — 2ieX? + 0(1) (R§2 A —0)
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Stokes graphs

YR Ao

(a) ¢ = —m/3 (c) =0 (e) p=m7/3

(b) —m/3 <o <0 (d)0<op<m/3

FIGURE 2. Limit Stokes graphs for |¢| < 7/3

Stokes graph with ¢ = 0 is used by Kitaev-Vartanian in calculating asymptotics on R



17

WKB solution (globally asymptotic)
In the canonical domain whose interior contains a Stokes curve issuing from the turn-

ing point Ag or Aq, system (LE) admits

mwmxmzanz+0@%»@m(4juﬂdﬁ

¢ N 1w
AN = §M(t’ Aoy — diagT Ty, T = ( b bl—&izb2>
b1 —ibs

outside suitable neighbourhoods of zeros of by & iby as long as |\ — \,| > t~2/3+(2/3)

(t=0,1),0 < § < 1 being arbitrary, \. a base point near \g or \;

We use the WKB solution along Stokes curves

%:%&uw,
B\, t) = bioy + byoy + bsos,

by = —(i/2)(2e"%y + iTo(t,y, ¥ )y ™) + 2ie X2,

by = (1/2)(2¢y — ilo(t,y, 4" )y ™),

by = —ie'? X — (Do(t,y,y") + 3(1/2 +ia)t A1,
e’ 1+ 3ia

Lo(t,y,y') == — — — :
Y Y t

0 1 0 —i 10
o1 = 09 = Oq =
o) T\ o) o -1

(A 1) = b} + b3 + b3

canonical domain D C Ry <= for VA € D, 3 contours C+(A) = (AL, \)~ C D,
such that Re f)f\, p(7)dr — —o0,

Re f;:r pw(T)dT — +00 as Ay — 00
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around a turning point

A, (¢ =0,1,2): turning points, cx = bg(\,), ¢, = (bp)a(N,) (k=1,2,3)
suppose that ¢, ¢, are bounded and ¢; & icy # 0

Then (LE) admits the matrix solution

(I)L()\) = TL(I+ O(tiél» (é 501) W(C), L= (_ 103 _01-61-31'02)

4 1
c1—ica

as long as |¢| < t®/3=9)/3 0 < §' < 2/3 being arbitrary. Here
(1) A=\, = (26)7Y3(t/3)"23(C + o) with K = ¢1c; + cach + e3¢, [Co] < 713,
(2) £ = 2(26) "3 (c; — icy)(t/3)"/3;
(3) W(C) solves
dw 0 1 Bi(¢) Ai(¢) . 6 o
— = W, . . . Bi(¢) = e /0 Ai(e2m/3¢),
& (c o) (Buo Aic(0) ) (

which admits canonical solutions
W, (¢) = ¢V (05 4 1) (1 + O(C?)) exp(3¢*03)
(veZ)as(—ooin X, : |arg¢ — (2v — 1)7/3| < 2n/3, and W, 11(¢) = W,(¢)S, with

1 — 1 0
Sl:(() 1>7 52:<_Z. 1>7 Su+1:015u01-



Direct monodromy problem
Calculate G for (LE).
Recall

v (Y 132 1 . 1
ap = ay(t) = e 2 (5 + 2_t> + 4y + i 3ie (1 + 2@@)5

(tA) = ieA2 4 — a2+ X6 — Biemi9(1 + 2ia)\t1,

= z’ei(b)\\/4z3 —ap22 + 1+ 0271 (A2 =2)
w(ag, z)? = 42° —ayz® + 1
Constraint: A, a solution of the Boutroux equations,
(C) ag(t) = Ay + B‘z’T(t), By(t) < 1
for t € Sy(tl,, K1, 01),

So(tos ti1,01) = {t|Ret > ti, [Imt] <rr, [y()] + [y ()] + y(0)| ™ < or'}

f<g or g>f means f=0(g|
f=<g means f<<g<f

19
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Let 0 < ¢ < 7/3
Co = (OO, )\1)N, Cp = ()\1, )\0)N, Cop — (Ao,O)N

FIGURE 3. Stokes curve for 0 < ¢ < /3



Matching
(1) Y (A): WKB solution along ¢, = (00, A1)~
Y$°(A): canonical solution of (LE)

Set Yi°(\) = U (Mo

' :\ij()‘)_l}%oo()‘) = \IIOO(A)_lyE)OO’*()‘)Gg?*
:exp<—/5\ A(T)dT)T*l([ + 0@t + |A7Y)

1.
X exp(—é(iezd’t}\2 + 3(1 + 2ia) log >\)03>,

=Cy(M)er(A) (I +O(t?)

A .
X exp <— lim (/ As(T)dr + é(iethQ + 3(1 + 2ia) log )\)a3>),

A—00
AECoo A1

in which C3(\;) = exp(f/\’\l1 As(7)dr), er(Ay) = exp(— Jx As(r)dr),
:\1 € Coo, 5\1 - < t~ 1

AQN) = Az(A) + Ar(N),

t . _ . _
Ky(N) = 2plt oy — diagT Ty, Ar(A) = —diagT T3 1

21
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(2) Uoo(A): WKB solution above
®T()\): solution in a sector containing c., near the turning point A\

set W () = ®&F (M), along ¢y

(in the annulus A! around A;, where both solution is defined)

Iy =07 ()‘)_1\1100()‘)

41 0 - _ 1 _dlfli-gidg B
=W () (0 (t/3>_1/3K) (I+O0(t 5))< ds 1 )

 di—idy

1 53—# A
sy ) (T4 O() exp( / A(r)dr)

b1 —1by A1l

Pip = ()Y +O(t)Cs(M) ™ <(1) _dlo—_idz)

with suitably chosen 51 = A — Ap

C — bk(/\()), dk = bk(>\1) (k? = 1, 2, 3)

........

AL L 23HRIBRI90) |\ \| < £2FHCIDC/4/2)
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Solution to the direct monodromy problem
—> Repeating matchings we get the connection matrix

0<¢<m/3:

G =GO, =Y (\) Y7 (NOF = Yo (\) Y52 (\)
=I'olo-ToulorTo1 ' Tl T'e

—e,i(o3 + O(t7°)) exp(Joos) ((1) —Sgl> (_12 (1)> ((1) —Oco>
x exp(—J103) ((1) _261) (_12 (1)> (é _1@) <(1) _(Zio> exp(—Juos3)

—e, (I+0(t™))
« Z.eXp<JO - Jl - Joo) _dO eXp(JO - Jl + Joo)
(cgtexp(—J1) +dytexp(J1)) exp(—Jy — Joo) icy doexp(—Jo — Jy + Jso)

Here 63_ = 1, Cy = (Cl — ’iCQ)/Cg, d() = (dl — idg)/dg,

Jooz = lim (/ As(T)dr + §€Z¢t)\_10'3>, Jio3 = / As(7)dr (along cy),
Ao

—0
AEco Ao

A

1 )

Joooz = lim ( / As(7)dT + g(ie“bt)\? + 3(1 + 2ia) log A)Jg)
)\Eci A

Cr — bk(>\0), dk = bk()\l) (lﬂ = 1, 2, 3)
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Proposition. If 0 < ¢ < /3, then
G = (9i) =e+ (I + O(t™))

> ieXP(JO - Jl - Joo) _dO exp(JO - Jl + Joo)
(ca1 exp(—J1) + dgl exp(J1)) exp(—Jo — Jo) icgldo exp(—Jo— J1 +Jo) |

é = G@gf’*, G = (gij)

Corollary. If 0 < ¢ < 7/3 and g11g12922 # 0, then

gi11912 = —Caldo(l -+ O(tits)) exp(—2J1), % = FCO(l -+ O(tits)) eXp<2J0).

922

A
! t ) _
Jiog = / As(7)dr (along cy), As(\) = gu(t, N og — diagT 1T,\|03<73

Ao
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Expressions of Jy and J;

set \ 2 =2 —
2

e 1/2 (—,=3/2

+ ¥ Payz — 4e¥0 22 + 3ie'? (1 + 2ia)t’1> sz

+ O(t_Qw(z)_S)) dz

(L Eew(z) 3 N1
_<—§e¢7—1(1+22a)t ()

turning points: Ao, A1, Ao, 0€ERy = 2= )\52, z = )\1_2, 2y = )\2_2, oo € 1,

II,, : elliptic curve for  w(ag, 2)* = 42% — agz2? + 1

e

cycles: a, b C Il,, ag(t) = Ay + Bs(t)t ™ = Ay + O(t™)

21
b/
o0 . \ a
z9
20
H%

FIGURE 4. Correspondence of the cycles under the map z = A ™2
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A1
J103:/ As(7)dr (along cy),

As(\

I8
Ao (c1)

—

Ao

t i _ . _ 1 b3\ 0 by +ib
) = gﬂ(ﬁ Aoy — diagT ™ Th|g,03,  diagl ™ Th|g,03 = Z(l - —)5 log bi — ibz
i, dz 3 dz 3 dz
t,7)dr =—ei® ———“b/———l 2ia)t ! o2
ult 7)dr 1" %/aw(z) 1€ a 22w(2) 8( +2ia) azw(z)jL )
:_ii¢/@d _§1 % t—l/i O(t 2
4° o 22 : 8( + 2ia) a 2W(2) +0™),
o=y, 2= =(i/2)ey ' Tolt,y,y"),
by —iby = 2i€" (2 — 2y), by +iby = 2ie’® (2 — 2_),
Lot y,y") = y'y~" —ie®y™ — (1 + 3ia)t™!
A
Yo 1 _ 1 w(zy)  w(zo)\ dz _
— | diagT Ty pyd\ + = 1 dlz—/( o ) ot
/)\o (c1) e )\‘ AT 2 Og(co ° ) 8JaNz— 2y z— 2z w(z) " ( )



Proposition. Let

W(z) = <w(z+) B w(z_)>w1

z—zy z—z_Jw(z)
Suppose that gi1922 # 0, g12/g22 # 0. For 0 < ¢ < /3,

i
g2 et / w(z) / 1 /
log == = dz — W(z)dz + = (1 4 2ia)
& g22 6 b 22 4( b

z(j)t
e /W 1 + 2ia) /

e =y, 2= (i/2)e Py ' To(t,y,y"),

10g(911922)

w(2)? = wlag,2)? = 42° —agz® +1

Z'LU

7t o(t™),

+ i+ O(t™).

27
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a, b: the cycles on II,, = IT; UTI_

dz dz Wh
Wa= [ ——, wp=[ —, Im7=—>0,
a W(ag, z) b w(ag, 2) Wa

in our calculation we use the ¥-function

o0

.5 .
19(27 7_) — E emiTn +27rzzn’ v

n=—oo

z, z €1Il,, =1, UIL, let
1 /7 1 /7 1 /7
F(g,z):_/ ﬁz_/ ﬁ__/ _dz
wa J: w(2)  wa ) w(2) wa o w(z)

projection of zy € II,, on the respective sheets:

2 = (onwlz0)) = (0 w(z))s 2 = (z0—w(z0)) = (20, —w(z]))
dz 1 o ﬁ(F(zar,z)+y,T)_ B dz
G mun® ww) BN F G ) o) Oy

golz0) = w'(zg) 1 1 ( iy

mi+ = (Flag,20) + 7))

2w(zg) waw(zy)

(dz/du)?* = w(ay, 2)?,  w(z)* = wlag, 2)* =423 —agz? +1

2 3
a a
p=2 g=-1+-2

— = p(u; )+a
Z = plU; g2, gs 127 216

¢
12’
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ie'?t 1 d
lOg(g11g22) 6 / ( s ——/W dz—|—4( +2ZCL)/

©  miet O(t™°)

a 22 2w (2)
gz _ it L)z—— e+~ ia dz -
og 22 = 5+ | 5= Wk 04200 [ S0
;(w(a(b,z) w(Ag, 2)) = \/423 ag2? +1— /423 — Ayz? + 1)
_ ' By(Y)
= —Qw(AZ’@(l +O(t™ By(1)))-

W(Z):<w(z+)_w(z_)>wl ’ F(Zi,zi):i/:I w(dz )ZE/O:I w(dz

Qg 2)

/ . — _2miF(07,0%),
b

/ / dz 47
—T = o
b




30

Boutroux equations are necessary
Let 0 < ¢ < m/3.
» Q
ei® (tja . §B¢(t)>

3 3
=5 / W(z)dz + 5(1 + 2ia)go(07)wa + 61log(g11922) — 670 + O(t7%)

N =

9 ) A 3 .
:3(5<§F(2_~__, ZI) + v, 7_) - 5( F(Z:, Z——F) + v, T)) + 5(1 + 22a)go(0+)wa

+ 6log(g11g92) — 60 + O(t_‘s)

B dz B w(Ay, 2) I S o
Qa7b_/a7bw(A¢,Z)’ ja,b—/a,b 2 dZ, go(o )—w <7T'l+ 19<F<O ,O )+V,T))

Re (¢'/9)(3F (2%, 2%) + v, 7) :bounded in Sy(t,, k1, 61)
—> Re [ W(z)dz: bounded in Sy(t.,, k1,01)

(Note that A, satisfies Boutroux equations <= Ime“7, 1, =0)

o |log(giigee)| <1 in Sy(tl,, k1,01) < Ime® 7, =0

- Q
- i o _b
ie (tjb 5 B¢(t)>
3 3
- / W ()dz + 51+ 20a)(2miF(07,0°) + g0(0% o) + 610 22 + O(1~),
b 22

o |log(gia/g22)| <1 in Sy(te,,k1,01) <= Im e 7, = 0

Constraint: A, a solution of the Boutroux equations,

By(t
(C) ay(t) = Ay + # By(t) <1
for t € Sy(tl,, K1,01),

So(to: ti1,01) = {t|Ret > 1o, [Imt] <y, [y(t)] + [y ()] + y(t)| " <or'}

N +
1 2 dz 2 = dz
Pz, 2f) = — T a
(’ZiVZ ) Wa /z w(a¢,2) Wa/oo w(a¢,2)



Inverse monodromy problem
Suppose that 0 < ¢ < 7/3 Given G = (g;;) € SL2(C) such that gi1912920 # 0

log(g12/922) — 7 log(g11922)

ip .
/ / Z€ t w CL¢, z) B EW(Z) + ﬂ)dz — 77+ O(tWS)

dzw(ay, z)

2meit '
= T T R(er, 2~ F(,2)) = (14 2ia) F(07,0%) = 7 + O(t™)

Wa 2 B
ap — Ay (0k)
2meift
o log(gi2/g22) — Tlog(g11922) = — a

Here

N _ 2 [*=  dz
F(z2%,21)|ay—a, = FA¢(Zj:aZI> = 2F,(00,2f) = Q_/ w(Ag, 2)

2y =y, z_=(i/2)e Py ' To(t,y,v") =y'y ™' — eyt — (1 + Jia)t !

(dz/du)* = w(Ag, 2)?,  w(2)? =w(Ay 2)? =423 — Agz* + 1

Ay Ai . AZ’)
s — . — — .
e=p(uige,95) + 150 2= 15 93 + 516
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4 dz < dz A
=2 T u =2 B Ag
Set -y /Oo w(Ag, z)’ " /oo w(Ag, z)’ be. zp = plus) + 12

with p(u) = p(u; g2, 93), 92 = 1543, 93 = 5545 — 1 to write

g12
922
— Qp — (14 2ia)QaFa,(00,0%) + O(t™°).

o u, —u_ =2t + %(Qa log - 10g(g11922)>

ol +10) = = ) = pfu) + 5 (S =2
=—2f—-z2T+ % + i(w(zig : ;UJF(Z+)>2 (the addition theorem)

zp =yand z_ = (i/2)e @y~ Ty(t,y,y') = RHS= —% + O(t™1), which implies

ot
B dz Sy N .
. u+—|—u_—/oo L HOU) = QuFa (0,00 +0(t)

Then we have

2 dz
= /oo w(Adh Z)

. ; Q
—ie't + - (Qa log g1z _ 928 log(g11g22)> _ b 1afly + O(t"s),
27 922 2

— expression of Theorem 1

., _/Z+ dz
T S w(dy,2)

. Q
— et — (Qa log gz _ O 10g(911922)) + 22y (1+1ia)Q + O(t"s)
27 922 2

Proposition. In S,(t., k1, 61),

g Q4 L 9o
i€ (17, = 5 Bo(t)) =3( 595" i(x — aif) +v,70) + (O (i(x — a) — Q) +v.70) )
+ 3(1 + 2ia) go(0")Qa + 610g(g11g22) — 6mi + O(t°)

with 7 = €™t, 7q = Qp/Qa.



33

Justification. The justification by the lines of Kitaev.
G = (g12/ 922, g11922): given such that g11g12922 # 0 on monodromy manifold for (LE)
o A
St Yas = Yas(G, 1) = p(i(e”t — x3); 92(As), 93(As)) + 1—57 rg = 3 (912/ 9225 G11922),
(Bg)as = (Bg)as(G, 1) (leading parts without O(¢7°))

ho = =R e Ayl — AgyZ + 1= (3ie79(1 4 2i0) + (By)astas Yool

with the branch of y.: compatible with (9/0t)yas
—

(Yass Yas) = (Yas(G 1), 425(G, 1)) fulfils (C) with By(t) = (By)as(G, 1)

in {t| Ret > to, [Imt] < ko} \ Ujpez, {It — ¢ *%0| < 02}, Zo : poles and zeros of yas
Gas(t): the monodromy data for system (LE) with B(\,t) containing (yas, y)
the direct monodromy problem by WKB analysis =—
Gas(t) — G| < C|t|7° for [t]| > too, C,ts : uniform in a neighbourhood of G
= the justification scheme of Kitaev applies to our case

— the existence and uniqueness of the solution to the inverse monodromy problem

By(t
© at)= 4o+ 220 B0y <1
Y 2 1 ~ 1
= = —2i¢ y_ i) - 0] y _
ap =ay(t) =e (y + T + 4y + " 3ie (1 + 2za)ty

Zo = {ixd + QaZ + WZ} U {ixg + Qo+ QuZ + WZ} U {izd + & | p(&) = —Ay/12}.
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Mo: given, K (gg): |M — Myl| < g (compact in C?): given
= 30y, T such that, for VM € K(eg), [|M — (M)as(t)|| < Colt| =0 for [t| > Two
Let  f(t, M) := Mg — (M)as(t) + M
= [ K(g9) = K(g9) if [M—(M)us@®)| <o, i if [t]° > Co/eo
Brouwer’s fixed point theorem:
M, € K(go) such that f(t, M,) = M, for each |t| > max{Ty, (Co/c0)"/°}
Le. (My)as(t) = My (as shown later M, is unique)
= M= Mol = M. — (Mo)as(®)]] < Colt] ™
— M,=My+0(t%) for |t| > max{Ty, (Co/c0)"/°}
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Then (M. )a(t) = M, implies
(Yas(Me, 1), (B )as(Mi 1)) = (Yas(Mo + O(t°), 1), (By )as(Mo + O(t°), 1))
= (Yas(Mo, t + O(t7)), (By)as(Mo, t + O(t™°))),

which realises isomonodromy deformation with the invariant monodromy data M, and
then v, = (d/dt)yas

Uniqueness: suppose that

MO = (Mﬂ)as(t) - (M*2>as(t)7 h = yas(M*ht)u Y2 = yas(M*Qat)a

Let Y1(A) Y5(A): solutions solving (LE) with B(t, \) containing (y1,v;), (y2,v5). Then
Y1(A) 7Y, (\) = Iy, implying (dY1/d\)Y; ! = (dYa/dA\)Y, ', and hence y; = ¥,
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W

1\ 2 /
4
PHI<D6)Z y,/ = (y ) — y— —+ —(90y2 + 1— 4900) + 4y3 —_ =
Yy r z Y

dU/d\ = A\, z)U X =0, oco: irregular singular points
UX(\) = (I+0(\1)) exp(lizn/\ag))\_% =% Jarg(Ar) —km| <7 (A — 00)
U2(N) = Ao(I + O(N)) exp(——m:)\ 103))\290“3 |arg(N/x) —kr| <7 (A —0)
U (N) = UGG, U\ = U (NG
w(A, N2 =M — AN+ 1

. A . A
Im e / Md)\ = Im em/ %dk =0 Boutroux equations

a b

0<o¢<m/2
y(2)7t = iAsn(2idg(x — 2f) + O(279); A1 /A2)

A = \/A¢/2 —JAZa—1, N = \/A¢/2+ A2 /4~

Oa QO
2irf = 5 <Q log(g11.g22) + Oy, log 912921)—I(eo—em+2)—7b mod QaZ+ 7

922911




37

z 2(y—1)

y o (y—1)? b? y  yly+1)
V-t o <a2y - Z) *

‘90—01—900), c:1—90—91

. "o i 1
Pvi v = (2y+y—1)(
a:%(90—01+9m), b:%
d=/d¢ = A(§,x)2, £ =0,1: regular, £ = oo: irregular singular points
22(8) = (I + O(&7")) exp(5(2€ — b log €)os) in |arg(€x) —7/2| <7 (§ — o)

M° = (mg;), M" = (mj;): monodromy matrices with respect to Z5(¢) around £ = 0,1

w(A, 2)? = (1 — 2% (A - 2?)
. A, — 22 ) A, — 22
Ree™ / \/ AR, P Ree™ / 1/ A, 0 Boutroux equations
aV 1 —22 bV 1—22
dz
Qap = _
P a,b ’LU(A¢, Z)
Let 0 < |¢| < /2.
y(z) +1 /2 1 5\, 4l/2
pr— A - - O N A
y(x)—% ) Sn(2<x $0)+ ('T )a @ )Q 0
70 = — (U log(mymly) + Qulogmy)) = (52 +9p) (0o +1) = =

-1 , ,
=— <Qb log(e™°mY ml,) 4+ Qa log(eme“’/Qm(z,)) —Qa—Qp mod 20,7+ 2QyZ
my, =md; if —7/2 < ¢ <0, and = e ™ (m})1if 0 < ¢ < /2
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e error bounds: is it possible to replace O(x~%) with e.g. O(z™') or O(z~/2) ? explicit
formula of the error term ?

e higher-order Painlevé equations, hyper-elliptic cases
e In asymptotic expressions what happens as ¢ — 0 7

e T-functions
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Thank you for your kind attention!



