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Sakai: Classified PIII(D6), PIII(D7), PIII(D8)

PIII(D6) y′′ =
(y′)2

y
− y′

x
+

4

x
(θ0y

2 + 1 − θ∞) + 4y3 − 4

y

singular points: x = 0 (regular), x = ∞ (irregular)

R(C \ {0}) : universal covering space of C \ {0}

PIII(D7) y′′ =
(y′)2

y
− y′

x
+

4

x
(θ0y

2 + 1 − θ∞) − 4

y

PIII′(D7) vξξ =
v2

ξ

v
− vξ

ξ
− 2v2

ξ2
+

a

ξ
+

1

v

Ohyama et al.: τ -function, irreducibility, space of initial values, algebraic solutions

(dP3) uττ =
u2

τ

u
− uτ

τ
+

1

τ
(−8εu2 + 2ab) +

b2

u
, ε = ±1, a ∈ C, b ∈ R 6=0

Kitaev-Vartanian: asymptotics on R±, iR± near 0, ∞ isomonodromy deformation

ετu = (x/3)2y, εbτ 2 = 2(x/3)3 ⇐⇒

(E) y′′ =
(y′)2

y
− y′

x
− 2y2 +

3a

x
+

1

y

ε = 1, b > 0

u(τ) =

√
b

31/4

(√
ϑ(τ)

12
+

√
ν(G)e

3πi
4 cosh(iϑ(τ) + ν(G) ln ϑ(τ) + C(G) + o(τ−δ))

)
as τ → +∞ along R, where ϑ(τ) = 3

√
3b1/3τ 2/3, ν(G), C(G): constant depending on

the monodromy data G = (gij) ∈ SL2(C) if g11g12g21g22 6= 0

g12 = 0 =⇒ u(τ) = 1
2
b2/3τ 1/3 + c(a, b)(s0

0 − ie−πa) exp(i(3
√

3b1/3τ 2/3 + 3
4
π))(1+ o(1))

c

Kitaev-Vartanian

τ

εbτ 2 = 2(x/3)3

c

x = eiφt

−π/3 < φ < 0

0 < φ < π/3
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Boutroux Ansatz: representation of solutions by elliptic functions as x → ∞

P. Boutroux: 1913 P1, P2 line of periods, Boutroux equations (determine the

modulus of the elliptic function)

N. Joshi, M. D. Kruskal: 1988 P1, P2 multi-scale expansion method

V. Yu. Novokshenov: 1990 P2 isomonodromy deformation, WKB

A. A. Kapaev: 1991 P2 isomonodromy deformation, WKB

A. V. Kitaev: 1993 P1, 1994 P1, P2 isomonodromy deformation, WKB

This study is basically along the lines of [Kapaev], [Kitaev].

A. R. Its, A. A. Kapaev: 2001 P2 Riemann-Hilbert approach (Deift-Zhou method)

K. Iwaki: 2020 P1 topological recursion, τ -function

P3: Novokshenov: 2007 sine-Gordon type

P4: Kapaev: 1996 announcement

P4: V. L. Vereshchagin: 1997 β = 0

P3, P5: S.
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Kitaev-Vartanian:

(dP3) uττ =
u2

τ

u
− uτ

τ
+

1

τ
(−8εu2 + 2ab) +

b2

u
, ε = ±1, a ∈ C, b ∈ R 6=0

governs the isomonodromy deformation for

(U)
dU

dµ
= U(µ, τ)U,

U(µ, τ) = −2iτµσ3 + 2τ

(
0 2iεeiϕ

−(ε/4)e−iϕ(uτ/u − 1/τ − iϕτ ) 0

)

− 1

µ

(
ia +

τ

2
(uτ/u − iϕτ )

)
σ3 +

1

µ2

(
0 2εeiϕ(ia − iτϕτ/2)

−iue−iϕ 0

)
ϕτ = (d/dτ)ϕ = 2a/τ + b/u, that is, the monodromy data remain invariant under

small change of τ if and only if uτ = (d/dτ)u holds and u(τ) solves (dP3)

σ1 =

(
0 1

1 0

)
, σ2 =

(
0 −i

i 0

)
, σ3 =

(
1 0

0 −1

)

ε = 1, b > 0

u(τ) =

√
b

31/4

(√
ϑ(τ)

12
+

√
ν(G)e

3πi
4 cosh(iϑ(τ) + ν(G) ln ϑ(τ) + C(G) + o(τ−δ))

)
as τ → +∞ along R, where ϑ(τ) = 3

√
3b1/3τ 2/3, ν(G), C(G): constant depending on

the monodromy data G = (gij) ∈ SL2(C) if g11g12g21g22 6= 0

g12 = 0 =⇒ u(τ) = 1
2
b2/3τ 1/3 + c(a, b)(s0

0 − ie−πa) exp(i(3
√

3b1/3τ 2/3 + 3
4
π))(1+ o(1))
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Kitaev-Vartanian Monodromy data of (U)

(U): irregular singular points µ = 0, ∞

Y ∞
k (µ) = (I + O(µ−1))µ−(1/2+ia)σ3 exp(−iτµ2σ3)

µ → ∞ through | arg µ + arg τ 1/2 − πk/2| < π/2,

X0
k(µ) = (i/

√
2)Θσ3

0 (σ1 + σ3 + O(µ)) exp(−i
√

τεbµ−1σ3)

µ → 0 through | arg µ − arg(τεb)1/2 − πk| < π (k ∈ Z)

S∞
j , S0

j , G ∈ SL2(C):

Y ∞
j+1(µ) = Y ∞

j (µ)S∞
j , X0

j+1(µ) = X0
j (µ)S0

j , Y ∞
0 (µ) = X0

0 (µ)G

S∞
0 =

(
1 0

s∞0 1

)
, S∞

1 =

(
1 s∞1
0 1

)
, S0

0 =

(
1 s0

0

0 1

)
, G = (gij)

M : GS∞
0 S∞

1 σ3e
π(i/2−a)σ3 = S0

0σ1G manifold of monodromy data, dimM = 3

M/ ∼ ⊂ C3: equivalence class (orbit) by ac,

nonsingular affine cubic surface (vd Put, Saito)

g11g22 6= 0 =⇒ s∞0 , s∞1 , s0
0 : expressed by gij’s

coordinates: (g11g22, g12/g22, g21/g11): invariant under ac

=⇒ u(τ), y(x): labelled by G

∀c ∈ C \ {0}, (Y ∞
j (µ), X0

j (µ)) ∼ (cσ3/2Y ∞
j (µ)c−σ3/2, cσ3/2X0

j (µ))

Y ∞
0 (µ) = X0

0 (µ)G G ∼ Gc−σ3/2,

=⇒

ac : (S∞
0 , S∞

1 , S0
0 , G) 7→ (cσ3/2S∞

0 c−σ3/2, cσ3/2S∞
1 c−σ3/2, S0

0 , Gc−σ3/2)

(g11, g22) 6= (0, 0)

g11 = 0 =⇒ (s0
0, g22)
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(E) y′′ =
(y′)2

y
− y′

x
− 2y2 +

3a

x
+

1

y

(E) with x = eiφt governs isomonodromy deformation of the linear system

t(> 1): not necessarily ∈ R+, but allowed to be in a strip containing R+.

(LE)
dΨ

dλ
=

t

3
B(λ, t)Ψ,

B(λ, t) = − ieiφλσ3 +

(
0 −2ieiφy

Γ0(t, y, yt)/y 0

)

− (Γ0(t, y, yt) + 3(1/2 + ia)t−1)λ−1σ3 + 2eiφ

(
0 i

i 0

)
λ−2,

Γ0(t, y, yt) =
yt

y
− ieiφ

y
− (1 + 3ia)t−1, σ3 =

(
1 0

0 −1

)
.

y, yt: arbitrary complex parameters

(LE): isomonodromy property ⇐⇒ yt = dy/dt, y = y(teiφ) = y(x) solves (E)
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system (LE) admits the matrix solutions

Ŷ ∞
j (λ) = (I + O(λ−1))λ−(1/2+ia)σ3 exp(−(i/6)eiφtλ2σ3)

as λ → ∞ through | arg λ + φ/2 − jπ/2| < π/2,

Ŷ 0
j (λ) = (i/

√
2)(σ1 + σ3 + O(λ)) exp(−(2i/3)eiφtλ−1σ3)

as λ → 0 through | arg λ − φ − jπ| < π.

Ŷ ∞
j+1(λ) = Ŷ ∞

j (λ)Ŝ∞
j , Ŷ 0

j+1(λ) = Ŷ 0
j (λ)Ŝ0

j , Ŷ ∞
0 (λ) = Ŷ 0

0 (λ)Ĝ,

=⇒

ĜŜ∞
0 Ŝ∞

1 σ3e
π(i/2−a)σ3 = Ŝ0

0σ1Ĝ,

Ŝ∞
0 =

(
1 0

ŝ∞0 1

)
, Ŝ∞

1 =

(
1 ŝ∞1
0 1

)
, Ŝ0

0 =

(
1 ŝ0

0

0 1

)
.

Ŝ∞
k+2 = σ3e

−π(a−i/2)σ3Ŝ∞
k eπ(a−i/2)σ3σ3, Ŝ0

k = σ1Ŝ
0
k+1σ1

Ĝ = GΘσ3
0,∗, Ŝ∞

j = Θ−σ3
0,∗ S∞

j Θσ3
0,∗, Ŝ0

j = S0
j

Θ0,∗ = (εb)1/4τ 1/4(−ue−iϕ)−1/2((3/2)(εb)1/2x−1)1/2+ia

(g11g22, g12/g22, g21/g11) = (ĝ11ĝ22, ĝ12/ĝ22, ĝ21/ĝ11), Ĝ = (ĝij)
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ΠA: w(A, z)2 = 4z3 − Az2 + 1 elliptic curve

ΠA = Π+ ∪ Π−: two-sheeted Riemann surface glued along the cuts [∞, z2] ∪ [z0, z1]

Π±: P 1(C) \ ([∞, z2] ∪ [z0, z1])

zj: roots of w(A, z) such that z0 = z1 = 2−1/3, z2 = −4−2/3 when A = 3 · 22/3

branch of
√

4z3 − Az2 + 1 := 2
√

z − z0

√
z − z1

√
z − z2:

Re
√

z − zj → +∞ as z → ∞ along R+ ⊂ Π+

Number z0, z1 such that Im z0 ≤ Im z1 if φ > 0, Im z1 ≤ Im z0 if φ < 0 when

Aφ ∼ 3 · 22/3

∀φ ∈ R, ∃Aφ ∈ C such that ∀ cycle c ⊂ ΠAφ
Im eiφ

∫
c

w(Aφ, z)

z2
dz = 0

In other words, Boutroux equations.

(1) for every φ, Aφ is uniquely determined;

(2) Aφ: continuous in φ ∈ R, smooth in φ ∈ R \ {kπ/3 | k ∈ Z};
(3) Aφ±2π/3 = e±2πi/3Aφ, Aφ+π = Aφ, A−φ = Aφ;

(4) ΠAφ
degenerates iff φ = kπ/3 then

A0 = A±π = 3 · 22/3, A±π/3 = e∓2πi/3A0, A±2π/3 = e±2πi/3A0,

In other words, Boutroux equations.
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Boutroux equations

0 < |φ| < π/3 basic cycles a and b on ΠAφ

∞

z2

z0

z1

(a) φ → −0

¢
¢
¢
¢¢

¢
¢
¢
¢¢

6

s

a

b

Π+

q
q

q
∞

z2

z0

z1

(b) φ → +0

A
A
A
AA

A
A
A
AA

Y
-

a

b

Π+

q
q

q

w(A, z)2 = 4z3 − Az2 + 1

Boutroux equations

(BE) Im eiφ

∫
a

w(Aφ, z)

z2
dz = 0, Im eiφ

∫
b

w(Aφ, z)

z2
dz = 0

admit a unique solution Aφ

(1) for every φ, Aφ is uniquely determined;

(2) Aφ: continuous in φ ∈ R, smooth in φ ∈ R \ {kπ/3 | k ∈ Z};
(3) Aφ±2π/3 = e±2πi/3Aφ, Aφ+π = Aφ, A−φ = Aφ;

(4) ΠAφ
degenerates iff φ = kπ/3 then

A0 = A±π = 3 · 22/3, A±π/3 = e∓2πi/3A0, A±2π/3 = e±2πi/3A0,

periods on ΠAφ
:

Ωφ
a = Ωa =

∫
a

dz

w(Aφ, z)
, Ωφ

b = Ωb =

∫
b

dz

w(Aφ, z)
, Im Ωb/Ωa > 0

s s
s

s ª
A−2π/3, Aπ/3

A−π/3, A2π/3

A0, A±π0

Figure 1. Trajectory of Aφ for |φ| ≤ π
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Results

y(x) = y(G, x): solution of (E) labelled by G = (gij) ∈ SL2(C).

Theorem 1. Suppose 0 < φ < π/3 and g11g12g22 6= 0.

=⇒
y(x) = ℘

(
i(x − x+

0 ) + O(x−δ); g2(Aφ), g3(Aφ)
)

+
Aφ

12
as x = teiφ → ∞ through the cheese-like strip

S(φ, t∞, κ0, δ0) = {x = teiφ |Re t > t∞, |Im t| < κ0} \
∪

σ∈P(x+
0 )

{|x − σ| < δ0}

P(x+
0 ) = {σ |℘(i(σ − x+

0 ); g2(Aφ), g3(Aφ)) = ∞} = {x+
0 − iΩaZ − iΩbZ}

∃δ > 0 κ0, δ0: given, ∃t∞ = t∞(κ0, δ0)

g2(Aφ) =
A2

φ

12
, g3(Aφ) =

A3
φ

216
− 1,

− ix+
0 ≡ i

2π

(
Ωa log

g12

g22

− Ωb(log(g11g22) − πi)
)
− iaΩ0 mod ΩaZ + ΩbZ

with

Ω0 =

∫ 0+

∞

dz

w(Aφ, z)
, Π+ ⊃ [∞, 0+] ⊃ −∞, z2 along the upper shore of [∞, z2]

Theorem 2. Suppose −π/3 < φ < 0 and g11g21g22 6= 0. the phase shift of y(G, x):

−ix−
0 ≡ −i

2π

(
Ωa log

g21

g11

+ Ωb(log(g11g22) − πi)
)
− iaΩ0 mod ΩaZ + ΩbZ.

c c c
c c c c arg x = φ

teiφ ∈ S(φ, t∞, κ0, δ0)

©©©©©©©©©©©©©©

0 < φ < π/3

����������

����������

The phase shifts above are represented by g11g22, g21/g11 and g12/g22, which are

invariants under an action on G
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Ωa,b, Ω0: depend on Aφ, for 0 < |φ| < π/3

y(x) = P (Aφ, x0(G, Ωφ
a, Ω

φ
b, Ωφ

0); x)

For |φ − 2mπ/3| < π/3 (m ∈ Z), set Ωφ
a,b = e2mπi/3Ω

φ−2mπ/3
a,b , Ωφ

0 = e2mπi/3Ω
φ−2mπ/3
0 .

analytic continuation of y(x) beyond |φ| < π/3:

Theorem 3. Suppose 0 < φ − 2mπ/3 < π/3 (respectively, −π/3 < φ − 2mπ/3 < 0)

=⇒
y(x) = y(G, x) = P (Aφ, x0(G

(m), Ωφ
a, Ω

φ
b, Ωφ

0); x)

as x = teiφ → ∞ through S(φ, t∞, κ0, δ0) with P(x0(G
(m), Ωφ

a, Ω
φ
b, Ωφ

0)),

if g
(m)
11 g

(m)
12 g

(m)
22 6= 0 (respectively, g

(m)
11 g

(m)
21 g

(m)
22 6= 0), where

G(m) =

(S0
0σ1)

mGσm
3 e(mπ/3)(a−i/2)σ3 if m ≥ 1;

(σ1S
0
0)

nGσn
3 e(nπ/3)(i/2−a)σ3 if m = −n ≤ −1.

The period, say, Ωφ
a may be expressed by the integral on Π+

Ωφ
a =

∫
e2mπi/3a

dz

w(Aφ, z)
=

∫
e2mπi/3a

dz

w(e2mπi/3Aφ−2mπ/3, z)

=e2mπi/3

∫
a

dζ

w(Aφ−2mπ/3, ζ)
= e2mπi/3Ωφ−2mπ/3

a (z = e2mπi/3ζ).

The matrix G(m) has another expression of the form

G(m) =

G(S∞
0 S∞

1 σ3e
π(i/2−a)σ3)mσm

3 e(mπ/3)(a−i/2)σ3 if m ≥ 1;

G(σ3e
π(a−i/2)σ3S∞

1 S∞
0 )nσn

3 e(nπ/3)(i/2−a)σ3 if m = −n ≤ −1.
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Outline of our argument

(1) For system (LE) with (y, yt), under a constraint, solve the direct monodromy

problem by using WKB analysis, that is, calculate the connection matrix Ĝ.

(2) For a given monodromy data Ĝ (or G), find an asymptotic form (yas(x, Ĝ), (Bφ)as(x, Ĝ))

(an approximate solution to the inverse monodromy problem).

(3) For Ĝ solve the inverse monodromy problem with the justification by Kitaev

(rigorous proof of the unique existence: Brouwer’s fixed point theorem).
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Our isomonodromy system

(LE)
dΨ

dλ
=

t

3
B(λ, t)Ψ, (x = eiφt)

B(λ, t) = − ieiφλσ3 +

(
0 −2ieiφy

Γ0(t, y, yt)/y 0

)

− (Γ0(t, y, yt) + 3(1/2 + ia)t−1)λ−1σ3 + 2eiφ

(
0 i

i 0

)
λ−2,

Γ0(t, y, yt) =
yt

y
− ieiφ

y
− (1 + 3ia)t−1,

characteristic roots of B(t, λ): ±µ

µ(t, λ) = ieiφλ−2
√

4 − aφλ2 + λ6 − 3ie−iφ(1 + 2ia)λ4t−1,

aφ =aφ(t) = e−2iφ
(yt

y
+

1

2t

)2

+ 4y +
1

y2
− 3ie−iφ(1 + 2ia)

1

ty
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First let φ = 0. If a0 = aφ=0 = A0 = 3 · 22/3, then

µ(∞, λ)2|φ=0 = −λ2 + a0λ
−2 − 4λ−4 = −λ−4(λ2 − 21/3)2(λ2 + 42/3).

|φ| ≤ π/3 :

6 turning points µ(t, λ): λ0, λ1, λ′
0, λ′

1, λ2, λ′
2 singular points λ = 0, ∞

(coalescing λ0, λ1 → 21/6; λ′
0, λ′

1 → −21/6; λ2 λ′
2 → ±22/3i (φ → 0, t = ∞))

limit turning points: λj = λj(t = ∞), λ′
j = λ′

j(t = ∞) (j = 0, 1, 2) :

simple as long as they do not coalesce, three lines issue

limit Stokes curve:

∫ λ

λ∗

Re µ(∞, λ)dλ = 0

limit Stokes graph: on R0 = R+
0 ∪R−

0 : two-sheeted Riemann surface

R±
0 : glued along the cuts [λ0, λ1], [λ

′
0, λ

′
1], [λ2, ie

−iφ/20] ∪ [λ′
2,−e−iφ/20]

along the Stokes curve both canonical solutions are oscillatory, which is suitable for

calculation of the connection matrix

−ie−iφλ2µ(∞, λ) =2
√

(1 − λ−2
0,∞λ2)(1 − λ−2

1,∞λ2)(1 − λ−2
2,∞λ2)

=2
√

1 − λ−2
0,∞λ2

√
1 − λ−2

1,∞λ2

√
1 − λ−2

2,∞λ2

λj,∞ =λj(∞), λ2
0,∞λ2

1,∞λ2
2,∞ = −4,√

1 − λ−2
j,∞λ2 → 1 as λ → 0 on R+

0

=⇒ µ(t, λ) → −ieiφλ + O(1) (R+
0 3 λ → ∞)

µ(t, λ) → 2ieiφλ−2 + O(1) (R+
0 3 λ → 0)
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Stokes graphs

brr
rr

r
r

λ′
0, λ2

λ′
1

λ0, λ′
2

λ1

0

(a) φ = −π/3

b rrrr
r

r
λ0,1λ′

0,1

λ2

λ′
2

0

(c) φ = 0

b rr
rr

r
r

λ0,2

λ1λ′
0,2

λ′
1

0

(e) φ = π/3

br rr
r

r

r
λ0

λ1

λ2

0

λ′
0

λ′
1

λ′
2

(b) −π/3 < φ < 0

br rr
r

r

r
λ0

λ1

λ′
2

0
λ′
0

λ′
1

λ2

(d) 0 < φ < π/3

Figure 2. Limit Stokes graphs for |φ| ≤ π/3

Stokes graph with φ = 0 is used by Kitaev-Vartanian in calculating asymptotics on R
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WKB solution (globally asymptotic)

In the canonical domain whose interior contains a Stokes curve issuing from the turn-

ing point λ0 or λ1, system (LE) admits

ΨWKB(λ) = T (I + O(t−δ)) exp

(∫ λ

λ̃∗

Λ(τ)dτ

)
Λ(λ) =

t

3
µ(t, λ)σ3 − diagT−1Tλ, T =

(
1 b3−µ

b1+ib2
µ−b3

b1−ib2
1

)
outside suitable neighbourhoods of zeros of b1 ± ib2 as long as |λ − λι| À t−2/3+(2/3)δ

(ι = 0, 1), 0 < δ < 1 being arbitrary, λ̃∗ a base point near λ0 or λ1

We use the WKB solution along Stokes curves

dΨ

dλ
=

t

3
B(λ, t)Ψ,

B(λ, t) = b1σ1 + b2σ2 + b3σ3,

b1 = −(i/2)(2eiφy + iΓ0(t, y, yt)y−1) + 2ieiφλ−2,

b2 = (1/2)(2eiφy − iΓ0(t, y, yt)y−1),

b3 = −ieiφλ − (Γ0(t, y, yt) + 3(1/2 + ia)t−1)λ−1,

Γ0(t, y, yt) =
yt

y
− ieiφ

y
− 1 + 3ia

t
.

σ1 =

(
0 1

1 0

)
, σ2 =

(
0 −i

i 0

)
, σ3 =

(
1 0

0 −1

)

µ(λ, t)2 = b2
1 + b2

2 + b2
3

canonical domain D ⊂ R0 ⇐⇒ for ∀λ ∈ D, ∃ contours C±(λ) = (λ±, λ)∼ ⊂ D,

such that Re
∫ λ

λ−
µ(τ)dτ → −∞,

Re
∫ λ

λ+
µ(τ)dτ → +∞ as λ± → ∞
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around a turning point

λι (ι = 0, 1, 2): turning points, ck = bk(λι), c′k = (bk)λ(λι) (k = 1, 2, 3)

suppose that ck, c′k are bounded and c1 ± ic2 6= 0

Then (LE) admits the matrix solution

Φι(λ) = Tι(I + O(t−δ′))

(
1 0

0 t̂−1

)
W (ζ), Tι =

(
1 − c3

c1+ic2

− c3
c1−ic2

1

)
as long as |ζ| ¿ t(2/3−δ′)/3, 0 < δ′ < 2/3 being arbitrary. Here

(1) λ − λι = (2κ)−1/3(t/3)−2/3(ζ + ζ0) with κ = c1c
′
1 + c2c

′
2 + c3c

′
3, |ζ0| ¿ t−1/3;

(2) t̂ = 2(2κ)−1/3(c1 − ic2)(t/3)1/3;

(3) W (ζ) solves

dW

dζ
=

(
0 1

ζ 0

)
W,

(
Bi(ζ) Ai(ζ)

Biζ(ζ) Aiζ(ζ)

)
, Bi(ζ) = e−πi/6Ai(e−2πi/3ζ),

which admits canonical solutions

Wν(ζ) = ζ−(1/4)σ3(σ3 + σ1)(I + O(ζ−3/2)) exp
(

2
3
ζ3/2σ3

)
(ν ∈ Z) as ζ → ∞ in Σν : | arg ζ − (2ν − 1)π/3| < 2π/3, and Wν+1(ζ) = Wν(ζ)Sν with

S1 =

(
1 −i

0 1

)
, S2 =

(
1 0

−i 1

)
, Sν+1 = σ1Sνσ1.
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Direct monodromy problem

Calculate Ĝ for (LE).

Recall

aφ = aφ(t) = e−2iφ
(yt

y
+

1

2t

)2

+ 4y +
1

y2
− 3ie−iφ(1 + 2ia)

1

ty

µ(t, λ) = ieiφλ−2
√

4 − aφλ2 + λ6 − 3ie−iφ(1 + 2ia)λ4t−1,

= ieiφλ
√

4z3 − aφz2 + 1 + O(λ−2t−1) (λ−2 = z)

w(aφ, z)2 = 4z3 − aφz
2 + 1

Constraint: Aφ a solution of the Boutroux equations,

(C) aφ(t) = Aφ +
Bφ(t)

t
, Bφ(t) ¿ 1

for t ∈ Sφ(t
′
∞, κ1, δ1),

Sφ(t
′
∞, κ1, δ1) = {t |Re t > t′∞, |Im t| < κ1, |y(t)| + |yt(t)| + |y(t)|−1 < δ−1

1 }

f ¿ g or g À f means f = O(|g|)
f ³ g means f ¿ g ¿ f
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Let 0 < φ < π/3

c∞ = (∞, λ1)
∼, c1 = (λ1, λ0)

∼, c0 = (λ0, 0)∼

0

λ0

λ1

∞

c0

c1

c∞

k

1

kc
s

s

Figure 3. Stokes curve for 0 < φ < π/3
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Matching

(1) Ψ∞(λ): WKB solution along c∞ = (∞, λ1)
∼,

Ŷ ∞
0 (λ): canonical solution of (LE)

Set Ŷ ∞
0 (λ) = Ψ∞(λ)Γ∞

Γ∞ =Ψ∞(λ)−1Ŷ ∞
0 (λ) = Ψ∞(λ)−1Y ∞,∗

0 (λ)Θσ3
0,∗

= exp
(
−

∫ λ

λ̃1

Λ(τ)dτ
)
T−1(I + O(t−δ + |λ|−1))

× exp
(
−1

6
(ieiφtλ2 + 3(1 + 2ia) log λ)σ3

)
,

=C3(λ̃1)cI(λ̃1)(I + O(t−δ))

× exp

(
− lim

λ→∞
λ∈c∞

(∫ λ

λ1

Λ3(τ)dτ +
1

6
(ieiφtλ2 + 3(1 + 2ia) log λ)σ3

))
,

in which C3(λ̃1) = exp(
∫ λ̃1

λ1
Λ3(τ)dτ), cI(λ̃1) = exp(−

∫ ∞
λ̃1

ΛI(τ)dτ),

λ̃1 ∈ c∞, λ̃1 − λ1 ³ t−1.

Λ(λ) = Λ3(λ) + ΛI(λ),

Λ3(λ) =
t

3
µ(t, λ)σ3 − diagT−1Tλ|σ3σ3, ΛI(λ) = −diagT−1Tλ|II
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(2) Ψ∞(λ): WKB solution above

Φ+
1 (λ): solution in a sector containing c∞ near the turning point λ1

set Ψ∞(λ) = Φ+
1 (λ)Γ1+ along c∞

(in the annulus A1
ε around λ1, where both solution is defined)

Γ1+ =Φ+
1 (λ)−1Ψ∞(λ)

=W (ζ)−1

(
1 0

0 (t/3)−1/3K

)−1

(I + O(t−δ))

(
1 − d3

d1+id2

− d3

d1−id2
1

)−1

×

(
1 b3−µ

b1+ib2
µ−b3

b1−ib2
1

)
(I + O(t−δ)) exp

(∫ λ

λ̃1

Λ(τ)dτ
)

=⇒

Γ1+ = (ζ̃1)
1/4(I + O(t−δ))C3(λ̃1)

−1

(
1 0

0 −d1−id2

d3

)
with suitably chosen ζ̃1 ³ λ̃1 − λ1.

ck = bk(λ0), dk = bk(λ1) (k = 1, 2, 3)

........

A1
ε : t−2/3+(2/3)(2/9−ε) ¿ |λ − λ1| ¿ t−2/3+(2/3)(2/9+ε/2)
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Solution to the direct monodromy problem

=⇒ Repeating matchings we get the connection matrix

0 < φ < π/3:

Ĝ =GΘσ3
0,∗ = Ŷ 0

0 (λ)−1Y ∞,∗
0 (λ)Θσ3

0,∗ = Ŷ 0
0 (λ)−1Ŷ ∞

0 (λ)

=Γ0Γ0−Γ0 ∗Γ0+Γ01Γ1−Γ1∗Γ1+Γ∞

=ε+i(σ3 + O(t−δ)) exp(J0σ3)

(
1 0

0 −c−1
0

) (
1 0

−i 1

)(
1 0

0 −c0

)

× exp(−J1σ3)

(
1 0

0 −d−1
0

)(
1 0

−i 1

)(
1 −i

0 1

)(
1 0

0 −d0

)
exp(−J∞σ3)

=ε+(I + O(t−δ))

×

(
i exp(J0 − J1 − J∞) −d0 exp(J0 − J1 + J∞)

(c−1
0 exp(−J1) + d−1

0 exp(J1)) exp(−J0 − J∞) ic−1
0 d0 exp(−J0 − J1 + J∞)

)

Here ε2
+ = 1, c0 = (c1 − ic2)/c3, d0 = (d1 − id2)/d3,

J0σ3 = lim
λ→0
λ∈c0

(∫ λ

λ0

Λ3(τ)dτ +
2i

3
eiφtλ−1σ3

)
, J1σ3 =

∫ λ1

λ0

Λ3(τ)dτ (along c1),

J∞σ3 = lim
λ→∞
λ∈c∞

(∫ λ

λ1

Λ3(τ)dτ +
1

6
(ieiφtλ2 + 3(1 + 2ia) log λ)σ3

)
ck = bk(λ0), dk = bk(λ1) (k = 1, 2, 3)
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Proposition. If 0 < φ < π/3, then

Ĝ = (ĝij) =ε+(I + O(t−δ))

×

(
i exp(J0 − J1 − J∞) −d0 exp(J0 − J1 + J∞)

(c−1
0 exp(−J1) + d−1

0 exp(J1)) exp(−J0 − J∞) ic−1
0 d0 exp(−J0 − J1 + J∞)

)
.

Ĝ = GΘσ3
0,∗, G = (gij)

Corollary. If 0 < φ < π/3 and g11g12g22 6= 0, then

g11g12 = −c−1
0 d0(1 + O(t−δ)) exp(−2J1),

g12

g22

= ic0(1 + O(t−δ)) exp(2J0).

J1σ3 =

∫ λ1

λ0

Λ3(τ)dτ (along c1), Λ3(λ) =
t

3
µ(t, λ)σ3 − diagT−1Tλ|σ3σ3

0

λ0

λ1

∞

c0

c1

c∞

k

1

kc
s

s



25

Expressions of J0 and J1

set λ−2 = z =⇒

µ(t, λ)dλ =
(
−e2iφ

z
+ e2iφaφz − 4e2iφz2 + 3ieiφ(1 + 2ia)t−1

)1/2 (−z−3/2)

2
dz

=
(
− i

2
eiφ w(z)

z2
− 3

4
(1 + 2ia)t−1 1

zw(z)
+ O(t−2w(z)−3)

)
dz

turning points: λ0, λ1, λ2, 0 ∈ Rφ =⇒ z0 = λ−2
0 , z1 = λ−2

1 , z2 = λ−2
2 , ∞ ∈ Πaφ

Πaφ
: elliptic curve for w(aφ, z)2 = 4z3 − aφz

2 + 1

cycles: a, b ⊂ Πaφ
aφ(t) = Aφ + Bφ(t)t

−1 = Aφ + O(t−1)

0

λ0

λ1

λ2

∞

c0
c1 aλ

bλ

k

µ

b
r

r

r

∞

z2

z0

z1

Πaφ

A
A
A
AA

A
A
A
AA

Y
-

a

b

λ−2 = z

=⇒

q
q

q

Figure 4. Correspondence of the cycles under the map z = λ−2



26

J1σ3 =

∫ λ1

λ0

Λ3(τ)dτ (along c1),

Λ3(λ) =
t

3
µ(t, λ)σ3 − diagT−1Tλ|σ3σ3, diagT−1Tλ|σ3σ3 =

1

4

(
1 − b3

µ

) ∂

∂λ
log

b1 + ib2

b1 − ib2∫ λ1

λ0 (c1)

µ(t, τ)dτ =
i

4
eiφaφ

∫
a

dz

w(z)
− 3i

4
eiφ

∫
a

dz

z2w(z)
− 3

8
(1 + 2ia)t−1

∫
a

dz

zw(z)
+ O(t−2)

= − i

4
eiφ

∫
a

w(z)

z2
dz − 3

8
(1 + 2ia)t−1

∫
a

dz

zw(z)
+ O(t−2),

z+ = y, z− = (i/2)e−iφy−1Γ0(t, y, yt),

b1 − ib2 = 2ieiφ(z − z+), b1 + ib2 = 2ieiφ(z − z−),

Γ0(t, y, yt) = yty−1 − ieiφy−1 − (1 + 3ia)t−1

=⇒

−
∫ λ1

λ0 (c1)

diagT−1Tλ|σ3dλ +
1

2
log(c0d

−1
0 ) =

1

8

∫
a

( w(z+)

z − z+

− w(z−)

z − z−

) dz

w(z)
+ O(t−1)
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Proposition. Let

W (z) =
( w(z+)

z − z+

− w(z−)

z − z−

) 1

w(z)
.

Suppose that g11g22 6= 0, g12/g22 6= 0. For 0 < φ < π/3,

log
g12

g22

=
ieiφt

6

∫
b

w(z)

z2
dz − 1

4

∫
b

W (z)dz +
1

4
(1 + 2ia)

∫
b

dz

zw(z)
+ O(t−δ),

log(g11g22) =
ieiφt

6

∫
a

w(z)

z2
dz − 1

4

∫
a

W (z)dz +
1

4
(1 + 2ia)

∫
a

dz

zw(z)
+ πi + O(t−δ).

z+ = y, z− = (i/2)e−iφy−1Γ0(t, y, yt),

w(z)2 = w(aφ, z)2 = 4z3 − aφz
2 + 1
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a, b: the cycles on Πaφ
= Π+ ∪ Π−

ωa =

∫
a

dz

w(aφ, z)
, ωb =

∫
b

dz

w(aφ, z)
, Im τ =

ωb

ωa

> 0,

in our calculation we use the ϑ-function

ϑ(z, τ) =
∞∑

n=−∞

eπiτn2+2πizn, ν =
1 + τ

2

z, z̃ ∈ Πaφ
= Π+ ∪ Π−, let

F (z̃, z) =
1

ωa

∫ z

z̃

dz

w(z)
=

1

ωa

∫ z

∞

dz

w(z)
− 1

ωa

∫ z̃

∞

dz

w(z)

projection of z0 ∈ Πaφ
on the respective sheets:

z+
0 = (z0, w(z0)) = (z0, w(z+

0 )), z−0 = (z0,−w(z0)) = (z0,−w(z+
0 ))

dz

(z − z0)w(z)
=

1

w(z+
0 )

d log
ϑ(F (z+

0 , z) + ν, τ)

ϑ(F (z−0 , z) + ν, τ)
− g0(z0)

dz

w(z)
,

g0(z0) =
w′(z+

0 )

2w(z+
0 )

− 1

ωa

1

w(z+
0 )

(
πi +

ϑ′

ϑ
(F (z−0 , z+

0 ) + ν, τ)
)

(dz/du)2 = w(aφ, z)2, w(z)2 = w(aφ, z)2 = 4z3 − aφz
2 + 1

=⇒ z = ℘(u; g2, g3) +
aφ

12
, g2 =

a2
φ

12
, g3 = −1 +

a3
φ

216
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log(g11g22) =
ieiφt

6

∫
a

w(z)

z2
dz − 1

4

∫
a

W (z)dz +
1

4
(1 + 2ia)

∫
a

dz

zw(z)
+ πi + O(t−δ)

log
g12

g22

=
ieiφt

6

∫
b

w(z)

z2
dz − 1

4

∫
b

W (z)dz +
1

4
(1 + 2ia)

∫
b

dz

zw(z)
+ O(t−δ)

1

z2
(w(aφ, z) − w(Aφ, z)) =

1

z2
(
√

4z3 − aφz2 + 1 −
√

4z3 − Aφz2 + 1)

= − t−1Bφ(t)

2w(Aφ, z)
(1 + O(t−1Bφ(t))).

W (z) =
( w(z+)

z − z+

− w(z−)

z − z−

) 1

w(z)
, F (z−± , z+

±) =
1

ωa

∫ z+
±

z−±

dz

w(aφ, z)
=

2

ωa

∫ z+
±

∞

dz

w(aφ, z)∫
a

W (z)dz = 2
(ϑ′

ϑ
(1

2
F (z−+ , z+

+) + ν, τ) − ϑ′

ϑ
(1

2
F (z−− , z+

−) + ν, τ)
)

(∫
b

−τ

∫
a

)
W (z)dz = 2πi(F (z−+ , z+

+) − F (z−
− , z+

−)),(∫
b

−τ

∫
a

) dz

zw(z)
= −2πiF (0−, 0+),(∫

b

−τ

∫
a

) dz

z2w(z)
=

4πi

ωa

.
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Boutroux equations are necessary

Let 0 < φ < π/3.

ieiφ
(
tJa −

Ωa

2
Bφ(t)

)
=

3

2

∫
a

W (z)dz +
3

2
(1 + 2ia)g0(0

+)ωa + 6 log(g11g22) − 6πi + O(t−δ)

=3
(ϑ′

ϑ
(1

2
F (z−+ , z+

+) + ν, τ) − ϑ′

ϑ
(1

2
F (z−− , z+

−) + ν, τ)
)

+
3

2
(1 + 2ia)g0(0

+)ωa

+ 6 log(g11g22) − 6πi + O(t−δ)

Ωa,b =

∫
a,b

dz

w(Aφ, z)
, Ja,b =

∫
a,b

w(Aφ, z)

z2
dz, g0(0

+) =
1

ωa

(
πi +

ϑ′

ϑ
(F (0−, 0+) + ν, τ)

)
Re (ϑ′/ϑ)(1

2
F (z−± , z+

±) + ν, τ) :bounded in Sφ(t
′
∞, κ1, δ1)

=⇒ Re
∫
a
W (z)dz: bounded in Sφ(t

′
∞, κ1, δ1)

(Note that Aφ satisfies Boutroux equations ⇐⇒ Im eiφJa,b = 0)

• | log(g11g22)| ¿ 1 in Sφ(t′∞, κ1, δ1) ⇐⇒ Im eiφJa = 0

ieiφ
(
tJb − Ωb

2
Bφ(t)

)
=

3

2

∫
b

W (z)dz +
3

2
(1 + 2ia)(2πiF (0−, 0+) + g0(0

+)ωb) + 6 log
g12

g22

+ O(t−δ),

• | log(g12/g22)| ¿ 1 in Sφ(t
′
∞, κ1, δ1) ⇐⇒ Im eiφJb = 0

Constraint: Aφ a solution of the Boutroux equations,

(C) aφ(t) = Aφ +
Bφ(t)

t
, Bφ(t) ¿ 1

for t ∈ Sφ(t
′
∞, κ1, δ1),

Sφ(t
′
∞, κ1, δ1) = {t |Re t > t′∞, |Im t| < κ1, |y(t)| + |yt(t)| + |y(t)|−1 < δ−1

1 }

F (z−± , z+
±) =

1

ωa

∫ z+
±

z−±

dz

w(aφ, z)
=

2

ωa

∫ z+
±

∞

dz

w(aφ, z)
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Inverse monodromy problem

Suppose that 0 < φ < π/3 Given G = (gij) ∈ SL2(C) such that g11g12g22 6= 0

log(g12/g22) − τ log(g11g22)

=
(∫

b

−τ

∫
a

)( ieiφt

6
· w(aφ, z)

z2
− 1

4
W (z) +

1 + 2ia

4zw(aφ, z)

)
dz − τπi + O(t−δ)

= − 2πeiφt

ωa

− πi

2
(F (z−+ , z+

+) − F (z−− , z+
−)) − πi

2
(1 + 2ia)F (0−, 0+) − τπi + O(t−δ)

aφ → Aφ (ok)

• log(g12/g22) − τ log(g11g22) = −2πeiφt

Ωa

− πi

Ωa

(∫ z+
+

∞
−

∫ z+
−

∞

)
dz

w(Aφ, z)
− πi

2
(1 + 2ia)FAφ

(0−, 0+) − Ωb

Ωa

πi + O(t−δ)

Here

F (z−± , z+
±)|aφ→Aφ

= FAφ
(z−

± , z+
±) = 2FAφ

(∞, z+
±) =

2

Ωa

∫ z+
±

∞

dz

w(Aφ, z)

z+ = y, z− = (i/2)e−iφy−1Γ0(t, y, yt) = yty−1 − ieiφy−1 − (1 + 3ia)t−1

(dz/du)2 = w(Aφ, z)2, w(z)2 = w(Aφ, z)2 = 4z3 − Aφz
2 + 1

=⇒ z = ℘(u; g2, g3) +
Aφ

12
, g2 =

A2
φ

12
, g3 = −1 +

A3
φ

216
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Set u+ = 2

∫ z+
+

∞

dz

w(Aφ, z)
, u− = 2

∫ z+
−

∞

dz

w(Aφ, z)
, i.e. z+

± = ℘(u±) +
Aφ

12

with ℘(u) = ℘(u; g2, g3), g2 = 1
12

A2
φ, g3 = 1

216
A3

φ − 1 to write

• u+ − u− =2ieiφt +
i

π

(
Ωa log

g12

g22

− Ωb log(g11g22)
)

− Ωb − (1 + 2ia)ΩaFAφ
(∞, 0+) + O(t−δ).

℘(u+ + u−) = − ℘(u+) − ℘(u−) +
1

4

(℘′(u+) − ℘′(u−)

℘(u+) − ℘(u−)

)2

= − z+
+ − z+

− +
Aφ

6
+

1

4

(w(z+
+) − w(z+

−)

z+
+ − z+

−

)2

(the addition theorem)

z+ = y and z− = (i/2)e−iφy−1Γ0(t, y, yt) =⇒ RHS= −Aφ

12
+ O(t−1), which implies

• u+ + u− =

∫ 0+

∞

dz

w(Aφ, z)
+ O(t−1) = ΩaFAφ

(∞, 0+) + O(t−1).

Then we have

u+ =

∫ z+
+

∞

dz

w(Aφ, z)

=ieiφt +
i

2π

(
Ωa log

g12

g22

− Ωb log(g11g22)
)
− Ωb

2
− iaΩ0 + O(t−δ),

=⇒ expression of Theorem 1

u− =

∫ z+
−

∞

dz

w(Aφ, z)

= − ieiφt − i

2π

(
Ωa log

g12

g22

− Ωb log(g11g22)
)

+
Ωb

2
+ (1 + ia)Ω0 + O(t−δ)

Proposition. In Sφ(t
′
∞, κ1, δ1),

ieiφ
(
tJa −

Ωa

2
Bφ(t)

)
=3

(ϑ′

ϑ
(Ω−1

a i(x − x+
0 ) + ν, τΩ) +

ϑ′

ϑ
(Ω−1

a (i(x − x+
0 ) − Ω0) + ν, τΩ)

)
+ 3

2
(1 + 2ia)g0(0

+)Ωa + 6 log(g11g22) − 6πi + O(t−δ)

with x = eiφt, τΩ = Ωb/Ωa.
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Justification. The justification by the lines of Kitaev.

G = (g12/g22, g11g22): given such that g11g12g22 6= 0 on monodromy manifold for (LE)

Set yas = yas(G, t) = ℘(i(eiφt − x+
0 ); g2(Aφ), g3(Aφ)) +

Aφ

12
, x+

0 = x+
0 (g12/g22, g11g22),

(Bφ)as = (Bφ)as(G, t) (leading parts without O(t−δ))

yt
as := −yas

2
t−1 + ieiφ

√
4y3

as − Aφy2
as + 1 − (3ie−iφ(1 + 2ia) + (Bφ)asyas)yast−1

with the branch of yt
as: compatible with (∂/∂t)yas

=⇒
(yas, y

t
as) = (yas(G, t), yt

as(G, t)) fulfils (C) with Bφ(t) = (Bφ)as(G, t)

in {t | Re t > t∞, |Im t| < κ0} \
∪

iσ∈Z0
{|t − e−iφσ| < δ2}, Z0 : poles and zeros of yas

Gas(t): the monodromy data for system (LE) with B(λ, t) containing (yas, y
t
as)

the direct monodromy problem by WKB analysis =⇒

‖Gas(t) − G‖ ≤ C|t|−δ for |t| ≥ t∞, C, t∞ : uniform in a neighbourhood of G
=⇒ the justification scheme of Kitaev applies to our case

=⇒ the existence and uniqueness of the solution to the inverse monodromy problem

(C) aφ(t) = Aφ +
Bφ(t)

t
, Bφ(t) ¿ 1

aφ = aφ(t) = e−2iφ
(yt

y
+

1

2t

)2

+ 4y +
1

y2
− 3ie−iφ(1 + 2ia)

1

ty

Z0 = {ix+
0 + ΩaZ + ΩbZ} ∪ {ix+

0 + Ω0 + ΩaZ + ΩbZ} ∪ {ix+
0 + ξ0 |℘(ξ0) = −Aφ/12}.
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M0: given, K(ε0): ‖M−M0‖ ≤ ε0 (compact in C2): given

=⇒ ∃C0, T∞ such that, for ∀M ∈ K(ε0), ‖M− (M)as(t)‖ ≤ C0|t|−δ for |t| ≥ T∞

Let f(t,M) := M0 − (M)as(t) + M
=⇒ f : K(ε0) → K(ε0) if ‖M− (M)as(t)‖ ≤ ε0, i.e. if |t|δ ≥ C0/ε0

Brouwer’s fixed point theorem:

∃M∗ ∈ K(ε0) such that f(t,M∗) = M∗ for each |t| ≥ max{T∞, (C0/ε0)
1/δ}

i.e. (M∗)as(t) = M0 (as shown later M∗ is unique)

=⇒ ‖M∗ −M0‖ = ‖M∗ − (M∗)as(t)‖ ≤ C0|t|−δ

=⇒ M∗ = M0 + O(t−δ) for |t| ≥ max{T∞, (C0/ε0)
1/δ}



35

Then (M∗)as(t) = M0 implies

(yas(M∗, t), (Bφ)as(M∗, t)) = (yas(M0 + O(t−δ), t), (Bφ)as(M0 + O(t−δ), t))

= (yas(M0, t + O(t−δ)), (Bφ)as(M0, t + O(t−δ))),

which realises isomonodromy deformation with the invariant monodromy data M0, and

then y∗
as = (d/dt)yas

Uniqueness: suppose that

M0 = (M∗1)as(t) = (M∗2)as(t), y1 = yas(M∗1, t), y2 = yas(M∗2, t),

Let Y1(λ) Y2(λ): solutions solving (LE) with B(t, λ) containing (y1, y
′
1), (y2, y

′
2). Then

Y1(λ)−1Y2(λ) ≡ Γ0, implying (dY1/dλ)Y −1
1 = (dY2/dλ)Y −1

2 , and hence y1 = y2
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PIII(D6): y′′ =
(y′)2

y
− y′

x
+

4

x
(θ0y

2 + 1 − θ∞) + 4y3 − 4

y

dU/dλ = A(λ, x)U λ = 0, ∞: irregular singular points

U∞
k (λ) = (I + O(λ−1)) exp(1

2
ixλσ3)λ

− 1
2
θ∞σ3 | arg(λx) − kπ| < π (λ → ∞)

U0
k (λ) = ∆0(I + O(λ)) exp(−1

2
ixλ−1σ3)λ

1
2
θ0σ3 | arg(λ/x) − kπ| < π (λ → 0)

U∞
0 (λ) = U0

0 (λ)G, U∞
1 (λ) = U0

1 (λ)Ĝ

w(A, λ)2 = λ4 − Aλ2 + 1

Im eiφ

∫
a

w(Aφ, λ)

λ2
dλ = Im eiφ

∫
b

w(Aφ, λ)

λ2
dλ = 0 Boutroux equations

0 < φ < π/2

y(x)−1 = iλ1sn(2iλ2(x − x+
0 ) + O(x−δ); λ1/λ2)

λ1 =

√
Aφ/2 −

√
A2

φ/4 − 1, λ2 =

√
Aφ/2 +

√
A2

φ/4 − 1,

2ix+
0 ≡ 1

2πi

(
Ωa log(g11g22)+Ωb log

g12ĝ21

g22ĝ11

)
−Ωa

4
(θ0−θ∞+2)−Ωb

2
mod ΩaZ+ΩbZ
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PV: y′′ =
( 1

2y
+

1

y − 1

)
(y′)2 − y′

x
+

(y − 1)2

2x2

(
a2y − b2

y

)
+ c

y

x
− y(y + 1)

2(y − 1)
a = 1

2
(θ0 − θ1 + θ∞), b = 1

2
(θ0 − θ1 − θ∞), c = 1 − θ0 − θ1

dΞ/dξ = A(ξ, x)Ξ, ξ = 0, 1: regular, ξ = ∞: irregular singular points

Ξ∞
2 (ξ) = (I + O(ξ−1)) exp(1

2
(xξ − θ∞ log ξ)σ3) in | arg(ξx) − π/2| < π (ξ → ∞)

M0 = (m0
ij), M1 = (m1

ij): monodromy matrices with respect to Ξ2(ξ) around ξ = 0, 1

w(A, z)2 = (1 − z2)(A − z2)

Re eiφ

∫
a

√
Aφ − z2

1 − z2
dz = Re eiφ

∫
b

√
Aφ − z2

1 − z2
dz = 0 Boutroux equations

Ωa,b =

∫
a,b

dz

w(Aφ, z)

Let 0 < |φ| < π/2.
y(x) + 1

y(x) − 1
= A

1/2
φ sn(1

2
(x − x0) + O(x−δ); A

1/2
φ )

x0 ≡
−1

πi

(
Ωb log(m0

21m
1
12) + Ωa log mφ)

)
−

(Ωa

2
+ Ωb

)
(θ∞ + 1) − Ωa

2

≡ −1

πi

(
Ωb log(eπiθ∞m0

21m
1
12)+Ωa log(eπiθ∞/2mφ)

)
−Ωa−Ωb mod 2ΩaZ+2ΩbZ

mφ = m0
11 if −π/2 < φ < 0, and = e−πiθ∞(m1

11)
−1 if 0 < φ < π/2
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• error bounds: is it possible to replace O(x−δ) with e.g. O(x−1) or O(x−1/2) ? explicit

formula of the error term ?

• higher-order Painlevé equations, hyper-elliptic cases

• In asymptotic expressions what happens as φ → 0 ?

• τ -functions
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Thank you for your kind attention!


