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We study the discrete Painlevé equations in parallel to studies of the
Painlevé differential equations.

e.g. Lax pair, specail solutions, and so on.

IRHFEME (University of Tokyo) Discrete Hamiltonians of the discrete Painle 1 Oct. 2021



We study the discrete Painlevé equations in parallel to studies of the
Painlevé differential equations.

e.g. Lax pair, specail solutions, and so on.

Difference:
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Introduction

We study the discrete Painlevé equations in parallel to studies of the
Painlevé differential equations.

e.g. Lax pair, specail solutions, and so on.

Difference:

The Painlevé differential equation is expressed as a Hamiltonian system,
whereas the discrete Painlevé equation does not have such an expression.
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The Painlevé differential equations are written in the form of the canonical
systems with the Hamiltonians:
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The Painlevé differential equations are written in the form of the canonical
systems with the Hamiltonians: [% =s(s—1)],

di, az
Hvi < i q,p> = q(g—1)(g — s)p?
a3, da

+ {(a1 +2az)q(q—1)+a3(s—1)q+a45(q—1)}p + ax(a1+a2)q,
a, a2 t t
Hy a t;q,p) = p(p+1)q(q+e") +aiq(p+ 1) + aspqg — aze’p,

H(De) (a1, b1; t; q.p) = p(p+1)q* — a1p(q — 1) — bipg — e'q,
H(D7) (a1; t; q,p) = p*q* + a1gp + e'p + q,

t

e

H(Ds) (t; q,p) = p*q* + gp — q — 7

Hw (a1,a2;t;q,p) = pg(p — g — t) — a1p — a-q,

Hu(ai;t;q,p) = plp—q* —t)—aiq, Hi(t;q,p) = p*—q — tq.
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Why do we use the Hamiltonian expression?
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Why do we use the Hamiltonian expression?

1. Hamiltonian is an invariant.
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Why do we use the Hamiltonian expression?

1. Hamiltonian is an invariant.
— It is not applicable to non-autonomous cases.
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Why do we use the Hamiltonian expression?

1. Hamiltonian is an invariant.
— It is not applicable to non-autonomous cases.

2. Hamiltonian gives a simple expression to a dynamical system.
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Why do we use the Hamiltonian expression?

1. Hamiltonian is an invariant.

— It is not applicable to non-autonomous cases.

2. Hamiltonian gives a simple expression to a dynamical system.

—  The Hamiltonian function can give a clue to identify the system.
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Why do we use the Hamiltonian expression?

1. Hamiltonian is an invariant.
— It is not applicable to non-autonomous cases.

2. Hamiltonian gives a simple expression to a dynamical system.
—  The Hamiltonian function can give a clue to identify the system.

If a discrete dynamical system can be described simply using function W
on a phase space, we call this W a discrete Hamiltonian, although it is a
vague terminology.
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Discrete Lagrangian and discrete Hamiltonian

Starting from a function: Li(r,s): M" x M" — R. (We call it
Lagrangian.)
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Discrete Lagrangian and discrete Hamiltonian

Starting from a function: Li(r,s): M" x M" — R.

(We call it
Lagrangian.)

We consider formal sum S(A) = >,y Li(Ak; Aks1), and 65 = 0:

=3 6Li( Ak Aes1)
keZ

= Z{Lk()\k + 0Nk, Akg1 + 0Ak41) — Li(Ak, Aeg1) }
ke

oL oLy
—Z{ 5 e Mt )Mk + =2 (M, Aes1) Akt }

kEeZ Os
oL oLy _
—Z{fk (A Akt1) aks L(Ak_1, M)}k = 0.
kez
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Discrete Lagrangian and discrete Hamiltonian

Starting from a function: Li(r,s): M" x M" — R.

(We call it
Lagrangian.)

We consider formal sum S(A) = >,y Li(Ak; Aks1), and 65 = 0:

=3 6Li( Ak Aes1)
keZ

= Z{Lk()\k + 0Nk, Akg1 + 0Ak41) — Li(Ak, Aeg1) }
ke

oL oLy
—Z{ 5 e Mt )Mk + =2 (M, Aes1) Akt }

kEeZ Os
oL OLi_
—Z{fk (A Akt1) ak L(Ak_1, M)}k = 0.
S
kez
= OO M) + B (A1, M) =0 (Euler-Lagrange).
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Discrete Lagrangian and discrete Hamiltonian

Legendre transformation:

ALy
We put sk = 954 (A, Mkr1) = — 22 (A1, M),

and put H(\, 1) = A\fi + L(\, ).
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Discrete Lagrangian and discrete Hamiltonian

Legendre transformation:
Ol
We put px = %()\k, /\k+1) = Li l(/\k 17)‘k)
and put H(\, 1) = A\fi + L(\, ).
Then the system is written as

S OH oM
o M e
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Discrete Lagrangian and discrete Hamiltonian

Legendre transformation:

We put ik = 25 (A, A1) = — 252 (A1, M),
and put H(\, 1) = A\fi + L(\, ).

Then the system is written as

S OH oM
o M e

But we know this form. It is just a generating function of a canonical
transformation.

du A dXis an invariant form (symplectic).
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Discrete Lagrangian and discrete Hamiltonian

Legendre transformation:

We put ik = 25 (A, A1) = — 252 (A1, M),
and put H(\, 1) = A\fi + L(\, ).

Then the system is written as

S OH oM
o M e

But we know this form. It is just a generating function of a canonical
transformation.

du A dXis an invariant form (symplectic).

We forget the Lagrangian, and only consider the generating function of the
cananical transformation.
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@ discrete Painlevé equations
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discrete Painlevé equations

Discrete Painlevé equations are classified by the types of certain rational
surfaces:
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discrete Painlevé equations

Discrete Painlevé equations are classified by the types of certain rational
surfaces:

Definition

Let X be a smooth projective rational surface. We call X a generalized
Halphen surface if X has an anti-canonical divisor of canonical type.

IRHFEME (University of Tokyo) Discrete Hamiltonians of the discrete Painle 1 Oct. 2021 10/32



discrete Painlevé equations

Discrete Painlevé equations are classified by the types of certain rational
surfaces:

Definition

Let X be a smooth projective rational surface. We call X a generalized
Halphen surface if X has an anti-canonical divisor of canonical type.

Let D = Z m;D; be an effective divisor on X with irreducible
iel
components D;. We say that D is of canonical type if

Kx -[Di]=0 foralli.
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e dim|-Kx| =1 — rational elliptic surface
e dim|-Kx|=0
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e dim|-Kx| =1 — rational elliptic surface
o dim|-Kx|=0 — Painlevé
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e dim|-Kx| =1 — rational elliptic surface
o dim|-Kx|=0 — Painlevé

Classification by anti-canonical divisor
A

0
Agl)* A(ll) Agl)

1 1 1 1 1
AL A AW AR D
additive AL A A

1
D, D(l) D(l) p®, p®

E(l) E(l) QD

elliptic

multiplicative
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We have non-autonomous differential systems only for D,Sl) and E,El).

IRHFEME (University of Tokyo)

equations PVI PV PIII(D6) PIH(D7) PIII(DS)
geometry Dz(ll) Dél) Dél) D§1) Dél)
symmetry Dﬁl) Agl) A1+ A Agl) -

Prv | Pu | P

Eél) E7(1) Eél)

A [ A
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Definition

Discrete Painlevé equation is a discrete dynamical system which is given by
a Cremona isometry of a generalized Halphen surface of infinite order.
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Definition
Discrete Painlevé equation is a discrete dynamical system which is given by
a Cremona isometry of a generalized Halphen surface of infinite order.

We have discrete Painlevé equations for each surfaces except Agl), Dél),

EY.
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Definition

Discrete Painlevé equation is a discrete dynamical system which is given by
a Cremona isometry of a generalized Halphen surface of infinite order.

We have discrete Painlevé equations for each surfaces except Agl), Dél),

EY.

Except Eél), the surfaces can be blown down to P! x P1. We set the

coordinate as (fy : f1), (g0 : &1)-
We divide them into 4 cases:

© The imgae of the anti-canonical divisor is f2gy2 = 0,
@ The imgae of the anti-canonical divisor is fyf; g0 = 0,
© The imgae of the anti-canonical divisor is ffigog1 = 0,
©Q The others.
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0 ©g2=0 DM, p{M, b, EW EM,

@ nfig2=0: DY, DY, oY, DY, (DY),

0 e —0: AN, AP, AP, 4D, AD. AV, (a1
O the others: A, AlD* Alwe (1) 4 a0 - A
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© Casel: Biquadratic Hamiltonians of differential systems
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Casel: 7‘02g02 =0

In this case, the Hamiltonian of the differential system is written by a
biquadratic polynomial:

2
my Moy Mo f
2
H=1(g",g,1)| mo m1 mp f 1,
mo2 M1 Moo 1

o _OH dg__0H
dt 0g’ dt  Of
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0 0 —a 0
0 0 0 1 0 0 0 1
ai s |, Mg,=|-1 —s —a |, Mg,=(—-1 0 —s
1 0

Mp, =

7

0 1 0 0
M =Mp, = 1 S+31+a3 —as |, Mp=|1 —ai—b —s |,
1
0
0

0 —ai 0 0 —ai 0

s = et for D-type, s = t for E-type.
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Discrete Painlevé equations are written by using these matrices as:

. haf? 4 A f + z_ M2182 + M8 + Mot
§=-8— f=—f—

A A A ) J— — — J— — .
M f2 + Aoy f + fing M20g2 + M12g + Mo2
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Discrete Painlevé equations are written by using these matrices as:

_ Maf? 4 A f + g = 2182 + Mg + Mo

A A A ) J— — — J— — .
M f2 + Aoy f + fing M20g2 + M12g + Mo2

Hence when we put a generating function W as

fof2 + i f + 7 82 + FuE +
W(f,g):—fg—/m12 + +m10df_/m21g +mllg-i-f7701d§7

Moo f2 + iy £+ g M2og? + Mg + Moz
we can write the discrete equations as

ow ow
of’ g’

ow
g:

|
I
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The explicite formula:

W=Wp, =—fg—f—sg—azlog(g+1)+ azlogf
—a1logg — (a1 + a2 + a3z — 1) log(f +s),
WD6:—fg—f—;—i—(al—i—bl—l)logf
+ a1 log g + by log(g + 1),

s 1
WD7:_fg_7+§—(al—1)logf—§1|og§,

f
WE6:—f§+?+sf+?— g + axlogf —ajlogg,

f3
WEg, = — fE+sf+§ —ailogg.
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e.g. E7(1) type:

f3
WE7 = —fE—i— sf + ? —ay |Og§,
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e.g. E7(1) type:

f3
WE7 = —fE—i— sf + ? —ay |Og§,

OWE,

_ _ = 2

g = 9F g+s+ 1,

FoWe 2
g g
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@ Case2: I type
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Case2: fofig0g1 =0

oL O O+ Oo

—dg 0 1 —do 0
0 0|, Mg=|0 0 0],
-1 1 0 -1 1
1/b 0 0 b1/32 0
0 —l/b s MA5 = ao 0 —bl/ag s
—dil al 1/31 -1 - (1/31) 1
0 1 -1
30/32 0 1+ (1/84) s
—agaz/ax apas + (1/azas) —1/as
apas —1/(a1a2%a3) — apazas 1/(a1a2?)
—(1+ag)as 0 —(1+a1)/a1a
as -1 - das 1

IRHFEME (University of Tokyo) Discrete Hamiltonians of the discrete Painle 1 Oct. 2021



Discrete Painlevé equations are written by using these matrices as:

_ o2 £2 + o1 f + o 7 M08~ + M108 + Moo
g(Mf? + Morf + ring)’ f(M22g2 + M128 + Mo2)
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Discrete Painlevé equations are written by using these matrices as:

o2 f? + o1 f + oo Mg + M10g + Moo

= =z ~ ~ ) f= JE— — — .
g(rMaf? + o1 f + i) f(M22g? + Mi2g + Mo2)
The symplectic form is w = dnggdf =dlogg A dlogf. When we put

F =logf, G =logg, we can find a generating function W(F,E).
But it is important that the system is a birational mapping, so we want to
use the variables f and g.
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We put W(f,g) = (Iogf logg), then

. . .\ df
W(f,g) =—logflogg + / log (m02f2 + Mo f + mOO)T
df
f'

s _ _  _ \dg
+ [ log (m20g +m1og+moo)?

/Iog (oo f? + i1 f + rig) —

dg
log (M20g” -+ M128 + Mo2) Z

and we can write the discrete equations as

— f(?iW f = *87W
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The explicite formula:

Wa, =

Wa, =

Wy, = —
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— log f log g + Lia(g) + Liz(08) — Liz <f> ~Li <g>
2
f 2, ¢
— Lip(f) + Liz <a> — Lip (asf) + Lip <aoal‘923335)
3 q

— log 3z log g + log(a1a?) log f,

f'
—log f log g + Lis(f) — le( ) Lip(agasasf) — Liz(g)




Wi, = —log f logg — Lio(f) — Li» (i) +loggloga
a1

1 F\? 1

—Zlog—) == )2 —

5 <og qb) 2(Iogg) log a log f,
Wy = —log flogZ — ~(log )2 — (log 8)* — Lia(F) + Lin &
w, = —logflogg — 5 (log 0gg i i { o

— Iog_—a0 log f,
q

L. 1 _ 2 1 _
Wa, = —log f logg — Lia(f) — 5 (Iog (—q 1aof)) — E(Iog(g))z,

where Liy(x) is the dilogarithmic function:

Liz(x) = — / IOg(lx_X)dx = Z %

k=1
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e.g. Agl)/ type:

1 f -
Wy, = —log f log g (log f)*—(log )" —Lia(f)+Liz <Z> —log % log f,
0
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e.g. Agl)/ type:

1 f -
Wy, = —log f log g (log f)*—(log )" —Lia(f)+Liz <Z> —log % log f,
0

f@WA/7
g—exp< 8f>
_ qf -
=exp | —logg —logf +log(l—f)—log|1l—— | —log—
a0 q
o 1-f
gf(f—;t))

f =ex 74, =exp(—logf —2lo *)—i
=ep (g5 | =ep(-log 88) = 2
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© Case3: 2 type
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Case3: fofig®> =0

1 —1-—s s
Mp, = ay+2a —a1—2a+(s—1)az+as sa
az(a1 + a2) 0 0

Discrete Painlevé equation is written by using the matrix as:

_ mf? 4 muf 4+ myg Z  T0g” + Mg + Moo
g§=-8— f=

Moo f2 + morf + mog’ f(Mxng? + Mg + Mo2)
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Case3: fofig®> =0

1 —1-—s s
Mp, = ay+2a —a1—2a+(s—1)az+as sa
az(a1 + a2) 0 0

Discrete Painlevé equation is written by using the matrix as:

_ mf? 4 muf 4+ myg Z  T0g” + Mg + Moo
g§=-8— f=

Moo f2 + morf + mog’ f(Mxng? + Mg + Mo2)

Hence when we put a function W as

F2 4 myyf F
W(f,g):—glogf—/m12 + muf + myo df

myf2 + moif + mog

+ / log (Mi20g? + 108 + Moo) dZ

- / log (M20g” -+ M12g + Mo2) dE,
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we can write the discrete equations as

_f({?iW f = (“)7W
=% — P\ g )
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e.g. Dﬁl)/ type:
Wp, = —glogf + asglog f — a3 log(l — f)
—(a1+2ax+as+as—1)log(l —f/s)+ g(logg + log s)
— (g +3a1+a2)log(g + 31 +32) — (g +32)log(g + 22)
+ (& — 24) log(g — 34),
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e.g. Dﬁl)/ type:
Wp, = —glogf + asglog f — a3 log(l — f)
— (a1 +2a2+a3+ag—1)log(l - f/s) +g(logg + log s)
—(8+ 31+ 32)log(g + 31+ 32) — (g + 32) log(g + 32)
+ (g — 34) log(g — a4),

8WD4_ _ asf (a1 +2ax + a3+ ag — 1)f
Tar T ETR I s—f

_ a a1 +2a+a3+tas—1
:_g+1—31—282— 3 —+ 1 2 3 4

1-—f 1—f/s

f=exp <8WD4>
— =

=exp(—logf + logg + log(g — a1) + log s — log(g + a1 + a2)
—log(g +22))

_ sg(8 —a)
f(g+3a1+3)(8 +32)
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Thank you.
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