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Series representation of 7yi(t)

In 2012, Gamayun, lorgov and Lisovyy conjectured an expansion formula for the
tau function of Py in terms of Virasoro conformal blocks with ¢ = 1:

_ n 0].701.L elaol’ .
i) = s"C (900,0 + n,eo) F (900,0 +n, 00 t) ’

n€eZ

where s,0 € C, F(0,0;t) = t7 %% (1 + O(t)) is the 4-pt Virasoro conformal
block with ¢ =1, and

[Ieoeyp G(L+0: +€0g + €0)G(1 + 61 + el + €'0)

c00) = [I._. G(1+2c0) ’

where G(z) is the Barnes G-function such that G(z + 1) = I'(z)G(2).
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The AGT relation states
01,0 .\ _ 0?0262 20,6, b1, 0: A+l
]:(90070790,t> =t ’ (l_t) )\zE:Y]:A’M 90070700 t ’
M

where

917 at
P (000,0 00)

H (O +0+i—j)?—03) (01 +0+i—j)7—03)
W (i J) N+ i — i —j+ 1+ 20)?

(iJ)ex

X (A= p,0 — —0).

Here, A = (A1,..., An) (A\i > Aig1), ha(i,j) is the hook length.
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Jimbo's asymptotic formula

Jimbo gave the asymptotic expansion of the tau function (1982)

2 2 2
7(t) = const. t(@ ~%=0)

92_92_ 2 92 _02_ 2
x<1+(0 t ‘72)((7200 1 U)t

§€
— E —— (05 — (0; — €0)?) (0%, — (01 — o))t T2
= 852(1 + 402)?

+i Z ajktj_zko ,

J=2 |k|<)

where §, o are expressed by the monodromy data of the linear equation
associated with Pyq.
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The first part of 7(t):

s (1 BN o))

202

is corresponding to the first part of the four point conformal block of Virasoro
CFT with c=1

{hoo|®p_ ()P 4 (£)]ho)

=tho—he—ho (1 MU h‘;z(h" Fhe=ho), O(t2)> )

where h; are the conformal dimensions and ®,(z) are the primary fields with h;

[Belavin, Polyakov, Zamolodchikov, 1984].
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Proofs

@ By constructing a fundamental solution to a Lax pair of Pvyq, using the
conformal field theory. [lorgov, Lisovyy, Teschner, 2014]

© By proving that the Fourier transform of conformal blocks satisfies the
bilinear equations for Py1, using embedding of direct sum of two Virasoro
algebras to the sum of fermion and super Virasoro algebra. [Bershtein,
Shchechkin, 2014]

© Expansion of Fredholm determinant expression of the tau function for Py1.
[Gavrylenko, Lisovyy, 2016].
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Monodromy preserving deformation

@ Py is derived from monodromy preserving deformation of a Fuchsian
system of rank 2 with four regular singular points.

@ 4-point Virasoro conformal block with one degenerate field is the Gauss
hypergeometric function.

@ Connection problem of m-point Virasoro conformal block with one
degenerate filed is reduced to connection problem of the Gauss
hypergeometric function.

@ A finite sub system of conformal blocks becomes a monodromy preserved
fundamental solution of a Fuchsian system of rank 2 with four regular
singular points. [lorgov, Lisovyy, Teschner, 2014]
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Ranks of singularities of corresponding 2 by 2 linear systems:

singular points ranks
Py 0,1,t,00 | (0,0,0,0)
Py 0.t,00 (0,0,1)
Prv t, o0 (0, 2)
P, 0,t,00 (0, 0, 1/2)
PIH1 07 o (1, 1)
P1112 0,00 (1, 1/2)
P1113 O7 o0 (1/2, 1/2)
Pu t, 00 (0,3/2)
PII o0 (3)
P, % 5/2)
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Ranks of singularities of conformal blocks:

singular points ranks t=0 t =00

Pv1 0,1,t,00 (0,0,0,0) [BPZ, 1984] [BPZ, 1984]
Py 0,t,00 (0,0,1) | [Gaiotto, 2009] [N, 2015]
Pry t, 00 (0,2) [N, 2015]
P, 0,t,00 (0,0,1/2) | [Gaiotto, 2009] [N, 2018]
P, 0,00 (1,1) [Gaiotto, 2009]

P, 0,00 (1,1/2) | [Gaiotto, 2009]

P, 0,00 (1/2,1/2) | [Gaiotto, 2009] | [GMS,2020]
Pn t, 00 (0,3/2) [N, 2018]
Pu 00 3) [NU, 2019]
Py 00 (5/2)

[BPZ]=[Belavin-Polyakov-Zamolodchikov],
[GMS]=[Gavrylenko-Marshakov-Stoyan],

[NU]=[Nishinaka-Uetoko].
Limiting procedures were proposed for conformal blocks of integer ranks
[Gaiotto-Teschner 2012].
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Irregular Verma Module

The Virasoro algebra Vir = @, ., CL, ® Cc is the Lie algebra with

n€Z

n3fn

[Lma Ln] = (m — n)Lm+n —+ 5m+"’OTC.

For r € Z~¢, define a module M,[\r] as a representation of Vir with a vector |A)
such that

LolAY =NApN) (n=r,r+1,...,2r),

with A = (A, ..., Ay,) and MU is spanned by linearly independent vectors of the
form
L_y = L_,'1+, s L—ik+r|/\> (il > > > 0)

We remark that l\/l,[\r] is irreducible if and only if Ag,—1 # 0 or Ay, # 0 [Lu, Guo
and Zhao, 2011], [Feliriska, Jaskélski and Kosztolowicz, 2012].
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Vertex operator

Define a vertex operator
O a(2) : My — My

by

n d
L O a2 = 2" (2 + (04 1) 0 1(2),

« 6” - n
OB AN = 2" erp (z 5) S e,
n=0

n=1

where o, 8, € C, v, € /\/I,[\',] and vo = |N).

Theorem (N, 2015)

If Ny # 0, then the vertex operator CD,%,,A(Z): M/[\r] — M,[\r,] exists and is uniquely
determined by the given parameters \, A, (,.
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(I) Py case.
A bilinear pairing (-): M} x M,[\ll — C, (A= (A1,A2)) is uniquely defined by

(AN =1,
(ulLy - 1v) = (] Lolv) = (ulLlv),
where (u] € M}, |v) € M,[\l]. Because, L, for n > 1 acts on |A) diagonally and L,
for n < 0 acts on (A| diagonally.
(1) Pry case.
A bilinear pairing (-): Vg x M,[\z] — C, (N = (A2,A3,\1)) is uniquely defined by
Of-[A) =1,
(ulLy - 1v) = (] Lolv) = (ulL]v),

where (u] € Vf, |v) € /\/I,[\2]. Here, V' is the irreducible highest weight module.
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Theorem (Lisovyy-N-Roussillon, 2018)

A series expansion of the Painlevé V tau function at the irregular singular point
oo is given by

() =) s"(-1)""D2G(1+ 00+ 0 — B — n)G(1+ 6, £ (8 + n))
nez

62 _
X (081 (P majap o/ (N, 1/4)

Namely, H = t(log(t=20:=¢"/2e=0t/21(¢))Y satisfies the following differential
equation (Hamiltonian DE for Py/)

(tH")? = (H — tH' + 2(H')?)* + %((ZH’ —0)? — 465)((2H' + 6) — 467) = 0.

We note that

((63105: (1)) - 16, 1/4))

expresses a series expansion at the regular singular point 0.
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Theorem (N)

A series expansion of the Painlevé IV tau function at the irregular singular point
oo is given by

7(t) = t72% %23 " s"G(1+ 0 — B — n)G(L + 0, + (B + n))
nezZ

0;
x (0 - (¢(9757n,0,1/4),(9,o,1/4)(1/t)|(9707 1/4)>) )

Namely, H = (log 7(t))’. Then, H satisfies the following differential equation
(Hamiltonian DE for Py )

(H"? — (tH' — H)?> + 4H'(H' — 6 — 6,)(H' — 26,) = 0.

Here,

07
<0‘ : (¢(07ﬁ70)1/4)7(0,071/4)(1/t)|(ea O, 1/4)>)

oo
= ORI PEZNT 5 (4,0, 8) .
n=0

H. Nagoya (Kanazawa University) Irregular conformal blocks and Painlevé equat November 5, 2021 15 /34



An irregular conformal block of type (0,0, 1) with ¢ = 1 is expanded as

6? _
(O3 (P10 0 p.1/0) (N0 1/4)
— (20+260-P) Bt (142 (2% — 3620 + 62 — 8O3 — 567 +067) t™ +.-)

It is natural to expect that this irregular conformal block has a combinatorial
expression. For example, we find

2(28% —38%0 + B0 — BO; — BO; + 002) = 2(B—0) (B° — 62)+28 (6 — B)* — 63) .

Thus, the coefficient of t~! is successfully written as a sum of two factorized
forms, which should be corresponding to pairs of partitions ((1), 0), (0, (1)). Put

Usy = H Q(B—-0)+i —hi)(l((Jﬁ);r i—j)?*—6?)

(i J)EX
Then, the coefficient of t~2 is

D> (Uno+ Upy) +2(200 — B)B—1) (82— 62) ((0 — B)> - 63) -

[A]=2

The last term should be corresponding to ((1), (1)).
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Conjecture (N, arxiv:1611.08971)

An irregular conformal block of type (0,0,1) admits the following combinatorial formula

02 A v| Vs
(661 - (¢(5,1/4),(07B,1/4)(t)|(9’ 1/4») - > e AN )L M N

Asp,v,meY,
vCAnCp,lv|=|n|

where ¢’ € Z
o € £zo

Myu= [ CB=0)+i-i) [] (-28+i-J)

(iJ)EA (i)en
+i—j)P2—62 0—B+i—j)— 62
Ny, = (71)“” H (8 _J). t H ( — ) 0
hx (i, j)? hu(i, j)?
(h)ex el (i)en o

We observe

Q),(D 1),(1 2),(2 2),(1,1 ’,’
=1 =2l P =aau Y =30, =N =0

Jj—1
=M=+ > (M-l N,
k=1

(i J)EN,
i#1

and CK:Z € Z>¢ are determined uniquely if [A| 4 [p] < 5.
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Vertex operator of half rank

Define a vertex operator
<D,%,,,\(z) : l\/l,[\r] — /\/l,[\r,]

by

L O (2] = 2" (2 + (04 DA ) 0 0(2).

2r 0o
RN = 20 (3 2] S
n=1 n=0

where o, 8, € C, v, € /\/I,[\,] and vo = |N).

Proposition

If Nor—1 # 0 and Ny, = O then the vertex operator ¢ﬁ,7A(z) exists, where \' = A,
Bor =0, v, = EIAKm c)\ L_x|A) and c(m) for any X is a polynomial of «,
Buros Bare1, Moy a1, ALy and 8 (k < m —1).
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Since the vertex operator CD,%,’A(Z) depends on the parameters «, B1,..., Bar_1,
Ao Nor_q, /\2_,1_1 and complex numbers cék), it should be denoted by
¢,%7A(a, B, cs; 2).

We define actions of L_, for any positive integer n on a linear operator ®(z) as
follows.

Ly -d(2) :%CD(Z)
L, o(z) = :ﬁ@;’*Z(T(z))CD(z):
1

(0772(T-(2))(2) + @(2)9;7(T+(2))) ,

(n—2)!
where n > 2 and

T_(2) = Z L,z7"2 T.(z)= Z L,z "2,

n<—2 n>-1
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We define descendants of the vertex operator ®a a(c, 5, cg; v, z) for v € Ma by
(e B, csi|A), 2) =0 p(er B, ¢ 2),
Pan(a, B, ci Loxa|DA), 2) =L_x - DR A(e, B, cy; 2).
A singular vector x is a vector such that
Lox=0, (n>1).

It is known [Kac, 1979], [Feigin, Fuchs, 1982] that for a positive integer p, g, a
singular vector x, 4 of level pqg exists in Ma, . where

1 (pt —q)* — (t — 1)?
—13- 2), Apg= .
c=13 6<t+t>, p.q a

Definition

For p,q € Z~o, an irregular vertex operator ¢,%‘;§"(oz, B, c; 2) is called singular if
it satisfies

A
(D/\,';(q(ay ﬁ7 Chi Xp,qs Z) =0

for a singular vector x, 4 of level pq in Mp, .

By definition the singular vertex operator CD,%”j\"’(a, B, cy; z) satisfies a kind of
linear differential equation.
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Conjecture (N, arXiv:1804.04782)

For any positive integers p, q, there exist singular vertex operators

¢f’}(q(a,ﬂ, Cp; Z) such that o, b1, ..., f2r—1 and cém) (m € Z>1) are solved as
polynomials of ¢, \,, ..., Nop_1, /\2_,1_1. Moreover, the number of such sets

{a, B, ¢y} with multiplicity is pq.

We may denote a singular vertex operator by CDﬁ’xq’i(z) (i=1,...,pq).

Conjecture (N, arXiv:1804.04782)

There exist a unique vertex operator CDf’}("(a, B, cy; z) such that the coefficients

cim) of it are polynomials of ¢, A\, Bor_1, Nr, ..., Nor_1, /\2_,1_1 and it is equal to

. A [ .
the singular vertex operator ®5%"(z) when Ba,—1 = 5,71 and A = A, 4.

. A, Bor_ o
We denote such irregular vertex operator as ®) Aﬁ” '(z) and call it irregular

vertex operator of rank r/2.
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The first few terms of irregular vertex operator of rank 1/2 with A; =1, 51 =

_B* 3A B B B
A= 5 MT g Tggle At -Gl
o B Fc—4n+6)
27 131072 16384
2 (3¢2 — 24cA + Thc + 48A2 — 168A +103) A
Jrﬁ( )+—(A7cf2)
24576 64
B B2 A 2 s
P e an 13+ 2 ) o 22
+( 512 108 AT Ltk

B:

We note that the central charge ¢ appears in vi, which do not happen in integer
rank case. Gavrylenko, Marshakov, Stoyan also reported the same fact for their

irregular conformal block of type (1/2,1/2).
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Conjecture (N, arXiv:1804.04782)

A series expansion of the Painlevé 111, tau function at the irregular singular point
oo is given by

7(t) =t~ 410261/ Z s" 27 G(L 4 v+ n £ (6 + 62)/2)
neZ
61+62)?/4,4(v -
x ((6h — 92)2/4| : (¢§1j$,(21),0/)4 « +n)(t 1)|(1’0)>) ‘

Namely, H = t(log(7(t)))’ satisfies the following differential equation
(Hamiltonian DE for Py, )

(tH")? — (4(H")? — 1)(H — tH') + 4010:.H" — (61 + 62)? = 0.

We have a similar conjecture for the Painlevé II tau function.
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Other results

@ A series expansion of the tau function of g-Py; [Jimbo-N-Sakai, 2017]

Series expansions of the tau functions of g-Pv and g-Pyj; [Matsuhira-N,
2019]

@ A series expansion of the tau function of g-FST system [N, 2021]
@ Irregular vertex operators of a super Virasoro algebra (NSR algebra)

In 2014, Bershtein, Shchechkin showed that using embedding of direct sum of
two Virasoro algebras to the sum of fermion and a super Virasoro algebra, the
Fourier transform of 4-pt regular conformal blocks discovered by Gamayun,
lorgov, Lisovyy satisfies the bilinear equations for Pyy.
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The Neveu-Schwarz-Ramond algebra

NSR=EPCL, & P G &Cc

neZ reZ+3

is an algebra with (anti) commuting relations

c
(Lo Lo] = (m — n)Lmin + E(m3 — mM)dmino,
m
[Lm7 Gr] = (E — r) Gm+r,
c 1
[Gr, Gs]y =2Lr4s + 3 <f2 - 4> Or+5,0-

For A= (Ap,..., Asp) € CP x C*, let M) be an irregular Verma module of NSR

such that

LN = AN (02 p). GIA) =0 (r>p—1),

2

where A, =0 if n > 2p.
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We define irregular vertex operators ¢,%,7 A(2) and \Uﬁ,y A(2) M,[\p N /\/I,[\’f] by

Lo 080(2)] = 2" (252 + (4 DA ) 002,

n 9 L
[Ln, W/%,A(Z)] =z <z(9z +(n+1) (A + 2>) W/%/,/\(Z)’
16,0 A(2)] = 271U 5(2)

1 0
[G,, \Il/%,’/\(z)]+ =z32 (Z + (2r+ 1)A> be,’/\(z),

0z
p 8; 00
R A(2)IN) = 2* = mZ?
A,A(Z)| ) =12 eXP(;Z,>m2;0V zz,
+1 P Bi | =
wa A =z2 = mZ2
/\,/\(Z)| )=z eXP(fX;Z,)mZ_:OU z2,

where vo = ug = |N'), Vi, um € /\/I,[\'f].

V.
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If Nop # O, then the irregular vertex operators ®f; (z) and

R A(2) M,[\P] — M) exists and are uniquely determined by the given
parameters \, A, B,.
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The F & NSR algebra

FoNSR= P CcrePcCLe @ G oCc

n€Z+3 nez rez+i
is an algebra with (anti) commuting relations
[fh fs]+ = 5r+s,07 [fr) G5]+ = [ﬂa Ln] = 07
c
[Lm7 Ln] = (m - n)Lm+n + E(m3 - m)6m+n,07

(L, G] = (% _ r) Gomtrs

c 1
[Gr, Gs]+ = 2L, s + 3 <r2 - 4> Orts,0-
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Put

c=1+2Q*> (Q=b""+b).
For ANS = (/\ES, - ,/\ZNPS) € CP x C*, let WQ%][B%SR be a tensor product of a

NS
Verma module 7r and an irregular Verma module 7T1/\\Isr{[P] such that
fl1) =0 (r>0), LA™) =APIAY), G IAY) =0 (n,r>p),

where ANS = 0 if n > 2p. The irregular vector of WQ’E[BPIJISR is [1) @ |ANS).
We use the free-field realization of the NSR algebra generated by ¢, (n € Z) and
¢, (r € Z+ %) with relations

[CIH Cm] = n6n+m,07 [Cna ¢r] =0, [¢r7 ws]-k = 5r+s,0~

For P = (Py,...,P,) € CPL, let ]—",[_f] be an irregular Fock module of this algebra
generated by a vacuum vector |P) such that

cnlP)=Py|P) (n=0,...,p), c|P)=¢P)=0 (n>p, r>0).
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We have two free field representations of the same irregular Verma module of
NSR:

Z CkCn—k + 22( )¢n—r¢r+é(0"*2C0) Cn (n#O)a

k;éOn
Lo = ¢ _q
O—Zcfkck‘f‘zrwfrwr‘f‘i T_Co )
k>0 r>0

Gr - Z Ckwr—k + I(Qr - CO)wra
K£0

and

Ln: Z CkCn—k + 22( >¢n—r¢r_ é(Q(n_2P)+2C0) Cn (n#0)7

k;éOn
2
LOZZC ka+Zr¢ P+ (Q—(QP—CO))a
k>0 r>0

Gr - - Z Ckl[)r_k + I(Q(I’ - p) + Co)d)r.
k#0
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In both free field representations, the actions of L, (n > p) and G, (r > p) on
|P) are

Ln|P) = Z PePa_i|P) (p < n<2p),
k n—p

Lp|P) = ZPka k|lP) + (Qp—2Po)Pp\P>7
Ln|P) =0 (n>2p), G|P)=0 (r>p)

Hence,

1 P
A =5 Y PPoi (p<n<2p),
k=n—p

ASS = ZPkak+ (Qp — 2Py)P,.
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The embedding of the Vir @ Vir subalgebra in the F & NSR algebra is defined by

bt b=l +2b
) _ Z Z
L b 1 bLn b 1_ b r: fn rf + —b : fn r I’7

b b+2b‘
2
LD —— 5l 20 Zr L blan,,

L (= 1,2) act on |P) as follows.

bl
p—1_—

b
b— b1

LIP) = s=—5M°IP) (P <n<2p),

LP|Py = AP (p<n<2p).
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Put
X =f-ipd (j=1,2).

We define the vectors |P, n) (2n € Z) as follows.

(4n—1)/2
POy =) ®|P) =)@ |AY), [P.y= T xW1) @A) (n>0),
r=1/2
(—4n-1)/
e | x(2\1> IANS) - (n < 0).
r=1/2

Straightforward calculations show that

1 .
L(nl)|P,m>=( b pns g 2’"7pr>|P,m>,

b—l_p " mPp-1_

b 2im
1P, m) = (5SS = G s ) P

for m > 0.
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We can write |P, m) = |A(™D) @ |A(m2))

Theorem (N)

For P, #0, WF@I\}[Q% is isomorphic to the sum of irregular Verma modules over
Vir @ V1r .
AP m,[p]
TP@NSR — @ ﬂ-VH‘EBVlr'
2mez

The irregular vectors of the irregular Verma module FV;EZQVH of Vir @ Vir are
|Alﬂ1>‘®|Alﬂ2>.

This result should lead to a decomposition of an irregular vertex operator of NSR
algebra into the sum of irregular vertex operators of Vir @ Vir. We expect that
for p = 1,2, an expectation value of an irregular vertex operator of NSR algebra
satisfies the bilinear equation for Py, Py, respectively.

H. Nagoya (Kanazawa University) Irregular conformal blocks and Painlevé equat November 5, 2021 34 /34



	Introduction
	Expansions of the tau functions

	Irregular conformal blocks
	Definitions
	PV and PIV tau functions
	PIII tau function

	Irregular vertex operators of the NSR algebra
	Irregular vertex operators
	Decomposition


