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Parabolic logarithmic connections

o

t={t1,t2,t3} CP' =P{
D(t) =t1 +ty+t3

1<i<3
V= (Vi,j)ogz'_g e’

o

@]

[}

(BE,V,l. = {l;.}?_,): a v-parabolic logarithmic connection over (P!, )
e F : a vector bundle of rank 3 and degree d,
o V:E— E®Qu(D(t)) : alogarithmic connection

> V is locally written by

V =d+ Y% | A dz 4 holomorphic, A; € M3(C).

i=1 z—t;

° liy* . a filtration E|ti =F® k(tl) = l,‘yo ) li71 2 li72 2 liyg = 0 such that
(rest; (V) — v jid)(Li,j) Clijjpr for 1 <i<3,0<5 <2

o M$(t,v):={(F,V,l) | a-stable}/ ~
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Description of moduli space of logarithmic connections
Rank two case

(1) (2)
method e apparent singularities e apparent singularities
e dual parameters e parabolic bundles
compactification ¢-connections A-connections
e Arinkin-Lysenko
(9=0,n=4) e Loray-Saito (g = 0)
e Inaba-lwasaki-Saito e Fassarella-Loray
_ (9=0,n=4) (9=1,n=2)
revious .
previou e Oblezin e Fassarella-Loray-
research ]
(g=0,n>4) Muniz (g = 1)
e Komyo-Saito e M(g>1)
(g =0,n2> 4)

We investigate the moduli space of rank three logarithmic connections on the
projective line with three poles in the above two ways.
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Difference Painlevé equations and moduli of connections

o Sakai '01 characterized the spaces of initial conditions for the Painlevé
equations as certain surfaces and classified them according to some affine
root systems. Each such surface is the space of initial conditions for a class

of discrete Painlevé equations.

o Boalch ’'09 considered the difference Painelvé equations arising as

symmetries of logarithmic connections on the trivial bundle.

surface type DV A AD* A
symmetry Dgl) Eél) E$1) Eél)
spectral type | 11,11,11,11 | 111,111,111 | 22,1111, 1111 | 33,222, 111111

ASV*-surface
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1) . .
A; *_surfaces and moduli of connections

o Arinkin and Borodin '06

* duli of a certain type of
SAMIN\ =K., e, = |M° yp
(427 (A5 “difference connections”

for generic v.

Mellin transform o
Y
= M3 (t, l/)

o Dzhamay and Takenawa '15 gave a coordinate on a Zariski open subset of
the moduli space M$(t,v) of rank 3 logarithmic connections on P! with 3
poles by giving a normal form of connections over the trivial bundle.

Goal: We gives the natural compactification M$*(¢,v) of M$ (¢, v) and
prove M$(t,v) is isomorphic to S(Agl)*) by using the apparent singularity

and its dual parameter.
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Moduli of parabolic bundles and parabolic connections

Rank two case

o (C,t): a n-pointed smooth irreducible projective curve over C

@]

(L,V): a tr(v)-connection over (C,t) of rank one and degree 2g — 1
Mg (v, (L, V1)) == {(E,V,L) | a-stable, (det B, trV) = (L, Vp)}/ ~
P (L) = {(E,L) | a-stable,det £ = L}/ ~

N :=3dim Mg, (v, (L, V) = dim Pg , (L)

o

o

@]

Theorem (Loray-Saito, Fassarella-Loray, Fassarella-Loray-Muniz, M)

For a suitable «, the rational map
App x Bun: M@ (v, (L, VL)) — PN x P& 4(L)

is birational.

Goal: We construct the compactification M’ (¢,v)° of a Zariski open subset
MY (t,v)° of M (t,v) and investigate App x Bun.
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Parabolic ¢-connections

Definition

(Ela Eza ¢7 V’ lﬁl) = {l’f,l*) ?=l’ l’("z) = {l2(,2*) :3:1):

a v-parabolic ¢-connection of rank 3 and degree d

(1) E; and E5 are vector bundles on P! of rank 3 and degree d,
(2) ¢: E1 — E5 is a homomorphism,

(3) V: By — Ey ® Qg (t1 + t2 + t3) is a logarithmic ¢-connection, i.e.
V(fa) = ¢(a) ® df + fV(a), f € Op1,a € Eq, and
(4) lg,k) is a filtration Ejl;, = l%) 2 ll()kl) l(k) 2 l(k) = 0 satisfying

¢t.(l( )) C lfj), (vese, (V) — vijbe, ) (1 )) C l”_~_1 for 1 <i<3,1<j5<3.

o For (E,V,l.), (E,E,id, V,l,,l.) is a v-parabolic ¢-connection.
o N3¢ #£ 0 <= (E1, Fs, 0, V, 1M 1P) = (E, E,id, V,1,,1,) for some (E, V,1,)

o Rank 2 ¢-connections were introduced by Inaba-Iwasaki-Saito. Their
definition is a little different from the above definition.
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Moduli of parabolic ¢-connections

o Ty:={(tir<icz € (P1)* | t; # t5,i # j}
1<i<3 3 2
o Ny = {(Ui7j)0§j52 eC? ’ Zi:l Zj:() Vij = —d} ,dEZ
Proposition
(1) There exists a relative fine moduli scheme
M??‘(d) — T3 X Nd

of a-stable parabolic ¢-connections of rank 3 and degree d. If v is generic,

then the morphism becomes projective, and in particular, the fiber M_:,?‘(t, V)
over (t,v) € T x Ny is projective.

(2) Put -

Uisom = { (B1, B, ¢, V,18, 1) € MIE(d) | A% # 0} .

Then Uisom is an open subscheme of M$(d) and Ussom = M$(d).

The above proposition follows from the same arguments as the construction of
moduli space of parabolic connections by Inaba-lwasaki-Saito.
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Main theorem

z—13

0 V= {A%p =0} C Mg (=2) X(zyxn) (T3 x N(0,0,2))

o N(0,0,2):= {(sz)éiéé?é eC® Z?:o vij = 2res;, (;22-),1 <i < 3} CN_,

Theorem

Take e = (ai’j)lgi’jgg, such that 0 < a5 K 1 for any 1 <4,5 < 3. Then for
each (t,v) € T5 x N(0,0,2),

(1) ME(t,v) is isomorphic to an AV *-surface, and

(2) the fiber Y{; . is the effective anti-canonical divisor of M$(t,v).

Mgz (t,v)

x\" X

Yitw)

5
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Outline of proof

Step 1: Show that £y = Ey = Op1 @ Op1(—1) & Op1 (—1).
Step 2: Construct the apparent map App: M$(t,v) — PL.
» The apparent map on M3*(¢,v) is defined by Saito and Szabd.
» We can extend it on the locus defined by rank ¢ = 2 on M$*(t,v), but cannot
on the locus defined by rank ¢ = 1.

~~ Construct the apparent map on moduli space ]\/43?"(t, v) of pairs of a
parabolic ¢-connection and a certain subbundle of Fj.

Mg (t,v)

ME(t,v) P!
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Step 3: Construct a morphism 1) from ]\//[?(t,u) to P(Q5 (D(t)) & Op1)
and show that ¢ is a blow-up of P(Q4, (D(t)) ® Op1) at 9 points.

Step 4: Prove that the forgetful map from ]\/43?"(t, v) to M$(t,v) is the
blow-up along the locus defined by rank ¢ = 1.

M&(t,v) P(Q' (D) & 0) 2 P(O(-1) ® O)

(=1

Mg (t,v) P!
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The apparent map App

(E1, B2, 6, V,10,1) € ME(t,v).

Proposition

There exists a filtration Ej, = Fék) ) Fl(k) ) FQ(k) ) Fék) =0 for k =1,2 such

that
F) = F? = Op1 @ Opi (-1), FyY 2 F{® = Op,

and
o(FV) c E?, v(FY) c F? @ 0L.(D(t))

for any 0 < < 2. F2(1), Fl(Q),F2(2) are uniquely determined. If rank ¢ = 2 and 3,
then Fl(l) is also unique. If rank ¢ = 1, then there is a one-to-one correspondence
between the set of all such F{") and P?.

The apparent map
Let App(F1, Es, ¢, V, lil),l£2)7Ffl)) be the zero of the composite

Op (1) 2 FV/ED 5 By s By @ Q5 (D) — By /FP © QLi(D) = Opr.
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A normal form of connections

rank ¢ =3
1 0 O 0 a12(Z) a13(z) dz
p=10 1 0], V=d+ |1 (-t1)(z—t2)—p 0 PR
0 01 0 z—q (z 1)z~ t2) +p) 12
, where a12(z), a13(2) are quadratic polynomials satisfying
0:1)
a2(t ):_h( ) (vi, 0V11+Vz Wiz + Vialio) — pQ,
(ti — @)ais(ts) )? H Vi j + resy; (z ts) B (t:)"'p) (1:p) = (B, VL)
=0

forany i =1,2,3 and h(z) = (z — t1)(z — t2)(z — t3).
the fiber of App at ¢;

! |
- / A_Q) N ’
! 1
-1 7

=1 / / (-1)

|
1) / &0 <

I

Vi0 # Vi1l # Vi2 # Vi0 Vio = Vi1 # V3,2 Vio = Vi1 = V2

|
&
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Normal forms and loci of ¢-connections
rank ¢ = 2

1.0 0 0o 0 [Tj.i(z —t5) dz
=10 0 0|, V=¢0d+ |1 0 0 —
0 0 1 0 =z

b (r—t)(z—ta)+p) M)
rank¢p =1
10 0 0 [LuG—t) 0 dx
¢o=(0 0 0], V=0®Rd+ |1 0 0 —
0 0 0 0 2—q 21 ) Mz)
ranke = 2 rankep = 1

Takafumi Matsumoto moduli space of rank three logarithmic connections ove 2023/11/08 16/28



rank ¢ = 0

o Under the assumption, parabolic ¢-connections becomes ai-unstable.

o Parabolic ¢-connections of rank 1 and rank 0 are infinitesimally close.

1 0 0 0 a12(z) a13(z) dz
p:=(0 1 0|, Vi=d+ |1 (z—t1)(z—t2)—p e
0 0 1 0 z—q (z—t1)(z—t2)+p (2)
rank¢p =1
p~2 0 0 p2 0 0 e (YO0 0 x =
0 p20)(¢,V)[0 1 0 )= (00 0], (1 0o o0&
0 0 1 0 0 pt 000 0 z—q 1
rank ¢ =
1 0 0 p~1 0 0 . (000 0 % x
opt 0 |(V)lo p2 o] S (o001t -1 o0 6
0 0 p- 0 0 p3 000 0 z—q 1
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Parabolic bundles and w-stability

Definition
(B, L = {li,*}é”:l): a parabolic bundle over (P!, t = (ti)i<i<s)

e F : a vector bundle of rank 3 and degree d, and

® lix o afiltration Ely, = EQk(ti) = lio 2lia 2li2 21liz=0.
a=(aijh<ijes 0 <oin <aip <aig<lforeachi=1,23
Assumption
Forany 1 <i<3,5=1,2,

0y j+1 — Oy j = constant =: w
o 0<w<1/2

o (E,l,) is w-stable = E = Op1 & Op1(—1) & Op1(—1)
o PY(=2):={(E,l) | w-stable,deg F = —2}/ ~
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Moduli space of parabolic bundles
Proposition
(1) f0<w<2/9,4/9 < w < 1/2, then P¥(-2) = .

(2) If 2/9 < w < 1/3, then a w-stable parabolic bundle (£, ) fits into a
nonsplit exact sequence

0 — (Op1,0) — (B, L) — (Om (-1)%2, 1, = {li}},) — 0,

where n(l}) =

max i| Fle, =1’} =1. In particular,
Ow,l(—l)a‘FCOw(—l)@z#{ | t; 7,} P

Pv(-2) =Pl

2/9 <w < 1/3: PY(-2) =P,

0 0 0 0 0 0
11,2 =C (1) R 11’1 =C <1> +C <0> ,12,2 =C (0) R 12’1 =C (1) +C (0)
0 0 1 1 0 1
a+b a b
1372_([:( 1 ),1371_C<1>+C<0>.
1 0 1
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Proposition
(3) If 1/3 <w < 4/9, then a w-stable parabolic bundle (E,l,) is either type of
the following;:
(i) E2Op & Opi(—1) ® Op1 (=1), #{i | Opt|s, C lin} = 0, n(l%) = 1, and the
condition (*) holds.
(i) B2 Opt @ Op1(—1) @ Op1 (~1), #{i | Opale, C lin} = 1, n(t) = 1, and the
condition (*) holds.

In particular, P¥(—2) = P!,

(¥) There is no subbundle F' C E such that F = Op:(—1)%%1; 5 C F|;, and
F|i; =151 for some i and any j # i.

pv(-2) = P!

2/9 <w<1/3 1/3 <w < 4/9
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Compactification by A-connections

Definition

V: E — E® Qg (t1 + t2 + t3): a v-parabolic A-connection over (E,1,) (A € C)
e V(fa)=Ndf ®a+ fV(a) fora € E, f € Op1, and
o (resy, V —v;;id)(l; ;) Clijq41 for 1<i<3,0<j<2.

When A =0,v =0, V is called a parabolic Higgs field.

o Vy: a v-parabolic connection over (E, )

o ¥y # 0: a parabolic Higgs field over (E, ) P(CVo & C®0) o

Vo+Coy C P(CVyd Cd) e A
open

My (¢, v)° = {(E,V,L) | (E,l) € P*(=2)}/ ~
M?tu(t”/)o = {()"E7V’l*) ‘ (E’ l*) € Pw(_2>}/ ~ Vo
Bun: Mé”(t,l/)o — P¥(=2),(\, E,V, 1) — (E,l)

@]

o

o
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Description of M3'(t, v)°

Theorem
Assume 2/9 < w < 1/3. Then we have

L LN
s P(Op1 ® Op1(—2)) vi,0+ 20+ 13,0 =0.

Outline of proof
Take coordinates (C,a), (C,b) of P*(—2) = P! such that ab = 1.

(Vo(a), ®o(a)): a connection and a Higgs field over (E, 1, .)
(Voo (D), Poo(b)): a connection and a Higgs field over (E, 1} )

M (t,v)0 = P(CV, @ CPg) UP(CV o & CPy)

(Vs ) = (Vo 0) ! ’.)

—(v10 + 120+ V3,0)Crl a
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h(z) =(z—t1)(z — t2)(z — t3)

0 (Z—t1)(z—t2)+622(z) ng(tg—t1)(2—t2) A ),

( an(z)  hla)z—t)(z—tz)  s(a)(z—t)(z—ta)
Vo(a) :=d+
Cglhl(tg) ng(a)(tg — tg)(z — tl) (Z — tl)(Z — tz) + ng(z)

dz
(z

W (ts) 0 —lat D)t —t)(z—t2) | 75

0 ala+1)(z—t1)(z—t2) —ala+1)(z—t1)(z—t2) ”
Do(a) :=
—a (t3) a(a + 1)(t3 — tg)(z — tl) 0

( c11(2) ci3(b)(z — t1)(z — t2) ci3(b)(z — t1)(z — t2) ) s
Voo(b) =d+ Cg?hl(ts) (Z — t1)(2 — t2) + CQQ(Z) ng(b)(tg — t1)(Z — tz)

0 Slts—t)(z—t1) (2 —t)(z—to) +ess(2)) )
0 b(1+b)(z—t1)(z—t2) —b(1+b)(z—t1)(z—t2) ds
@oo(b) = bh,(tg) 0 —b(l + b)(t3 . tl)(z — tg) h(z)
CH(ts) (L4 b)(ts — t2) (2 — 1) 0
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App x Bun

o Vo:=P*¥(—=2)\{(1:0),(1:1),(0:1)}

o Bun: M¥(¢t,v)? — P¥(-2),(\, E,V,l,) — (E, L)
Proposition
Assume 2/9 < w < 1/3 and v1,9 + v20 + V39 # 0. Then the morphism

App x Bun: Bun™}(1p) — P! x 1}

is finite and its generic fiber consists of three points.
Sketch of proof
Bun ' ((E,l,.)) = P(CVq(a) & CPy(a))
App(AVo(a) + pu®o(a)) = (fi(a; A, p) + fa(a; A p) s tafras A ) +t2 falas A, p)),

where f1(a; A, i), fo(a; A, 1) are homogeneous polynomials of degree 3 in variables
A, L.
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Relation between M$(t,v) and MY (t,v)"

M&(t,v)
Step 1
—_—
e
e

Mg (t,v)

Takafumi Matsumoto

X1

e
2l

Xs
Step 2
—_—
l Step 3
Mg (t,v)°
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