Birational geometry of moduli spaces of rank 2

logarithmic connections

Takafumi Matsumoto (Kobe Univ.)
June. 23, 2021

Web-seminar on Painlevé Equations and related topics

Takafumi Matsumoto (Kobe Univ.) Birational geometry of moduli spaces of rank



Introduction (1)

Rationality of moduli spaces

C': a smooth projective curve of genus g > 2
L: aline bundle on C of degree d
t = (t1,...,tn): a set of n(> 1)-distinct points on C

@ Let M(r, L) be the moduli space of stable vector bundles on C' of
rank r and with the determinat L. When r and d are coprime,
M(r, L) is rational. (King-Schofield, 1999)

o Let P*(r, L) be the moduli space of a-semistable quasi-parabolic
bundles over (C,t) of rank r and with the determinat L. P*(r, L)
rational in the case of certain flag structures including full flag
structures. (Boden-Yokogawa, 1999)
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Introduction (2)

In the case of parabolic connections (logarithmic case)

Theorem (Loray-Saito, 2015)

In the case C' = P!, assume n, d, v, a satisfy appropriate conditions. Then
the rational map

App x Bun: M*(v,2,d) --- — |Oc(n — 3)| x P*(2,d)

is birational. In particular, M*(v,2,d) is a rational variety.

Problem Is App x Bun birational for any rank and any genus?
In the case of fixing the determinant and the trace connection;
e r=2,9=0: Loray-Saito
e r = 2,g = 1: Fassarella-Loray-Muniz (arXiv: 2008.11767)
e r=2,9>2 M (arXiv: 2105.06892) +— Today's talk
@ r > 3. in progress
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@ C: the field of complex numbers

@ C: a smooth projective curve over C of genus g > 0
® t=(t1,...,ty): a set of n( > 1)-distinct points on C'
@ D=1ty +---+t,: the effective divisor on C
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Quasi-parabolic bundles

(E,l = {l,(f)}lgign): a quasi-parabolic bundle over (C,t)

e FE: an algeblic vector bundle on C' of rank r and of degree d

° ls(ﬁi)i El, = l(()i) 2 lgi) = voc ) l7(~i) = 0: a filtration of E|, such that
foreach i, 1 <i <mn, dimly) =r—j
Here, E|;, = E® Oc/Oc(—t;).

lf) is called a parabolic structure (or a flag structure) of E at ¢;.

A weight a = (agl))%éyff is a collection of rational numbers such that for
(4) N

eachi, 0 <oy’ < - <ap’ <1
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Parabolic degree

(E,l.): a quasi-parabolic bundle
F C E: a subbundle
a: a weight

Definition

pardeg, F' := deg F' + Z Z ay) dim(F ¢, N lg-i_)l/F|ti N l](-i)).
i=1 j=1

In the case ' = F,
n T .
pardeg, F = deg I + Z Z agl).
i=1 j=1
In the case rank ¥ = 2, for any sub line bundle F,
pardeg, F =deg F + > agi) + > ag).
Ple, A1 Pl ="
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The stability condition of quasi-parabolic bundles

A quasi-parabolic bundle (E,l,) is a-semistable (a-stable) if for any
nonzero proper subbundle F' C E, the inequality

par deg,, F o par deg, FE

rank ' (o) rank K

holds.

In the case rank FF = 2, the above inequality is equivalent to the following
inequality

degE — 2deg F + Z (ag) - agi)) - Z (ozéi) - agi)) > 0.
Py, A1 Fle, =1 (>)
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Moduli spaces of quasi-parabolic bundles

Suppose g > 2.

P(%t)(r, d): the moduli space of a-semistable quasi-parabolic bundles of
rank r and of degree d

Theorem (Mehta, Seshadri)

P(%t)(r, d) is an irreducible normal projective variety of dimension

nr(r—1)

N:rz(g—l)—i— 3

+1

L: a line bundle on C of degree d
PEy(r L) = {(E,ls) € P (r,d) | det E~ L}

Proposition

P(‘at)(r, L) is an irreducible normal projective variety of dimension
nr(r —1)

(2 =g - 1)+
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Logarithmic connections

Let us fix a complex number A\ € C.

Definition
(E,V): a logarithmic A-connection over (C,t)

@ F: an algebraic vector bundle on C of rank r and of degree d
o V: E— E®QL(D)
Va € O¢,Vo € E,V(ao) = Ao @ da + aV (o)
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Fuchs relation

(E,V): a logarithmic A-connection
resq, (V) € End(E|t ): the residue homomorphism
{uél), e ,(, 1 }: the set of ordered eigenbalues of resy, (V) (local

exponents of V at ;)

Proposition (Fuchs relation)

n r—1
AdegE+ Y Y v =0
i=1 j=0
] ‘ n r—1 )
N = s e [ ad+ > Y v =0
i=1 j=0
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v-parabolic connections

Let us fix a complex number A € C and v = ( j(z))é%gffl e N (), d).

(E,V,l, = {l }1<,<n)' a v-parabolic A\-connection over (C,t).

e (E,V): a logarithmic A-connection over (C,t) of rank r

° l(l E|, l(l 2 l(l) DD lq(«i) = 0: a parabolic structure of E|
foreach i, 1 <i<n such that for any j,0 <j <r -1
(resy, (V) — viidg, ) (1) € 187

@ )\ = 1: v-parabolic connection
@ )\ = 0: v-parabolic Higgs bundle
o A =0,v = 0: parabolic Higgs bundle
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The stability condition of parabolic connections

D\1<i<n. -
)@};ﬁ. a weight

a:(ozg-

(1) A v-parabolic A-connection (E, V, 1) is a-stable if for any nonzero
subbundle F C E satisfying V(F) C F ® Q4 (D), the inequality

pardeg,F  pardeg,F
rank F' rank F

holds.

(2) A v-parabolic A-connection (E, V, 1) is irreducible if for any nonzero
subbundle F C E, V(F) ¢ F @ Q4 (D)

For a v-parabolic A-connection (E, V, ),
(E,V,l,): irreducible = (E, V,[,): a-stable
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Moduli spaces of parabolic connections (1)

M(o(‘}t)(ll, A, r,d): the moduli space of a-stable v-parabolic A-connections
In the case A # 0, the morphism

M&’,t)(”? )‘77" d) — M(“C,t)(y/)‘? 1,7‘, d)

(E,V,l)— (E,3V,1)

is an isomorphism.

MG (v, r,d) = MG (v, 1,r,d)

Theorem (Inaba-lwasaki-Saito, 2006, Inaba, 2013)

M(Oé,t)(ll, r,d) is an irreducible smooth quasi-projective variety of
dimension

2r2(g— 1) +nr(r—1)+2=2N
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Moduli spaces of parabolic connections (2)

tr(v) == (Z/(gi) + 1t l/ﬁi_)lhgz'gn

det: MGy (v, 7, d) — Moy (tr(v),1,d)
(E,V,l,) — (det E,tr(V))
(L,Vp): a tr(v)-parabolic connection of degree d

M) (v,7,(L, V1)) = det™ (L, V1)

Theorem (Inaba, 2013)

Assume
g=0,rn—2(r+1)>00rg=1,n>20rg>2n>1.

M(Oat)(y,r, (L,V1)) is an irreducible smooth quasi-projective variety of
dimension

2r2(g— 1) +nr(r—1)+2—29=2(N —g)
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Elementary transformations (1)

For each 7, 1 < i < n, we can define the lower transformation.
elm; s M (v,2,d) — ME o (V',2,d — 1)

(Ea Va l*) — (Ela v/’ lfk)
o FE' is defined by the exact sequence of sheaves

0—E — E — E|, /1Y — 0.

o V': E' - E' ® QL(D) is the restriction of V: E — E ® QL (D).
o 1" is given by th f
1 given by the exact sequence of vector spaces

0— l’l(i) — E'y, — lgi)

iN1<i<n . -
Here, v/ = (I/j(l))g;.gg is given by

— 0.

(g ) = 7 + 1)
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Elementary transformations (2)

For each 4, b;((E, V, 1)) is defined by
b,((E,V,l,)) = (E,V,l,) @ Oc(t;).
Then, we define the upper transformation
elm s M@\ (v,2,d) — M (V" 2,d+1)

by the composition
elng = elmt: ob;.

Here, v = (y;'(z))géé’; is defined by

(V(/)(i), yi(i)) = (Vfi) -1, I/(gi)).

Proposition

Elementary transformations elmtf give an isomorphism between two
moduli spaces of stable parabolic connections. In particular, we can
change degree of parabolic connections freely.
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@ Apparent singularities
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Apparent singularities (1)

(E,V,Ll): an irreducible v-parabolic connection of rank 2

o€ H'(C,E)\ {0}

E/O¢ = Coker(o: Oc — E): torsion free

P(v.0) € H(C,E/Oc @ Q4(D)): the section given by the composition
O0c S EY E®OL(D) — E/Oc @ QL(D)

Proposition

¥(v,0) Induces the exact sequence

0— Oc¢ — E/O¢ ® Q6(D) — Ty ») — 0.
Then, -
length Ty ,y =d—2(g— 1) +7%(g — 1) + —

Inthe case d =2(9g— 1) +1 =29 — 1,
length T(V,a) = N.
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Apparent singularities (2)

d=2g—1.
SN(C): the N-fold symmetric product

Definition (Saito-Szabd)

We call the effective divisor

k
App((V,0)) :=SuppT(v,») = Y _ nigi € |E/Oc @ Q&(D)| € SV (C)

=1

the apparent singularity divisor of (E, V, [, 0).

Remark: App((V, o)) does't depend on the scalar multiplication of o,
that is, for any a € C*,

App((v, J)) = App((v, ao‘))
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Apparent map

Suppose d = 2g — 1.
dim H°(C,E) —dim H'(C,E) =29 —1+2(1—g) =1
M ) (v,2,d)""" == {(E, V,1,) | irreducible, dim H’(C, E) = 1}/ ~
Mg (.2, d)%"" is a Zariski open subset of Mg (v, 2,d).
Definition (Saito-Szabd)
We define the apparent map
App: M% (v,2,d)%"" — SM(C)

by App((E, V,1.)) = App((E, V,l.,0)), o € H*(C, E)\{0}. We can
extend this map to the rational map

App: M(%’t)(u,Q,d) .= SN).
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Birational structure of moduli spaces (0)

Suppose d = 2g — 1. Let (L, V) be a tr(v)-parabolic connection.
Ma(”v (L7 VL)) = Mﬁé’,t)(”? 27 (L7 VL))? Pa(L) = P(Oé,t)(QvL)

To show that App x Bun is birational, we take two steps.

Step 1

To find a good open subset V) of P*(L). “good” means that for any
(E,l.) € Vo, App: Bun ' ((E, 1)) — |L ® Q5(D)| is injective.
Step 2

To show the injectivity of App.

(E,V,1,) € M*(v,(L, V) - |L® QL(D)|

1
1

l i Bun
1

(E,l,) € PL)
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Birational structure of moduli spaces (1)

Suppose Z?Zl(ag) - agi)) <landg>1

Proposition

Let Vo C P*(L) be the subset consiting of all elements (F,[,) satisfying
the following conditions:

e (E,l.) is an extension of (L, D) by (O¢, ), that is, (E,l) fits into
an exact sequence of quasi-parabolic bundles.
0— (O¢,0) — (E,l.) — (L,D) — 0.
o dim H°(C,E) = 1.
Then Vj is a nonempty Zariski open subset of P*(L). Moreover, there is
an open immersion
Vo —— PExt'((L, D), (Oc,0)) = PH'(C,L™(~D)).
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Birational structure of moduli spaces (2)

Let
(,): HY(C,L®Q&(D)) x HY(C,L™'(-D)) — HY(C,Q{)
be the natural cup-product. Let us define the subvariety
Y Cc PHY(C,L ® Q&(D)) x PHY(C, L™ (~D))

by
= {([s], b)) | (s,b) = 0}.
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Birational structure of moduli spaces (3)

M, (L, V)" = {(E,V,1,) € M*(v,(L, V1)) | (E,L) € Vo}

Theorem (M)

Assume g >1,d=2g—-1, %", I/(()i) # 0 and Z?:l(ag) —aly < 1.
Then tha map

App x Bun: M*(v,(L,V1))? — (PHY(C,L ® Q&(D)) x Vo) \ &
is an isomorphism. Therefore, the rational map
App x Bun: M*(v,(L,Vy)) --- = |L® QL(D)| x P*(L)

is birational. In particular, M*(v,(L,Vy)) is a rational variety.
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Outline of the proof (1)

(B, 1) eV
be HY(C,L Y(-D))
[b] = (E,L)

Av-parabolic  A-connections over (F,l)
with the trace connection AV, (VA € C)

} &L HY(C L @ QL(D))

{parabolic Higgs bundles over

1:1 0 1 .
(E, 1) with the trace 0 } > {s € HI(C, Lac(D)) | {s,b) = 0}

The correpondence above is given by the following composition
Oc = E -5 E@QL(D) = E/O¢ @ QL(D) ~ L ® Q.
This composite map is denoted by ¢y. We have

App(E,V, 1) = [ov].
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Outline of the proof (2)

{U;};: an open covering of C'
A A-connection V is given in U; by A\d + A;

A= (f;‘ §> € My(Q5(D)(U)).

Vy is given in U; by d + w;, w; € Qé(D)
We show that there exist A, «;, 8;, i, 0; satisfying the following four
conditions uniquely.

@ the condition of the apparent singularities
v =v¢€ H(C,L®O)
@ the condition of the trace connection

tr(V) = AV <= «a; + 0; = \w;
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Outline of the proof (3)

@ the compatibility condition
)\dM” + AlM” = MijAj-

Here, M;; is a transition matrix of (E,l,) on U; N Uj. This condition
is equivalent to the following conditions

YWy
C; Cj
a; — aj = bij;
dc;j
5@' — 5]‘ = —bij’yj - A Y
Cij

ciffi — ¢jBj = —(Aejdbij 4 (bije;) (o — 65)).

@ the residual condition

P 0
festk(Az‘)=< : )\uf“))
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Outline of another proof

For (E,l.) € Vy, we define a sheaf £ by
£ :={s € &nd(E)® Q:(D) | tr(s) = O,resti(s)(lj(-i)) C lg(‘i+)1 for all 4,7}.

® € HY(C, &) is a parabolic Higgs field over (E, 1) such that tr(®) = 0.
For (E,V,1.),(E, V' 1) € M*(v,(L,V1))?, we have

V' -V e HCE).
Therefore, we obtain

Bun~Y(E,l,) =V + H°(C, &)

App: Bun™Y(E,1.) — PH®(C, L, ®Q}) is injective.
<= the map
H°(C,&) — H°(C,L ® QL(D)), ® — pg
is injective.
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Birational structure of moduli spaces (4)

Proposition

Suppose Y 7" | Véi) = 0. Then for each (E,1,) € Vj, there is a unique
v-parabolic connection Vg such that

Vo(O¢) C Oc ® Q};(D)

Moreover, we can take a section so: Vo — M%(v, (L, V))? such that
for each (E, 1) € Vb, so((E, 1)) = (E, Vo, ).

(B, L) eV
&: as above
There is the natural isomorphism

Tp.)Vo = H(C,£).
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Birational structure of moduli spaces (5)

Proposition

Suppose > 15’ = 0. By the section sy, we can identify
M*(v, (L, VL)) with the total space of the cotangent bundle T*Vj.

M(v,(L,V) —=— T*Vy  M%v,(L, V) ———— T*V,

\ e \ A
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