QUANTUM INTERACTION AND NUMBER
THEORY, REPRESENTATION THEORY -
MODULAR FORMS A BIT BEYOND, INFINITE
SYMMETRIC GROUP, FUCHSIAN ODE

Masato Wakayama

NTT Institute for Fundamental Mathematics,
(Kyushu University and Tokyo Inst. Tech.)

October 19, 2022, Painlevé Seminar



CONTENTS

I: Quantum Rabi model (QRM) and asymmetric quantum Rabi
model (AQRM) — Degeneration and Hidden symmetry.

II: Heat kernel of the QRM.

I1T: Heun pictures for the AQRM and Non-commutative harmonic
oscillator (NCHO) — Covering models.

IV: Number theory behind the NCHO.

QRM: quantum Rabi model
AQRM: asymmetric quantum Rabi model
NCHO: non-commutative harmonic oscillator
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Part I: Quantum Rabi model and asymmetric
quantum Rabi model

1936: I.I. Rabi introduced the semi-classical Rabi model to study the effect
of a weak magnetic field on an oriented atom possessing nuclear spin.

1963: E. Jaynes and F. Cummings considered the fully quantized version of
the Rabi model (= QRM). Jaynes-Cummings’ model, the rotating wave
approximation of QRM, was also introduced.

2011: D. Braak proved “integrability" of the QRM using the Za-symmetry.
Breakthrough!

2018: F. Yoshihara, et al. confirmed that the experimental measurements
matched the theoretical values predicted by the QRM & AQRM (using
superconducting artificial atoms.




QRM

The Hamiltonian of quantum Rabi model (QRM):
Hgopi = wala 4+ Ao, + gog(a’ + a)

acting on L?(R;C?) = L?(R) ® C?, where
> 2A > 0: the energy difference between the two levels system,

» g > 0: the coupling strength between the two-level system and
the bosonic mode with frequency w (may assume w = 1),

> o, =(94), 0.=(§2L): the Pauli matrices,

» o' and a: the creation and annihilation operators; [a, a'] = 1.



AQRM

The Hamiltonian Hg,,; of the asymmetric QRM i
Hf o = wala+ Ao, + gog(a’ + a) + €0y,

where € € R (may assume w = 1)

» is a self-adjoint unbounded operator,

» has only a discrete spectrum with uniformly bounded (with
multiplicity < 2), and

» does not have the Zy-symmetry (parity) except when e = 0 (i.e.
Hyop = Hy @ HO).

1Jaynes-Cummings’ model (the RWA of QRM) has a U(2)-symmetry.



CLASSIFICATION OF SPECTRUM

Classification of eigenvalues A of the AQRM:

1. Exceptional: if \ = N £ ¢ — ¢* for N € Z>,.

2. Regular: if ) is not exceptional. Regular eigenvalues are known
to be non-degenerate.

Exceptional eigenvalues \ are

1. Juddian: Exceptional eigenvalues with polynomial solutions
(eigenfunctions), i.e. terminating power series.

2. Non-Juddian exceptional: Exceptional eigenvalues that are
not Juddian.



DEGENERACY ON THE SPECTRUM OF AQRM

The picture illustrates how exceptional solutions appear in the spectral
curves of the AQRM.

> 2¢ ¢ 7 = No apparent degeneracy (Left)
> 2¢ € Z = Exist an apparent degeneracy (Right).
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CONSTRAINT POLYNOMIALS

Constraint polynomials P](VN’E)(x, y)ii associated to the Juddian solutions
defined by the following recurrence relation (k = N) gives the clear
description of the degeneracy of the spectrum of AQRM.

The recurrence relation {PIEN’E)(Z‘, y) }e>o:

P(N’E)(:p, y)=(kz+y— K — 2/66)P,5]l[’1€)(:1:7 )

— (k= 1)(N = k+ 1)2P" (2, y).

fiDerived by the confluent Heun picture or U(slz) pictures of AQRM.



CONSTRAINT POLYNOMIALS AND RELATIONS

How to get Juddian solutions?
Juddian solutions via constraint relation'
If g and A satisfy

PR (20)%,8%) =0

then A = N + ¢ — ¢? is a Juddian eigenvalue.

lii7Z M. Li, M. Batchelor: J. Phys. A: Math. Theor. 48 (2015). Add. 49 (2016).



DIVISIBILITY OF CONSTRAINT POLYNOMIALS

What was remarkable is there exists a crossing (i.e. degeneracy)! It
was not expected before (Li-Batchelor’s numerical observation for

e =1 in 2015-16), but when e = £ € 17,

THEOREM'Y
For ¢, N € Z>q, 3A(z,y) € Z[z, ] s.t.

N+£,—2/2 N,t/2
PUETD) (g, ) = A% (2, 9) PP (3, y).

The polynomial A% (z,y)" is positive for any z,y > 0. O

VKK, CRB, MW: IMRN 2021-12. Conjectured in MW: J. Phys. A: Math.
Theor. 50 (2017).

VFor a fixed degree £ € Z>(, the polynomial equation A‘;\](x, y) = 0 defines
certain algebraic curve depending on the parameter N: the case ¢ = 2 is parabolic,
£ = 3 gives an elliptic curve and ¢ = 4 super elliptic curve, etc.



DEGENERACY ON THE SPECTRUM OF AQRM

THEOREM"!

The degeneracy of the spectrum of Hg,,, occurs only when e = ¢/2 for
¢ € Z>¢. Furthermore, in this case

> all degenerate eigenvalues are Juddian and any Juddian
eigenvalue is degenerate,

» any non-Juddian exceptional solution is non-degenerate.

ViKK, CRB, MW: IMRN 2021-12.



ILLUSTRATION OF DEGENERACY

The constraint relation
Py 9((29)%, %) = 0

3

describes a curve in the g, A-plane:
A

%
@)

- oy

1)

-1 0 1

€e=3/2

Curves: P{”9((29)2,A%) =0 and P 9((29)%, A?) =0
Eigenvalues: A =5+4¢—g¢g? and A =8 — ¢ — ¢°.

When € — 3/2 the curves are going to be identical.



“HIDDEN SYMMETRY” IN THE AQRM

“It has been observed that the AQRM, which does not possess any obvious
symmetry, exhibits energy level crossings, which are often associated with
symmetries. ... even though simple inspection of the model and its Hamiltonian
does not reveal the nature of this symmetry..." S. Ashhab: Attempt to find the
hidden symmetry in the asymmetric quantum Rabi model, Phys. Rev. A 101
(2020).

P := exp(ira’a): the photon number parity operator (P> =id).
THEOREMVH viii
3Q{"(¢ CIH2.)) € Mat2(Q[a, al]) (unique up to const.) satisfying
1. Jp:= PQ(()Z) (self-adjoint) = [Hé/aii, Je] =0,
2. J7 = pe(Héfbi;g, A) for Ip, € Rz, g, A] of degree £ w.r.t. z,

3. [H2, PQl=0(Q € Mata(Cla, a'])) = Q= Q" p(HE3,) for
dp € Clz].

vty Mangazeev, M. Batchelor, V. Bazhanov: J. Phys. A: Math. Theor. 54
(2021) shows the statements 1 and 2 (¢ < 2).
ViliCRB, D. Braak, MW: J. Phys. A: Math. Theor. 54 (2021).



The degenerate eigenvalues may know the entire spectrum of the system.

Main conjecture

L€ Lo, N = €= p(N+5§—g%09.8) = AY((29)%. A%

3

The main
conjecture is
true =

§ Grey: spectral curve on
h NN (9,E)-plane

Red: curve p(x,g,4) = 0

b
2
P
2
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6

Dotted line: the baseline curve E =i — ;1— g(i=012)

O, O: exceptional eigenvalue

Note: 1. The main conjecture™ is described also by an (explicit)
determinant expression of py(z, g, A).

2. (Generalized) adiabatic approximation of the spectrum is known to be
given by the constraint polynomials (or degeneration).

XCRB, MW: Comm. Numb. Theor. Phys. 16 (2022).
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Points in the elliptic curve given by y? =p3(x; g, A) for A =3/7 and g ~ 0.899.

x=E (eigen), y=the eigen. of Jg (Jg?= P,(E; g, A))

) 2468 Conjecture: p,(E)>0,

if E is not a non-Juddian exceptional

-100

Elliptic curve



Part 1I: Heat kernel of the quantum Rabi model

The heat kernel Kgrapi(z,y,t) of Hg,p; is the (matrix valued) function
satisfying™

> 5 Krabi (2, Y, 1) = — Hg o Kravi(2, , t) for all £ >0,

> 1imt~>0 KRabi(x7 Y, t) = §Z(y)IZ for z,Y € R.

*Note:

e~ (o) = [ " Knawi (51, 00(0)dy (6 € O (R;C2)

16



ANALYTICAL FORMULA OF THE HEAT KERNEL

xi
THEOREM™ (UNIFORMLY CONVERGENT SERIES OF ITERATED INTEGRALS)

The heat kernel of the QRM is given by

[e9)

Kravi(t, 7,9) = Ko(x,,9,1) Y (tA) @x(, 9, 9, 1).
A=0

For A > 0 the 2 x 2 matrix-valued function ®, (g, t) is given by

—1)* cosh —1)*t1sinh
D\ (2,9, 9,t) = // e? (i D+ knD [( —)sinh ( )cosh
0<p1<--<px<1

X (9)\(&:’ Y, KX, t)) d/“)\'
Here px = (1, p2, -+, pux) and dpx = duidps -« - dpx, (o =0, dpo = 1).

Ko (z,9,9,t) = ets® K(z,y,t), K(z,y,t) being Mehler’s kernel of the
harmonic oscillator.

XICRB, MW: ATMP (To appear), J. Phys. A: Math. Theor. 54 (2021).



SMALL HISTORY

» for the Kondo model (a model for a quantum impurity coupled to a
large reservoir of non-interacting electrons), a special matrix coefficient
of the heat kernel was obtained by Anderson, Yuval and Hamann
(Phys. Rev. B 1, (1970)), Very similar to the above!

» the expression for the average of the Heisenberg operator at time ¢ for
the Spin-Boson model was computed Legget et al. (Rev. Mod. Phys.
59 (1987)), sm

» the expression of the heat kernel by a Feynman-Kac formula was given
by Hirokawa and Hiroshima (Comm. Stoch. Anal. 8 (2014)).

Note: The methods above are based on path-integral or probabilistic techniques,

but no analytical formula has been known (at least now).




Heat Kernel Formula — Geometrical Interpretation

Op={0 €L |o| =2} =6,[11,..,1 (G- Orbit)
(length | -+ | = G4 -invariant)

([1,1,..,1 = (1,1,..,1,0,0,.....) € Z2)
) L J
L\l Y

L

2
Z3 = 1132002 (the orbital decomposition of Z5°)

Korm(t)
= Z(m)ﬂf exp|Explicit expressions for exponential functions of g,t,x,y, ua] dya
=0 02

(Orbital integral can be regarded as an integral over A — simplex)

1
[equivalence class of paths] I_\ / \ /T N\|
|

0 2 3 4 5 6 7 8 9

1
I

= | (mod Sx)
I
0 1

2 3 4 5 6 7 8 9
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Heat Kernel Formula - Algebraic (Group Theoretic Interpretation)

[ Irreducible decomposition of Z3® under the action of Gu: ]

/_\
[[ 600 @K 0 C]‘[ 1

Spy, + Young subgroup &, corresponding to the partition

(Young diagram) II, = (\:\jl:l:‘ I:Djj:')

There is an idea (due to Ludvig Faddeev) that the construction of any irreducible
representation can be obtained by Feynman path integrals for a Lie group via co-adjoint orbits.
This is reminiscent of our analytical formula of the heat kernel.



DERIVATION PROCESS OF THE ANALYTICAL FORMULA

Product Formulas of Trotter-Kato =»Heat Kernel, Propagator
A, B: Bounded operators from below = [e-'(f““m = lim (p"“‘/”e—’B/N)N.}
~ N =00
P (No suitable additive measure)
Trotter-Kato R Feynman
product formula path integral
Zoo Measure theoretic study
Discrete difficult to handle Feynman-Kac
path integral (DPI) «----- countable = === ===~ > path integral .
Representation Theory of Fourier change of signs ' o
SLy(Fy)" l - n ©,,: infinite symmetric
transform on Z3 o ! group
ourier
transform ',””
‘ Conjecture

Clifford group,

) =
corecing coge  DP1/Sc
construction Graph Theory |
A {Feynman Path}/~ = { Discrete Path }

21



Part III: Heun pictures for the QRM and NCHO

By the correspondence (to the Bargmann space B picture)

a' = 2z and a — 8,

the eigenvalue problem Hg, ;¢ = Ay is equivalent™ to finding
1,19 € B satisfying

(20; + A1 + (9(2 + 02) + €)vp2 = My,
(g(z + az) + €)¢1 + (Zaz - A)¢2 = Aipo.

XiiThe convergence condition of the (entire function) solution is automatically
satisfied for this type of differential equations.

]
N}



CONFLUENT HEUN PICTURE FOR QRM

Appropriate change of the variable, the system can be transformed into the
2nd order (confluent Heun) ODE HE(A)f =0, HS (1 = 1,2) ¥, eg., i = 1:

dy y(y—1)

2 -~ 42 2 2
H () d +(74‘(]2+a+1 a 26) d 4g%ay+ p+4eg” — €

Ty Ty
Here a:= —(A\ + ¢g> — ¢) and

wi= O+ g2)2 — 44 A+ %) — A? (in the accessory parameter).

XD, Braak: PRL 107 (2011).



NCHO

Hamiltonian of the non-commutative harmonic oscillator*"":

a 0 1d> 1 0 -1 d 1
Q:Qaﬁ:(o 5){‘5@%1’2}*(1 o){%*i}’

Assume «, 5 >0 and aff > 1.

> a positive self-adjoint unbounded operator on L?(R) @ C2

» () has only a discrete spectrum with uniformly bounded
multiplicity (< 2)*V:

O<)\1<)\2§)\3§...(TOO).

Xiv A Parmeggiani, MW: PNAS 98 (2001).
*YMW: Proc. Japan Acad. 89 (2013).



EIGENVALUE PROBLEM

Oscillator (or Weil) representation (n’,Cly]) of sly = C[H, E, F] :

1
7' (H) = yd, + 3 m'(E)=y*/2, ©'(F)=-0./2.
By an isometry L?(R) 3 ¢, +— y" € C[y|, ¢, being the nth Hermite
function, we have

THEOREM*V!

There exists a quadratic element R € U(slz) (explicitly given by «, 8
and ) such that

Qp=Xp & m'(R)u=0(u € Cly]).

*Vif]. Ochiai: CMP 217 (2001).



HEUN PICTURE VIA LAPLACE INTERTWINER

Define the representation w, (a € C) of sls:
1 1 1 -1
wa(H) = 20 + 5, wa(E) = 2 (520: + a), wa(F) = —5-0: +

Define the modified Laplace transform £, (Ra > 1):

(Law)(2) = / T u(yz)e Ty dy,

THEOREMXViixviii
The restriction of £; (resp. L5 ) to even (resp. odd) functions is an
intertwiner between the representations 7’ and w; (resp. ws).

*VilH. Ochiai: CMP 217 (2001): odd case.
xViiiN[W: IMRN 2016:3: even case and a general principal series wy.
26



HEUN PICTURE OF THE NCHO

THEOREM XX
There exist linear bijections:
{o € L2 (R,C?) | Qp = Ap, p(—2) = 2p(2)} = {f € O(Q)| HEf = 0}.

o Q: a simply-connected domain in C (0,1 € 2, af & Q)
o HEf = Hjf (w,d.):

2 1 _1_ 1 _1(p+ Lw— gt
H)_\'—(wvaw) :L+ 2 p+ z L2 p+ i 2(p 2)w q ,
dw? w w—1 w—af ) dw  wlw—1)(w—apf)
= d? 1—p —P p+3 d —3pw—q—
H 78111 = 0 2 - 2—.
A(w ) d’u)2+< " +w71 w—ap ) dw T ww= D(w—ap)

o p and ¢T are explicitly given by «, 8 and .

¥iXT]. Ochiai (2001), MW (2016).

[
=~



NCHO (n-NCHO) & QRM (Asymmetric QRM).

The Weil Representation
Ge

noralized Laplace
s 4 regular singular points
Heun ODE 0,1, t(=aB), o

Oscillator
representation

R € U(sly)

=1,2)) (degree 2)

NCHO
(0= NCHO) .,

NCHO is a covering model of QRM.

K € U(sly)

(degree 2)

Number theoretic structure behind NCHO
Special values of the
spectral zeta function
Congruence relation
(with higher prime powers)

Modularity (can be written in terms
of automorphic form and Eichler
integral, -cohomology)

Arithmetic geometry
Mahler
measure

Courtesy of APS/Alan Stonebraker (2011)
Light-matter interaction Weighted Cayley graph

Discrete Dyna
Systems ?7?

o Hamiltonian Q" of n-NCHO :

Q"= Q+ 2in\/aB —1 (‘1) ’01) (n € R).




COMPARISON BETWEEN THE n-NCHO AND AQRM

n-NCHO AQRM
né iz ne 3% né¢iL ne 3%
Type AeE X Exceptional eigenvalues
Form )\:%(L—}-%—l—%ﬂ E=N+n—g°
Multiplicity 1 2 1 1or 2
Eigenfunction one poly- one poly- one one non-
nomial or  nomial Juddian® Juddian
one Heun and one or one excep-
polyno- Heun non- tional or
mial® polyno- Juddian two
mial excep- Juddian
tional®
Degeneracy same different
parity parityd

% Heun polynomial does not include usual polynomials.

b Juddian (or quasi-exact) solutions are given by the product of a polynomial
and an exponential factor.

¢ Non-Juddian exceptional solutions are eigenfunctions that are not Juddian.

@ There remains a delicate point for the definition of parity except when 1 = 0.



SIMPLE AND ROUGH ILLUSTRATION

LeN = Observation of the Covering

n-NCHO and Asymmetric quantum Rabi model

O Confluence process : aff - o, af (Mﬁ) 0,
larly, = 3

N+2 (particular y,ﬁ—>1)

O On the algebraic curves €, (x,y) = 0, the eigrnvalue
L+i+ 2n of then — NCHO is identical.

2N +1 2

O Along the curves C,y (x,y) = 0 and Cyy44(x,y) =0,
the eigenvalue L+3+2n (L =2N,2N + 1) is
pushed down the same Juddian eigenvalue
N — g% + 7 of the AQRM by the confluence
procedure.

2N

Confluent limi

x=—

B

[AQRM| N-g?%n w+1-g2=n [lllustration]

XX
**Joint work with CRB is in progress. 30



Part IV: Number theory behined the NCHO
Spectral zeta function®™! for the NCHO:

Cals) =D A" (R(s) > 1)

n=1

» is meromorphically continued to the whole C with a unique
simple pole at 1,

» has trivial zeros at the non-positive even integers, but no
(known) functional equation. *ii

xxiii

The main interest is special values (g(k) (k > 2).

x4, Ichinose, MW: CMP 258 (2005).
xiiFor QRM: S. Sugiyama: Nagoya Math. J. (2018) & CRB, MW: J. Phys. A.
(2021) (different way).
i () = 2(a? — 1)72(2° — 1)¢(s) when a = .
31



SPECIAL VALUES FOR k > 2 (a # 5)xxiv xxv xxvi

— a+p ’ a—p ¥ (K
<Q<k>2<2 aﬂ(aﬁ_l)) <<(k,1/2>+0§&(a+5) R ))

/ 2K duy . .. duy, ( N
K= N
[0,1]% \/Wk(u; Ridp, . i) Vap —1

with Ry j(k) =
1<) <ig <+ <ig; <k’

K
Wi (w5 kiiq, - - oy igj) o= det (Ak(u) + wER (i, - 7:21-)) IIa—-uh.

r=1

X

(Ap(uw) + kER(1) € Sym,;" for u € (o, l)k: be explicitly given.)

4duy d
Ex. R21 / 1 duz s
0112 /(1 — wPud)2 + w2(1 — uf) (1 — uf)
8duy duz d
Rsa(r _3/ u1 dug dug
0,1]3 \/ u1u2u3)2+m2(1—u1)(1—u2u)

x>V, Ichinose, MW: Kyushu J. Math. 59 (2005).

>V Elliptic integral expression for (g(2) : H. Ochiai: Ramanujan J. 15 (2008),
Pfaff’s formula for 2 F; and Clausen’ identity between 2 F and 3Fs.

VIKK, MW: Ann. Inst. Henri Poincaré - D (To appear).



APERY-LIKE NUMBERS FOR (g(k) (k> 2)

Define the Apéry-like numbers Ji(n)™"" associated to Ry.1(k) of (k).

Ria (k) = g S <_n2> T(n)r2",

n=0
with
= T—aufud)"(1—ulyy - ud)”
i = 212]C /[0 1]k : 1(1 — ;tfuﬁ);:jl e duy -+ dug.

*xVitVarious congruence relations among Ji(n) hold similar to the original Apéry
numbers possesses. KK, MW: Kyushu J. Math. 60 (2006) (+ Elliptic integral
expression for ((2).) L. Long, R. Osburn, H. Swisher: Proc. Amer. Math. Soc.
144 (2016), J.-C. Liu: J. Math. Anal. Appl. 467 (2018).




RECURRENCE RELATIONS

The Apéry-like numbers Ji(n) satisfy

4n2 Jp(n) — (8n* — 8n + 3)Jp(n — 1)
+4(n —1)2J(n —2) = 4Jp_o(n — 1)

for k> 2and n > 2.

Equivalently, wy(2) := >0 Ji(n)z™ (wo(z) = 0) satisfies

n=0

{z(l — 2)2% +(1-32)(1 - z)% +2z— i} wi(2) = wi—2(2).

Remark: The recurrence relation of Jx(n) (and the differential equation of wy(z))
has the same homogeneous part for all k.



FAMILY OF ELLIPTIC CURVES

Note that
2

{z(l — z)2% +(1-32)(1 - z)% +z— i} wa(z) =0

is the Picard-Fuchs equation for the universal family of elliptic curves

equipped with rational 4-torsion.

In fact, each elliptic curve in the family is birationally equivalent to
one of the curves

(1—u?v®)? +22(1— v (1 — v =0

appearing in the denominator of the integrand of Rs 1(z).



MODULAR INTERPRETATION FOR. wh(t)

Recall the elliptic theta functions

b2(r)= > Y222 gy = 3 /2, Gu(r) = 3 (—1)mg" /2.
THEOREMViil
0o (7)4
Set t = t(1) = —%;, then
J2(0) 11 t
t) = Fil=, =1, ——
2() 1—t21 2a2aat_1
O4(7)4 n(27)??
— (0 — Jo(0 :
0 e = 2Oy

is a I'(2)-modular form of weight 1.

VKK, MW: Proc. Conf. L-functions, World Scientific (2007).
36



MODULAR INTERPRETATIONS FOR wy(t)

1 1 0 -1
T::{O 1], 5’::{1 0:|
PROPOSITION

wi(t) = Pt + WD), Wit) = s ua(HGL(7)

Here G (7) is the derivative of an automorphic integral (Eichler form)
for &(2) := (T?,5) C T'(2) of weight —2.
The automorphic integral Gi(7) is given by

dq

Gi(7) = /q . ~~/qf(7')k% e ?, where f(7) = 92(7’)494(7')4.
- 4k—1 -



DIFFERENTIAL EISENSTEIN SERIES

We fix the branch —7m < arg z < « for z € C. Recall the generalized
FEisenstein series for s € C s.t. #(s) > 2 and a,b € {0,1,...,N —1}:

G(s,z,7):= Y (mr+n+a)~", G(s,1) = G(s,0,7),

m,ne’

. ! —
Gt (5 1) = Z (mT +n)"".
m,nEL
m=a (mod N)
n=b (mod N)

The differential Fisenstein series are defined by

dG,,(r) := =——G(s,7) A (1) = Wb (g, 1)

0s




EICHLER FORMS (SLIGHTLY EXTENDED)

Differential Eisenstein series are Eichler forms (or automorphic integrals):

dG_yi(7) € M_2(SL2(Z),C(7)), dGZLY (1) € M_01(®(2),C(7)).

THEOREM™X
The generating function wy(t) of Apéry-like numbers Jy(n) is given by

wy(t) = %4 Z;‘E:;j [1 + %d% {7dG,2(T) +2dGEMY (T)}] 7

where t = (1) = —0(7)404(7) 7.

Differential of the generalized Eisenstein series are regarded as slightly extended
elements of nearly holomorphic modular forms. ***

*xix KK, MW: Ann. Inst. Henri Poincaré - D (To appear).
*¥x G. Shimura: Ann. Math. 123 (1986), S. Horinaga: J. Numb. Theo. 219
(2021).



Thank you very much for your attention!

Clarification of the underlying fundamental reason is expected

h (long unknown) " "
en symmetn
nvalue degeneracy J L Tieen symmetry

Eigenvalues are
essentially integers and
parametrized

. D
‘ Hidden symmetry - Degeneracy in AQRM (& = 5 E€Z) ‘

(integer) integer divisors
N N Description by of constrained polynomials
[ Constraint polynomial ] [ e T i s e
<" Polynomial Integral and Integer Store Reduction in
Quotient of Constraint , | . Quadratic relation dgphantine Geometis.
(Pclynomlals) = defined by the generators of
Polynomials

Deeply related to Voita forecas

the commutative operators P. Corvaja and U. Zannier, Adv. Math., 225 (2010)

Using the idea of adiabatic approximation using

Constraint polynomials, an approximation of the

t general spectral curve can be obtained.
Zi-Min Li et al, J. Phys. A: Math. Theor., 54, 405201 (2021) -
Gray: Energy and spectral curves
Constraint Polynomials P{(g,4) = 0 Assuming the expectation, the first £ spectral ~ Red:P/=
= curves of Hy are very well approximated by P,
. . . € ?

Juddian exceptional eigenvalue N — g2 + 5 exists

Constraint

can he said that the
know the entire system.




