On the exact WKB analysis of a difference equation

satisfied by the Gauss hypergeometric function

Yumiko Takei
(based on a work in progress with S.Hirose, S.Sasaki and Y.Takei)

Nihon University Junior College

Web-seminar on Painlevé Equations and related topics
March 11, 2026



Introduction

Introduction

The Gauss hypergeometric function

o(x,a,b,c) = F(a,b,c;x) = Z me (1)
m=0 mee
satisfies
{x(¥+a)(W+b)—I(I+c—1)} F(a,b,c;x) =0, (2)
29:53F(a,b,c;x):F(a—i—l,b,c;x). (3)
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The Gauss hypergeometric function

o(x,a,b,c) = F(a,b,c;x) = Z me (1)
m=0 mee
satisfies
{x(¥+a)(W+b)—I(I+c—1)} F(a,b,c;x) =0, (2)
29:53F(a,b,c;x):F(a—i—l,b,c;x). (3)

= {1-x)(a+1)o* +{(x-2)(a+1)+c—bx}o+a—c+1}¢=0,
(G)

v 1)(9
where ¥ = x—, a:mand(ﬁ:( +a+1)(0+a)
dx a (a+1)a
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Introduction

This equation (G) has the following formal solutions
fi(a)=a"(1+0(a")), (4)

f2(a):< 1 >aab_c(1+0(a_1)). (5)

1—x
The Borel transform of these power series are

Logy _ ¢b—1 1
B = (15 + 0©)). ()
b 1
B = (e tog(1 ) ([ L+ Oe —log(1-x) ) . ()
It is clear that the singular points of this function are located at

& =2min, log(l—x)+2mwin (n€Z).
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Introduction

Theorem (Katsushima)

Let 51 = 0,5 = log (1 — x), C1 = 4= (%5)P7 L, G = & and

r(b)\x—1 Mc—b) x—

Fi)) = | e e de (=1.2)
5j
Then, the following connection formulas hold.
Qaga=0— 5—
1— 627TI'(C7b71)

C .
1 1 2, 1 ori(a—b) 2 2
F*(a) — F*(a) + F<(a) C2e 1 oaiah) F<(a) — F<(a).
(8)
Q@aga=75-0— 5+0
_ a27i(a—1) _ a27i(a—b)
Fl(a) = Fl(a)l—° F2(a) = F(a) S " " ()

1 — e2mi(a—b)’ 1 — e2mi(a—c+1)”

Qaga=5+0 - 7

G, 1 — e2mi(b—1)
22— (10)

Fl(a) N Fl(a), Fz(a) — Fz(a) + Fl(a)am' 4/23



Introduction

Purpose of this talk

To discuss Katsushima's result from the viewpoint of the exact WKB
analysis by introducing a large parameter 7 to the difference equation (G).

{(1X)(a+1)g2+{(x2)(a+1)+cbx}a+ac+1}¢:0(.G)
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An approach through the exact WKB analysis

An approach through the exact WKB analysis

By introducing a large parameter ) by a = no, b =np, ¢ = 7y, we obtain

[(T=x)(a+n No%+{(x=2)(a+n")+7—Bx}oat+a—y+n ¢ TGO’)

where o, is a shift operator with o — a +n~1. By regarding o, = > %n*mag,

we can construct WKB solutions

wi—exp(n /QT&)(a,n)da) T o) =3 7 T ). (11)
n=0

Here A = e is a root of (1 — x)aX® + {(x —2)a+~v — Bx} A+ a — v =0.

2— — D
= T§(a)=log ( X)OE(J; fxx)oj b

with D = x?a® — 2(Bx + v — 28)xa + (v — Bx)>.
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An approach through the exact WKB analysis

Definition

turning point <= D=0, ie.a=

(VB(x—1) = vy —B)?

A-type Stokes curve <= %/ (Té+)(a) — Té_)(oz)) da =0,
g
where «p is a turning point.
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An approach through the exact WKB analysis

Definition

turning point <= D=0, ie.a=

(VB(x—1) = vy —B)?

A-type Stokes curve <= %/ (Té+)(a) — Té_)(oz)) da =0,
g
where «p is a turning point.

logarithmic turning point <= logarithmic singularity of To(«),
ie.a=0, v

o
L-type Stokes curve <= < [ {To(a) — (To(a) +27i)} da =0,
lo
where [y is a logarithmic turning point.
< Ra=0, R(aa—~v)=0.
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An approach through the exact WKB analysis

Analysis near the turning point

As was shown in [AKKoT], three A-type Stokes curves emanate from a
simple turning point and Stokes phenomena described by the Voros
connection formula are observed on them.

B = 0 4 exp </nT da),
P 5 M), r

where wg) is a Borel sum of ¢+ on
the Stokes region j (j =1, I).

We assign a label + > — to a Stokes curve if the following equation holds
on the Stokes curve.

R / a(Té”(a) — 7)) da > 0. (12)
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An approach through the exact WKB analysis

Analysis near the logarithmic turning point

(1) We write the equation (G,) as Lp = 0. Then, the second-order difference
operator L can be factorized near a = 0 as

L= (1-x)(on — &)(aa — f), (12)

where f = fo+n"th+---, g=go+n " tg+--- with f(0)go(0) # 0 and
fi, g (j € N) are holomorphic at o = 0.
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Analysis near the logarithmic turning point

(1) We write the equation (G,) as Lp = 0. Then, the second-order difference
operator L can be factorized near a = 0 as

L= (1-x)(on — &)(aa — f), (12)

where f = fo+n"th+---, g=go+n " tg+--- with f(0)go(0) # 0 and
fi, g (j € N) are holomorphic at o = 0.

(I (aoq — )1 = 0 can be transformed to the following canonical equation.

(0q — )Y =0 <<= (ao,—1)p=0. (13)
Y = exp (n/HPdOé)so

is a solution of the canonical equation.

no

7
(na)

Remark ¢ =
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An approach through the exact WKB analysis

) Let o = exp 7 a,n) da be WKB solutions of the canonical equation.
2 Ui Ui

Then, on a L-type Stokes curve for the canonical equation emanating from a = 0,
the following connection formula holds.

© NN (1 _627ri17a)—1§0

0 x
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An approach through the exact WKB analysis

(M) Let p = exp/nf'(a,n) da be WKB solutions of the canonical equation.

Then, on a L-type Stokes curve for the canonical equation emanating from a = 0,
the following connection formula holds.

© NN (1 _627ri17a)—1§0

0 x

(IV) (1) implies that T — T is holomorphic at a logarithmic turning point.
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An approach through the exact WKB analysis

(M) Let p = exp/nf'(a,n) da be WKB solutions of the canonical equation.

Then, on a L-type Stokes curve for the canonical equation emanating from a = 0,
the following connection formula holds.

© NN (1 _627ri17a)—1§0

0 x

(IV) (1) implies that T — T is holomorphic at a logarithmic turning point.

= A connection formula for (G,) is the same as the above one.
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An approach through the exact WKB analysis

Stokes geometry

C3

Put x = 3+0.1/, g = 1.240.3/i, v = 0.640.8i.
There are 11 crossing points of Stokes curves.

They are divided into several different types.
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An approach through the exact WKB analysis

Type |

(Hermite-Weber type)

’/.

{(a—|—27]_1)02—x0a+1}¢:0

A crossing point of an A-type Stokes curve
and a L-type Stokes curve.
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An approach through the exact WKB analysis

Type |  (Hermite-Weber type)

{(a—|—27]_1)02—x0a+1}¢:0

o A crossing point of an A-type Stokes curve
and a L-type Stokes curve.

= One A-type new Stokes curve
] emanates from the crossing point.
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An approach through the exact WKB analysis

Type Il (Bessel type)

2
<a§—aaa+1>¢:0
X

A crossing point of two A-type Stokes
curves.
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Type Il (Bessel type)

2
<a§—aaa+1>¢:0
X

A crossing point of two A-type Stokes
curves.

= Infinitely many new Stokes curves
emanate from the crossing point.

(Infinitely many A-type & one L-type)
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An approach through the exact WKB analysis

Type Il (non-ordered)

cf. >3
172 (07302 + p(x)n 202 + q(x)n 0 + r(x)) ¥ =0
P =1; (j=1,2,3): WKB solutions

®— A crossing point of two A-type Stokes curves
\ with the dominance relation indicated in the fig-

ure.
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Type Il (non-ordered)

cf. >3
172 (07302 + p(x)n 202 + q(x)n 0 + r(x)) ¥ =0
P =1; (j=1,2,3): WKB solutions

®— A crossing point of two A-type Stokes curves
\ with the dominance relation indicated in the fig-
ure.

= No new Stokes curve appears.
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An approach through the exact WKB analysis

O : Hermite-Weber type

@ : Bessel type

A\ = non-ordered

[]: Different type crossing point
where Stokes coefficients change
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An approach through the exact WKB analysis

Type IV (“exceptional”)

A crossing point of two A-type Stokes curves
and one L-type Stokes curve.
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An approach through the exact WKB analysis

Type IV (“exceptional”)

A crossing point of two A-type Stokes curves
and one L-type Stokes curve.

= Stokes coefficients for the L-type
Stokes curve change.
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An approach through the exact WKB analysis

Path of analytic continuation

path of analytic continuation
near the real axis

A

Here ag, a; are simple turning points and Iy, /; are logarithmic turning points.
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An approach through the exact WKB analysis

Analytic continuation of ¢/, along the path

As a basis of solutions we take WKB solutions normalized as follows.
L = exp (77/ Téi) da) exp (/ Tl(i) da) exp {/ (n_1T2(i) + - ) da}.
aog oo
(14)
Then, the analytic continuation of 4 is given by the following formuila.
er N <1 7 e727ri7](a7'y)) (eVO + eV1) w+ + {(1 o e27rina) + (1 - 67271'1'77(0477))
~ (6271'1'770( + eV0+V1+27rin(a7'y) + eV17V0+27rino¢ + e27\'in(o¢7’y))}w_7 (15)
wi N (1 _ e—27rin(o¢—’y)) ¢+
+ (1 _ 67271'1'77((177)) (e*Vo+27rina . e*V1+27TI'77(04*’Y)) ’l/J,. (]_6)
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An approach through the exact WKB analysis

Here V; (j = 0, 1) denotes the following Voros coefficients:

A
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An approach through the exact WKB analysis

Sketch of Proof

¢(if) = exp/ nT(i) do : Borel sum of 1+ on the Stokes region j

{ ﬂ) — Q/JSFH) + exp </ ana)
M1

NUNT)
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An approach through the exact WKB analysis

Sketch of Proof

¢(if) = exp/ nT(i) do : Borel sum of 1+ on the Stokes region j

{ ﬂ) — ngr”) + exp </ ana) = 1ZJEFH) + exp (/ anoz)¢gl),
21 I

NUNT)
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An approach through the exact WKB analysis

™ = )
oy (1~ iy y )
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An approach through the exact WKB analysis

™ = )
oy (1~ iy y )
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An approach through the exact WKB analysis

Future problems

© To compute the Voros coefficients V; explicitly so that we can
compare our formula (15) and (16) with Katsushima's result.

@ To extend the computation to more general (hypergeometric-type)
difference equations.

© To establish the general theory for the exact WKB analysis of
difference equations.
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Thank you for your attention !
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