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Introduction
This talk is dedicated to the memory of Professor Yuri Manin
(1937-2023).



Notations

Quantum X: nonsingular projective surface over C with

spectra of

e Hod(X,C) = 0.
s @ Xmin: a minimal surface of X
Silard Szabs e H*(X,C), H*(Xmin, C): cohomology rings of X (and Xuin)
I troduction ® ty, G1, ..., qm, tp: variables associated to a basis of
H*(Xmin)
® gm+1,---,Qm+r: variables associated to exceptional
divisors

% = %gq ;1 quantum product (a deformation of U on H*)

u: further variable

Vx,Vx_.: Dubrovin connection on the trivial H*-bundles
over Spec C{q,q~ 1, t}[u,u™}]

K, Kmin: leading-order term of V, Vin at u =0

{Ao0, -+, Amt1, }: spectrum of Kqin

{pos - tmtr+1}: spectrum of K



Asymptotic behaviour of spectra
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Introduction

be any conical open subset for the analytic topology whose
closure intersects the coordinate hyperplanes {q; = 0},
1 < i< m+r trivially. Then, up to a suitable relabeling,

)‘j(qla"'aqmatp) _
Mj(qla"'aqm-i-rutp)
Iimluj(qla""qm-%-rvtp)qj—l =1 (m+2 SJ <m+r+ 1)

lim

1 (0<j<m+1)

as |t,| < 0o and the point (qy, ..., qms+,) converges to 0 in U.

v




The initial motivation & relationship to PVI
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szlard sz2b¢ M Conjecture (B. Dubrovin, 1998)
Introduction For a (Fano) variety X the connection Vx is generically
semi-simple iff D?(Coh(X)) admits a full exceptional collection
Ei, ..., E,. Moreover, in this case the Stokes matrix of Vx

coincides with the Gram matrix of the bilinear form
X(E, F) = 3, (—1)k dimExt*(E, F) with respect to this basis.

Proven by Dubrovin (1998) for CP? and Guzzetti (1999) for
CP" with n > 3.

Moreover, Dubrovin also proved that isomonodromicity of
Vep2 is equivalent to (a special type of) Painlevé VI equation.
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A recent motivation

Let X be quasi-projective, Y C X be a smooth closed
subvariety of codimension m > 2 and X the blow-up of X with
center Y.

Conjecture (Blow-up conjecture (informal version),

M. Kontsevich, 2021)

Under suitable assumptions (for instance, if X is projective),
the spectrum of V¢ is “close to” the union of the spectrum of
Vx and (m — 1) copies of the spectrum of Vy, shifted by the
roots of unity "V/1.

There exists a more formal version (stated in terms of
isomonodromy) and yet a stronger one relating it to Dubrovin's
conjecture.



Moduli space of g = 0 stable maps, GW-invariants

S For any 8 € Hy(X,Q) and k € Z, Kontsevich—-Manin, 1994:
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SRl the moduli space of genus zero k-pointed stable maps

f: C — X with C a connected, reduced, at worst nodal curve
Gromov- of genus 0, such that £,[C] =

Witten . . .
invariants, There exist canonical evaluation maps

Dubrovin
connection

evi: Mi(X,8) = X, 1<i<k

For f1,..., Bk € H*(X), the associated (genus zero)
Gromov-Witten invariant:

/6(51...5k)=/M Xﬁ)]VHHeV,(ﬁ,



GW-potential
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o To=[1] € HY(X,Q), Tmi1 = Tp € H(X,Q): canonical
o Sonte generators,
o Ti,..., T € H3(X,Q): some basis
Gromov- e T: dual elements in H,
EYZEE:V".T ® to, 1, ...,qm, tp, (abbreviated as g, t): variables
connection associated to these classes (one can assume tg = 0)

(Genus zero) Gromov-Witten potential:

T; Tm t] _
F(q7 t): § : IB(Tg)qlfB lqr{? ;ﬁeQﬂqaq 171:]]
n>0 ’
peB\{0}



Quantum product, WDVV-relations
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SEREREN  be the intersection pairing and (g¥) be its matrix inverse.
Let
a .
Gromov— a _ qITqI ! g {05 p}
Witten I o .
invariants, 87t, |1 € {07 p}

Dubrovin
connection Set FUk — 8i6jakF_
Quantum product of T; and T;:

TixTi=TUTi+ ) Fieg” Ty
e,f

Witten—Dijkgraaf—Verlinde—Verlinde (WDVV) relations: * is

associative.



Convergence of F for surfaces
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ELEEN  radius of convergence.

Cromon Sketch of proof: sufficient to treat the case of rational X. Let
Witten Ei, ..., E, be exceptional divisors of a blow-up of CP?. Let

invariants,
Dubrovin
connection

B=dH - a;
i=1
be abbreviated as (d, a). Set

Nd.o. = 3d — ]a\ -1
Na,o = lig,o)(Tp")




Key estimate for convergence
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Szilard Szabé F(q7 t) = Z Nd,anga np I
(5.0) Ara?
}fv';g‘;v‘ where X . .
Dutrovin’ 9 =qmi1- Gmir

connection

and the sum is taken over classes satisfying ng , > 0.
We then have

,
1

Noo <[ S Na
i=1 7"

Itenberg & al prove this bound geometrically. Our proof is
combinatorial, relying on WDVV-relations.



Frobenius manifold structure
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Base manifold: M = H*(X,C) x Spec C[u™]
co-ordinates: to, g1, ..., qm, tp

Euler vector field: E = ¢1(Tx) +2toTo — 2t, Tp
vector bundle V — M: trivial, with fiber H*(X, C)
grading operator: G = % -Id on HY(X)

Ai = Tix

A=c(0O(1))x*

K = Ex

Szildrd Szabé

Gromov—
Witten
invariants,
Dubrovin
connection



Connection matrices
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o 1
Vo =—+—-A,
. ot; ot; u
fiten o 1
X:/v;triants, Vi = — + 7A
Dubrovin dq 8q uq

connection
define a meromorphic connection (Dubrovin- or quantum
connection) V in V.

Theorem (Dubrovin, 1998)
WDVV-relations < Fy = 0.




Initial values of recursion
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Sellard Sebe © The numbers Ng , satisfy the following properties.

o Nﬁ,a = NB,(a,O)

@ Noo=1ifa=—[i] forsomel <i<r, and 0 for any
other o

© Ns o =0 if B is effective and any of the a; is negative

Q /fnl;,oé > 0, then N@a = Nﬁ,(a,l)-

Consequences

oF IDVV @ The numbers Ng , can be determined by a recursive
algorithm starting from the ones given by (a) and (b) from

part (1).

v




Partitions
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.y Tmr classes of exceptional

(,-;i?ftfaﬁsA_ divisors we may rewrite
SYenee) m+r
e T*T—TUTJrZFng Ti— Y FjeTe+ FypTo.
k,I=1 e=m+1

We use induction on r, and from now on we set r = 1.
Let - (B, a) denote the set of pairs ((51, a1), (52, a2)) satisfying

Consequences
of WDVV-
relations (|

) (B1,a1),(B2,32) # 0
(i) (B1,a1) + (B2, a2) = (B, a)
(“') NBy.a1s NByray = 0

Let - (8, a) # 0 denote the subset of - (3, a) for which
Pr1#0, B2 #0.
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If ng, >3 and gjj # 0 for some i,j € {1,..., m}, then

m
Ng.a= — Z Ng, a1 Ng, ,a Z Ta(8 ab Tp(B2) — a1a2
811 (3a)20 abo1

b=
3 ng,—3
S [ (12 - m)(fm )]
. B1,a1 1,91

relations



Gottsche—Pandharipande—Hu identity 2

Quantum

spectra of
birational

surfaces
(joint w/ A.

If ng.a >0, then

Ti(B)Tj(B)aNs,a = (Ti(B) Tj(B) — gi(a — 1)*))Ng a1

+ Z Nﬂhal Nﬂz,az ( Z T.(P1)g bTb (B2) — 3132)

'_(613_1)¢0 ab 1
Cfonsequer_u:es N s 1
s (B T B)araz — TH(B) Ti(5)R) ( o )
1,41
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ifi=ce

Ti/(ﬂﬂg): oo
ifi=p
0 ifi=0

Consequences and set
?;;/;/ig)lv— e = E(I,_j) =0dj0+ 5jp c {0, 1, 2}

Let the index e stand for the class of the exceptional divisor.



Behaviour of quantum product by Euler class under

blow-up
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surfaces

(joint w/ A. and by K the same thing for X, where X = Xis blow-up at a
Gyenge) smooth point.

For i # p and j # 0,

Kij =Kij — gz 'diede

Szildrd Szabé

Consequences .
reations +)  Na, > gTiB) | THB)(L - ng s+ 2¢)
/873 ke{17"'7mve7p}
a>0
ng a—¢
B a tP
99—
¢(ngs—¢)!




Characteristic polynomial
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qi1 = r1q

Am+r = Vm+rq

for some g # 0. Let t, be some sufficiently small constant.
Let A\ be an indeterminate and set

Newton

s xx(A) = det(A - 1d — Kx) € C{q}[\]

spectra



Newton polygon
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EEEEEEN  The Newton—Puiseux pairs of xx(A) are the lattice points
(x,y) € Z? such that the coefficient of the monomial AXg” in
X IS non-zero.

The Newton polygon of the characteristic polynomial xx is the
lower convex hull of the set of Newton pairs in the (x, y)-plane
(i. e., the smallest convex set containing the rays parallel to
the positive y-axis emanating from the Newton pairs).

Newton

polygon,
spectra



Behaviour of Newton polygon under blow-up
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Let Xnin be a minimal model and X = X, is its r-fold blow-up
in generic points. Then, for all v1,...,Vmi,11 € C the Newton
polygon of xx.(\) is obtained by translating the Newton
polygon of xx_. (\) by the vector (0, —r), and extending it by
a segment of slope 1 and length r on its right.

Newton

polygon,
spectra



Sketch of proof
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el translated by (0, —1) appears as a Newton pair of xx, ().
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Szildrd Szabé

@ any further Newton—Puiseux pair of X, lies on or above
the diagram determined by the pairs of the statement

@ the monomials corresponding to the salient vertices of the
boundary of the polygon given by the statement are
unique.

For these statements, we use the classification of surfaces into
the classes:

Newton
polygon, .

spectra e _Cl(Xm|n) IS nef

@ Xmin is @ minimal ruled surface over some curve ¥,
@ Xmin ~ CP?



Case of CP?
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for the basis 0, h, p are

Szilard Szabé 0 dn tp2 3qh
t
3 —an jp antp
2, 3 0

The Newton polygon is

Newton q R R A
polygon, r
spectra : )




Minimal entries of (CPQ#@2
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The minimal entries of K for CP? blown-up in a point for the
basis 0, h, 2, p are
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0 dh tp2 2gnq2 3an

t t4
3 —ghd  Giq25 2amtp
>ty —1
-1 —qpq275 —9° —29nq2
2t, 3 -1 0

Newton

polygon,
spectra
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Minimal entries of CP2#2@2
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Antp 2gnq2 29n93
t t t
—qh~ dn92 |\ Gn1s T G3) qnq3 (gnis + g2
t4 _
-1 —qnq2 (qhﬁ + q3> —q; ! —dh92q3
t4 _
—1 —qnags (qhﬁ + qz) —dnq24q3 —a; '
2t, 3 -1 -1

Newton

polygon,
spectra



Newton polygon of CP242CP°
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Thank you for your attention!

Newton
polygon,

spectra
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