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Plan of the talk
e Painlevé equations : isomonodromic deformations and confluence.
e Calogero—Painlevé correspondence.
® Multi—particles systems and their isomonodromic formulation.
® The case of PIl : Stokes data and applications.
® Ruijsenaars duality revisited.
® Beyond - Ruijsenaars—Painlevé correspondence.

Collaboration with M. Bertola, M. Cafasso,(Comm. Math. Phys. 363 (2018), no. 2, 5083 -
530.) and with llia Gaiur (Revista Matematica Iberoamericana, accepted, april 2024)
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Painlevé equations

Painlevé property : The only movable singularities are poles
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Isomonodromic deformations

0 Ao Ay " Ay

Gy AR, AR =2
0z ()%, @) z+z—t z—1

Aoo = 7A0 7A[ *Al = diag(@oo, 7000)

Isomonodromic deformations «+— Schlesinger equations :
@ _ [AI,AO] dA, _ [Af7A1]

dt t 0 dr t—1

)

Painleve VI for A = (simple) zero of (A)i2.
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Okamoto’s Hamiltonians for Painlevé equations
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Confluence and Lax systems

Each of the Painlevé equations can be written as a Lax system (of isomonodromic type)

7]

—U(t;z) = U(t;2)V(t2),

() ()():@_f’lf—[uw
P 9z o T
glll(t;z) = V(2)¥(t2).
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Confluence (P. Gavrylenko & O. Lisovyy, Commun. Math. Phys. 363)
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Figure 3: CMR confluence diagram for Painlevé equations.

Gauss ‘Whittaker Bessel
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Calogero—Painlevé correspondence for PVI

Take the elliptic curve y> = z(z — 1)(z — t) and the associated Weierstrass e function

1 1 1
o(u; 1,7) ==+ Z ( 5 = 2).
u (mmE(0.0) (u+m+nt) (m + nt)

Define e, := p(wn), wi:=1/2, wy:=—1+7)/2, w3 :=7/2.

Theorem (Fuchs, Painlevé, Lamé, Manin) :

Let ¢ be implicitely defined by

7&)(6]) —a and ¢ := ﬁ
e — e dr

Then the PVI equation is equivalent to the Hamiltonian system

A=

3
1 OH 1 OH » :

= — s D — — —— -, H 0,4, T) :i= — — o) +w
9 27 Op p 27i 9g (l q ) ) ,?:0 8nk (6[ n)

with .
go=0a, g =B =17, g3:—6+5.
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Why “Calogero — Painlevé

”

Remark :
Levin et Olshanetsky observed that Manin’s Hamiltonian

3

H(p,q,7) ~—% > &g+ wn)

n=0

is the rank—one case of a system of n particles ¢, . . ., ¢, introduced by
Inozemtsev
p
HV1—Z<1+Z&1 q,+wn)+g42( = qx) "‘@(QJ"‘qk))
Jj=1 J#k

and generalising the elliptic Calogero—Moser system.

Manin’s system is non—autonomous, while Inozemtsev’s system is an
(integrable) autonomous Hamiltonian system.
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Takasaki : “Painlevé—Calogero revisted” (2000)

Theorem (Takasaki) :
Each of the Painlevé equation can be written, using the confluence scheme,
as an Hamiltonian system with Hamiltonian of the type

P2
H(q,p;1) = 5 = V(g;1),
and there is a canonical transformation between these Hamiltonians and the
Okamoto’s (polynomial) ones.
The correspondence extends to the case of many particles.

Remark

The Calogero—Painlevé VI version of the model had also showed up in a
completely different context in the work of P. Etingof, W. L. Gan and A.
Oblomkov (2005) in connection with their study of the generalized double
affine algebras of higher rank.



Painlevé equations
00000

Hyj :

Hpy

Hiyr -

Calogero—Painlevé correspondence

+ Z gnplqj +

n=0

Isomonodromic formulation

00000000000
2
+ & E

Wu >
j#k
B

:
<pj o

2 sinh?(g;/2)

" ot (g2) |2

1

Painlevé Il Ruijsenaars-Painlevé correspondence
0000000000000 0000000

(S/J(f// —qr) + p(g + ([/<)>~

t 5t
z cosh(g;) + o cosh(2q,-)> +

1
<s1nh2(( —q)/2) Sinhz((‘lj

(23 - e oo (0)7):

1
(9 — a)?

1
+@+mJ'

¥4 2

p; a Bt _. Y 2 812

PN Z e — Letd
]Z_;(z PR s Ty
¥4 2

P :
Z(zf—z((f,“rz) —aq/>+g4z
J=1 JF#k
i pj—Zq —ig | +8 Yy ——

2 ! (q/—qk)2

J#k

+‘Ik)/2)>.

o2 1
‘1> +g42 sinh? ((g — qk)/2).

—aqr)?’



Painlevé equations  Calogero—Painlevé correspondence  Isomonodromic formulation — Painlevé |l Ruijsenaars-Painlevé correspondence
00000 0000 00000000000 0000000000000 0000000

Our aim :

Describing an isomonodromic formulation of multi—particles Calogero—Painlevé
systems.

® A central issue will be to find an isomonodromic description of the
multicomponent Painlevé equations. If such an isomonodromic description does
exist, it should be related to a new geometric structure (Takasaki).

® Applying the classical tool of isomonodromic deformations to such systems.
® Quantization.
® Ruijsenaars - type Duality

Our procedure :

Applying a Hamiltonian reduction a la Kazhdan-Konstant-Sternberg on a matrix-valued
version of Painlevé equations.
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The simplest example : Pl

A matrix—valued Lax pair for the first Painlevé equation :

% (2 ( Lt Z_q)w )
—W(z = 2 2 r _ 1z
oz +zq+q +2 P q = p
=
15) 0 l p = 7q2+,
—VU(7) = Z 2 | w(52)
o Z+q 0
Lemmal:

The Lax equations are Hamiltonian on M := T*gl, with respect to the standard
symplectic structure w := Tr[dq A dp] and

2 3
H=1(2 _ 4L 3}
2 2 '

Moreover, the commutator [p, q] is conserved along the flow.
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Reduction a la Kazhdan-Konstant-Sternberg

M, = {(q,p) € Ms.t. [p,q] = iga(1, — vTv)}7 vi=(1,...,1).
Lemmalll :
Let (q,p) € M,, with q diagonalizable. Then it exists G such that

G™'qG = X = diag(qi,- - -, qn),

and, if Y = G~ 'pG, then
[V,X] = iga(1, — vIV).

Corollary :

Yij=—

84 ii=1,...,n
qgi — qj

The variables p; := Y;;,i = 1,...,n are the conjugated variables of {g, ..., ¢g.} for the
reduced system.

More precisely : p : M — gl}, u(q,p) := [p, q] is the moment map and {g;, p;} are the
symplectic coordinates on the quotient =1 (0)/PGL,(C), with O orbit of
diag(n — 1, —1,...,—1).
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Reduction a la Kazhdan-Konstant-Sternberg Il

The gauge—transformed eigenfunction
(15 2) == (Gfl(t) ®1,)U(t;2) = Gfl(t)\I/(t; 2)

satisfies the Lax pair

o -

—o(z) = UlLo)e(sz)

[o)4

2otz = V)02

P 3 < = 4 32
N 1 P z—q Y 1—X

— - t = t
v = 670 dtuatd s -p G SHX XD ¥
~ o 1N o
Vo= 2 2 | -G'nGn=| 2 , F(t) =G ()G(r)
5 +X 0 5 +X -F
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Reduction a la Kazhdan-Konstant-Sternberg Il

Compatibility conditions yields

X = Y-[FX],
. 3., ¢t
v o= I2X2+- —[FY]
2 +4 [F, Y]
:>F_k:_ig74 itk é.:§q2+ﬁ_2i
]’ (xj — x)?’ VT 2W g P (% —x)3

On the other hand

2 X3 X " (P @ ) 1
H(q,P)=H(X,Y)=Tr( ****>= L) 4gy ——.
2 2 4 > 2 2 4 g - a)?
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Spectral type of Fuchsian System-I

Consider Fuchsian system

n

\I/ A; € Mat(m, C), AOOI—ZAI'

Pl i—1
() N1 _ g g 0 gl i) () 0 pl ()
Spec(A {0 0 ...,Glj =6,,0",...0,",6;",05",..0; ,...,Qlj 7911_ ,...9,}_
m "y m
Aty m}mé...m}l
Aty min;...m;
' 1z L1 1.2 2 2
7 n 7 o0 oo
— ... — mlmz...mll mlmz...mlz ...,mlmz...m[n my ...mloo
An; 1, miny...m}
e l\ 2 ,\’” Spectral type
Ao 00 mys..mp,

Number of accessory parameters

N=2+4+(n—-1m ZZ(m/ Z(m

i=1 j=1 Jj=1
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Spectral type and Fuchsian systems-I|

0_ A A, A
8—Z\I/7A(z)\11, Az) = ,+z—t+z—1

Ao 1= —Ag — A — Ay = diag(0oo, —000).

Ai with eigenvalues (0x, —0r), k=0,1,t.

)

Painlevé VI = Fuchsian system of spectral type 11,11, 11, 11.
This is, essentially, the only Fuchsian system with phase space of dimension
two (“accessory parameters”) and one—dimensional deformation.

Spectral type of Painlevé VI
11,11,11,11
Number of accessory parameters
N=2+0B-1)4-6-2=2
Given a Fuchsian system of rank m with n singular points, its spectral type is
given by n partitions Y, ..., Y, of m and the dimension of its phase space is

given by (Katz)
24 (n—2m* = Y (¥0).



Painlevé equations  Calogero—Painlevé correspondence  Isomonodromic formulation — Painlevé |l Ruijsenaars-Painlevé correspondence
00000 0000 00000008000 0000000000000 0000000

Spectral type and Fuchsian systems - llI

Proposition (Oshima) :

There are (essentially) just 4 Fuchsian systems whose phase space has
dimension 4.

Oneis 11,11,11,11, 11, giving the Garnier system in two variables. The other
three, which admits a one—dimensional deformation, are

21,21, 111,111, 31,22,22, 1111, 22,22,22,211.

Kawakami : The Fuchsian system nn,nn,nn,nn — 11 gives a “matrix
version” of the Painlevé VI equation, and its degenerations (confluence)
yields a matrix version of all the other equations.
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Matrix Painlevé VI equation

0 Ao A, Ay
Sy U - 40
0z ARY,  A) z + 72—t z—1

0, O .
Ak~<0n len) k=01,

Aco = diag(67°,...,07°,05°,...,05°,05°).

)
Theorem (Kawakami) :
A(z) = A(t,q,p; z) in such a way that

[p,a] = (6" +6' + 6"+ 67°)1 + diag(65°,..., 65", 657)
and the isomonodromic deformation of the system is governed by the

Hamiltonian (0 := 6° + ' + ¢').
t(t — 1)Hy, = Tr [q(q - 1)(q - 0)p’+
+((0" +1-p.a)al@— 1) +0'(a— 1)@ —1) + (0 +267 ~ Dalq— 1) )p+

+(6 4+ 65°)(6° + 6" + 01°°)q]
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Hamiltonians by confluence

tHy = Tr[p(p+t — 1)+ Bpq+p — (a+7)fq],
tHyy = Tr [pq (P—q—-1)+pp+ aq]

Hypey = Tr [pzq2 (@* — Bq—1)p — aq]

Hypy = Tr [pzq + apq+1p + q]

Hypsy = Tr [p2q2 +pq—q- tq‘l] ,

tHyy - T [pz 24 0p— aq] ,

tHy = Tr [pz —q® - tq]

p, q] = const



Painlevé equations  Calogero—Painlevé correspondence  Isomonodromic formulation  Painlevé I Ruijsenaars-Painlevé correspondence
00000 0000 0000000000@ 0000000000000 0000000

Final result : multi-component Painlevé Hamiltonians of Okamoto
type

I

Calogero—Painlevé systems.
(Using Takasaki’s canonical transformations.)
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Monodromy : the case of PlII

ZZ

. Lt
i—+iq-+iz
d 2 2
—U(tz) =A(t2)U(2); Al z) :=
dz 0
q+ip— -
Z

Slight generalisation :

d d
t — t:= diag(ty, ..., ), =

. 1
q:2f+5hﬂ++9

(Retakh - V. R., Bertola—Cafasso)

Painlevé Il
®000000000000 0OOOOOO0O

Ruijsenaars-Painlevé correspondence

. 0
q—1Ip— —
Z
2
L .2 t
—i— —iq- =i
2 4 2
" d
dt;
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Theorem : Given the equation
d
dz
There exists a unique piecewise analytic solution ¥ = {¥,, v =0, ..., 7} satisfying

U(t;z) = A(t2) V(8 2),

)

i(2 1)~
V(t;z) ~ (1 8% ; 192 4 O(z_z)) ellnztime)laplety? (Tﬂ) 7

The corresponding (matrix) Stokes operator X, Y, Z satisfy the relations

(X+Y +Z+XYZ)Q = —2icos(nh)
XY+ 10 -0 1 (YX+1)=0

ZXQ -0 'XZ+0—-0"'=0

(YZ+1)0 -0 " (ZY+1) =0

Q = eimlp.al,

s Ve
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Painlevé equations
00000 0000

“Classical” Pl cubic |

Flaschka-Newell ('82) :

AN (3 _04)>\2+(_3w ’SW)AJF

—2w?—z 2w, (0 a1
—2w; 2w? 4z a 0 A
e2i7ra 0 _
My = c( 0 2 )CTh

1 i 1 0 .
%= ( o 1 )’ $i-1= ( xj-1 1 )’ J=

and  xjxpx3 4+ x1 +xp + x3 = £2 cos(ma)

+

Monodromy data :

Xit+3 = Xi
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“Classical” and deformed cubics |

If 0 = eiP:dl = +1 then
X,Y] = [X,Z] = [Y,Z] =0, X+ Y +Z+XYZ = const,

as in the classical case.

Example (Bertola, Cafasso) :
h v
C= (c,j)iFI Hermitian,

o -
A (PRO @R, (A ;=/R AT+ v+ 1 + ().
+
O g det(l — AR) = Tr(g?
e 08 et(I — Aiy) = Tr(q"),

where q is the unique solution with asymptotics

q;(t) = cyAi(t + 1) + O <\/Te—§(27—2'">3/2>

1
T := ;Z% m:= rnja,x(t; — T), T — oo.
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“Classical” and deformed cubics Il

Suppose [p, q] = ik multiple of the identity. Then
¢ Upon identification p = iha%, the term o in
a@o3 —qQ oz %(§+11>53
Z

‘I/(t; Z) ~ (1 + + O(Ziz)) e(lnz+i7re)[q,p]®le ,

gives the quantum Hamiltonian of Painlevé II.
® The Stokes relations read
(X4 Y +Z +XYZ)Q = —2icos(n0)

OXY -0 'YX=0""-0
QZX -0 'XZ=0""' -0

OYZ-Q 'zY=0""'-0.

These relations are the same obtained by Mazzocco and V.R. (2012) as a result
of the quantisation of the Poisson structure of the classical cubic of the
monodromy surface of Painlevé Il.
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Output ?

Alexander lts :

"Alll Calogero—Painlevé systems are Lax integrable, and hence their solutions
admit a Riemann-Hilbert representation. This important observation has
opened the door to rigorous asymptotic analysis of the Calogero—Painlevé
equations which in turn yields the possibility of rigorous evaluation of the
asymptotic behavior of the Tracy-Widom distributions for the values of beta
beyond the classical 5 = 1,2,4."

A. Its and A. Prokhorov (2020) shall start an asymptotic analysis of the
Calogero—Painlevé system with a special focus on the Calogero—Painlevé
system corresponding to 8 = 6 Tracy-Widom distribution function.
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Duality

® Duality for a system of free particles : Fourier transform (the exchange
between coordinates and momenta) which are the integrals of motion
themselves.

® Two integrable many-body systems are dual to each other if the action
variables of system (i) are the particle positions of system (ii), and vice
versa. Underlying phase spaces are symplectomorphic.

¢ First example is the self-duality of the rational Calogero system.
Interpreted in terms of symplectic reduction by Kazhdan, Kostant and
Sternberg (1978).

® Duality was discovered and explored by Ruijsenaars (1988-95) in his
direct construction of action-angle variables for Calogero- Sutherland
type systems and their "relativistic" deformations.
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Calogero-Moser-Ruijsenaars duality

Ruijsenaars-Painlevé correspondence
0000000800000 0000000

coordinate
momentum rational trigonometric elliptic
R v = trigonometric elliptic
rational rational Calogero "
|~"Calogero f Calogero
2 P 3 s m‘gmmnmn‘ic elliptic
trigonometric rational Ruijsenaarg o =
Ruijsenaars | Ruijsenaars
elliptic dual Calogero -—‘-/d{ S systemn
Ruijsenaars

Action of the coordinate-momentum duality on the Calogero-Ruijsenaars-Dell
family. Hooked arrows mark self-dual systems. The duality leaves the
coupling constant g intact
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The simplest example-1

Rational Calogero system :

Hea(q.p) Zpk do——— (qk

J#k
Symplectic reduction :
Consider phase space T* (iu(n)) = iu(n) x iu(n) := {(Q, P)} with two families
of "free" Hamiltonians {tr(Q«)} and {tr(P«)}. Reduce by the adjoint action of
U(n) using the moment map constraint

[0,P) = u(g) = ig > Ex.
j#k

This yields the self-dual Calogero system : gauge slice (i) :
0 =q:=diag(qi,...,qn), q1 > ...qn, With p:=diag(pi,...,ps)

P = p—l—lgz

JF#k A

= Lca(q,p)-

tr(dP NdQ) = dpi A dgy.

k=1
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The simplest example-2

gauge slice (i) : P = p := diag(p1,...,pn), P1 > ...pn, With
[1 = diag(‘}la e a(}”)

L Ei L
0=q+igy  ——— = —Lea(p,d).
ik Pj — Pk

dual Lax matrix,

n

tr(dP NdQ) = digi A dpy.

k=1

The alternative gauge slices give two models of the reduced phase space.
Their natural symplectomorphism is the "action-angle map" for the two
Calogero systems : alias the duality map.
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Two interesting questions

® "NC Ruijsenaars duality" :
We can also use “dual coordinates” imposing

. . ig
X :=diag(p1,...,pn), Y:=diag(q,...,qn) — (74) .
p i#i

i —Dj
and, in these coordinates, the "dual" Hamiltonian reads
(dual) _ ~~ (PP @ 1 &g +a)
R e Y =
—\2 2 4 = bi—p)

® What about other Calogero-Painlevé ?
® What about g— Painlevé ?
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Dual form of Calogero-Painlevé I

Taking coordinates

. . i
Y = diag(pi,p2,..pn), X =diag(q1,q2,...qn) — (p_ fp_) )
i )j

Hamiltonian reads
n 2
(dual) __ Pi 1 2 2 qt + qiqj + (Zj + 2
Hy —Z[E_E(qi"‘ ) 0‘11:|+2 Z—)

i=1

\ 1 2
<2 vy " 2 G- | " )

i

i<j i<j<k
4g4
+
,.<IZ<;<, (pi = p)(pi = pi)(px = P1) (1 — pi)

Four particle interaction
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Selfdual form of Calogero-Painlevé IV

Taking coordinates
ig

Q0 = diag(q1, .. -,qn), P =diag(p1,...,pn) — (7)#]
9k — 9qj
Hamiltonian of dual Calogero-Painlevé IV reads :
+ .
Hy = > "lawpt — pedi — tprai + ok — (00 + 00)ped + 82 Lq/z
X k< (ax — 4j)
Change of variables
Pk — —Gk, Gk — —Pk, bo— 01, 61— 60— 6
dual
transforms H,(,,V ) to
dual Pk +Dj
HY" Y ="} — peat — pea] + opk — (00 + 01)as] — & Z Tl
P (px — pj)
Theorem

The confluence map from the matrix Painlevé IV system to the matrix Painlevé Il
system holds for the Calogero-Painlevé multi-particle systems, but fails for the dual

systems with Hi "™ and H{™"™.
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Painlevé-Ruijsenaars systems (after I. Gaiur)

Lemma
Zariski open set X C T*gl,, which is given by the equation
det(Q) # 0,
i.e. Q € GL,, is symplectomoprhic to the T*GL,. The symplectomorphism is given by
— o1
{ IQ);gg b (Q’P) GX, (gvp) ET*GL"gGL’l Xg[nv (4)

where the T*GL, is associated the the right invariant vector fields on GL,,.
The symplectic form the T*GL, is given by

wg =dbg, 66 ="Tr(p(dg)g™").

The reduction procedure at 7*G gives not the Darboux cooedinates for the finall
multi-particle system, but the log-symplectic coordinates
qi

i=1
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Reductions of the matrix Painlevé I11pg.

The Hamiltonian for the matrix Painlevé 111pg is
tHps = Tr (POPQ + PO — 0 —107") | (6)

with the symplectic form
w=Tr(dPAdQ).

The Hamiltonian contains the inverse of the matrix Q, so its phase space is the same
as X in Lemma 2. The symplectomorphims (4) sends the matrix Painlevé I11pg
Hamiltonian to the

tHpg = Tr (p2+p—g—tg*1)7 (¢,p) € T*GLy, (6)
and the moment map is given by
p=p—gpg " @)

Shifting p by a scalar matrix p = p — % and reducing from the Calogero-Moser space
for the moment map p diagonalizing g, we obtain the following parametrization

v—1h

8 = Oudis Py = dypi+ (1= 8) s

where h is an interaction constant.
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Reductions of the matrix Painlevé I11pg-2.

The Hamiltonian turns to

H = Z (pl —qi - 7) ry A
< @)
The reduced symplectic form is a log-symplectic form, i.e.
_ zn: dpi N\ dgi
=

Finally, applying the transformation In(¢;) = ¢i;, In(¢r) = T, which sends the
log-coordinates to the Darboux ones, we obtain the trigonometric Calogero-Painlevé

system
=y (- s ©
_ s el — ol T sinh2l(z — 7.) /21"
2 Di 2 = sinhz[(Z]i —g)/2]
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Reductions of the matrix Painlevé I11pg-3.

To obtain Ruijsenaars-like system, we first apply the following transformation to the (6)
g =iz
Since the transformation depends on the time, it should be considered as a
transformation on the extended phase space
Q=w+dt NdH.
Since that the Hamiltonian has to be shifted by —+/7p/2 and writes as

Hps = Tr {pz + (1 - %) p—vi(z+ gf‘)} =Tr [pz + (1 - %) ,,] —ViHRuijscnaars:

Reducing from the Calogero-Moser space by diagonalization p now, we see that the
first part of the Hamiltonian which depends only on p is diagonal, so that it will give
some polynomial of p;. The second part of the Hamiltonian is multiplied by a square
root of the time free-particle Hamiltonian which reduction gives rational Ruijsenaars
system.

We have obtained non-autonomous version of the rational Ruijsenaars system, which
admits an isomonodromic representation and dual to the trigonometric
Calogero-Painlevé system. We call such a system as the Painlevé-Ruijsenaars I1Ipg

system.



Painlevé equations ~ Calogero—Painlevé correspondence  Isomonodromic formulation  Painlevé Il Ruijsenaars-Painlevé correspondence
00000 0000 00000000000 0000000000000 000000

Reductions of the matrix Painlevé I11p;-1.

The matrix Painlevé 11157 may be written as the following Hamiltonian system

tH = Tr (PQPQ — OPQ + tP + Q) . (10)
In order to obtain physical Hamiltonian we doing the following time-dependent change
of variables

1 1
=p—=-(tg” —0),
p=p 2(g )

Reducing at the rank 1 level set of the moment map

pw=p—gpg "

at the point where g is a diagonal matrix and sending log-symplectic form to the
Darboux one by the map
In() =7, In(g) =g
we automatically obtain the Painlevé-Calogero systems of the D7 type
n
. o0 =-1De" 1, ) n? 1
H, = ,2_;'_6‘11_;’_76 [ {— qi + — e
o = 2 (”' 2 4 2 2 (@ a0 /D
i=1 i<k

Reducing at the point where p is diagonal gives us some new Painlevé-Ruijsenaars
system.
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Dualities and Phase spaces

Observation (Fock-Gorsky-Nekrasov-R. : there are various phase spaces and
reduction procedures "giving" the same integrable systems.
® For Painlevé I,Il and IV the rationality of potential is an implication of T*g
as a natural phase space
e For Painlevé Ill a natural phase spaces is T*G - trigonometric Calogero /
rational Ruijsenaars duality
® Painlevé VI has an elliptic potential. We expect that the natural phase
space might be a reduction of the Hitchin-like equations related to 7" (€)
(Gorsky-Nekrasov-R.) or T*§ where g is an extension of the "elliptic loop"
algebra =Map(&, g) (Gorsky-Nekrasov).
® Should be closely related to the global description of the De-Rham
moduli space
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Many thanks for your attention !
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