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1. Introduction –1/28–

1. Study q-connection problems on hypergeometric equations
2. Study q-connection problems on linearized equations of the Painlevé equa-
tions
3. Consider q-connection problems on the Painlevé equations

[Differential case]
In differential cases, we know many connection formulae on hypergeometric.
general linear equations and Painlevé equations.

[Difference cases]
In difference cases, we know a little on connection formula.

q-hypergeometric: We know well now
q-linear : See my talk on July (just started. q-Painlevé VI)
q-Painlevé : Mano [Ma] 2010



2. Connection formula –2/28–

We consider q-difference equations. 0 < |q| < 1

Y (xq) = A(x)Y (x).
A(x) is a n× n matrix; matrix elements are rational functions on x

Local fundamental solutions
Y0(x) ：Local fundamental solution around x = 0
Y∞(x)：Local fundamental solution around x = ∞

Connection matrix
Y∞(x) = Y0(x)P (x), P (xq) = P (x)

We do not have enough examples of connection formulae on q-difference equa-
tions.

Modern works
After 1990s, J.-P. Ramis, C. Zhang, J. Sauloy are constructing modern theory
on q-asymptotics [RSZ]

q-Borel-Laplace method



2.1 Differential case –3/28–

Hypergeometric equations nFn−1 (Gauss, Thomae, Orr)
other rigid systems, middle convolutions

(Kac, Simpson, Dettweiler-Reiter, Crawley-Boevey, ..)
irregular cases rFs (Barnes, Meijer, Duval-Mitchi,...)

→ the Stokes phenomenon

Known examples of q-connection See Slater’s book [Sl]
J. Thomae (1869) 2ϕ1(a, b; c; q, x)
J. Thomae (1870) rϕr−1(a; b; q, x)
G. N. Watson (1910) [cannot treat divergentseries]

rϕr−1(ar; bs,0; q, x)

s+1ϕs(ar,0; bs; q, x)

rϕs(ar; bs; q, x) (s+ 1 > r) (not complete)

Second order q-hypergeometric equations : done [Zhang, Morita, Ohyama]

2ϕ1(a, 0; c; q, x), 2ϕ1(a, b; 0; q, x), 1ϕ1(a; c; q, x) (q-confluent)

2ϕ1(0, 0; c; q, x) (q-Bessel J
(1)
ν ), 0ϕ1(−; c; q, x) (q-Bessel J

(2)
ν )

1ϕ1(0; c; q, x) (q-Bessel J
(3)
ν ), 1ϕ1(a; 0; q, x) (q-Hermite-Weber)

2ϕ0(a, b;−; q, x), 2ϕ0(a, 0;−; q, x), 2ϕ0(0, 0;−; q, x) (q-Airy)



2.2 From hypergeometric to Painlevé –4/28–

Monodromy/connection/Stokes data are
determined exactly for rigid systems.

rigid systems : no accessary parameters
Ex. hypergeometric, Simpson’s even/odd system

Application to global analysis on q-Painlevé equations

For Painlevé, the Lax pair has accessary parameters (two in Painlevé)
We cannot determine connection data exactly.
But we can determine the space of connection

RM: Moduli of connections → monodromy space
(Okamoto IVS) (Fricke cubic for PVI)

The connection space of q-Painlevé VI : Ramis, Sauloy, O
[My talk July at this seminar]

In order to study other q-Painlevé, we need q-confluent cases



2.3. Hypergeometric connection to Painlvé connection –5/28–

Differential P6 q-P6

Painlevé (2× 2 matrix)

dY

dx
=

[
A0

x
+

At

x− t
+

A1

x− 1

]
Y (x)

Y (xq) =
[
A0 + A1x+ A2x

2
]
Y (x)

detA(x) = c
4∏

j=1

(x− aj)

Hypergeometric

dY

dx
=

[
A0 + At

x
+

A1

x− 1

]
Y (x) Y (xq) = x [Λ + A2x]Y (x)

dY

dξ
=

[
A0

ξ
+
At + A1

ξ − 1

]
Y (ξ) Y (ξq) = [A′

0 + Λξ]Y (ξ)



3. Single q-difference equation –6/28–

A q-difference linear equation with polynomial coefficients:

n∑
j=0

aj(x)u(q
jx) = 0

When a0(0)an(0) ̸= 0, x = 0 is called a regular singular point.

characteristic equation at the origin

an(0)λ
n + an−1(0)λ

n−1 + · · ·+ a1(0)λ+ a0(0) = 0

Let λj = qcj be a solution of the characteristic equation.

Proposition (Adams 1929 [A]) The q-difference equation has solutions repre-
sented by convergent power series:

uj = xcj
∞∑
n=0

uj,kx
k (j = 1, ..., n),

when cj − cm ̸∈ Z.



3.1 Basic notations –7/28–

0) q-shifted factorial:

(a1, . . . , ar; q)n =
n∏
i=1

(ai; q)n, (a; q)n = (1− a)(1− qa) · · · (1− qn−1a).

1) q-shift operator
σq[f(x)] = f(xq)

2) generalized q-hypergeometric series:

rφs (a1, . . . , ar; b1, . . . , bs; q, z)

=
∞∑
n=0

(a1, . . . , ar; q)n
(b1, . . . , bs; q)n(q; q)n

[
(−1)nqn(n−1)/2

]1+s−r
zn.

3) bilateral q-hypergeometric series:

rψs (a1, . . . , ar; b1, . . . , bs; q, z)

=
∑
n∈Z

(a1, . . . , ar; q)n
(b1, . . . , bs; q)n(q; q)n

[
(−1)nqn(n−1)/2

]1+s−r
zn.



3) Theta function: –8/28–

θq(x) :=
∞∑

n=−∞
qn(n−1)/2xn = (q,−x,−q/x; q)∞.

ea(x) :=
θ(x)

θ(ax)
, for a ∈ C×.

xσq[θq(x)] = θq(x), σq[ea(x)] = aea(x);

Remark. For uc(x) = xc, σq[uc(x)] = qcuc(x).
uc(x) and ea(x) satisfy the same q-difference equation if qc = a.

We take ea(x) instead of xc.

Since ea(x) is single-valued, all solutions are also single-valued.
Therefore the connection matrix P (x) is elliptic on C×/qZ:

Y∞(x) = Y0(x)P (x)

P (xq) = P (x), P (xe2πi) = P (x)



3.2 The Newton-Puiseux diagram –9/28–

The Newton-Puiseux diagram of a linear q-difference equation at the origin is
a lower convex hull of

{(j, ord aj(x)) ∈ R2 | 0 ≤ j ≤ n}

segment：a line jointed with (j, ord aj(x)) and (k, ord ak(x)) (j < k)
slope of s segment:

µ =
ord ak(x)− ord aj(x)

k − j

length of s segment: m = k − j



3.3 Newton diagram and Irregular singular points –10/28–

General Theorem (Adams [A])　
1) If partial characteristic exponents λj are non-resonant for any segment
with the slope µ and the length m, the q-difference equation has m formal
solutions

uj(x) = θ(x)µ
θq(x)

θq(λjx)

∑
k≥0

ukx
k,

for each segment

2) When the slope of a segment is not integer µ = r/s (s > 0), formal solutions
are given by formal power series of x1/s.

3) When the segment contains (0, ord a0(x)), the power series are convergent.

Remark
Around x = ∞ the Newton-Puiseux diagram is defined by the upper con-
vex hull of

{(j, deg aj(x)) ∈ R2 | 0 ≤ j ≤ n}
When the segment contains (n, deg an(x)), the power series are convergent.



3.4 Second order Hypergeometric series –11/28–

2ϕ1
(
a b
c

)
2ϕ1
(
a 0
c

)
1ϕ1
(
a
c

)
2ϕ1
(
a b
0

)
2ϕ0
(
a b
−
)

∼

1ϕ0
(
a
−
)

q-binomial

2ϕ1
(
0 0
c

)
0ϕ1
(−
c

)
1ϕ1
(
0
c

)
1ϕ1
(
a
0

)
2ϕ0
(
a 0
−
)

∼
∪

1ϕ0
(
0
−
)

expq

0ϕ0
(−
−
)

Expq

1ϕ1
(

0
−q
)

0ϕ1
(−
0

)
2ϕ0
(
0 0
−
)

q-confluent

q-Hermite

q-Airy Ramanujan

First order Jackson(1) Jackson(2) Hahn-Exton

divergent

2F1

(
a, b
c

)
Kummer

1F1

(
a
c

)
2F0

(
a, b
−

)
Weber

1F1

(
a

1/2

)Bessel

0F1

(−
c

)
Airy

0F1

( −
2/3

)
First Order

1F0

(
a
−;x

)
= (1− x)−a

0F0

(
−
−;x

)
= exp x



4. Basic hypergeometric equations (with Zhang) –12/28–

0 ≦ s+ 1 ≦ r, k + s+ 1 ≦ r; k + s+ 1 +m = r. b0 = q, aj ̸= 0:[
x

r∏
j=1

(1− ajσq)−
(
−σq
q

)k s∏
j=0

(
1− bj

q
σq

)]
y(x) = 0,

r

k s+ 1 m
c c s s s c c
s s s s s s sHHHHH �����

I) Around x = ∞, we have r convergent hypergeometric solutions
II) Around x = 0, we have

(1) k convergent non-hypergeometric solutions with ramification
(2) s+ 1 divergent hypergeometric solutions
(3) m divergent non-hypergeometric solutions with ramification

The cases k = 0, s = −1 or m = 0 may appear.
If k = 0, there exist s+ 1 convergent solutions around x = 0.
If k = 0 and s = −1, there exist m(= r) convergent solutions around x = 0.



4.1 Local solutions –13/28–

Local solutions around the infinity (j = 1, ..., r)

yj,∞(x) =
θ(−ajx)
θ(−x) k+s+1ϕr−1

(
qaj/b0, qaj/b1, ...., qaj/bs,0k

qaj/a1, ..., qaj/aj−1, qaj/aj+1, ...., qaj/ar,
; q,

qmamj b0b1 · · · bs
a1a2 · · · arx

)

Ramified convergent solutions at the origin (j = 1, ..., k)
x = zk and q = p0

k. ωk = 1.

yj,a(z) =
1

θp0(−p0(m+1)/2ωjz)
wj(z), wj(z) =

∞∑
n=0

w(k)
n zn.

Formal divergent solutions at the origin (j = 0, ..., s)

yj,b(x) =
θ(−x)

θ(−qx/bj)
rϕs+m

(
qa1/bj, qa2/bj, ..., qar/bj

qb1/bj, ..., qbj−1/bj, qbj+1/bj, ..., qbs/bj,0m
; q, x

)
Ramified divergent solutions at the origin (j = 1, ...,m)

x = zm and q = pm. ωm = 1.

yj,c(z) = θp(−cp(m+1)/2ωjz)uj(z), vj(z) =
∞∑
n=0

u(k)n zn.



4.2. Transformations –14/28–

0) Ramification: x = zn, q = pn.

1) Gauge transform by θ-functions:

xmσnq
[
θ(cx)±1f(x)

]
= c∓nq∓n(n−1)/2xm∓nθ(cx)±1σnq f(x).

2) q-Borel transformation B±
q : C[[t]] → C[[τ ]]:

B±
q

[ ∞∑
n=0

ant
n

]
:=

∞∑
n=0

anq
±n(n−1)/2τn.

The q-Borel transformation B±
q satisfies

B±
q (t

mσnq f) = q±m(m−1)/2τmσn±m
q B±

q (f).

3) The q-Laplace transform L[λ]
q;1 (a formal inverse of B+

q )

L[λ]
q;1(φ)(x) =

1

1− q

∫ λ∞

0

φ(τ)

θq(τ/x)

dqτ

τ
=
∑
n∈Z

φ(qnλ)

θq(qnλ/x)
.

3’) The q-Laplace transform L−
q (an inverse of B−

q )

L−
q (φ)(x) =

1

2πi

∫
|τ |=ε

φ(τ)θp(x/τ)
dτ

τ



5. Convergent and Non-hypergeometric case –15/28–

B−
p-

r

k

s+ 1

Z
Z 1st order pk-difference eq.

B−
p (v)(τ) =

(B0τ,...,Bsτ ;q)∞
(A1τ,...,Arτ ;q)∞

r

k s+ 1 m
c s s cs s s s sHHH ��

�
�
��

L−
p ◦ B−

p (v)

x = zk

q = pk
-

k
c s s c
s s s s s
@
@
@ �

�
� y = 1

θ(cz)v(z)
- �

�
�

�
�

�

��
�
�
�
��

s s
s

s s

Lemma 1. m > 0, pm = q. We assume that 1 + s+m ≦ r.

I =

∫
|τ |=ε

∏s
j=0(Bjτ ; q)∞∏r
k=1(Akτ ; q)∞

θp(z/τ)
dτ

τ

=
(B0/A1, ..., Bs/A1; q)∞
(q, A2/A1, ...Ar/A1; q)∞

θp(A1z)

× 1+s+mϕr−1

(
qA1/B0, ..., qA1/Bs,0m
qA1/A2, ..., qA1/Ar

; q,
(−1)rqr−s−(1+m)/2B0 · · ·Bs

Am−r+1
1 A2 · · ·Arzm

)
+ idem(A1;A2, ..., Ar).



6. Divergent and Hypergeometric case –16/28–

r

k s+ 1 m
c c s s cs s s s sHHH ��

B+
qk-

r

s+ 1 m+ k
s s s cs s s ss s s s s

�����
��

The case k = 0 is shown by Watson 1910.

Theorem 2 (Watson). We assume that 0 ≦ s < r. Then

rϕr−1

(
a1, ..., ar

b1, ..., bs, 0, ..., 0
; q, z

)
=

(a2, ..., ar+1, bs/a1, ...bs/a1; q)∞
(b1, ..., bs, a2/a1, ..., ar/a1; q)∞

×θq(−a1z)
θq(−z)

s+1ϕr−1

(
a1, qa1/b1, ..., qa1/bs
qa1/a2, ..., qa1/ar

; q, (a1q)
r−s−1 qb1 · · · bs

a1 · · · arz

)
+idem(a1; a2, ..., ar).

The right handside is convergent when |z| < 1 and RHS is convergent when
s < r − 1 or s = r − 1 and |qb1 · · · bs/a1 · · · arz| < 1.



6.1 qk-Laplace transform –17/28–

We can apply qk-Laplace transform to Watson’s connection formula:

Lemma 3. We take a positive integer m. We consider

φ(ξ) =
θq(aξ)

θq(bξ)

∑
n≥0

cnξ
−n.

Then we obtain

L[λ]

qk;1
φ(x) =

θq(aλ)θqk(q
kakx/bkλ)

θq(bλ)θqk(qkx/λ)

∑
n≥0

cn(q
k)−

n(n−1)
2

(
bk

akqkx

)n
.



7. Divergent and Non-hypergeometric case –18/28–

B+
p-

r

m

s+ 1

�
�

1st order pm-difference eq.

B+
p (v)(τ) =

(A1τ,...,Arτ ;q)∞
(B0τ,...,Bsτ ;q)∞

r

k s+ 1 m
c s s cs s s s s
@@ ���

-
L[λ]
p1;1

r

m

s+ 1

@
@

@
@

@
@

s s
ss s s L[λ]
p1;1

◦ B+
p (v) ∼ s+1ψr

∼
∑

s+1ϕr−1

@
@

@I L[µ]
p2;1

x = zm

q = pm
-

k s+ 1 m
c s s c
s s s s s
A
A
A �

�
� y = θ(cz)v(z)

-

@
@

@
@
@

@@@

B
B
B
BB ss

s

s s

We set φ(τ) = B+
p (v)(τ).

φ(τ) =
(A1τ, ..., Arτ ; q)∞
(B0τ, ..., Bsτ ; q)∞

We set p1 = pm/m+k = q1/m+k. (m+ k = r − s− 1)

L[λ]
p1;1

(ϕ)(ξ) ∼ (A1λ, . . . , Arλ; q)∞
(B0λ, . . . , Bsλ; q)∞

s+1ψr

[
B0λ, . . . , Bsλ
A1λ, . . . , Arλ

; q,
c

ξm+k

]



7.1. Bilateral series –19/28–

Theorem 4 (Slater [Sl]). We set d = a1a2 . . . ar/c1c2 . . . cr.

For

∣∣∣∣ b1b2 · · · bsa1a2 · · · ar

∣∣∣∣ < |z| < 1, we have

(b1, b2, . . . , br, q/a1, q/a2, . . . , q/ar, dz, q/dz; q)∞
(c1, c2, . . . , cr, q/c1, q/c2, . . . , q/cr; q)∞

rψr

[
a1, a2, . . . , ar
b1, b2, . . . , br

; q, z

]
=

q

c1

(c1/a1, c1/a2, . . . , c1/ar, qb1/c1, qb2/c1, . . . , qbr/c1, dc1z/q, q
2/dc1z; q)∞

(c1, q/c1, c1/c2, . . . , c1/cr, qc2/c1, . . . qcr/c1; q)∞

× rψr

[
qa1/c1, qa2/c1, . . . , qar/c1
qb1/c1, qb2/c1, . . . , qbr/c1

; q, z

]
+ idem(c1; c2, . . . , cr).

Theorem 5. We set d′ = a1a2 . . . as/b1b2 . . . br. When s < r, we have

(q/a1, q/a2, . . . , q/as; q)∞
(q/b1, q/b2, . . . , q/br; q)∞

sψr

[
a1, a2, . . . , as
b1, b2, . . . , br

; q, x

]
=

q

b1

(b1/a1, b1/a2, . . . , b1/as, q; q)∞
(b1, q/b1, b1/b2, . . . , b1/br; q)∞

· θ(−d
′b1x/q)

θ(−d′x)

× sϕr−1

[
qa1/b1, qa2/b1, . . . , qas/b1

qb2/b1, . . . , qbr/b1
; q,

(
q

b1

)r−s
x

]
+ idem(b1; b2, . . . , br),



7.2 q-Laplace transform to series on xm –20/28–

We take a positive integer m. We consider

φ(ξ) =
θq(aξ)∏m
j=1 θq(bjξ)

∑
n≥0

cnξ
−mn.

Then we obtain

L[λ]
q;1φ(x) =

θq(aλ)θqm(q
max/λm

∏m
j=1 bj)

θq(qx/λ)
∏m

j=1 θq(bjλ)

∑
n≥0

cn(q
m)−

n(n−1)
2

(∏m
j=1 bj

aqmx

)n

.

We set p2 = pk/m+k. p1 · p2 = p.

We apply p2-Laplace transformation to sϕr−1(1/x
m+k), then we have a power

series on xm.



8. q-Painlevé equations: q-PVI, q-PV –21/28–

y = y(t), z = z(t), ȳ = y(qt), z̄ = z(qt).
a1, a2, a3, a4, b1, b2, b3, b4: parameter

P (A3) ∼ q-PVI :
yȳ

a3a4
=

(z̄ − b1t)(z̄ − b2t)

(z̄ − b3)(z̄ − b4)
,

zz̄

b3b4
=

(y − a1t)(y − a2t)

(y − a3)(y − a4)
,

b1b2
b3b4

= q
a1a2
a3a4

.

P (A4) ∼ q-PV :
yȳ

a3a4
= −(z̄ − b1t)(z̄ − b2t)

z̄ − b3
,

zz̄

b3
= −(y − a1t)(y − a2t)

a4(y − a3)
,

b1b2
b3

= q
a1a2
a3a4

.

P (A5)
♯ ∼ q-PIII(D6) :

yȳ

a3a4
= − z̄(z̄ − b2t)

z̄ − b3
,
zz̄

b3
= −y(y − a1t)

a4(y − a3)
,
b1b2
b3

= q
a1
a3a4

.

P (A6)
♯ ∼ q-PIII(D7) :

yȳ

a3a4
= − z̄(z̄ − b2t)

z̄ − b3
,
zz̄

b3
= − y2

a4(y − a3)
,
b1b2
b3

= q
1

a3a4
.



9. Connection Preserving Deformation –22/28–

by Jimbo-Sakai, P (A3), by M. Murata (other) [Mu]

Y (qx, t) = A(x, t)Y (x, t),

Y (x, qt) = B(x, t)Y (x, t).

A(x, t) = A0(t) + xA1(t) + x2A2,

B(x, t) = f(x, t)(xI +B0(t)),

f(x, t) =



x

(x− a1qt)(x− a2qt)
P (A3), P (A4)

1

x− a1qt
P (A5)

♯

1

x
P (A6)

♯

The compatibility condition leads to q-Painlevé equations

A(x, qt)B(x, t) = B(qx, t)A(x, t).



10. Connection formula –23/28–

1. The first limit
We take a limit t→ 0. Then A(x, t) goes to xΛ+ x2A2

2. The second limit
We set x = ξt. We take a new connection:

Ã(ξ, t) = t−1t− logq ΛA(tξ, t)tlogq Λ

We take a limit t→ 0. Then Ã(ξ, t) goes to M + ξΛ. M ∼ A0/t

The limit equations

Y1(xq) = [x(Λ + xA2)]Y1(x), Y2(ξq) = (M + ξΛ)Y2(ξ)

are reduced to hyperegeometric.

We set eigenvalues of Λ as σ1, σ2. (assume that σ1σ2 ̸= 0)

C−1ΛC = diag(σ1, σ2).

We write D = diag(logq σ1, logq σ2). Then t
logq Λ = C−1tDC.



11. Naive proof –24/28–

In P (A3) case:

detA(x, t) = κ1κ2(x− a1t)(x− a2t)(x− a3)(x− a4).
→ detA1(x, t) = κ1κ2x

2(x− a3)(x− a4)
→ detA2(x, t) = σ1σ2(x− a1)(x− a2)

Theorem 6.
P (x) = P2(x/t)P1(x)



12. Higher order case –25/28–

We consider
Y (xq, t) = A(x, t)Y (x, t)

A(x, t) = A∞ +
A1

1− x/c1t
+

A2

1− x/c2

A∞ =

κ1 a12 a23
0 κ2 a23
0 0 κ3

 , Aj =

 1

pj2
pj3

 [qj1 qj2 qj3
]
(j = 1, 2)

A0 =

 θ1 0 0
a21 θ2 0
a31 a32 θ3

 = A∞ + A1 + A2

detA(x, t) = κ1κ2κ3
(x− c3t)(x− c4)

(x− c1t)(x− c2)
.

q-Fuchs’ relation:
c1c2θ1θ2θ3 = κ1κ2κ3c3c4



Unknown functions of the equations –26/28–

aij (i ̸= j) [6], pji , q
j
2 [10]

The parameter of equation [9]

θ1, θ2, θ3;κ1, κ2, κ3; c1, c2, c3, c4

c3, c4 are new parameters [2]
The condition of A0 [9]
Up to the gauge transformation [2]

A(x, t) → G−1A(x, t)G, G : diagonal

The number of accessary parameters:

16− 9− 2− 2 + 1 = 4

Deformation equation :

Y (x, tq) = B(x, t)Y (x, t)

B(x, t) =
x(x2I + xB1 +B2)

(x− c1t)2(x− c3t)



The compatibility condition gives a q-analogue of Fuji-Suzuki system. –27/28–

The spectral type is
(13; 13; 2, 1, 2, 1)

It is easy to generalize higher rank cases.

We can generalize degenerated (confluent) cases.

The connection matrix is a product of connection matrix of 3ϕ2

Question
Is this system is equivalent to a q-analogue of the Drinfeld-Sokolov hierarchy
of type A? [Su]



13. Summary –28/28–

• We can determine the connection matrix of basic hypergeometric equa-
tions of the second order.

• We can determine the connection matrix of basic hypergeometric equa-
tions of any order when one singular point is regular

• For q-Painlevé equations, linear connection problems are solved for P (A3),
P (A4), P (A5)

♯, P (A6)
♯, which correspond to q-PVI, q-PV, q-PIII(D6), q-

PIII(D7). The connection matrix is a product of a connection matrix of
basic hypergeometric functions:

P (A3): Heine × Heine, P (A4): Heine × q-Kummer,

P (A5)
♯: q-Kum. × q-Kum., P (A5)

♯: q-Kum. × Hahn-Exton

Future problems

• How about other q-Painlevé equations? (nonlinear irregular)

• Elliptic Painlevé case?

• The space of connection of other q-Painlevé equations?
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Publ. Res. Inst. Math. Sci. 18 (1982), no. 3, 1137–1161.
[JNS] M. Jimbo H. Nagoya H. Sakai, CFT approach to the q-Painlevé VI equation, J. Integrable
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(1996), 145–154.
[Ma] T. Mano, Asymptotic behaviour around a boundary point of the q-Painlevé VI equation
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