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Topological recursion

@ Topological recursion ([Eynard-Orantin 07]) is a remarkable

algorithm which associate a hierarchy of

» meromorphic differential forms wflg)(zl, ...,zn) (“EO differentials”)

» numbers F® (“free energy” or “symplectic invariants”)

for g > 0, n > 1 to a given algebraic curve X (called spectral curve).
TR originates in the “loop equation” in the context of matrix model.
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Topological recursion

@ Topological recursion ([Eynard-Orantin 07]) is a remarkable

algorithm which associate a hierarchy of
» meromorphic differential forms wflg)(zl, ...,zn) (“EO differentials”)

» numbers F® (“free energy” or “symplectic invariants”)

for g > 0, n > 1 to a given algebraic curve X (called spectral curve).
TR originates in the “loop equation” in the context of matrix model.

— 020y 4 1 2
Example: X = @) o2 @tz 1) ey = T g (Weber curve)
y2) =5 (@-z7) 4
By,
~ F® = (M2 = — % -2 . Harer-Zagier-Penner
8

T 28(2-2)

Gromov-Witten invariants, Hurwitz numbers, Weil-Peterson volume,
knot invariants, etc. appears in this context.
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TR and integrable systems of Painlevé type
TR is closely related to 7-functions of integrable systems:

x(2) = 2+ 1

1 o0
Y(z) =z~ 520 k+2Z

~ log(t,h) = ) W*¥?F@(t) : Witten-Kontsevich KdV r-function
g=0
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TR and integrable systems of Painlevé type
TR is closely related to r-functions of integrable systems:

x(z) = 2+ 1

1 o0
¥2)=z— 520 k+ZZ

~ logt(t,h) = Z n*-2F®)(t) . Witten-Kontsevich KdV 7-function
g=0
@ Painlevé 7-functions [Bergere, Borot, Eynard, I-Marchal-Saenz] :

x(z) =22 —21/6
¥(2) = 22(z% — 3+1/6)

~ log7(t,h) = Z 726 2F®(7) : r-function for the Painlevé I.
§=0
, d? d2
7 d—logr(t ,h) = —q(1, 1) where g satisfies (Py) : hz =6¢° -
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TR and WKB analysis

@ Quantum curve [Gukov-Sutkowski, Mulase-Dumitrescu, Bouchard-Eynard,...]

— g2 -1 2
{XEZ)) " ((Z + Z_ 1)) oy = XZ — 9 (Weber curve)
y(iz) = o Z—Z
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@ Quantum curve

TR and WKB analysis

[Gukov-Sutkowski, Mulase-Dumitrescu, Bouchard-Eynard,...]

{x(z) =02z +z7) , 2

¥ =Lz

(&)

o y* = T -6 (Weber curve)

~ w;’(21,...,2,) : EO differentials.

w%(2) = y@dx@),  ©(1,2) = Bzi,22) =

0
(21, 22.23) =

dzidz
(z1 — 22)*

1

1 1
26 ((Z1 TP - D@ - D Gt PG+ PG+ 1P

)ledZZdZ3.
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@ Quantum curve

{x(z) =02z + 77"

¥ =Lz

TR and WKB analysis

<y

2

x2

=7 6 (Weber curve)

[Gukov-Sutkowski, Mulase-Dumitrescu, Bouchard-Eynard,...]

~ o®(z1, ...z, 1 EO differentials.
dzidz
W) = y@dx@), WG 2) = B, n) =
(z1 —22)
wgo)(Zl,Zz,m) =
o : N 1 )
20\(z1 - D2(z2 - D2(zz = 12 (71 + D2z + D2(z3 + 1)2 71dz2dz3.

The formal series

Y(x,h) = exp(

g>0 n>1

h2g 2+n 1

is a WKB (formal) solution of {

"Zn
f f 0P @1, 20)
1/z1 1/zy

Zp=""

S

=z,=2(x)
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TR and WKB analysis

@ Quantum curve [Gukov-Sutkowski, Mulase-Dumitrescu, Bouchard-Eynard,...]

{x(z) =02z + 27" ,

& y- = — —60 (Weber curve
W=y TV T )

~ 0821, ..., z,) : EO differentials.

dzidz
w(IO)(Zl) = y(2)dx(2), wéo)(a,zz) = B(z1.20) = —— 22,
(z1 —22)
i( 1 + ! )d dzd
20\ - D2 — D2 — 1P (@1 + D2z + DG + 12 10

The formal series

h2g 2+n 1 Zn
Y(x, 1) = exp f f w1 2)
1/z) 1/za

g>0 n>1

71==2,=2(X)

. d x?
is a WKB (formal) solution of { 2 (Z - 9)} Y(x,h) =0
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Topological recursion [Eynard-Orantin 07]
To a given genus 0 algebraic curve with a parametrization (spectral curve)

X {x =x@ (x(2), y(z): rational function of z € IP‘),
y =y

and for g > 0, n > 1, define w2 (z1,...,2,) = Wz, ..., z0)dz) - - dz, by

19



Topological recursion [Eynard-Orantin 07]
To a given genus 0 algebraic curve with a parametrization (spectral curve)

X {x =x@ (x(2), y(z): rational function of z € IP‘),
y =y

and for g > 0, n > 1, define w2 (z1,...,2,) = Wz, ..., z0)dz) - - dz, by

dzydz
w(lo)(z) = y(2)dx(2), a)(zo)(Z],Zz) = 21—227 (Bergman kernel)
(21 — 22)?
w0 (20,2150 2n) 1= Res K(Z,ZO)( 0@z ) +

a : branch point ~

( )
Z lirlu‘(z?zl])le]ﬂ(Z ZI»)

g1+g =g LHub={(1,..., nj,
except for (g; =0 & I; = 0)

@ Branch point are zeros of dx (assume that all branch points are generic).
@ Zis alocal conjugate point of z near a branch point.

go)(zo,w) is the recursion kernel.

® Kez)= 505" y(z))dx(z)f
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Diagrammatic expression of topological recursion

“w®(z1,...,2,) <« genus g Riemann surface with n marked points”

EN 21 22 Zn

)
,(,lg_'_l(z(ﬁ Zl’ e ’Zn)
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Diagrammatic expression of topological recursion

“w®(z1,...,2,) <« genus g Riemann surface with n marked points”

EN 21 22 Zn

)
,(i,l(zo, Zl’ e ’Zn)

s “Degeneration” of L
Riemann surfaces

- - (g1 (82) (5
K(Z, Z())(,L)gi_zl)(z, VAV 4 AN Zn) K(Za ZO)wl-:U] |(Z, ap )w1+2|12|(z’ ZIZ)



Symplectic invariant (Free energy)

For g > 2, define symplectic invariant of the spectral curve C by

RO Z Iggls@(z)w(.g)(z) (<D(Z) = f y(z)dX(z))

i P
2 25 a : branch points

F® for g = 0, 1 are also defined (in a different mannar).

/19



Symplectic invariant (Free energy)

For g > 2, define symplectic invariant of the spectral curve C by

- D, Res0@u@) (<I><z> = f y(z)dx(z))

2-2 a : branch points
F® for g = 0, 1 are also defined (in a different mannar).

@ F® is invariant under symplectic transformation of spectral curves
(which preserves dx A dy).

@ A formula for variation of spectral curve: For a family of spectral curves C;,

dF(g)(t) B
e

f (AG. 0w 0)dz (forg > 1).
Q
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Painlevé Il and isomonodromy systems

@ Painlevé Il (with a small parameter #):

d&? h
(Py) : hzd—t2q=2q3+tq—0+§ 6 #0)
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Painlevé Il and isomonodromy systems

@ Painlevé Il (with a small parameter #):

dzq
Py) : WP —2
(Pn) i

i
=2q3+tq—0+§ @ +0)

@ Isomonodromy system:

N7 N7 dA OB
R0 _ A(x, t, 7)Y, R _ B(x,t,h)¥ h(— - —) +[A,B]=0
ox ot
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Painlevé Il and isomonodromy systems

@ Painlevé Il (with a small parameter #):

(Py) : W

d*q 3 n
szq +tq—0+§ (9750)

@ Isomonodromy system:

oY oY 0A OB
_ = — =B ’t,hlP h———+A,B:0
hoe = AGL LY, e = B, 1) ( (5~ ;) +14.B] )
> Jimbo-Miwa (JM) system:
X +p+t/2 u(x — q) rou
AJM = . BJM = Zp 2)6 .
—~(xp+qp+6) —(X*+p+1/2) -= -
u u 2
» Harnad-Tracy-Widom (HTW) system:
0
—q+— x—-p-2¢*—t : E
A _ 2x Burw = 2 2
HTW 1 P 9 ) P x
27 2 77 2x w2
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7-function

@ Compatibility condition implies
dq t du

dp
A v L - apg—0 ™ = _qu
a PTe Ty My Pq a
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7-function

@ Compatibility condition implies
dq , dp du
— = =, h— =-2pg—-0, h— = —qu.
ho =P+ + 5, pq =0, h— = —qu

@ The (Jimbo-Miwa-Ueno) r-function for (Py) is defined by

d
th log7r:=H (up to constant)

2 t . s
where H = H(q, p, 1) := % + (q2 + E)p + 6q is the Hamiltonian of (Py).
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7-function

@ Compatibility condition implies
dq , dp du
h— = —, h— =-2pq -0, h— = —qu.
g SPEO gy Mgy = m2pa =0 g = g

@ The (Jimbo-Miwa-Ueno) r-function for (Py) is defined by

d
hz& log7r:=H (up to constant)

2
where H = H(q, p,t) := 7 + (q + 2)]) + 6q is the Hamiltonian of (Pyy).

@ We restrict our discussion to a (formal) solution of Painlevé Il of the form:

q = q@,h)
= p(t,h)

qo(t) + hg (1) + hzqz(z‘) +...
po(t) + hpi () + thZ(l) +...

» The leading term satisfies py + q(z) +t/2=0and2qopo+6=0
(~ 2q(3J +tqo — 0 = 0).
» Subleading terms g,(t), p,(t) are recursively determined.
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TR and Painlevé 7-function
(Semi-classical) spectral curve is given by det (y — A(x, t, i) ’hio =0.

@ For JM case (recall that py + ¢ + 1/2 = 0 and 2gopo + 6 = 0):
Y = (x—qp)? (x +q0+ \/—H/qo) (x +q0— \/—a/qo) - JM curve (genus = 0)

1 2
@ For HTW case: y* = 57 (x - 21) (x+2q%) :HTW curve (genus = 0)
X 4o
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TR and Painlevé 7-function
(Semi-classical) spectral curve is given by det (y — A(x, t, i) ’hio =0.

@ For JM case (recall that py + ¢ + 1/2 = 0 and 2gopo + 6 = 0):
Y o= (x—q) (x +qo+ \/—9/610) (x +q0 - \/—G/qo) : JM curve (genus = 0)

1 2
@ For HTW case: y* = 57 (x - 21) (x+2q%) :HTW curve (genus = 0)
X 4o

Theorem [I-Marchal 14]

(i) Let Fﬁﬁ,)[(t) be the symplectic invariants of JM curve. Then,

= d
logTiv(t, ) = ) W 2F(1)  satisfies 72— log Ty(t, 1) = H(t. ).
g=0

(i) Let Fl(f%w(t) be the symplectic invariants of HTW curve. Then,

- L d i
log Tarw (2, B) = Z 12 FEL (1) satisfies hza log Turw(t, ) = H(t, ) + T
g=0

v
13/19



Relationship between F5) and F¥

For g > 1, the difference is a constant:

M M ! &
FJM(t)_FHTW(t) = ﬂlog Z s
1
Fa® = Py = 53560
o
Fia® = Finy (0 = = 5207
Theorem [I-Marchal 14]
B, _ _
FR0) = Fiftg () = ————=077% (= x(Mg)6*%¢) (for g > 2).

28(2g - 2)
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Isomonodromy system as quantum curve

Theorem ([l 16]. C.f., [I-Saenz 15])

(g)(zl, ..., zn; 1) the EQ differential for JM curve.

th 2+n 1
l/’(-x’ Z h) = exp{ n! 2n f f (g)(Zl,...,Z”;f))

820,n>1

21 ="=2n=2(%)

gives a WKB solution of the (scalar version of) Jimbo-Miwa isomonodromy
system for (Py):

2
{( (%) +f(xth)( a)+g(xth)}¢/(xth)—

f=00), g=(x-q)(x+q0+ V=0/q0)(x+q0— V-0/q0) + O()
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|

Exact WKB analysis and cluster algebras
[I-Nakanishi], [Gaiotto-Moore-Neitzke]

2

d
h2d7 - Q(x)) Y(x,)) =0

«»zp(x,h)zexp(hlf A(x,h)dx) : WKB (formal) solution

A, ) = Y 1) = AJOW) + O(h)

k=0

] Exact WKB analysis

I

Cluster algebras

(saddle-free) Stokes graph

skew-symmetric matirx B

mutation of Stokes graphs

mutation of B

(Borel sum of) Voros symbols
e = exp (h‘l fﬁ‘(/l(x, h) — /lo(x))dx)

cluster x-variables x;

(Borel sum of) Voros symbols
eV = exp (h_] ﬁ/i A(x, h)dx)

cluster y-variable y;

exp (h‘l ﬁ i /lo(x)dx)

coefficients

Stokes phenomenon for Voros symbols

mutation of cluster variables

17/19



Weber equation (< A,-cluster algebra)

2

> X
(fﬂ@ - Q(x)) Yem =0, Q)= -6.
Theorem [Voros 83, Takei 07]

Vy=2mif- 0l W=

g1

(1- 21—2g) . B2g (h)Zg—l

262¢-1) \6

18/19



Weber equation (< A;-cluster algebra)
d2 2
(hz— - Q(x)) Yx, ) = 0(x) = — - 4.

Theorem [Voros 83, Takei 07]

(1 _ 21—2g) . BZg (h)Zgl

V, =2mif -, W= =
’ 5=, 25(2g - 1)

g1

0

@ The Borel transform (i.e., #* — y*~!/(k = 1)!) of Wy is

(1-2'28). By,  y%2 1 1 1 26
Z ) - . n _ =
i 28(2g - DO (2g-2)! 2y \e—1 e 41 y

= fO)

@ When 6 ¢ iR, the Borel sum of Wj is computable explicitly:
V2r ) 6

00 6
_ ~y/h — b )
S[Ws] = fo e f(y)dy = 1og(r(9/th 737 (log(h) 1). (Re 6 > 0)
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Weber equation (< A;-cluster algebra)

x2

d2
(hzﬁ - Q(x)) Yem =0, Q)= -6.

Theorem [Voros 83, Takei 07]

Vy=2mi0- 17, Wy=

g1

(1 _ 21—2g) . BZg (h)Zgl

2¢(2g — 1) 0

@ The Borel transform (i.e., #* — y*~!/(k = 1)!) of Wy is

(1-2'28). By,  y%2 1 1 1 26
. _- — . + —_ —
Z 4 2g(2g - DOl (2g-2)! 2y \e—1 e+ 1

= f)
@ When 6 ¢ iR, the Borel sum of Wj is computable explicitly:

« " 6 0
- —y/h _ 4 o _
St _fo ¢ f(y)dy_log(r(e/h+1/2))+ h(IOg(h) 1)' Re 6> 0)

@ Poles y = 2mmif (m € Z4) of f(y) cause ambiguity (Stokes phenomenon).

18/19



Stokes phenomenon = cluster mutation

For 0 € iR.:

S_[Wsl - S, [Wp]

Thus we have

—i€

f - e f(y)dy - f b e f(y)dy
0 0

ZZni Res ,€ 1 £(y)dy
y=

Z -1)" 2mm€/h log(l +62m€/h)

S_[e"]=8,[e"]-(1+¢") : (the simplest) cluster transformation.
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Stokes phenomenon = cluster mutation
For 0 € iR.:

i€

f T ey f T )y
0 0

S_[Wsl - S, [Wp]

Z 2ni Res ; e f(y)dy
m=1

y==—2mmni

© —1)m ) )
— Z ( ) emeB/h — 10g(1 + 627116/?1)

m
m=1

Thus we have

S_[e"]=8,[e"]-(1+¢") : (the simplest) cluster transformation.

Thank you for your attention !
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