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Verlinde formulae

o C smooth complex projective curve of genus g

o fix rank n € Z~q , degree d € Z and level k € Z~q

o N9 moduli space of semi-stable rank n fixed degree d vector
bundles on C; projective and smooth when (d, n) =1

o L € Pic(N9) = Z ample generator of Picard group

o Verlinde formula (1988) for dim HO(NY; L¥) = x (N2, LK)

oeg. forn=2d=1 .
dim HOW3, LK) = 22K (—1y+2 ( kel )g =

si®(3%i2

(4k+4)¢ gz
5ef(zk+1_z (k+1) )((1 1/z)(1—2))¢7 ! z

@ proved for
o k=1 by (Beauville-Narasimhan—-Ramanan 1988)
n = 2 by (Szenes, Bertram—Szenes 1993 )

in all generality by (Teleman-Woodward, 2009)
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Verlinde algebra

@ Verlinde formula = partition function of a 1+ 1D TQFT
@ 1+ 1D TQFT determined by a Frobenius algebra
i.e. finite dimensional comm. C-algebra + symmetric pairing
o R:= R(SU,)) = character ring of SU,
o R R(T)> = (Zlz1,....z0) /(21 20 — 1))
irrep xx € Irr(SU,) e~ sy € R Schur function
A=\ > > Mg >0) €2
o Verk .=Cwxyz R/(S(k+1)s S(k+2)» - - - » S(k4+n—1)) has basis
{s ba<k
o declaring (sy, s,t) = dx, ~+ non-degenarate pairing

Theorem (Goodman-Wenzl 1990; Gepner 1991; Witten 1993)

(Verk,(,)) is a Frobenius algebra (i.e. (a, bc) = (ab,c)).
2= Verlinde algebra, with partition function giving Verlinde formulae

o geometrization: Borel-Weil-Bott theory ~»
XT,(F; L)) = sx € R(T,)> on flag variety F := SU,/T,
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Equivariant Verlinde formulae

(*]
(*]

o
*]
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M9 5 T*N¢ moduli ss rank n fixed degree d Higgs bundles

i.e. Higgs bundles of the form (E, ¢) where rank(E) = n,

det(E) = A, deg(A\) = d and ¢ € Endp(E) ® K

T := C* acts on M9 by scaling Higgs field

L € Pic(MZ) ample generator with T action trivial on Lk|Ng

T acts on HO(MY, L¥) with weights > 0

grdim(HO(M3, LX) = 32720 dim(HO(M(, L4))t" € Z][¢]

(Paradan 2011) ~

XM, L) = [ chr(L¥|F, ® Sym,N*F;) Todd(TF;)

Fi ¢ (M9)T fixed point components

(Hausel-Szenes, 2003) direct computation ~+ xp(M3, LK) =

oy [l 2+ 2] s

Z RES 1-t/z __ 1tz 1z

i1y 7= [P ) 2 (1 1/2) (1-2)(1-t/2) (1 t2)]

(Hausel-Szenes, 2003) conjecture for higher n

recently (Halpern-Leistner 2016) and (Andersen—-Gukov—Pei

2016) gave formulas for xyT(Mg, L¥) for general G building

on the work of (Teleman-Woodward 2009)
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Equivariant Verlinde algebra for Higgs bundles

@ by physics arguments (Gukov, Pei 2015)
xr(MZ, LK) arises from a 1 + 1D TQFT, i.e. a Frobenius
algebra, dubbed equivariant Verlinde algebra

@ we construct this algebra explicitly:
t-deforming Goodman-Wenz| presentation of Verk

o step 1: find t-deformation R:(SU,) of R(SU,) and of basis s)
o step 2: find deformed ideal I; in the deformation
~ QVerk := C(t) ®z¢) Re(SUn)/1
o step 3: define pairing (,): and show it yields symmetric
algebra (QVerk, (,)})
o step 4: check partition function giving xT(MY, LK)
and compare with properties described in

(Gukov—Pei, 2015), (Gukov—Pei-Yan—Ye 2016),
(Andersen—-Gukov—Pei, 2016)
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step 1. Definition of R,(SU,) and X}

o recall geometrisation of R(SU,):
XT,(F; Lx) = xx € R(T,)° on flag variety F := SU,/T,
o consider T*F and Ly := n*Ly € Picy(T*F)
o x5 = xT,x1(T*F, L)) € R(Ta x T)% 2 R(SU,)[[t]] =:
R:(SUn)
@ x5 computed by (Gupta/Brylinski 1987):
x4 = Ex € R(T,)>[[t]] can be obtained
E, = t)\(t)P)\/d)t
Py = Zesl 2D ¢ R(SU,)[¢] Hall-Littlewood
At =2 [ co- (1 —t2%); Yr = [[aeo(l — tz%)
t(t) = Lweses (ot

Theorem (Gupta 1987)

<P)\7 E"7T> = %RGSZZOtE;‘—%EnT¢1% — 6>‘7I
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step 2. Definition of QVer,f

o for a € ® define
bo = 2,5 (1 — t2°) =P € R(T,)(t)
~» non-symmetric Bethe-Ansatz equation b, =1
o we have by, = babﬁ and by = w(by)
o thus I} ;= (1 — bayy---s 1 — ba, 1) = (1 — ba)ace < R(TH)(t)
o then Spec(FR(T,)/1;) C To(F) with F := C(t)
i.e. the solutions of the Bethe-Ansatz equations
ba, =1,...,ba, , =1 in Ty(F) are invariant under S,
o Speck := Spec (FR(T,)/1,) \ Spec (FR(T,)/(1 — z*)aco)
o for A\=(k+1=X>---> X1 >0) form

_ o'(w)zw()\) _ ZW(—9 w(A;
By = Sl D (e DR € R(T,) [
symmetric Bethe-Ansatz polynomial

then B\A; € I/t
Am=(k+1,1,...,1,0,...,0) = kw1 + wm
I; = (BAI,.. ,Bx, )< R(T,)>[t]

o QVerk :=FR(T,)>[t]/1:

o then Specﬁ/S C Spec(QVerk) c T,(F)/S,
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step 3. (QVerX, (,);) is a Frobenius algebra

° <E)\7 En’r>t = 5)\n£")\(t)(1 - t)n_lv E)\(t) = ZWEStgk(A) t/(w)
Theorem (Hausel-Szenes 2016)

(Ex)a <k is a basis of QVerk, and (a, bc); = (ab, c);

@ proof: assume /1(\), h(n) < k and denote
F = Thu, © W1, .n) - L' 1 — Z""1 then prove:

(Ex, Eji)e/(1— 1)1
1 Ex(a)E, 1 (a)¢e(a)ia(a)
—nl ZaGSpeC Jac(log(bal), .,log(ba,_1))(a)
- (_1)n 1 E\E Td"twl d
- n! ZaESpecﬁ B_e‘.si(l—Ebal)b-_n(l—zfipn_l) 72
_ =yt (Nt P d
- n! ZaESpecﬁ ZR:eg(l—bal)-uE]l—ban_l) 72

observe for some r™ no residue at infinity =

Em()\) rm(y T¢t¢1 d Gli)ta o ~

= mReS T (b ) F = Ot (1)=0x A (E)

o = [Wnakl = (P51 dimRe/l S () m
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step 4. Partition function and other checks

o = rotation on QVerk corresponds to multlplylng by
Pkw1 Pkw1 tkw1(t)/tkw1( ) and Pkw - Pk(wl-i- Hwg) T Pk‘”ld
° QVerk — FF by

_ E(a)yr(a)n(a)(1—t)"*
( )— nl ZaGSpec Jac(log(bal),l Jog(ba, 1))

then = (El, E2>t = Tr(ElEz)
o we have ZX(CJ) =

-1
Jac(log(bay );---log(ba,,_ ))(a) g
= l, > Pkwld( )( (qpt(a):pl(a)(l—t)"_ll )

aESpec

1)n 1 IskwldJac(log(bal),4..,Iog(ban_1))g dz
2 RS S b, O T 2

IskwldJac(log(bal),.,.,Iog(ban_l))g dz

= aev%tw )ZReg(1 bay )+ (1=ba,_; ) (@1 (1—t)"~ 1)1z

o when n =2, d =1 this agrees with (Hausel-Szenes 2003)
2 t/z > 18
Z Res (ffT [k+1+1 /t/z+1£tzj| dz
i1y 7= [P e A2 (1 1/2) (1-2)(1-t/2) (1-t2)]6 1 2
o QVerf and QVerk matches (Gukov—etal, 2015,2016) 9/10
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o We can analogously define (QVerX, (,);) for any compact
simply-connected semisimple Lie group G. Is it a Frobenius
algebra?

o (Korff 2011) constructs a deformation of VerX in another
presentation. Is it isomorphic with our QVerk?

@ We understand how to read off x(M,,, LK) for parabolic Higgs
bundles M,, from QVerk. How to include irregular
singularities?

o Hall-Littlewood polynomials deform to Macdonald
polynomials. Is there a corresponding further deformation of
QVerk? What does it compute?

o can we enhance our 1 +1D TQFT toa 2+ 1D TQFT
deforming the Jones—Witten TQFT?

o Is there a representation theory of deformations of affine
Kac-Moody algebras or Hecke algebras/quantum groups at
root of unity behind QVerk?

o Can we relate yp(M¢Y, L¥) along the Hitchin map to the
abelianization program of (Atiyah—Hitchin 1987)7 10/10



