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Positive solutions to semi-linear elliptic problems

on metric graphs

Masataka Shibata (Tokyo Institute of Technology)∗

We consider the following semi-linear elliptic equation:

−ϵ2∆u+ u = |u|p−1u (1)

where p > 1, ϵ > 0. Semi-linear equations of this type appear in the study of

stationary problems of various equations such as nonlinear Schrödinger equations,

and it has been studied by many researchers. In this talk, we consider (1) on a

metric graph G. Here, a metric graph G is a graph G = (V,E) consisting a set V

of vertices and a set E of edges, such that each edge e ∈ E is isometric to a closed

interval [0, ℓe].

Similar to (1) in a domain of RN , (1) on G has a variational structure, and we

can obtain that there exists a least energy solution uϵ for each ϵ > 0. We discuss

the asymptotic behavior of the solution uϵ as ϵ → 0, and talk about more general

positive solutions.

This talk is based on the joint work with Kazuhiro Kurata (Tokyo Metropolitan

University).

∗ This work was supported by JSPS KAKENHI Grant Numbers 18K03356, 19K03587.



On sharpness of the Yang-Yau inequality
for the genus two case

Toshihiro Shoda∗

Faculty of Education,
Saga University

Let (M,ds2) be an oriented closed surface with the Riemannian met-
ric. For the first positive eigenvalue of the Laplacian λ1(ds2) and the area
area(ds2), we define the quantity Λ(ds2) := λ1(ds2) · area(ds2).

Yang and Yau [YY] showed that Λ(ds2) ≤ 8π ·
!
γ+3
2

"
, where γ is the genus

of M and [∗ ] is the integer part. One can see that this inequality is sharp for
γ = 0 and is not sharp for γ = 1. For γ = 2, Jakobson-Levitin-Nadirashvili-
Nigam-Polterovich [JLNNP] proposed that this inequality is sharp as the
conjecture. In [NS], we settled the conjecture in the affirmative, and in this
talk, we will introduce the details.
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Weak-strong uniqueness for multiphase mean curvature flow

Tim Laux

Multiphase mean curvature flow has, due to its importance in materials science,
received a lot of attention over the last decades. On the one hand, there is substantial
recent progress in the construction of weak solutions. On the other hand, strong
solutions are - in particular in the planar case of networks - very well understood.

In this talk, I will present a weak-strong uniqueness principle: as long as a strong
solution to multiphase mean curvature flow exists, any distributional solution with
optimal energy dissipation rate has to coincide with this solution.

In our proof we construct a suitable relative entropy functional, which in this
geometric context may be viewed as a time-dependent variant of calibrations. Just
like the existence of a calibration guarantees that one has found a global minimum,
the existence of aʠ time-dependent calibrationʡensures that the route of steepest
descent in the energy landscape is unique and stable.

This is a joint work with Julian Fischer, Sebastian Hensel, and Thilo Simon.



A remark on the asymptotic behavior of solutions

of the Allen-Cahn equation

Toru Kan

Department of Mathematical Sciences, Osaka Prefecture University

We are concerned with the behavior of solutions of the Allen-Cahn equation

∂tu = ∆u+ u(1− u)(u− a)

!
0 < a <

1

2

"
.

For a radially symmetric solution u whose interface moves to infinity, it is known

that the radius R(t) of the interface satisfies 0 < kt−R(t) ∼ log t and u(·+R(t)ν, t)

converges locally uniformly to a planar traveling wave solution connecting 1 and 0

as t → ∞, where k is the speed of the planar traveling wave solution and ν is any

unit vector. This means that the interface of u gets away from that of a planar

traveling wave solution in the opposite direction of travel, although u locally looks

like a planar traveling wave solution around its interface. In this talk we give a

solution ũ such that for t ≫ 1, ũ(· + ρ(t)ν̃, t) locally looks like a planar traveling

wave solution for some unit vector ν̃ and function ρ(t) satisfying 0 < ρ(t)− kt ∼ tγ,

where γ ∈ (0, 1).



Traveling wave solutions of free boundary problems 
Hirokazu Ninomiya 

(School of Interdisciplinary Mathematical Sciences, Meiji University) 
 
 

Abstract 
 
 As one of free boundary problems, I will explain an anisotropic curvature 
flow with an external driving force depending only on the normal vector in 
this talk. To study its dynamics, we focus on traveling waves composed of 
Jordan curves in two-dimensional space. We call them compact traveling 
waves. The aim of this study is to investigate the condition of the driving 
force for the existence of compact traveling waves to the anisotropic 
curvature flow. It is shown that all traveling waves are strictly convex and 
unstable, and that a compact traveling wave is unique, if they exist. For the 
existence of compact traveling waves, we have the following three results:  

(i) if the driving force is positive, then there exists a compact traveling 
wave; 

(ii) if it is negative, then there is no compact traveling wave;  
(iii) if it is sign-changing, then a positive answer is obtained under the 

assumption called admissible condition.  
 Lastly, I will explain the related topics such as the inverse problem and 
non-convex compact traveling waves.  
 This is a joint work with Harunori Monobe (Okayama University). 
 



Singular limit problem for the Allen-Cahn equation with
a zero Neumann boundary condition on non-convex domains

Takashi Kagaya (Institute of Mathematics for Industry, Kyushu University) ∗

Let Ω ⊂ Rn be a bounded domain with smooth boundary. We consider the following
Allen-Cahn equation with a zero Neumann boundary condition:

⎧
⎪⎨

⎪⎩

∂tuε = ∆uε − W ′(uε)
ε2 , (x, t) ∈ Ω× (0,∞)

∂uε
∂ν = 0, (x, t) ∈ ∂Ω× (0,∞)

uε(x, 0) = uε,0(x), x ∈ Ω.

(0.1)

Here, ε > 0 is a parameter, ν is the outer unit normal to the boundary ∂Ω and W ∈ C∞(R)
is a double well potential formed by W (s) = (1− s2)2.

Heuristically, we may expect a diffuse interface area measure µt
ε defined as

µt
ε :=

(
ε|∇uε(·, t)|2

2
+

W (uε(·, t))
ε

)
Ln⌊Ω

behaves more or less like the surface area measure of a mean curvature flow with right an-
gle condition. Mizuno and Tonegawa [2] proved that {µt

ε}ε>0 converges to Brakke’s mean
curvature flow with a generalized right angle condition, which is a measure theoretic weak
solution to the mean curvature flow, as ε ↓ 0. However, their proof require the convexity of
the domain. Accordingly, we expand the convergence theory by [2] on non-convex domains.

In this talk, we assume that initial functions uε,0 ∈ C1(Ω) satisfies

(A1) ∥uε,o∥L∞ ≤ 1,

(A2) there exists D0 > 0 such that supy∈Ω,r>0

∫
Br(y)∩Ω

ε|∇uε,0|2
2 + W (uε,0)

ε dx ≤ D0rn−1,

(A3) there exists c1 > 0 such that supx∈Ω ε|∇uε,0| ≤ c1,

(A4) there exist c2 > 0 and λ ∈ [3/5, 1) such that supx∈Ω
ε|∇uε,0|2

2 − W (uε,0)
ε ≤ c2ε−λ,

(A5) ∂uε,0

∂ν = 0 on ∂Ω.

Although the assumptions are stronger than those of [2], a family of initial functions satisfying
the assumptions can be constructed as a perturbation of an arbitrary surface embedded from
a disk into Ω generating 90 degree angles on ∂Ω. For this family of initial functions, we can
construct a Brakke’s mean curvature flow with a generalized right angle condition starting
from the embedded surface by applying our convergence theory.

References

[1] T. Kagaya, Convergence of the Allen-Cahn equation with a zero Neumann boundary con-
dition on non-convex domains, accepted to appear in Math. Ann. https://rdcu.be/2zf2

[2] M. Mizuno and Y. Tonegawa, SIAM J. Math. Anal. 47 (2015), pp1906–1932.

∗E-mail: kagaya@imi.kyushu-u.ac.jp

1



UPPER BOUNDS FOR HIGHER-ORDER POINCARÉ
CONSTANTS

KEI FUNANO

Abstract

We introduce higher-order Poincaré constants for compact weighted
manifolds and estimate them from above in terms of subsets. These
estimates imply uniform upper bounds for eigenvalues of the weighted
Laplacian and the first nontrivial eigenvalue of the p-Laplacian. In
the case of the closed eigenvalue problem and the Neumann eigen-
value problem these are related with the estimates obtained by Chung-
Grigorya’n-Yau and Gozlan-Herry. We also obtain similar upper bounds
for Dirichlet eigenvalues and multi-way isoperimetric constants. As an
application we give upper bounds for inscribed radii in terms of dimen-
sion and the first Dirichle Poincaré constant. Joint work with Yohei
Sakurai (Tohoku university).
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RECENT PROGRESSES IN NONLINEAR POTENTIAL THEORY

GIUSEPPE MINGIONE

Nonlinear Potential Theory aims at studying the fine properties of solutions
to nonlinear, potentially degenerate nonlinear elliptic and parabolic equations in
terms of the regularity of the give data. A major model example is here given by
the p-Laplacean equation

�div (|Du|p�2Du) = µ p > 1 ,

where µ is a Borel measure with finite total mass. When p = 2 we find the fa-
miliar case of the Poisson equation from which classical Potential Theory stems.
Although many basic tools from the classical linear theory are not at hand – most
notably: representation formulae via fundamental solutions – many of the classical
information can be retrieved for solutions and their pointwise behaviour. In this
talk I am going to give a survey of recent results in the field. Especially, I will
explain the possibility of getting linear and nonlinear potential estimates for solu-
tions to nonlinear elliptic and parabolic equations which are totally similar to those
available in the linear case. I will also draw some parallels with what is nowadays
called Nonlinear Calderón-Zygmund theory.

Giuseppe Mingione, Dipartimento SMFI, Università di Parma, Viale delle Scienze
53/a, Campus, 43124 Parma, Italy

Email address: giuseppe.mingione@unipr.it
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A limiting case of the Hardy type inequality
via extrapolation

Megumi Sano (Hiroshima University)⇤1

Takuya Sobukawa (Waseda University)

1. Introduction
Let B1 ⇢ RN be the unit ball, !N�1 be an area of the unit sphere SN�1, N � 2, 1  p < N,
a > 1, p

⇤ = N p

N�p
, u
⇤ be the Schwartz symmetrization of u, W

1,p
0 (B1) is a completion of C

1
c

(B1)
with respect to kr(·)kLp(B1), L

p,q(log L)r = L
p,q(log L)r(B1) is the Lorentz-Zygmund spaces:

L
p,q(log L)r = { u : measurable function on B1 | kukLp,q(log L)r < 1 }

kukLp,q(log L)r =

8>>>><
>>>>:

✓R |B1 |
0 s

q

p
�1

⇣
log !N�1

s

⌘rq

(u⇤(s))q
ds

◆ 1
q

if 1  q < 1,
sup0<s<|B1 | s

1
p

⇣
log !N�1

s

⌘r

u
⇤(s) if q = 1.

If r = 0, then the Lorentz-Zygmund space L
p,q(log L)0 becomes the Lorentz space L

p,q. In
the subcritical case where p < N, the following embeddings hold for any q 2 (p,1).

W
1,p
0 (B1) ,! L

p
⇤,p ,! L

p
⇤,q ,! L

p
⇤,1.

Note that the subcritical Hardy inequality:
 

N � p

p

!p Z

B1

|u|p
|x|p dx 

Z

B1

|ru|pdx,

expresses the embedding W
1,p
0 (B1) ,! L

p(B1; |x|�p
dx) which is equivalent to W

1,p
0 ,! L

p
⇤,p

thanks to the rearrangement technique. On the other hand, in the limiting case where p = N,
the following embeddings hold for any q 2 (N,1).

W
1,N
0 (B1) ,! L

1,N(log L)�1 ,! L
1,q(log L)�1+ 1

N
� 1

q ,! L
1,1(log L)�1+ 1

N ,! ExpL
N

N�1 .

Note that the critical Hardy inequality:
 

N � 1
N

!N Z

B1

|u|N

|x|N
⇣
log a

|x|
⌘N

dx 
Z

B1

|ru|Ndx,

expresses the embedding W
1,N
0 (B1) ,! L

N(B1; |x|�N(log a

|x| )
�N

dx) which is equivalent to W
1,N
0 ,!

L
1,N(log L)�1 for large a > 1. Trudinger [1] showed the embedding W

1,N
0 ,! ExpL

N

N�1

via some limiting procedure for the Sobolev embedding W
1,p
0 ,! L

p
⇤
= L

p
⇤,p⇤ . In this

talk, we consier an analogue of Trudinger’s limiting procedure for the Hardy embedding
W

1,p
0 ,! L

p
⇤,p. Concretely, we derive the (non-sharp) critical Hardy inequality from the

subcritical Hardy inequality with the best constant ( N�p

p
)p via some limiting procedure as

p ! N. Our limiting procedure gives a reason why the Lorentz-Zygmund space appear in
the embedding of the critical Sobolev space W

1,N
0 . Our limiting procedure can be also applied

in the second order case which is called the Rellich inequality.
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a2H7@bBKBH�` bQHmiBQMb Q7
i?2 +`vbi�HHBM2 K2�M +m`p�im`2 ~Qr

LQ`#2`i SQʈ�`
E�M�x�r� lMBp2`bBiv

MTQx�`!b2XF�M�x�r�@mX�+XDT

Ai Bb r2HH@FMQrM i?�i � bT?2`2 b?`BMFBM; rBi? � +2`i�BM `�i2 Bb � bQHmiBQM
Q7 i?2 +H�bbB+�H K2�M +m`p�im`2 ~QrX JQ`2 BMi2`2biBM;Hv- i?2`2 �`2 b2H7@bBKBH�`
2K#2//2/ bQHmiBQMb Q7 i?Bb ~Qr rBi? TQbBiBp2 iQTQHQ;B+�H ;2Mmb bm+? �b i?2
b?`BMFBM; iQ`mb +QMbi`m+i2/ #v aX �M;2M2Mi Q` i?2 ?B;?2`@;2Mmb bQHmiBQMb
MmK2`B+�HHv /Bb+Qp2`2/ #v .X GX *?QTTX h?2v �`2 BKTQ`i�Mi 7Q` i?2 bim/v
Q7 bBM;mH�`BiB2b Q7 i?2 K2�M +m`p�im`2 ~Qr �M/ Bib H�`;2 iBK2 #2?�pBQ`X

Ai Bb �M BMi2`2biBM; [m2biBQM r?2i?2` �M�HQ;b Q7 bm+? bQHmiBQMb 2tBbi 7Q`
i?2 �MBbQi`QTB+ Q` +`vbi�HHBM2 K2�M +m`p�im`2 ~QrbX h?2b2 ~Qrb �`2 � M�im`�H
;2M2`�HBx�iBQM Q7 i?2 BbQi`QTB+ +�b2 #v +QMbB/2`BM; � ;`�/B2Mi ~Qr Q7 i?2 bm`@
7�+2 2M2`;v rBi? �MBbQi`QTB+- TQbbB#Hv bBM;mH�` U+`vbi�HHBM2V- bm`7�+2 2M2`;v
/2MbBivX h?2v �`2 BKTQ`i�Mi BM KQ/2HBM; i?2 ;`Qri? Q7 +`vbi�Hb �M/ Qi?2`
K�i2`B�H b+B2M+2 �TTHB+�iBQMbX AM `2+2Mi v2�`b i?2`2 ?�b #22M � bB;MB}+�Mi
T`Q;`2bb BM mM/2`bi�M/BM; Q7 i?2 r2HH@TQb2/M2bb Q7 bQHmiBQMb Q7 i?2 +`vbi�HHBM2
K2�M +m`p�im`2 ~Qr BM T�`iB+mH�`X h?2 �TT2�`�M+2 Q7 ~�i T�`ib U7�+2ibV QM
i?2 2pQHpBM; bm`7�+2 r?2`2 i?2 +`vbi�HHBM2 +m`p�im`2 Bb MQMHQ+�H K�F2b i?2
�M�HvbBb Q7 i?Bb T`Q#H2K [mBi2 +?�HH2M;BM; BM /BK2MbBQMb n ≥ 3- ?Qr2p2`- Bi
Bb TQbbB#H2 iQ 2tTHB+BiHv +QMbi`m+i BMi2`2biBM; TQHv?2/`�H bQHmiBQMbX

AM i?Bb i�HF r2 T`2b2Mi � +QMbi`m+iBQM Q7 2tTHB+Bi TQbBiBp2 ;2Mmb b2H7@
bBKBH�` bQHmiBQMb `2b2K#HBM; i?Qb2 #v �M;2M2Mi �M/ *?QTT 7Q` i?2 ~Qr rBi?
+2`i�BM ivT2b Q7 +`vbi�HHBM2@ivT2 bm`7�+2 2M2`;v /2MbBiv BM /BK2MbBQMb n ≥
3X q2 /Bb+mbb i?2 mb2 Q7 bm+? bQHmiBQMb iQ i2bi MmK2`B+�H K2i?Q/b 7Q` i?2
+`vbi�HHBM2 K2�M +m`p�im`2 ~Qr BM i?`22 /BK2MbBQMbX


