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POLISH SPACES

Polish space: topological space that is

separable (i.e., has a countable dense
subset) and completely metrisable.
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POLISH SPACES

Definition

Polish space: topological space that is
separable (i.e., has a countable dense
subset) and completely metrisable.
Baire space: “w with the product
topology.
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POLISH SPACES

R

Polish space: topological space that is .
. Baire space can be mapped
separable (i.e., has a countable dense . .
continuously onto any Polish space.

sul?set) s completely TRl Every uncountable Polish space has
Baire space: “w with the product T
cardinality c.

topology.
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GRAPHS

Graph: pair (V,E)with E CV x V.
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GRAPHS

Definition
Graph: pair (V,E)with E CV x V. Elements of V are called vertices,
elements of E edges, and two vertices
v, w are adjacent if (v,w) € E. The set of
all vertices adjacent to v is the
neighbourhood Nv of v.
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Graph: pair (V,E)with E CV x V.

Let a be a cardinal. An a-colouring of a

graph (V,E)isamapc: V — a such
that VoVw ((v,w) € E — cv # cw).
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Elements of V are called vertices,
elements of E edges, and two vertices
v, w are adjacent if (v,w) € E. The set of
all vertices adjacent to v is the
neighbourhood Nv of v.

Definition

The chromatic number of a graph G,
written xG, is the unique smallest
cardinal « such that G admits an
a-colouring.
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GRAPHS

Definition
Graph: pair (V,E)with E CV x V. Elements of V are called vertices,
elements of E edges, and two vertices
Definition v, w are adjacent if (v, w) € E. The set of
all vertices adjacent to v is the
neighbourhood Nv of v.

Let a be a cardinal. An a-colouring of a

graph (V,E)isamapc:V — asuch

that VoVw ((v,w) € E — cv # cw).
Definition

The chromatic number of a graph G,
locally finite: every vertex has finitely written xG, is the unique smallest
many neighbours. cardinal a such that G admits an

a-colouring.
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GRAPHS

Defintion

Graph: pair (V,E)with E CV x V. Elements of V are called vertices,
elements of E edges, and two vertices
v ware adjacent (s, u) € E. The setof
Let o be a cardinal. An a-colouring of a all vertices adjacent to v is the
neighbourhood Nv of v.

graph (V,E)isamapc:V — asuch
that VoVw ((v,w) € E — cv # cw).
Definition

The chromatic number of a graph G,
locally finite: every vertex has finitely written xG, is the unique smallest
many neighbours. Analogously: locally cardinal & such that G admits an
countable, etc. a-colouring.

4/13 Kobe Set Theory Seminar, October 15, 2025 Rayne Rettich Projective Colourings RPTU



GRAPHS

Borel graph:
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GRAPHS

Borel graph: graph (V, E) with V' a
Polish space and E a Borel subset of

V xV.
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GRAPHS

Borel graph: graph (V, E) with V' a
Polish space and E a Borel subset of

V xV.

Borel colouring:
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GRAPHS

Definition

Borel graph: graph (V, E) with V' a
Polish space and E a Borel subset of
VxV.

Definition
Borel colouring: colouring where each
colour class is a Borel subset of V.
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GRAPHS

Definition

Borel graph: graph (V, E) with V' a
Polish space and E a Borel subset of
VxV.

Definition

Borel colouring: colouring where each
colour class is a Borel subset of V.
For a Borel graph G, the smallest
cardinal a such that G admits a Borel
colouring is called its Borel chromatic
number, written xgG.
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GRAPHS

Definition

Borel graph: graph (V, E) with V' a
Polish space and E a Borel subset of
VxV.

Definition [R/Z

Borel colouring: colouring where each
colour class is a Borel subset of V.
For a Borel graph G, the smallest
cardinal a such that G admits a Borel
colouring is called its Borel chromatic
number, written xgG.
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PROJECTIVE COLOURINGS

A C X is analytic or £} if it is continuous
image of “w (or any Polish space).
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PROJECTIVE COLOURINGS

A C X is analytic or £} if it is continuous A C X is coanalytic or I} if its
image of “w (or any Polish space). complement is analytic.
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PROJECTIVE COLOURINGS

Definiior

A C X is analytic or £} if it is continuous A C X is coanalytic or I} if its
image of “w (or any Polish space). complement is analytic.
More generally, A C X is IT} if its
complement is ..
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PROJECTIVE COLOURINGS

Definition

A C X is analytic or £} if it is continuous A C X is coanalytic or I} if its
image of “w (or any Polish space). complement is analytic.
More generally, A C X is IT} if its

AC XisXl,, if thereis aII}, subset
B C X X “wsuch that A is the canonical
projection of B onto X.
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PROJECTIVE COLOURINGS

Definition

A C X is analytic or £} if it is continuous A C X is coanalytic or I} if its
image of “w (or any Polish space). complement is analytic.
More generally, A C X is IT} if its

AC XisXl,, if thereis aII}, subset

B C X x “wsuch that A is the canonical
projection of B onto X. A C XisAl ifitis both I} and X!.
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PROJECTIVE COLOURINGS

Theorem (Suslin)

A set is Borel if and only if it is A{.
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PROJECTIVE COLOURINGS

Let P be a pointclass.
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PROJECTIVE COLOURINGS

Definition

Let P be a pointclass. A graph (V, E) is
a P class graph (or P graph for short) if
V is a Polish space and FE is a P subset
of VxV.
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PROJECTIVE COLOURINGS

Definition Of course

Let P be a pointclass. A graph (V, E) is Let P,Q be pointclasses. If Gisa P
a P class graph (or P graph for short) if class graphand P C Q, then Gisa Q
V is a Polish space and FE is a P subset class graph as well.

of VxV.
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Definition Of course

Let P be a pointclass. A graph (V, E) is Let P, Q be pointclasses. If Gisa P
a P class graph (or P graph for short) if class graphand P C Q, then Gisa Q
V is a Polish space and FE is a P subset class graph as well.

of VxV.

Definition
Let P be a pointclass and « a cardinal.
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Definition Of course

Let P be a pointclass. A graph (V, E) is Let P, Q be pointclasses. If Gisa P
a P class graph (or P graph for short) if class graphand P C Q, then Gisa Q
V is a Polish space and FE is a P subset class graph as well.

of VxV.

Definition

Let P be a pointclass and « a cardinal. A
P class a-colouring (or P colouring for
short) is an a-colouring where each
colour class is a P subset of V.
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PROJECTIVE COLOURINGS

Definition

Let P be a pointclass. A graph (V, E) is
a P class graph (or P graph for short) if
V is a Polish space and FE is a P subset
of VxV.

Definition

Let P be a pointclass and « a cardinal. A
P class a-colouring (or P colouring for
short) is an a-colouring where each
colour class is a P subset of V.
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Of course

Let P, Q be pointclasses. If Gisa P
class graphand P C Q, then Gisa Q
class graph as well. The same goes for
colourings.

Definition

Let P be a pointclass and G any graph.
The P class chromatic number of G,
written xpG, is the smallest cardinal «
such that G admits a P class colouring.

RPTU
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Facts (easy)
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PROJECTIVE COLOURINGS

Facts (easy)

LetPe {II,X,A},neN_,,andletG
be any graph.

>0/
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PROJECTIVE COLOURINGS

Facts (easy)

LetPe {II,X,A},neN_,,andletG
be any graph.

>0/

XP}LZX
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PROJECTIVE COLOURINGS

Facts (easy)

LetPe {II,X,A},neN_,,andletG
be any graph.

>0/

Xpl =X
XpL < XB
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PROJECTIVE COLOURINGS

Facts (easy) Facts (advanced)

LetPe {II,X,A},neN_,,andletG
be any graph.

>0/

Xpl > X
XpL < XB
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PROJECTIVE COLOURINGS

Facts (easy) Facts (advanced)

LetPe {II,X,A},neN_,,andletG both x,1G < x,G and xa1G > x,,G
be any graph. are consistent with ZFC

Xpl > X

XpL < XB
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PROJECTIVE COLOURINGS

Facts (easy) Facts (advanced)

LetPe {II,X,A},neN_,,andletG both x,1G < x,G and xa1G > x,,G
be any graph. are consistent with ZFC
Xpt = X if xo1G = avin a model M, then avis a

lower bound for x,1 G in any generic

W=
Xp. = XB extension of M
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PROJECTIVE COLOURINGS

Facts (easy) Facts (advanced)

LetPe {II,X,A},neN_,,andletG both x,1G < x,G and xa1G > x,,G
be any graph. are consistent with ZFC
Xpt = X if xa1G > acina model M, then ais a

lower bound for x,1 G in any generic
extension of M

What is the consistency strength of

Xpl < XB

3G (XG < xa1G < xpG)?
What if G must be a Borel graph?

9/13 Kobe Set Theory Seminar, October 15,2025 Rayne Rettich  Projective Colourings RPTU



WELL-ORDERED SPACES

10/13 Kobe Set Theory Seminar, October 15,2025 Rayne Rettich Projective Colourings RPTU



WELL-ORDERED SPACES

Theorem (R., Serafin)

Letn e N,n>2 andletP € {A, 11, X }. In a model of ZFC in which there is a P,

well-order of “w (and hence of any Polish space), for any locally countable P’ class
graph G we have xp1 G = XG.
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WELL-ORDERED SPACES

V well-ordered by <
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WELL-ORDERED SPACES

V well-ordered by <

B,: conn. comp. of v
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WELL-ORDERED SPACES

V well-ordered by < C,={a:aCH, xXw,

B,: conn. comp. of v
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WELL-ORDERED SPACES

Proof  ___ _______WPoof _

V well-ordered by < C,={a:aCH, xXw,

B,: conn. comp. of v YveB,Vn ew
((v,n) €Ea— —IMEwW
(n#mA (v,m) € a))}

1/13 Kobe Set Theory Seminar, October 15,2025 Rayne Rettich  Projective Colourings RPTU



WELL-ORDERED SPACES

Proof  ___ _______WPoof _

V well-ordered by < C,={a:aCH, xXw,

B,: conn. comp. of v YveB,Vn ew
((v,n) €Ea— —IMEwW
(n#mA (v,m) € a))}

gwav:wxwx...
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WELL-ORDERED SPACES

Proof  ___ _______WPoof _

V well-ordered by < C,={a:aCH, xXw,

B,: conn. comp. of v YveB,Vn ew
((v,n) €Ea— —IMEwW
(n#mA (v,m) € a))}

gwav:wxwx...

w? is a Polish space well-ordered by C.
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WELL-ORDERED SPACES

V well-ordered by <
B,: conn. comp. of v
C,>{(z,n):z€B,unigq.,n€w}
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WELL-ORDERED SPACES

V well-ordered by <

B,: conn. comp. of v
C,>{(z,n):z€B,unigq.,n€w}
C, well-ordered by C
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WELL-ORDERED SPACES

V well-ordered by < define new well-order _ on C,, by
B,: conn. comp. of v stratification over the second
coordinate:

C,>{(z,n):z€B,unigq.,n€w}
C, well-ordered by C
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WELL-ORDERED SPACES

V well-ordered by < define new well-order _ on C,, by
B,: conn. comp. of v stratification over the second
coordinate:

C,>{(z,n):z€B,unigq.,n€w}

a [ bif and only if the lowest upper
C, well-ordered by C

bound on mya is strictly smaller than that
on m,b or if they are equal but a C b.
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WELL-ORDERED SPACES

V well-ordered by <

B,: conn. comp. of v
C,>{(z,n):z€B,unigq.,n€w}
C, well-ordered by C , L (stratified)
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WELL-ORDERED SPACES

V well-ordered by < la=kew+1:VeeB Vnew

B,: conn. comp. of v ((x,n) €a—n<K)
C,>{(z,n):z€B,unigq.,n€w} AVN € w(Vz € B,Vn € w

C, well-ordered by C , [ (stratified) ((z,n) €a—n<N)—= N > k),

al_b<+ la<l]bV(la=lbAalb)
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WELL-ORDERED SPACES

V well-ordered by <

B,: conn. comp. of v
C,>{(z,n):z€B,unigq.,n€w}
C, well-ordered by C , L (stratified)
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WELL-ORDERED SPACES

V well-ordered by < a € C, is a v-palette if:

B,: conn. comp. of v
C,>{(z,n):z€B,unigq.,n€w}
C, well-ordered by C , L (stratified)
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WELL-ORDERED SPACES

V well-ordered by < a € C, is a v-palette if:

B,: conn. comp. of v Ve e B, (3n € w((z,n) € a).
C,>{(z,n):z€B,unigq.,n€w}
C, well-ordered by C , L (stratified)
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WELL-ORDERED SPACES

V well-ordered by < a € C, is a v-palette if:

B,: conn. comp. of v Ve e B, (3n € w((z,n) € a).
C,>{(z,n):z€B,unigq.,n€w} Ve e B, Vnew

C, well-ordered by C , L (stratified) ((z,n) € a = Vy € Nz ((y,n) ¢ a)).

1/13 Kobe Set Theory Seminar, October 15,2025 Rayne Rettich  Projective Colourings RPTU



WELL-ORDERED SPACES

V well-ordered by < a € C, is a v-palette if:

B,: conn. comp. of v Ve e B, (3n € w((z,n) € a).

C,>{(z,n):z€B,unigq.,n€w} Ve e B, Vnew

C, well-ordered by C , L (stratified) ((z,n) € a = Vy € Nz ((y,n) ¢ a)).
Know:
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WELL-ORDERED SPACES

V well-ordered by < a € C, is a v-palette if:

B,: conn. comp. of v Ve e B, (3n € w((z,n) € a).

C,>{(z,n):z€B,unigq.,n€w} Ve e B, Vnew

C, well-ordered by C , L (stratified) ((z,n) € a = Vy € Nz ((y,n) ¢ a)).
Know:

classical ®,-colouring of G restricted
to B, is a v-palette
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WELL-ORDERED SPACES

V well-ordered by < a € C, is a v-palette if:

B,: conn. comp. of v Ve e B, (3n € w((z,n) € a).

C,>{(z,n):z€B,unigq.,n€w} Ve e B, Vnew

C, well-ordered by C , L (stratified) ((z,n) € a = Vy € Nz ((y,n) ¢ a)).
Know:

classical ®,-colouring of G restricted
to B, is a v-palette

by assumption, at least one such
colouring exists — every vertex has
at least one palette
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WELL-ORDERED SPACES

V well-ordered by < a € C, is a v-palette if:

B,: conn. comp. of v Ve e B, (3n € w((z,n) € a).

C,>{(z,n):z€B,unigq.,n€w} Ve e B, Vnew

C, well-ordered by C , L (stratified) ((z,n) € a = Vy € Nz ((y,n) ¢ a)).
Know:

both conditions are P} -definable —
set of all v-palettes is a P}, subset of
C

v
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WELL-ORDERED SPACES

V well-ordered by <
B,: conn. comp. of v
C,>{(z,n):z€B,unigq.,n€w}
C, well-ordered by C , L (stratified)
a € C, is a v-palette if:

Ve e B, (In € w((x,n) € a).

Ve € B, Vn €w
((z,n) € a — Yy € Nz ((y,n) & a)).
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WELL-ORDERED SPACES

V well-ordered by < define ', to be the [_-least v-palette.

B,: conn. comp. of v
C,>{(z,n):z€B,unigq.,n€w}
C, well-ordered by C , L (stratified)
a € C, is a v-palette if:

Ve e B, (In €w((z,n) € a).

Ve € B, Vn €w

((z,n) € a = Vy € Nz ((y,n) ¢ a)).
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B,: conn. comp. of v
C,>{(z,n):z€B,unigq.,n€w}
C, well-ordered by C , L (stratified)
a € C, is a v-palette if:

Ve e B, (In €w((z,n) € a).

Ve € B, Vn €w

((z,n) € a = Vy € Nz ((y,n) ¢ a)).

C', is the [_-least v-palette

1/13 Kobe Set Theory Seminar, October 15,2025 Rayne Rettich  Projective Colourings RPTU



WELL-ORDERED SPACES

V well-ordered by < define ', to be the [_-least v-palette.

B,: conn. comp. of v
C,>{(z,n):z€B,unigq.,n€w}
C, well-ordered by C , L (stratified)
a € C, is a v-palette if:

Ve e B, (In €w((z,n) € a).

Ve € B, Vn €w

((z,n) € a = Vy € Nz ((y,n) ¢ a)).

C', is the [_-least v-palette
C:={C,:veV}
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WELL-ORDERED SPACES

V well-ordered by < define ', to be the [_-least v-palette.
natural way, turning it into a Polish

C,>{(z,n):z€B,unigq.,n€w}
C, well-ordered by C , L (stratified)
a € C, is a v-palette if:

Ve e B, (In €w((z,n) € a).

Ve € B, Vn €w

((z,n) € a = Vy € Nz ((y,n) ¢ a)).
C', is the [_-least v-palette
C:={C,:veV}rV

space.
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WELL-ORDERED SPACES

V well-ordered by <
B,: conn. comp. of v
C,>{(z,n):z€B,unigq.,n€w}
C, well-ordered by C , L (stratified)
a € C, is a v-palette if:

Ve e B, (In €w((z,n) € a).

Ve € B, Vn €w

((z,n) € a = Vy € Nz ((y,n) ¢ a)).

C', is the [_-least v-palette
C:={C,:veV}rV
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WELL-ORDERED SPACES

V well-ordered by < d:V =>VxV,oe (v,v)
B,: conn. comp. of v
C,>{(z,n):z€B,unigq.,n€w}
C, well-ordered by C , L (stratified)
a € C, is a v-palette if:
Ve e B, (In €w((z,n) € a).
Ve € B, Vn €w
((z,n) € a = Vy € Nz ((y,n) ¢ a)).

C', is the [_-least v-palette
C:={C,:veV}rV
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WELL-ORDERED SPACES

V well-ordered by < d:V =>VxV,oe (v,v)
B,: conn. comp. of v p:V—=V,v=ming B,
C,>{(z,n):z€B,unigq.,n€w}
C, well-ordered by C , L (stratified)
a € C, is a v-palette if:

Ve e B, (In €w((z,n) € a).

Ve € B, Vn €w

((z,n) € a = Vy € Nz ((y,n) ¢ a)).
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WELL-ORDERED SPACES

V well-ordered by < d:V =>VxV,oe (v,v)
B,: conn. comp. of v p:V—=V,v=ming B,
C,>{(xz,n):x €B,unig.,n €w} e: VXV VXV, (v,w) = (v,ow)

C, well-ordered by C , L (stratified)
a € C, is a v-palette if:

Ve e B, (In €w((z,n) € a).

Ve € B, Vn €w

((z,n) € a = Vy € Nz ((y,n) ¢ a)).

C', is the [_-least v-palette
C:={C,:veV}rV
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WELL-ORDERED SPACES

V well-ordered by < d:V =>VxV,oe (v,v)

B,: conn. comp. of v p:V—=V,v=ming B,
C,>{(xz,n):x €B,unig.,n €w} e: VXV VXV, (v,w) = (v,ow)
C, well-ordered by C , L (stratified) p:V->Co—=C,

a € C, is a v-palette if:

Ve e B, (In €w((z,n) € a).

Ve € B, Vn €w

((z,n) € a = Vy € Nz ((y,n) ¢ a)).
C', is the [_-least v-palette

C:={C,:veV}rV
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WELL-ORDERED SPACES

V well-ordered by < d:V =>VxV,oe (v,v)
V=V, v ming B
VXV =V XV, (v,w) - (v,ow)
:V=aC,o=C,
VXV sV xC,(vw) - (v,pw)

B,: conn. comp. of v
C,>{(z,n):z€B,unigq.,n€w}
C, well-ordered by C , L (stratified)
a € C, is a v-palette if:

Ve e B, (In €w((z,n) € a).

Ve € B, Vn €w

((x,n) € a — Yy € Nz ((y,n) ¢ a)).
C', is the [_-least v-palette
C:={C,:veV}rV

T 6 S

<]l
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WELL-ORDERED SPACES

V well-ordered by < d:

B,: conn. comp. of v

AS)

C,>{(z,n):z€B,unigq.,n€w} @
C, well-ordered by C , L (stratified) P
a € C, is a v-palette if: D:

VoVxV,ue (v,v)

V=V, v ming B
VXV =V XV, (v,w) - (v,ow)
:V=aC,o=C,

VXV =sVxC,(vw) - (v,pw)

Ve €8, (Incw((zn) € a) m:V xC — w+1maps (z,C,) to

Ve € B, Vn €w
((z,n) € a — Yy € Nz ((y,n) & a)).

C', is the [_-least v-palette
C:={C,:veV}rV
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WELL-ORDERED SPACES

V well-ordered by < d:
V=V, v ming B

VXV =V XV, (v,w) - (v,ow)
:V=aC,o=C,

B,: conn. comp. of v

AS)

C,>{(z,n):z€B,unigq.,n€w} @
C, well-ordered by C , L (stratified) P
a € C, is a v-palette if: D:

VoVxV,ue (v,v)

VXV =sVxC,(vw) - (v,pw)

Ve €8, (Incw((zn) € a) m:V xC — w+1maps (z,C,) to

Ve € B, Vn €w
((z,n) € a — Yy € Nz ((y,n) & a)).

C', is the [_-least v-palette
C:={C,:veV}rV
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SUMMARY
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SUMMARY

Theorem (R., Serafin)

Letn e N, n>2 andletP € {A,II,X }. In a model of ZFC in which there is a P},
well-order of “w (and hence of any Polish space), for any locally countable P, class
graph G we have xp1 G = XG.
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SUMMARY

Theorem (R., Serafin)

Letn e N, n>2 andletP € {A,II,X }. In a model of ZFC in which there is a P},
well-order of “w (and hence of any Polish space), for any locally countable P, class
graph G we have xp1 G = XG.

Theorem (R., Serafin)

LetP € {AL, X} }. In a model of ZFC in which there is a P well-order of “w (and hence
of any Polish space), for any P class graph G we have xpG = XG.
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SUMMARY

Theorem (R., Serafin)

Letn e N, n>2 andletP € {A,II,X }. In a model of ZFC in which there is a P},
well-order of “w (and hence of any Polish space), for any locally countable P, class
graph G we have xp1 G = XG.

Theorem (R., Serafin)

LetP € {A}, =1 }. In a model of ZFC in which there is a P well-order of “w (and hence
of any Polish space), for any P class graph G we have xpG = XG.

Conjecture
Let G be any Borel graph. In any model of ZFC+PD, we have xa G € {xG, x5G }.
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SUMMARY

Is there a model where a Borel graph G exists with yG < xa1G < xpG? If so, what is
the consistency strength of the existence of such a graph?

13/13 Kobe Set Theory Seminar, October 15, 2025 Rayne Rettich Projective Colourings RPTU



	blackPreliminaries
	blackPolish Spaces
	blackGraphs
	blackProjective Colourings
	blackWell-Ordered Spaces
	blackSummary

