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Sequential ESR

Let L be a first-order language containing unary predicate symbols

P⃗ = ⟨Ṗm | m < ω⟩.

Given a strictly increasing sequence λ⃗ = ⟨λm | m < ω⟩ of cardinals
with supremum λ, an L-structure A has type λ⃗ (with respect to P⃗)

if the universe of A has rank λ and rank(ṖA
m) = λm for all m < ω.

Definition:

Given a class C of L-structures and a strictly increasing sequence

λ⃗ = ⟨λm | m < ω⟩ of cardinals, let Exact Structural Reflection

for C and λ⃗ (written ESRC(⃗λ)) be the following assertion:

For every A in C of type ⟨λm+1 | m < ω⟩, there is an elementary

embedding of some B in C of type ⟨λm | m < ω⟩ into A.

Recall that C (n) is the closed unbounded Πn-definable class of ordinals α

that are Σn-correct in V , i.e., Vα ⪯Σn
V .



n-exact cardinals

Definition:

Given a natural number n > 0 and a strictly increasing sequence

λ⃗ = ⟨λm | m < ω⟩ of cardinals with supremum λ, a cardinal κ < λ0

is n-exact for λ⃗ if for every A ∈ Vλ+1, there exists a cardinal

λ < θ ∈ C (n), a cardinal λ < θ ′ ∈ C (n+1), an elementary

submodel X of Vθ with Vλ ∪ {λ} ⊆ X , and an elementary

embedding j : X −→ Vθ ′ with A ∈ ran(j), j(κ) = λ0 and

j(λm) = λm+1 for all m < ω.

If, for z ∈ Vκ we further require that z ∈ X and j(z) = z , then we

say that κ is n-exact for λ⃗ and z .

We say that κ is parametrically n-exact for λ⃗ if κ is n-exact for λ⃗

and z , for each z ∈ Vκ.



n-exact cardinals

If κ is n-exact for λ⃗ = ⟨λi : i < ω⟩, witnessed by some j such that

j(crit(j)) = κ, then crit(j) is parametrically n-exact for the sequence

⟨κ⟩⌢⟨λi : i < ω⟩.

Moreover, if κ is the least parametrically n-exact cardinal for some

sequence λ⃗, then this is witnessed by some j with j(crit(j)) = κ.

Theorem

Let λ⃗ = ⟨λm | m < ω⟩ be a strictly increasing sequence of

cardinals.

1. The cardinal λ0 is n-exact for ⟨λm+1 | m < ω⟩ if and only if

Σn+1-ESR (⃗λ) holds.

2. If λ0 is parametrically n-exact for ⟨λm+1 | m < ω⟩ iff
Σn+1(Vλ0)-ESR (⃗λ) holds.



The strength of n-exact cardinals

We have following lower bounds on the strength of 0-exact and 0-

parametrically exact cardinals:

• Let λ be the supremum of λ⃗. If κ < λ0 is 0-exact for λ⃗, then

there exists an I3-embedding j : Vλ → Vλ.

• If κ is the least cardinal that is parametrically 0-exact for λ⃗,

then the set of I3-cardinals is stationary in κ.



The strength of n-exact cardinals

We also have the following upper bound:

• If κ is the critical point of an I1 embedding j : Vλ+1 → Vλ+1,

then κ is parametrically 0-exact for the sequence

λ⃗ = ⟨j i+1(κ) : i < ω⟩. Hence, Σ1(Vκ)-ESR (⃗λ) holds.

The following was an open question:

Question

Does ZFC prove that Σ2-ESR (⃗λ) fails for every λ⃗ of length ω?



The main theorem

Theorem

If j : L(Vλ+1) −→ L(Vλ+1) be an I0-embedding with critical

sequence ⟨κm | m < ω⟩, then there is a transitive model M of ZFC

with M ∩Ord = λ+, κ⃗ ∈ M and κ0 is parametrically n-exact for

κ⃗ = ⟨κm+1 | m < ω⟩ in M for every natural number n.

Hence ESRC(κ⃗) holds in M for every class C of L-structures that

is definable in M with parameters in Vκ0 .



Proof:

We start with the following observation:

Claim

There exists a well-ordering � of Vλ of order-type λ, with

j(�) = �.

Proof of claim:

Pick a wellordering �0 of Vκ0 , and let �1 = j(�0) \�0. Given �n,

n ⩾ 1, let �n+1 = j(�n). Finally, let � =
⋃

n<ω�n. Then � is as

required.



Proof continued:

Now, set Γ = Vλ ∪ {⃗κ,�} and note that it belongs to L(Vλ+1).

By using �, in L(Γ) we may easily well-order Γ in order-type λ, so

that L(Γ) is a model of ZFC.

Moreover, since j(�) = �, we have that j(Γ) = Vλ∪{j(κ⃗),�}, hence

L(Γ) = L(j(Γ)), and so j restricted to L(Γ) yields an elementary

embedding L(Γ) → L(Γ). Thus by a classical result of Kunen, (Γ)♯

exists, and therefore λ+ is inaccessible in L(Γ).

Hence, letting M = Lλ+(Γ) we have that M is a model of ZFC.

Moreover, since j(λ+) = λ+, the restriction map j ↾ M : M −→ M

is an elementary embedding.



Proof continued:

Now fix a natural number n and assume, aiming for a contradic-

tion, that, in M, the cardinal κ0 is not parametrically n-exact for

⟨κm+1 | m < ω⟩.

Pick an ordinal λ < θ < λ+ such that j(θ) = θ and θ ∈ (C (n+1))M .

Working in M, let A ∈ Vλ+1 be such that, for every elementary

substructure Y of Hθ with Vλ ∪ {λ} ⊆ Y , there is no elementary

embedding i : Y −→ Hθ with i(crit(i)) = κ0, A ∈ ran(i) and

i(κm) = κm+1 for all m < ω.

Without loss of generality, we may assume that A /∈ κ0∪{κm |m < ω}.



Proof continued:

The elementarity of j ↾ M then implies that, in M, for every elemen-

tary substructure Y of Hθ with Vλ∪{λ} ⊆ Y , there is no elementary

embedding i : Y −→ Hθ with i(crit(i)) = κ1, j(A) ∈ ran(i) and

i(κm) = κm+1 for all 0 < m < ω.

Still in M, let X0 be an elementary substructure of Hθ of cardinality

λ, containing A, and with Vλ ∪ {λ} ⊆ X0. Pick a bijection b0 :

λ −→ X0 with b0(0) = A, b0(m + 1) = κm for all m < ω and

b0(ω+ α) = α for all α < κ0.



Proof continued:

Set X1 = j(X0) and b1 = j(b0).

The set X1 is an elementary substructure of Hθ of cardinality λ with

Vλ ∪ {λ} ⊆ X0 and b1 : λ −→ X1 is a bijection with b1(0) = j(A),

b1(m+1) = κm+1 for all m < ω and b1(ω+α) = α for all α < κ1.

Moreover, note that

b1 ◦ (j ↾ λ) = (j ↾ X0) ◦ b0 (1)

holds. I.e., the following diagram commutes:

λ
b0 //

j↾λ
��

X0

j↾X0

��
λ

b1
// X1



Proof continued:

Now, note that in the restricted diagram

κm
b0↾κm //

j↾κm

��

b0[κm]

j↾(b0[κm])

��
κm+1

b1↾κm+1

// X1

The map j ↾ κm is the identity on κ0, and the map j ↾ (b0[κm])

yields a partial elementary embedding from X0 to X1.



Proof continued:

So let us define T to be the set of all functions t : κm −→ κm+1,

some m < ω, such that t ↾ κ0 = idκ0 and the partial function

t∗ : b0[κm] −→ X1; x 7→ (b1 ◦ t ◦ b−1
0 )(x)

is a partial elementary embedding from X0 to X1. I.e.,

κm
b0↾κm //

t

��

b0[κm]

t∗

��
κm+1

b1↾κm+1

// X1

By ordering T under end-extensions, we can turn T into a tree of

height at most ω.



Proof continued:

Since j ↾ X0 : X0 −→ X1 is an elementary embedding, we can con-

clude that j ↾ κm ∈ T for all m < ω.

This shows that T has a cofinal branch in V and hence it has a

cofinal branch B in M. Then
⋃
B is a function from λ to λ and, if

we define

i = b1 ◦
(⋃

B
)
◦ b−1

0 : X0 −→ X1

then, in M, i is an elementary embedding of X0 into Hθ with j(A) ∈
ran(i), i ↾ κ0 = idκ0 and i(κm) = κm+1 for all m < ω. This

contradicts our earlier conclusions.



Sequential ESR beyond Choice



Sequential ESR beyond Choice

Definition: (ZF)

A cardinal κ is Reinhardt if it is the critical point of an elementary

embedding j : V → V .

Theorem: (ZF)

If κ is a Reinhardt cardinal, then there exists a strictly increasing

sequence λ⃗ = ⟨λi | i < ω⟩ of cardinals such that ESRC(⃗λ) holds

for all classes C that are definable with parameters in Vκ.



Proof:

Let j : V → V be an elementary embedding with critical point κ.

Let λ⃗ = ⟨λi : i < ω⟩ be the critical sequence. Thus, λ0 = κ.

Fix a formula φ(v0, v1) and z ∈ Vκ such that the class C =

{A | φ(A, z)} consists of L-structures.

Pick a structure A in C of type ⟨λi+1 | i < ω⟩.



Proof continued:

Then the elementarity of j implies that φ(j(A), z) holds.

Thus, j(A) is an L-structure of type j(⟨λi+1 | i < ω⟩) and the re-

striction map j ↾ A : A → j(A) is an elementary embedding of

structures in C.

Since we have j (⃗λ) = ⟨λi+1 | i < ω⟩, the elementarity of j yields that

there is an L-structure B of type λ⃗ with the property that φ(B, z)

holds and there exists an elementary embedding j : B → A.

This shows that ESRC(⃗λ) holds.



Sequential ESR beyond Choice

Definition: (ZF)

An ordinal δ is a proto-Berkeley cardinal if for all transitive sets

M with δ ∈ M, there exists a non-trivial elementary embedding

j : M → M with critj < δ.

An ordinal δ is a Berkeley cardinal if for all transitive sets M with

δ ∈ M, for every η < δ there exists a non-trivial elementary

embedding j : M → M with η < critj < δ.



Sequential ESR beyond Choice

Theorem: (ZF)

If δ is the least Berkeley cardinal, then there exists a strictly

increasing sequence λ⃗ = ⟨λi | i < ω⟩ of cardinals, with supremum

less than δ, such that ESRC(⃗λ) holds for every class C of

L-structures that is definable with parameters.



Proof:

Let C be Σn-definable with parameter z .

Pick a cardinal θ > δ in C (n), with z ∈ Vθ, θ large enough. There

exists a non-trivial elementary embedding j : Vθ → Vθ with crit(j) <

δ, j(δ) = δ and j(z) = z .

Let λ⃗ = ⟨λi : i < ω⟩ be the critical sequence. Since we picked θ

large enough, we may assume that the supremum of the sequence

is less than δ.

Fix a Σn-formula φ(v0, v1) such that C = {A | φ(A, z)}.

Pick a structure A in C ∩ Vθ of type ⟨λi+1 | i < ω⟩.



Proof continued:

We have that φ(A, z) holds in V , and therefore also in Vθ. Then

the elementarity of j implies that φ(j(A), z) holds in Vθ too.

Thus, j(A) is an L-structure of type j(⟨λi+1 | i < ω⟩) and the re-

striction map j ↾ A : A → j(A) is an elementary embedding of

L-structures that is an element of Vθ.

Since we have j (⃗λ) = ⟨λi+1 | i < ω⟩, the elementarity of j now

allows us to conclude that, in Vθ, there is an L-structure B of

type λ⃗ with the property that φ(B, z) holds and there exists an

elementary embedding j : B → A.

This shows that ESRC(⃗λ) holds in Vθ. But since θ ∈ C (n), it holds

also in V .



ESR and Berkeley cardinals

Corollary: (ZF)

Let δ be the least Berkeley cardinal. Given η < δ, there exists a

strictly increasing sequence λ⃗ = ⟨λi | i < ω⟩ of cardinals greater
than η and with supremum less than δ such that ESRC(⃗λ) holds

for every class C of L-structures that is definable with parameters.



ESR and Berkeley cardinals

Proposition

Suppose that for every class C of structures in the language {∈, Ṗ}
that is definable by a Σ0-formula, with parameters, there exists an

ordinal λ < δ with the property that for every structure A in C with

rank(ṖA) = λ, there exists a structure B in C with rank(ṖB) < λ

and an elementary embedding of B into A. Then δ is a

proto-Berkeley cardinal.



Proof:

Fix a transitive set M with δ ∈ M. Define C to be the class of all

L∈,Ṗ -structures A with domain M such that ṖA is an ordinal in M.

Then C is definable by a Σ0-formula with parameter M.

By our assumption, there exists an ordinal λ < δ with the property

that for every A in C with rank(ṖA) = λ, there exists a structure B

in C with rank(ṖB) < λ and an elementary embedding of B into A.

Let A denote the unique structure in C with ṖA = λ. Then there

exists a structure B ∈ C such that such that ṖB = η with η < λ

and an elementary embedding j : B → A.

But then η ∈ ṖA \ ṖB and therefore the elementarity of j implies

that η < λ ⩽ j(η) ∈ M ∩ Ord. Thus, j is a non-trivial elementary

embedding with critical point less than δ.



ESR and Berkeley cardinals

Corollary

The following are equivalent:

1. ESRC(⃗λ) holds for some increasing sequence λ⃗ = ⟨λi : i < ω⟩
of cardinals, for all Σ0-definable, with parameters, classes C of

structures of type ⟨Ṗi : i < ω⟩.
2. There exists a Berkeley cardinal.
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