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non(M ~) and non(K )

Let .# be an ideal on w. We have been studying the cardinal
invariants non(M.») and non(K ) defined as follows:

e For a function ¢: w<¥ — .7, let:

My ={z €w” :V°n <wz(n) € p(xIn)}.
My, ={ACw’:3pec 7% AC My}.
® For a function ¢: w — .Z, let:
Ky ={rew” :V°n <wz(n) € ¢(n)}.
K, ={ACw’:3pc 7% ACKy}.

M s and K ; form o-ideals. non(M ) and non(K ) denotes their
uniformities. ar3a
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Blass’ article in Handbook of set theory

These cardinal invariants are formalized in Blass’ framework [Bla10]
of evasion and prediction.
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Global Prediction

Blass studied many variants of evasion number ¢. In this talk, we
focus on global prediction in his framework.

e A predictor is a function 7: w<* — P(w).

® A predictor 7 globally predicts x € w if:

Vn < w z(n) € m(z[n).

¢ A non-adaptive predictor is a function 7: w — P(w).
® A non-adaptive predictor 7 globally predicts x € w* if:

V°n < w z(n) € w(n).

“globally” corresponds to “V°n < w”.
6/34
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Global evasion numbers

Let # C P(w) be a family.

Definition

A predictor 7 is an .% -type if ran(7) C .Z.

e(global, adaptive, .%#) is the least size of X C w*“ such that no
single .% -type predictor can globally predict all z € X.

Define ¢(global, non-adaptive, .#) analogously.

Thus,
® non(M ,) = ¢(global, adaptive, .7).
® non(K ») = e(global, non-adaptive, .#).
If # C .7/, then:
¢(global, non-adaptive, %) —— e¢(global, adaptive, .7)

’ i

¢(global, non-adaptive, #') —— ¢(global, adaptive, Z")
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Blass’ table

Blass summarized evasion numbers for global prediction
associated with the six families .% which collects G C w which
satisfy each of the following properties (G represents “guess”):

Table 1: Evasion numbers for global prediction

Non-adaptive Adaptive
G| =1 2 Ny
|G| =k kE+1 m(o-k-linked) <? < add(£)
|G| = f(n) add(L) add(L)
G finite b b
w — G infinite non(B) non(B)
GSuw non(B) non(B)

Fig: Blass’ table. f € w® tends to infinity.

We deal with ideals .# with .# D Fin = [w]<“, so we are in the red

zone.
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® On the ideal Fin ® Fin

9/34



On the ideal Fin ® Fin
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adaptive and non-adaptive humbers can be different

One might expect that the adaptive and non-adaptive numbers are
the same in the red zone. However,

Theorem (Cieslak, Gappo, Martinez-Celis and Y.)

It is consistent that non(Kpingrin) < non(MpingFin)-

Fin ® Fin is the ideal on w x w = w defined as the Fubini product
of two Fin’s:

Fin @ Fin .= {A Cw X w:V°n <w |(4),]| < w},

where (A),, = {m < w : (n,m) € A} denotes the n-th vertical
sectionof A C w X w. Thusfor A C w X w,

A € Fin ® Fin & 3k < w, 3h € w” such that

AC{(a,b) ewxw:a<korb<h(a)}.
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non(Kringrin) =

Lemma
non(KFin®Fin) = b.

Proof. It suffices to show non(KFpingrin) < b. Let B C w® be an
unbounded family consisting of strictly increasing functions. We
shall show F := {f x g : f,g € B} C (w x w)" is not in KpingFin-
Let ¢: w — Fin ® Fin be arbitrary. For each n < w, there are

k, < w and h,, € w* such that

#(n) C{(a,b) Ewxw:a<kyorb< hy(a)}. Since Bis
unbounded, there are f € B and D € [w]“ such that k,, < f(n) for
n € D. Forn < w, put h(n) :== h,(f(n)) and #'(n) == h(d,),
where d,, denotes the n-th element of D. Since B is unbounded,
there are g € B and E € [w]“ such that h'(n) < g(n) for n € E.
Then, forany n € E, g(dyn) > g(n) > h'(n) = h(d,) = hq, (f(dn))-
Thus, for all m € {d,, : n € E}, we have (f(m),g(m)) ¢ ¢(m), so
F ¢ KFin®Fin- 0
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On non(MringFin)

Let us move on to non(MpingFin)-

It turns out that non(Mpingrin) has a connection with the notion of
constant prediction, introduced by Kamo ([Kam00], [KamO01]).

Definition
Let 2 < k < w. A predictor 7: w<* — P(w) k-constantly predicts
fewvit:

Vi <wij € i,i+ k) (f(F) € n(f [ 7))

7 constantly predicts f € w* if m k-constantly predicts f for some
k. Define the evasion number ¢((k-)constant, adaptive, .%) of the
7 -type (k-)constant prediction analogously.
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Constant evasion numbers

Define the following notation for typical constant evasion numbers:
o ¢const(f) .= ¢(k-constant, adaptive, Singletons).
e ¢const .— ¢(constant, adaptive, Singletons).
® ¢2(k) := ¢(k-constant, adaptive, Fin).
° e?n“ = e(constant, adaptive7Fin)'

"
T

e(;)nst ( k)

const

const

econst ( k)

\/

In the cases of Singletons- and Fin- type predictions, we often use
predictors  with ran(7) € w and instead of “€” in the definition of
“f(4) € m(f 1 7)", we use “=" and “<”, respectively.
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non(MringFin) = ¢2°%(2)

We show non(Mringrin) = ¢°5¢(2). To see this, we introduce the
weak version of constant prediction as follows:

Definition

Let 2 < k < w. A predictor 7: w<* — P(w) weakly k-constantly
predicts f € w* if:
V°m < w3j € [mk,mk + k) (f(j) € n(f | 7))-

Define the evasion number ¢(weakly k-constant, adaptive, .%) of
the .7 -type weakly k-constant prediction analogously.

Put e¥eorst (k) := e(weakly k-constant, adaptive, Fin). Clearly

ecSonst (k) S evﬁvconst (k‘) )
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wconst ( k)) const ( )

Lemma
evsvcons.t (k) — eganst (k) .

Proof. It suffices to prove 2" (k) < ¢2"(k). Let F C w” of size
< eV_V“’“St(k) For f € w¥ and ! < k, define the I-shift f! € w® of f

by:
1\ )0 ifn <l
f(n)_{f(n—l) ifn>1

For t € w<¥, define ! analogously (so dom(t!) =1 + |¢t|). Let
F':={f': f € F,l < k}. Since F' has size < ¢¥°°5t(k), there is
7’1 w<¥ — Fin which weakly k-constant predicts f! forall f € F
and ! < k. Define m: w<* — Fin by 7(t) = J{='(¢") : | < k}.
Then it is routine to see that 7 k-constantly predicts all f € F'.
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Lemma
evsvconst (2) < non(MringFin)-

Proof. Let F C (w X w)® be of size < ¢¥°s%(2). For (f,g) € F,

fxgewisgivenby f*g(2n) = f(n) and f xg(2n + 1) = g(n).
Put F* ={f*g:(f,g9) € F} Cw”. Since F* has size

< e%eonst(2) there is a predictor 7: w<“ — w which weakly
2-constantly predicts all f * g (in the sense of <). Thus, we have

V(f,g9) € F¥*®n < w either f(n) < ((fxg) [ 2n), o
g(n) <m((f*g) | 2n+1).

For (u,v) € (w X w)<¥, let o(u,v) := 7(u * v) and

s(u,v)(a) = 7((u*v)"a) for a € w, where u *x v € w<¥ is defined

analogously. Again for (u,v) € (w X w)<¥, let

d(u,v) = {(a,b) e wxw:a < o(u,v) orb < s(u,v)(a)}. Note

#(u,v) € Fin ® Fin. Then it is routine to check F' C M. O
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Lemma

non(MFin®Fin) < evsvconst(2)_

Proof. Basically do the opposite argument. Let F' C w® be of size
< non(MpingFin). Foreach f € F, define feven, fodd € w® by
feven(n) = f(2n) and foaa(n) = f(2n + 1). Put

Fy = {{feven, fodd) : f € F'}. Since F; has size < non(MpingFin),
there is ¢: w<“ — Fin ® Fin such that F, C M. Take

o: (WX w)¥ s wands: (wXx w)<¥ — w* such that

#(u,v) C {(a,b) ewxw:a < o(u,v)orb < s(u,v)(a)}. Now
define m: w<¥ — w by

7(t) = o (teven, toad)
7T(t/\ (n)) = S(tevena todd) (n)

for all t € w* of even length and all n < w, where teven, todd € W<
are defined analogously. Then it is easy to see that = weakly
2-constantly predicts all f € F' (in the sense of <). O
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non(Kringrin) < non(Mringrin) iS consistent

Thus we obtain non(MpingFin) = e"SV“’nSt(2) = e‘;)nSt(Z).

Brendle [Bre03] showed the consistency of ¢St > b, but
essentially proved more:

Theorem ([Bre03])

Given kK < X\ = A<F regular uncountable, there is a poset forcing
b=k and e©t(2) =\ =c.

By ¢"%(2) < ¢2"*(2) and non(KFringFin) = b, we have:

Theorem (Cieslak, Gappo, Martinez-Celis and Y.)

Given k < X as above, there is a poset forcing
non(Kpingrin) = k < non(MpingFin) = A = c.
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Eventually different ideal £D

How much can we extend this result of the adaptive/non-adaptive
gap in global prediction? Take a look at the eventually different ideal
ED:

Definition

ED is the ideal on w X w = w given by:

ED ={ACwxw:IA<wV°n<w|(A),| <I}.
Thus for A C w X w,

A€ &D < Fk,l < w,Ih: w— [w]= such that

AC{(a,b) ewxw:a<korbe h(a)}.

ED C Fin ® Fin, so b < non(Kgp) < non(Kpingrin) = b, i.€e.,
nOIl(KgD) =b.
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Lemma
eco15t(2) < non(Mgp).

Proof. The proof is basically the same as

e"SVCOHSt(2) < non(MFingFin)- Let F C (w x w)“ of size < ¢°°st(2).
Put F* == {f*g:(f,g9) € F} Cw“. Since F* has size

< eonst(2) there is a predictor 7: w<¥ — w which 2-constantly
predicts all f % g (in the sense of =). In particular,

f(n) ==((f*g)l2n),  or
g(n) =m((f*g)I2n+1).

Define o: (w X w)<¥ — w by o(u,v) := 7(u *v). For

(u,v) € (wx w)<¥, let o(u,v) = 7(u*v) and

s(u,v)(a) = 7((u*v)"a) for a € w. Again for (u,v) € (w X w)<¥,
let p(u,v) == {(a,b) € w X w:a < o(u,v) orb = s(u,v)(a)}. Note
#(u,v) € ED. Then it is routine to check (f, g) € My, for all

(f,9) € F. O

21/34
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max{b, ¢®(2)} < non(Mgp)

We know b, ¢©°"t(2) < non(Mgp). However,

Theorem (Cieslak, Gappo, Martinez-Celis and Y.)

It is consistent that max{b, ¢®"5*(2)} < non(M¢ep).

Roughly speaking, the result suggests that the £D-type prediction
is not just a mixture of domination and constant prediction.
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Poset P¢P

We introduce the poset PP defined as follows:
Conditions are p = (¢?, sP, n?, FP) such that:
® oP: {(u,v) : u,v € W<} — w finite partial function.
® P: {(u"a,v) :u,v € W, a € w} — w finite partial function.
° nP cw.
e FP C w¥ finite.
The order g < p is given by:
® 01D 0P s12D 8P n%>nPand F?1D FP,
® Vi € [nP,n?)Vz,y € FP, either:
® (zl4,yl4) € dom(o?) and z(3) < o¥(x| 4,y 1), or
® (z[(i+1),yli) € dom(s?) and y(i) = s4(z| (i + 1),y %).
Let G be a generic filter. In V[G], ¢pg: (w x w)<¥ — ED is given by:
$c(u,v) = Upec{(a,b) Ewxw:a < oP(u,v) orb=sP(u"a,b)}.
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We see basic some properties of PEP. Recall the definition:
Conditions p = (0P, sP, nP, FP) are such that:
® oP: {(u,v) : u,v € W<} — w finite partial function.
* sP: {(u"a,v) 1 u,v € W, a € w} — w finite partial function.
° nP cw.
o [P C w¥ finite.
g <pif:
e 071D 0P 51D sP,n?>nPand F1D FP.
® Vi€ [nP,n?)Vz,y € FP, either:
® (zl4,yli) € dom(o?) and z(3) < o(x| 4,y %), or
® (z](i+1),yli) € dom(s?) and y(i) = s?(x| (i + 1), y[ 7).

Lemma

Fix o, s,n as above. Then, Qs s, = {p: o? = 0,8? = s,nP =n}
is centered. In particular, PP is o-centered.
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Conditions p = (o?, sP, nP, FP) are such that:

® oP: {(u,v) : u,v € W<} — w finite partial function.

e sP: {(u"a,v) : u,v € <, a € w} — w finite partial function.

° nf cuw.

e [P C w¥ finite.
g <pif

® 09D ¢gP, 512D sP,n?>nPand F?2 FP.

® Vi € [nP,n?) Vz,y € FP, either:

® (zl4,yl%) € dom(o?) and z(3) < o¥(z[4,y] %), 0
® (2] (i+1),yl4) € dom(s?) and y(i) = s(z T(Z+1) yl).

pc(u,v) = Upecl(a,b) € wxw:a < oP(u,v) orb=sP(u"a,b)}.

Lemma

® Forn <w, {p:np, >n}isdense. Thus ¢¢ has a valid
definition.

® For f,gew“,{p: f,g € FP}is dense. Thus
PEP IFY(f,9) € (wx w)* NV, (f,9) € My,

Thus the iteration of PP increases non(Mgp). 25/34
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Fr-linkedness to keep b small

To see that PP keep b small, we use Fr-linkedness:

Definition

Let P be a poset. @ C P is Fr-linked if for any countable sequence
d=(gm : m < w) € Q¥, there is ¢> € P such that:

¢® IF 3I%®°m < w g € G.

P is o-Fr-linked if P is a union countably many Fr-linked
components.

Fact ([Mej19])

Any o-Fr-linked forcing P is “w*-good”. l.e., given a P-name A of a
member of w®, there is a countable set H C w® such that if f_e wv
is unbounded from any h € H, then I-p f is unbounded from h.

It is known that w*’-goodness is preserved through finite support
iterations and w*-good posets keep b small. 26/34
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Recall the definition of P€P:
Conditions p = (0P, sP, nP, FP) are such that:
oP: {(u,v) : u,v € W} — w finite partial function.
sP: {(u"a,v) : u,v € W, a € w} — w finite partial function.
nP € w.
FP C w¥ finite.
g <pif
e 092D 0P 571D sP, n?>nPand F?1D FP,
® Vi € [nP,n?) Vz,y € FP, either:
® (z[i,yl%) € dom(o?) and z(i) < o%(z |,y 1), or
® (z](i+1),yli) € dom(s?) and y(3) = s9(z] (¢ + 1),y[%).

Lemma

Fix 0,s,n as above. Let L < w and z* = {z] : | < L} C w" such
that all z; are pairwise different. Then,

ch,s,n,i* = {p :oP =0, =s,nP =n, {mfn SRS Fp} = j*} is
Fr-linked. In particular, P2P is o-Fr-linked.

Proof. Omitted. O
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Constant prediction on 2%

To see that PP keep ¢“°™t(2) small, we consider constant
predictions on 2¥ instead of w®.

Let ¢5°7st (and ¢°"St(k)) denote the (k-)constant evasion number
(in the sense of “=") with respect to 2“.
Note egonst Z econst and e(2:onst(k:) 2 econst (k})

Brendle and Shelah [BS03] showed that ¢-2*-linked posets does
not increase ¢§°™*(k) (in the sense of “goodness”):

Lemma ([BS03])

Let 2 < k < w and IP be a o-2*-linked poset. Then given a P-name
7 of a predictor (in 2*), there is a countable set II of predictors such
that if x € 2 is not k-constantly predicted by any w € I1, IFp x is
not k-constantly predicted by 7.
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max{b, e«***(2)} < non(M¢p)

Now we show the consistency of max{b, ¢°°***(2)} < non(Mgp).

Theorem

Assume CH and let P be a finite support iteration of PP of length
wsy. Then,
lFp b = e©058(2) = ¢5°°5¢(2) = wy < non(Mgp) = ¢ = wy.
Sketch of Proof.
e Why non(Mgp) is large: Because PEP increases non(Mgp).

e Why b is small: Because PP is o-Fr-linked and o-Fr-linked
posets keep b small.

* Why ¢5°"%(2) is small: Because P£P is o-centered and
o-4-linked posets keep ¢5°*5¢(2) small.
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This result can be generalized as follows:

Theorem (Cieslak, Gappo, Martinez-Celis and Y.)

Given k < X\ = A<F regular uncountable, there is a poset forcing
b = ¢®t(2) = ¢§°"' = k and non(Mgp) = A = .
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Question

We have seen that non(K ») < non(M ) is consistent when
# =Fin ® Fin, ED.

What other ideal .# has the consistency of non(K ») < non(M.,)?
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