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For every set X, we have
| X| < [P(X)].

For a cardinal \, we have
A< 2N
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Theorem (Cantor’s theorem)

For every set X, we have
| X| < [P(X)].

For a cardinal \, we have
A< 2N

= For an infinite cardinal A, does there exist a cardinal x such that
A<pu<22?
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Definition
The Continuum Hypothesis(CH) is the statement

2 = wi.
For an infinite cardinal A\, CH, is the statement
22 = AT,

The statement
VA CH,

is called the Generalized Continuum Hypothesis(GCH).
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Definition
The Continuum Hypothesis(CH) is the statement

2 = wi.
For an infinite cardinal A\, CH, is the statement
22 = AT,

The statement
VA CH,

is called the Generalized Continuum Hypothesis(GCH).

Theorem (Godel, Cohen)
GCH is independent of the axioms of ZFC.
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club set : measure 1
stationary set : measure positive
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Diamond principle

m C C ks a club set iff
m 0<V5<k(sup(CNE)=6—6€ C) (closed)
m sup C = k (unbounded)

mSCkisa iff for every club set C, SN C # @.

club set : measure 1
: measure positive

Definition
Assume k is a regular cardinal and S C k is a . Then, Qs is
the following statement: there exists (S5 : d € S) such that for every
A C &,
{6§€S:ANJ =S5}

RENELS
IfSC T then s — OT.
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Assume X is an infinite cardinal and S C AT is a stationary set. Then,

Os — 22 = AT,

Proof.

Assume (S5 : § € S) is a Os-sequence.
Since C:={d < At :6 > A} = (A, AT) is club, for every A C ), there
exists § € SN C such that

A=ANJd=Ss.

Then
2 = [PV <|SNC|= AT
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Fact (Jensen)

(2¥ = wy) + —Ow, Is consistent.
Assume ) is an uncountable cardinal. What kind of S C AT entail

2=t 5 05 ?

For every uncountable cardinal \,
2)\ =" = <>,\+

holds?
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Assume p < K are regular cardinals.
m S = {a<r:cf(a) = p},
m S5, ={a<rk:cf(a) # p}
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Assume p < K are regular cardinals.
m S = {a<r:cf(a) = p},
m S5, ={a<rk:cf(a) # p}

Assume i < r are regular cardinals. Then S} is stationary.
For uncountable cardinal X, 5;};( N is stationary.
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Theorem (Shelah)

Assume X is an uncountable cardinal and S C S;}Zf( ) is a stationary set.
Then,

2>‘:/\+—><>5

holds.
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Theorem (Shelah)

Assume X is an uncountable cardinal and S C S;}Zf( ) is a stationary set.
Then,
2>‘ = /\Jr — <>5

holds.

Corollary

For every uncountable cardinal \,
2)\ = )\+ = <>,\+

holds.
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Theorem (Shelah)

Assume X is an uncountable cardinal and S C S;}Zf( ) is a stationary set.
Then,
2>‘ = /\Jr — <>5

holds.

Corollary

For every uncountable cardinal \,
2)\ = A" = <>,\+
holds.

Question 2 is solved !!
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If X is a regular cardinal, then (2* = AT) + =0+ is consistent.
cf(X)
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A problem about Shelah's theorem

If X is a regular cardinal, then (2* = AT) + =0+ is consistent.
cf(X)

Questionl-2

Assume ) is a singular cardinal. Then, For every stationary S C S* f( N
22 =\t = 0s

holds?
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Assume A is a singular cardinal and S C A" is a stationary set. /[S; )] is
a set such that

T €l[S;\] < T c Tr(S) and
3d : [A\T]? = cf()\) normal, subadditive
3C c AT club

VyeTnNnCn Sézf(/\) 35, C yN S stationary
(supd[[SW]z] < cf()\)).
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m Tr(S) = {a < A" :cf(a) > w, S Na is stationary in a},
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A problem about Shelah's theorem

Assume A is a singular cardinal and S C A" is a stationary set. /[S; )] is
a set such that

T € l[S;A] < T C Tr(S) and
3d : [A\T]? = cf()\) normal, subadditive
3C c AT club

Vye TNnCnN S>Cf ) 35, C yN S stationary

(supd[[SW] ] < cf()\)).

m Tr(S) = {a < AT : cf(a) > w, SN« is stationary in a},
m For d : [\1]? — cf()),
m d is subadditive
<—>Va<V6<V7<)\+( (o, 7) < max{d(a, B),d(B,7)}).
m d is normal <> V3 < A*Vi < cf(\) ({a < B d(a B) < it < A).
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Theorem (Rinot)

Assume X is a singular cardinal and S C A\ is a stationary set. Then, if
I[S; ] contains a stationary set,

2>‘:/\+—><>5

holds.
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A problem about Shelah's theorem

Theorem (Rinot)

Assume ) is a singular cardinal and S C \T is a stationary set. Then, if
I[S; ] contains a stationary set,

2>‘ = /\Jr — <>5
holds.

Questionl-3

Assume A is a singular cardinal. Then for every stationary S C 53@)'
does /[S; A] contain stationary sets ?
Does I[S(?}“EA); A] contain stationary sets ?
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Theorem (Shelah)

Assume X is an uncountable cardinal and S C S;Zf( ") is a stationary set.
Then,

22 =\t = O¢

holds.
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Theorem (Shelah)

Assume X is an uncountable cardinal and S C S;Zf( ") is a stationary set.
Then,
22X =T = Os

holds.
Sketch of proof (Komjéth).
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Theorem (Shelah)

Assume X is an uncountable cardinal and S C S;Zf( ") is a stationary set.
Then,
22 = AT = O

holds.
Sketch of proof (Komjéth).

Claim

There exist a sequence (A° € [§]* : 6 € S) and an enumeration of
A x AT]SA, (X5 0 B < AT) | such that for every Z C X x Y,

Sy = {565:sup{aeA‘S:aﬁeAé(Zm(Axa):xB)}:a}

is stationary.
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Now, we define a sequence of subsets of AT, (Y, :y < \), and a
decreasing sequence of clubs, (C, : v < A).
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Now, we define a sequence of subsets of AT, (Y, :y < \), and a
decreasing sequence of clubs, (C, : v < A).
Put Yy = G = \* .
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Now, we define a sequence of subsets of AT, (Y, :y < \), and a
decreasing sequence of clubs, (C, : v < A).

Put Yy = G = \* .

Assume (Y, : 7 <) and (C. : 7 < 7y) are defined for some v < A.

m If there exist Y C A" and club C C ;< Cr such that for every
0 € 5nC, we have

(S—LJ{OzEA‘S H,BEAJVT<’}/(Y Na = (Xg))} then
I, By € A x A° V1 < ~v(YrNa=(Xg):) AY Na#(Xs),],

then, put Y, =Y, C, = C.
m Otherwise, terminate the recursion.

(Xg)y :={E: (7, €) € Xg} C AT,
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There exists v* < A such that the recursion terminates in y*.
Then, for every Y C AT and club C C ﬂ,y<7* C,, there exists 6 € SN C,
such that

§=|J{aecA’:38 € Ay <y*(YyNa=(Xs),)}and
V{a,B) € A x A’ [Vy < v*(YyNa=(Xs)y) = YNa=(Xs),-].
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Sketch of the proof of Shelah's theorem

There exists v* < A such that the recursion terminates in y*.

Then, for every Y C AT and club C C ) C,, there exists 6 € SN C,

such that

§=|J{aecA’:38 € Ay <y*(YyNa=(Xs),)}and
V{a,B) € A x A’ [Vy < v*(YyNa=(Xs)y) = YNa=(Xs),-].

y<v*

Put €=, - G-
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Sketch of the proof of Shelah's theorem

There exists v* < A such that the recursion terminates in y*.
Then, for every Y C AT and club C C ) C,, there exists 6 € SN C,

y<v*
such that

§=|J{aecA’:38 € Ay <y*(YyNa=(Xs),)}and
V{a,B) € A x A’ [Vy < v*(YyNa=(Xs)y) = YNa=(Xs),-].

Put C* =, . G-
For § € SN C*, define

Ss = U {(Xa)y 1 ¥y <" (Yy Na=(Xs),) } -
(a,B) €A% x A
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Then, for every Y C AT and club C C AT, there exists § € SN C*N C,
we have

yno=vn|J{aeA 38 Avy <" (Yyna= (X))}
U {Yna:vy<+y*(Yyna=(Xs),)}
(a,B)EAI x AS

= U ) v <y (Yana=(Xs),)}
(a,B)EAI x AS

= 5s.
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Sketch of the proof of Shelah's theorem

Then, for every Y C AT and club C C AT, there exists § € SN C*N C,
we have

yno=vn|J{aeA 38 Avy <" (Yyna= (X))}
U {Yna:vy<+y*(Yyna=(Xs),)}
(a,B)EAI x AS

= U ) v <y (Yana=(Xs),)}
(a,B)EAI x AS

= 5s.

(S5 :6 € SN C*) is Osnc+-sequence.
Then, ¢s holds. I
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