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1 Introduction

It is known that there is a close relation between Prikry forcing and the iteration
of ultrapowers:

Theorem 1.1. (Solovay) Assume & is a measurable cardinal and U is a normal
ultrafilter on k. Let (M, jmn | m < n < w) be the iteration of ultrapowers of
V by U. Then the sequence (jon(k) | n € w) is a Prikry generic sequence over
M., with respect to jo ., (U).

Moreover Bukovsky [1] and Dehornoy [2] showed that the generic extension
M, [(jon(k) | n € w)] is ), e, My in Theorem 1.1. (For the history of these
results, read the introduction of Dehornoy [2] and pp.259-260 of Kanamori [6].
) In Dehornoy [3], these results were generalized for the forcing of Magidor [7]
which changes a measurable cardinal of higher Mitchell order into a singular
cardinal of uncountable cofinality.

In this paper we generalize Theorem 1.1 for normal filters which are not
necessarily maximal. Of course, the above theorem can be restated using the
dual ideal of U. In this paper we argue using ideals instead of filters. Assume
k is regular uncountable and I is a normal precipitous ideal on k.

Prikry forcing has two natural generalizations, PR} and PR;F. PRj consists
of all pairs (¢, T) such that t € <“k and T C <“k is a tree in which every node
has I-measure 1 immediate successors, i.e. {a < k| s~ () € T} is of I-measure
1 for every s € T. PR} consists of all pairs (t,7) such that ¢ € <“k and
T C <Yk is a tree in which every node has I-positive immediate successors. In
both PR} and PR], the order is defined as (to, Tp) < (t1,T1) if and only if for
every sg € Ty, there is an s; € Ty such that to~ sg = t; ~ s1. Note that if [ is
maximal then PR} and PR} coincide and this is the tree type Prikry forcing
notion. Note also that if kK = wy and I is the ideal of bounded subsets of wq
then PR}' is the Namba forcing notion. So PR}' is often treated as a variant
of Namba forcing.

On the other hand, the iteration of ultrapowers has an obvious generaliza-
tion, the iteration of generic ultrapowers. Unlike the iteration of ultrapowers,
the iteration of generic ultrapowers is not uniquely determined by I. It depends
on the choice of generic filters by which the ultrapowers are constructed.



We generalize Theorem 1.1 for both PR} and PR?. In Theorem 3.3, we
show that for some kind of sequence of generic filters (G,, | n € w), letting
(M, Gy jmn | m < m < w,m < w) be the iteration of generic ultrapowers of
V by (G, | n € w), the sequence of critical points (jo (k) | n € w) is a generic
sequence for PR;TO (1) over M,,. In Theorem 3.5, we show that for another kind

of sequence of generic filters, the sequence of critical points is a generic sequence

for PRZ),M(I) over M,,.

In Section 2, we review basics on the iteration of generic ultrapowers. Section
3 is the main part of this paper. We show Theorem 3.3 and 3.5. After that, we
observe some known facts on PR* and PR™ from the point of view of Theorem
3.3 and 3.5.

Notations and Facts:

In general we follow notations of Kanamori [6].

First we give notations and a fact related to the generic ultrapower and its
iteration. For an ideal I on some set X, IT is the set of all I-positive sets, I* is
the dual filter of I and P; is the poset (IT,C).

Let M be a transitive model of ZFC and X,I € M be such that M F
“I is an ideal on X”. Let G be an (M, (P;)M)-generic filter. Then for each
function f € M on X, (f)g denotes the element of Ult(M,G) represented by
f, where Ult(M,G) denotes the ultrapower of M by G. If Ult(M,G) is well-
founded then [f]e denotes the corresponding element of (f)g in the transitive
collapse of Ult(M,G). We say that j : M — N = Ult(M,G) is the generic
ultrapower map associated with G if N is the transitive collapse of Ult(M,G)
and j(a) = [cq] for each a € M, where ¢, is the constant function on X with
its value a.

Let M, X, I be as above and let a € On. A sequence (Mg, Gy, jne | 1 <
¢ <a,m+1<a)is called an iteration of generic ultrapowers of M by I of
length « if the following holds:

o My = M and M is a transitive model of ZFC for each €.

® jne: M, — M is an elementary embedding for each n,£ and (Mg, jy ¢ |
n<&<a,n+1<a)is acommutative system.

e For each n, G, is (M,, jo.,((P1)*))-generic and j, 11 : My, — M1
Ult(M,, G,) is the generic ultrapower map.

o If 3 < o is a limit ordinal then Mg is the transitive collapse of the direct
limit of (Mg, jne | n <& < B) and jy, 3 : M, — Mg is the induced map.

We call M the &-th iterate of generic ultrapowers of M by I. In Woodin [12]
(Lemma 3.10. and Remark 3.11.), it is remarked that if I is precipitous in M
and £ € M NOn then well-foundedness of the £-th iterate is always guaranteed:

Fact 1.2. Let M be a transitive model of ZFC and X,I € M be such that M =
“I is a precipitous ideal on X”. Let o« < OnNM and (Mg, Hy, jne | n <€ <
a,n+ 1 < a) be an iteration of generic ultrapowers of M by I. Then:



(1) If o is a successor ordinal, say o = B+1, and G is a (Mg, jo 3(Pr))-generic
filter then Ult(Mpg, G) is well-founded.

(2) If a is a limit ordinal then the direct limit of (Mg, jne | n < € < @) is
well-founded.

Next we give notations about embeddings between posets. Let P and Q be
posets.
o : P — Q is a complete embedding if

(1) o is order preserving, i.e. Vp1,p2 € P, p1 < py — o(p1) < o(p2),
(2) for each maximal antichain A C P, o[A] is a maximal antichain of Q.
7 :Q — P is a projection if
(1) 7 is surjective and order preserving,
(2) Vg € Qvp € P, if p < w(q) then there is a ¢* < ¢ such that 7(¢*) = p.
Projections which appear in this paper have the following additional property:
(3) Vg € Qvp € P, if p > w(q) then there is a ¢* > ¢ such that 7(¢*) = p.

We call 7 a good projection if 7 satisfies (1)-(3).

If o : P — Q is a complete embedding and G is P-generic then the quotient
Q/+G is the poset obtained from restricting Q to {g € Q | Vp € G, q is com-
patible with o(p)}. If 7 : Q — P is a projection and G is P-generic then the
quotient Q/,G is the poset obtained from restricting Q to 7=1[G]. If ¢ or 7 is
clear from the context, we just write Q/G for Q/,G or Q/,G.

The following is basic.

Fact 1.3. Let P and Q be posets.

(1) Assume that o : P — Q is a complete embedding. Then H is (V,Q)-generic
iff G := o~ [H] is (V,P)-generic and H is (V[G],Q/,G)-generic.

(2) Assume that w: Q — P is a good projection. Then H is (V,Q)-generic iff
G :=n[H] is (V,P)-generic and H is (V[G],Q/rG)-generic.

(3) Assume that o : P — Q is a complete embedding, © : Q — P is a projection
and woo = id.

(a) If H is (V,Q)-generic then o~ '[H] = n[H].
(b) If G is (V,IP)-generic then Q/,G = Q/.G.



2 Iteration of generic ultrapowers.

In this section, we review basics on the iteration of generic ultrapowers. This is
a natural generalization of Kunen’s theory of iterated ultrapowers and a good
summary of this can be found in, for example, Takahashi [11], too. But, to
state and prove our main theorem, we need some details on iterated generic
ultrapowers, which we give here. For the purpose of this paper, we only need
to treat iterations of length w + 1.

2.1 Fubini powers of ideals

Assume k is a regular uncountable cardinal, I is a k-complete ideal on k and
n € w. Let I" be the n-th Fubini power of I. (See below.) Then, as is the case
with iterated ultrapowers, the n-th iterate of the generic ultrapower of V' by I
can be represented as a one-step generic ultrapower of V' by I"™. We see this in
the next subsection. Here we review basic properties of Fubini powers of ideals.
Throughout this subsection, let x and I be as above.

For each n € w, the n-th Fubini power of I, I"™, is the ideal on "k defined
as follows: Let I := {0}. Note that °x = {()}, where () is the empty sequence.
So IV is an ideal on °x and (I°)* = (I°)* = {{{)}}. Assuming I" was defined
as an ideal on "k, let I™*! be the ideal on "1k such that for each A C "Tlg

AcI™ o {se"k| {E<r|sT ) eA el } € (I

It can be easily seen that I™t! is a k-complete ideal on "*'k. Note that I and
I are the same if we identify x with 'k in the obvious way. (For each sequence

5,0 s=s"()=s.)

The following lemma is basic:
Lemma 2.1. Assume m <n € w. Then for each A C "k
(1) AeI™ & {se™r| {te" ™r|s teAeI™™} € (I™)*,
(2) Ae (It & {se™r| {te™™k|s"teAe(I"™)T} € (I,
B) Ac(I")* & {se™r| {te"™r|s"teAe (I ™)*} € (I™)*.

Proof. By induction on the lexicographical order of (n,m), we show (1)-(3)
simultaneously. If n = m = 0 then (1)-(3) are trivial. Assume m < n € w and
(1)-(3) are true for each pair m/,n’ such that m’ < n’ and (n/,m’) < (n,m).
Because (2) and (3) follow from (1), it suffices to show (1) for m,n. If m =n
then (1) is trivial and if m = n — 1 then (1) is the definition of I™. So we may
assume m < n — 1.

Take an arbitrary A C "k. For each s € "1k, let A; be {& < k| 5™ (£) € A}.



Then

Ael”
o {se" kA eI} € (I"Y)”
& {te™w| {ue™ 1Mk A~y €T (I Y € (IM)F
s {te™k| {ve" Mk |tTve A eI} e (IM).

The first and third equivalences follow from the definition of I and I™~™. The
second equivalence follows from the induction hypothesis. O

If m < n < w, there are a natural complete embedding and a projection
between Prm and Pjn.
Let oy n @ P(™K) — P("k) be the function such that for each A C ™k,

Omn(A) == {se"k|sIme A}
and let 7, ., : P("k) — P(™k) be the function such that for each B C "k,
Tnm(B) = {s€™k| {te™ ™k |s"teB}e (I ™"}

Note that if m = n then o, , = 7 m = id.

By Lemma 2.1, if m < n then o,,,[(I"™)"] € (I")" and m, ., [(I")F] C
(I"™)*. Moreover, as we show in the next lemma, o, , | (I"™)" is a complete
embedding from Pym to Prn and 7, ,, [ (I™)" is a projection from Prn to Pym.
We call oy, , the natural complete embedding and call 7, ,, the natural projec-

tion associated with I.

Lemma 2.2. Assumel < m <n € w. Then the following hold:

(1) Ommo0Lm =01

(2) 1 © Tpm = Ty

(3) Tnm © Omn = id|[P(™k)

(4) Ae (I™)" < opmn(A) € (I™)T, for each A C ™k.
(5) Ae (I")" & mpm(A) € (I™)T, for each A C "k.
(6) Tmn [(I™)T : Prm — Prn is a complete embedding.
(7) T [(I™)T i Pra — Prm is a good projection.

Proof. (1) and (3) are clear by the definition of o and 7. (4) and (5) are clear
by Lemma 2.1. So we prove (2), (6) and (7). We can assume m < n.



(2). Take an arbitrary B C "k. We show that 7, ; (7, m (B)) = 7,1 (B). For
each s € 'k, let B, := {t € ""!x | s7t € B}. Then, for each s € 'x,

s € T i(Tnm(B))

{fue™ 'k |s u€mm(B)} € (I HT

fue™'s| fve™™k|s u veBe(I"™) T} € (I H*t
fue™ k| fve™ ™k |uveEBe ™Y e (IMHT
B, € (I"™H)*

& s € mu(B).

K

(For the fourth equivalence, use (2) of Lemma 2.1.) Hence my, i(7,m(B)) =
Wn,l(B).

(6). Clearly oy, is order preserving and ALB — oy n(A) Lo o(B) for
each A, B € P(;m). So it suffices to show that if M C Prn is predense then
Om,n[M] is predense in Pin. Assume M C Pym is predense. Take an arbitrary
A € Pin. We must find B € M such that o,,,,(B) N A € (I")". Because
Tnm(A) € Prm we can take B € M such that B N7, ,,,(A) € (I™)*. Then for
each s € BNy m(A),

{te™ ™k |s"teoua(B)NA} = {te" ™k|s"te A} € (I"™)*.

So, by Lemma 2.1, 0y, ,(B) N A € (I™)7.
(7). Clearly my, ., is order preserving. By (3), m, n is surjective. Assume
A€Prn, Be€Pm and B <y, n(A). Then, for each s € B,

{te™ ™k | s t€oun(B)NA} = {t€" Mk|s"te A} € (I"™)*.

So C :=0mn(B)NAe (I™)". Moreover, clearly, C < A and 7, ,,(C) = B. So
Tn,m 1S a projection. It is easy to see that m, ,, is good. O

Lemma 2.3. Assume I is normal. Let n € w. Then A € (I™)* if and only
if there is an X € I* such that A C [X]™, where [X|™ is the set of all strictly
increasing sequences of elements of X of length n.

Proof. If X € I* then it can be easily seen that [X]|™ € (I™)*. So (<) is true.
We show (=) by induction on n € w. If n = 0 or n = 1 then this is clear. So,
assuming n > 1 and (=) is true for n — 1, we show this for n.

Assume A € (I")*. For each t € "“lk, let A, := {£ < k| tT(£) € A}.
Then B := {t € "'k | A, € I*} € (I""1)*. By the induction hypothesis, there
is aY € I* such that B D [Y]"!. For each £ < K, let A¢ :== N{A: | t €
B Amax(t) < £}. Because I is k-complete A¢ € I*. Let Z := A¢epAe € I".
Then let X := Y NZ NLim(k) € I*. We show that if s € [X]™ then s € A.
Assume s € [X]". Then, because s [n—1 € [Y]"" !}, s[n—1¢€ B. Let
§:=3s(n—2)+1. Then s(n —2) < { < s(n—1). Because s(n — 1) € Z,
s(n—1) € A¢ and so s(n — 1) € Ag,—1. This means s € A. O



2.2 Iteration of generic ultrapowers

In this subsection, we review the iteration of generic ultrapowers of length
at most w + 1.

All through this subsection, in V, fix &, I, (P, | n € w), (Omn | M <n < w)
and (7, m | m < n < w) so that

e £ is a regular uncountable cardinal,

e [ is a normal precipitous ideal on &,

® 0yt P(M™K) — P("k) is the natural complete embedding,

o Tpm : P("k) — P(™k) is the natural projection associated with I,
o P, :=Prn.

Our first aim is to show:

e " is precipitous for each n € w, i.e. if G is (V,Pyn)-generic then Ult(V, G)
is well-founded.

e Assume G, is (V,P,)-generic and, for each m < n, G,, is the (V,P,,)-

generic filter naturally obtained from G, i.e. Gy = T m[Gn] = 0,1, [G].

In V[G,], let My, be the transitive collapse of Ult(V, G,,) for each m < n.
Then (M,, | m <n) is an iteration of generic ultrapowers of V' by I.

We begin with the factor lemma for P,,.

Lemma 2.4. Assume that m,k € w, I™ is precipitous and G, is a (V,Pp,)-
generic filter. Let jpy : V. — My, = Ult(V,G,,) be the generic elementary
embedding and Kp,, Inm, PP be jm(k), jm(I), jm(Px) respectively. Then, in
VG|, there is a surjective dense embedding from Py, 11 /G, to PP

Notation: Assume m,k € w. For each A C ™+*x which is in V, let f2 be the
function on ™k such that

fAs) = {tekr| s te A}
for each s € ™k. (Note that f2 € V.)

Proof. First note that, in M,,, I, is a normal ideal on #p, and Pi" = P(; yx.
In V[Gp), let d* : Ppyyi /G — PP be the function such that

di(A) = [fnle.,

for each A € Py, 1. Recall that the domain of Py, /G, is at [Gin]. (See

m+k,m

“Notations and Facts” in Section 1.) So if A € Ppqr/Grm then dj*(A) € P
Moreover it is clear that d}* is surjective and order preserving. So it suffices to



show that, for each A, B € Py,44/Gp,, if A L B in Py41 /Gy then di*(A) L
d"(B) in PP,
Assume d}’(A) and d}*(B) are compatible. Then, by Lo$’ theorem,

X = {se™s| fAs)NnfB(s) e Mt} € G .

So, by the definition of f2 and fZ, mpmikm(ANB) = X € G,,. This means
that AN B € Py, 41 /Gy and so A and B are compatible in Py, 15 /Gp,. O

Next we show the factor lemma for a generic ultrapower of V by I". If G, 1«
is (V,Pp+k)-generic and G, = Ttk m [Gm+k) then d [Goyk] is (VG ], PYY)-
generic, where P}* and dj are as in the previous lemma. (Note that dj is
surjective.) Because Py" € M,, C V[Gy), d7'|Gm+k] is (M, P77)-generic. So,
in V[Gn1k), we can construct Ult(My,, d7'[Gmk]). We see that this model is
isomorphic to Ult(V, Gptk)-

Lemma 2.5. Assume m,k € w, I"™ is precipitous and Gy s (V,Pmik)-
generic. Let Gy, = Tomtkem|Gmak). In VG, let jm, My, Km, Lm, PP
be as in Lemma 2.4 and let d' : Puyi/Gm — PP be the dense embedding
defined as in the proof of Lemma 2.4. In V[Gyykl, let G = dJ' [Gm+k]. Then
Ult(V,Gmgr) =2 Ult(My,, GT).

Notation: Assume m,k € w. For each function g € V on ™**x let f9 € V be
the function on "k such that

f2(s) = the function on *r such that V¢ € Fr, f9(s)(t) = g(s"t)
for each s € k.
Proof. In V[Gy4k], define 7 : Ul(V, Gypyr,) — Ult(M,,, G}) as

T((g)Gm+k) = ([fg”L}Gm)GZL

for each (9)a,,.,, € Ult(V,Gpyr). We show that 7 is an isomorphism.
First we see that 7 is well-defined, injective and elementary. Let ¢(v1, ..., v;)

be a formula and g1, ...,g; € V be functions on ™+*k. Then, by Lo§’ theorem,
Ult(Mp, G3') E o(([flen)eps - (e )ar) (1)
St € b | Mu E o([f)am (), [f2lam (D)} € GE . (2)

Now, in V, let A C ™**x be such that

A= {ue™* | VEp(gi(u),...,g(u)}

Then, for each s € ™k,

fin(s) = {LePR [V E QI (s)(t), s [ ()]} -
So, by Los’ theorem,

[f;qu]Gm = {t € kl{m ‘ My, & cp([frgnl]Gm(t)a () [frgr”Gm(t))} :



Thus

12) & [fale,. G
s Ac G7n+k
<~ Ult(‘/a G’m-i—k) F @((gl)Gmww SRR (gl)G77L+k) . (3)

For the second equivalence, recall that di*(A) = [fi]a,, and G = d[G k).
The equivalence between (1.1) and (1.3) implies that 7 is well-defined, injective
and elementary. (For the well-definedness and injectivity, let ¢ be the formula
“’Ul = ’UQ” )

Finally it is clear from the definition that 7 is surjective. So 7 is an isomor-
phism. O

Remark: If Ult(V, Gy +) and Ult(M,,, G*) are well-founded then, because
the above 7 is an isomorphism,

Gl = [fSlen]ar-
Lemma 2.6. For each m € w, I™ is precipitous.

Proof. We show this by induction on m € w. If m = 1, this is clear by the
precipitousness of I. Assume I is precipitous. Assume G411 is (V,Pyq1)-
generic. Let Gy, = Tmt1,m[Gm+1] and My, jm, Im, G7* be as in Lemma
2.5. (Let k = 1.) Then GV is (M, Py, )-generic. On the other hand, by
the elementarity of j,,, M,, E “I,, is precipitous”. So Ult(M,,, GT") is well-
founded. So, by Lemma 2.5, Ult(V, G,,+1) is well-founded. This shows I"™*! is
precipitous. O

In the following lemma, note that if m; < mg <n € w, G, is (V,P,)-generic
and G, = Tpm, [Gn] (7 = 1,2) then G, = Ty my (G-

Lemma 2.7. Assume n € w and G, is (V,Py)-generic. For each m < n, let
Gy = Tnm|[Grn] and My, be the transitive collapse of Ult(V,G,,). For each
m < n, let G be as in Lemma 2.5. Then (M,,,G} | m < n, | < m) is an
iteration of generic ultrapowers of V by I.

Proof. Clear by Lemma 2.5. 0

In the rest of this subsection, we show basic facts needed in the next section.
From now on, let W be an outer model of V in which there is a sequence
(Gn | n € w) such that if m < n € w then G, is a (V,P,)-generic filter and
G = Tn,m[Gy]. Basically we work in W. For each m, k € w, let jp,, M,,, P},
etc. be as before, i.e.

o jm V= M, 2UltV,G,,) is the generic elementary embedding,
® Km 1= jm(ﬁ)a I, = ]m(I)v
° PZI = jm(IP)k:) = (]P)(Im)k)Mm7



o d' : Pptr/Gm — PP is a dense embedding such that for each A €
Pm+k/Gma A
dzl(A) = [fm]Gma

o GP 1= d7 (G,

First we give a representation for the map from M, to M, associated with
the iteration of generic ultrapowers. For each m < n € w, let jy, ,, : My, — M,
be the function defined as

jm,n([g]Gm) = [dla,

for each [g]q,, € My, where g € V is the function on " such that g(s) = g(s[m)
for each s € "k. It is easy to see that if ] < m < n € w then jy, = j, and

jl,n = jm,n o jl,m-

Lemma 2.8. Assume m < n € w. Then jmn : My, — M, is the generic
elementary embedding associated with Ult(M,,, Gl ,..)-

Proof. Take an arbitrary x € M, and assume z = [g]g,,. We show that
Jmm(®) = [cz]lgm  , where ¢, € M,, is the constant function on "~™k,, with

the value z. Let g be as above, i.e. the function on "« such that g(s) = g(s[m)
for each s € "k. Then, in My, [f9]q,, = cz- By the Remark after Lemma 2.5,

([f2len)er = [gla.- So "

O

In particular, jm,m+1 : My — M4 is the ultrapower map associated with
Ult(V,GT"). Therefore (M, G, jm.n | m < n € w) is an iteration of generic
ultrapowers of V by I.

Next we give the representation for the sequence of critical points. Because
I is normal, the sequence of critical points has a good representation.

Lemma 2.9. Assume m < n € w. Then (k, | m < k < n) = [id |
"MK lgm . So, for each A C """k, which is in M,,, A € G, if and
only if (ki | m <k <n) € jmn(A).

Proof. For each k < n, let i, € V be the function on "« such that iy (s) = s(k)
for each s € "k. First we show [ix]g, = ki. Let hy be the function on k+1 . such
that hi(s) = s(k) for each s € **'x. Then jri1,n([Pklcy,,) = lik]c, . Because
Jk+1,n does not move kg, it suffices to show [hi]a,,, = Ki-

In V, fi*(s) = id | for each s € ¥x. (Here we identified 'x with &.) So, in
M, [f]?k]gk = id | kg. Then, by the normality of I, ki = [[f,?’“]gk}alf. Then,
by the remark after Lemma 2.5, [hi]q,,, = Kk

10



Now let ¢ € V be the function on "k such that g(s) =
1),...,8(n — 1)) for each s € ™k. Then, because f4(s) = id["
s €™k, [f9la, =id[" ™K. So

(e lam = ld" " Em]am
On the other hand,
[g]G" = <[Zm]G’n ) [im+1]G,L 9 ey [infl]Gn > = <Km7/</m+17
So, by the remark after Lemma 2.5,
[Gd " Emlom = (Fms Kmt, o Fno1)-

For each m, k,l € w such that k <, let
b O-ITcr,ll = jm(ak,l)v
® M) = Jm (T k).

Note that if m, k,[ are as above then, in M,,,

(s(m),s(m +
~™g for each

7K'n71>~

° o P(*km) — P(‘km) is the natural complete embedding,

o ) P(‘6m) — P(¥kpm) is the natural projection associated with I,,,.

Lemma 2.10. Assume m € w and k <1 € w. Then the following diagrams

commute. So GY* = 7 [G"] = (o) GT"].
Prsi/Gm —Emt /G

dz"l Jd;"

Py P

(1)

m
Tkt
JERELEEN

Tm+1,m+k
IP)m+k:/CTV7n D — Pm+l/Gm

el e

Py Py

(2)
Proof.

(1): Assume B € P 4x/Gp. Let A = opgpmyi(B).
ok,1(fB(s)) for each s € ™k. So, by Lo§” Theorem,

Then fA(s)

d"(A) = [fnle, = otulfnle,) = oii(dl(B)).

(2): Assume A € P,,4/Gp.
Tk (f2(s)) for each s € ™K. So

Let B = 7Tm+l7m+k(A).

Then f2(s)

4'(B) = [falen = mi([fmle.) = mlk(d(4)).
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We end this section with some notation. By Lemma 2.7, (M,,, G{*, jmn |
m < n < w) is an iteration of generic ultrapowers of V' by I. Then, by Fact
1.2, the direct limit of (M, jmn | m < n < w) is well-founded. Let M, be the
transitive collapse of the direct limit of (M, jm.n | m < n € w) and, for each
m € w, let jm o : My, — M, be the induced elementary embedding. Then we
call (My,, G, jm.n | m <n <w, m < w) the iteration of generic ultrapowers
of V by I associated with (G, | n € w).

3 Generalized Prikry Forcing and Iteration of
Generic Ultrapowers.

In this section, we generalize Theorem 1.1 for both PR* and PR* (Theorem
3.3 and 3.5). After that we observe known facts about PR* and PR*' from
the point of view of Theorem 3.3 and Theorem 3.5. Mathias found, in [8], a
simple characterization for being a Prikry generic sequence and Theorem 1.1 is
immediate from this characterization and Kunen’s theory of iterated ultrapow-
ers. But we do not know such simple characterizations for PR* and PR', so
we show Theorem 3.3 and 3.5 in a direct way.

3.1 PR* and PR™.

Before generalizing Theorem 1.1, we review basic properties of PR* and
PR™T.

First we give some definitions involving trees. Let a be an ordinal and
T C <“a be a tree. Then for each t € <¥q, let

o t7T == U{tlk | k< |t|]JUU{t"s|seT},
o T/t == {se€<Ya|t"seT},
o Sucp(t) :={¢<a|t™(5) €T},

o T]:={be¥a|Vk €w,blk € T} = the set of all infinite paths through
T

o Tipy:=TnN ko = the k-th level of T, for each k € w.
Assume J is an ideal on some infinite ordinal a. For each tree T C <“q,
e Tiscalled a J*tree f T # 0 AVt € T, Sucyp(t) € J*,
o Tiscalled a Jt-tree it T #0 AVt €T, Sucyp(t) € J+.
Let PR be the poset such that

PRS = {(t,T) |te ~“Ya N T C ““ais a J*-tree}
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and, for each <t1,T1>, <t2,T2> € PRL*], <t1,T1> < <t2,T2> iff tlATl - tgATQ. Let
PR}r be the poset such that

PRT = {(t,T) |t € ~Ya A T C “ais a J'-tree}

and, for each <t1,T1>, <t2,T2> S PRJJF, <t1,T1> < <t2,TQ> iff tlATl - tQATQ.
The following lemma is basic.

Lemma 3.1. Assume W is a transitive model of ZFC, a € W is an infinite
ordinal and J € W is such that W E “J is an ideal on o”. Let P* := (PR%)W
and Pt := (PRH)W.

(1) Assume T is a (W,P*)-generic filter. Let b := J{t | 3T, (¢, T) € T'} and
Tp:={{,T)eP|Vnewblnet " T}. ThenT, =T.

(2) Assume U is a (W,PT)-generic filter. Let b:= J{t | 3T, (t,T) € T'} and
Ty :={{t,T) e Pt |Vn€w,binet"T}. ThenT, =T.

Proof. We show only (1). (2) can be shown in the same way. Clearly I' C T'.
So it suffices to show that I'y, C T".
Assume (s, 5) ¢ T'. Because

D = {{t, T) € P* | (t,T) < (s,S) or t¢ s~ S}

is in W and is dense in P*, there is a (¢t,T) € DNI'. Because (s,S) ¢ ', t ¢ s S.
Then, because t is an initial segment of b, b ¢ [s S]. So (s,S) ¢ T. O

We call the above b’s a PRY-sequence or a PR}'—sequence. More precisely
we make the following definitions.

Assume W is a transitive model of ZFC, o € W is an infinite ordinal and
J € W is such that W E “J is an ideal on o”. Let b € “a. Then we say:

e b is a PRY-sequence over W if there is a (W, (PR%)")-generic filter T
such that b= J{¢t | 37T, (t,T) € T'}.

e bis a PRY-sequence over W if there is a (W, (PRT)")-generic filter T
such that b= (J{¢t | 3T, (t,T) € T'}.

By Lemma 3.1, b is a PR%-sequence over W if and only if ', := {(¢,T) €
(PR5))W | Vn € w,b | n € t"T}is a (W,(PR%)")-generic filter. (For the
backwards direction, note that if I'y is a generic filter then b = |J{¢ | 3T, (¢, T) €
I',}.) This is also true for PRY.

The following lemma is useful.

Lemma 3.2. Assume W, « and J are as in Lemma 3.1 and b,c € “« have a
common tail, i.e. Im,n € wVk € w, b(m + k) = c(n + k). Then:

(1) bis a PRY%-sequence over W iff ¢ is a PR%-sequence over W.

(2) bisa PR}'-sequence over W iff c is a PR‘}-sequence over W.
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Proof. We show only (1). Let W, a, J, b, ¢ be as above. Let m,n € w be such
that Vk € w, b(m + k) = c(n + k) and let u,v € <“a be b|m, c|n respectively.
Assume that b is a PR%-sequence over W and I' witnesses this. In W,
let P, be PRY | (u,<“a), i.e. the poset obtained from restricting PR to
{¢,7)| (t,T) < (u,~“«a)}. Let P, be PRY [ (v, <“«a). Then let d : P, — P, be
such that
d({u”s,8)) = (v7s,85)

for each (u"s,5) € P,,. Then d € W and d is an isomorphism. Because u is an
initial segment of b, (u, <“«) € I'. So I' NP, is (W, P, )-generic. So d[I' NP,] is
(W, P,)-generic. So the filter Q on (PR%)" which is generated by d[I' N P,] is
generic over W. Moreover,

Uit 137, . 7) € Q} = J{t | 3T, (£, T) € Al NP, ]}
=J{v"s |37, (u” s, T) eI NP}
= U{vAs |u"s€b}

=cC.

So (2 witnesses that c is a PR%-sequence over W.
The other direction can be shown similarly. O

3.2 Generalizations of Theorem 1.1.

All through this subsection, in V', let k¥ be a regular uncountable cardinal
and I be a normal precipitous ideal on x. Moreover, for each m < n € w, let
P, := Py~ and let o, 1 P(MkK) — P("k) and my p : P("k) — P(™K) be the
natural complete embedding and the natural projection associated with I.

First we generalize Theorem 1.1 for PR*.

Theorem 3.3. Let P, be the direct limit of (Pp,0mn | m <n € w). Let G, be
a (V,P,)-generic filter and, for each n € w, let Gy, be the (V,P,)-generic filter
naturally obtained from Gy,. In V|Gy,], let (M, H™, jmn | m <n <w, m < w)
be the iteration of generic ultrapowers of V by I associated with (G, | n € w).
Then (jon(k) |n € w) is a PR (1)-sequence over M,,.

To prove the above theorem, we need some preliminaries. Until we complete
the proof of the theorem, let Py, G, (G, | n € w) and (M,,, H™, jyn | m <
n < w, m < w) be as in the theorem, and, in V[G.], let jum, &m, Ln, P,
ar, G, o, T be as in Section 2.2 for each m,k,l € w with k < [. Let
I, := jo.u(I). Note that H™ = GY* for each m € w.

P, is the poset defined as follows: First let ~, be the equivalence relation on
U,co, Pn such that for each A, B €, Pn,say A € Py, and B€ P, A~, B
iff o 1(A) = opn1(A), where | = max(m,n). Let [A], denote the equivalence
class represented by A. Then
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o P, = UnEw P/ ~g,

o if A € P, and B € P, then, letting | = max(m,n), [4], < [B]y, iff
O’mJ(A) S Jnyl(B) in Pl.

For each m € w, let oy, ., : Py, — P, be the complete embedding associated
with the direct limit, i.e. the function such that o, (A) = [A], for each
A €Py,. Then G, =0,,'[G,] ={A P, | [A], € Gu}.

To prove the theorem, we need the factor lemma for P, and (M,,, Hy,, jm.n |
m <n <w,m <w). To see this we define P}, 07" , d} and G'. Let m € w.

Let

o P = jm(Pu),
e oy, = Jm(Okw), for each k € w.

Recall that P} = j,,,(Px) and Ry = Jm(og) for each k <1 € w. So, in M,,, P}
is the direct limit of (P}, 07" | k <1 € w) and o, : PI* — P} is the induced
complete embedding. For each A € (J,,.,, P}, let [A],m denote the equivalence
class represented by A. Then o7 (A) = [A]om.

a7 P, /Gy — P is defined as follows. Note that P, /G, is the poset in
V[G,,] which is obtained from restricting P,, to {[A], | In > m, A € P,/G,,}.
(If n > m and A € P, then [4], € P,/G,, & VB € G, [4], and [B],
are compatible in P, < VB € G,,, A and oy, ,(B) are compatible in P,, <
AeP,/Gy.) Then let d : P, /G,, — PI} be the function such that

o d([Alo) = [di"(A)lom,

for each A € Py, 41/Gp,. By Lemma 2.10, d7) is well-defined. Clearly d} €
V[G.,]. We show that d is a dense embedding.

Lemma 3.4. d7 : P, /G, — P is a surjective dense embedding.

Proof. Because d} : Pryr/Gm — PJ* is surjective for each k € w, d7 is also
surjective.

To see that d”' is order preserving, assume [A], < [B], in Py, /Gy,. As-
sume A, B are in Py, 11 /Gmy Piti/Gm respectively. Let ¢ := max(k, ). Then
Omtkmti(A) < Omatmti(B) in Py /Gr,. Because df* is order preserving,
A (O 4(A)) < A (Gt si(B)) in P Then off, (d7(4)) < o7 (d"(B))
by Lemma 2.10. This means that d7}([A4],) < d7*([Blo)-

By replacing “<” by “L” in the above argument, we can see that d’ pre-
serves incompatibility. O

Let GI' := d'[G,]. Then GI} is a (V[Gy,],Pl)-generic filter and so is
(M, P )-generic. We want to show that G = (o7,) "' (GI') for each k € w,
ie. G is the (V[Gy], PJ)-generic filter naturally obtained from G7. Assume
k€ wand A€ Py Let B € P,,11/Gy, be such that A = d*(B). (Recall that
d} is surjective.) Then d}([B]s) = [A]om. Then

[Alom € G} & [Blo € G, © B € Gy < A€ G
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Thus G} = (o}7,) ' [GD].
Note that, by Lemma 2.5, (M1, H™* joikmsr | B <1< wk < w) is
the iteration of generic ultrapowers of M,, by I,, naturally obtained from G.
Now we can start to prove the theorem.

Proof of Theorem 3.3.
In V]G], let & := (k, | n € w) and let

I := {(t,T) € (PR} )M |Vn€w,Rnet"T}.

We show that T is a (M,,, (PR} )™«)-generic filter. For simplicity of notation,
we write PR} for (PR} )M for each m < w.

First we show the genericity of I'. Let D € M, be a dense subset of PR} .
We show ' D # ). Let m € w and D € M, be such that D = j, ,(D). D is
a dense subset of PR;m. In M,,, define E C P/} as

E = {[Alym € P |Vt € AT, (FIm " t, T) € D} .
Working in M,,, we show that E is dense in P}.
Claim 3.3.1. Assume k € w and s € ¥k,,. Then there is an | € w such that

By = {te'ky, |3T, (RIm~s"t,T)e D} € (I,)")7".

Proof of Claim. Let k € w and s € Fk,,. Assume B} € (I,,)! for every | € w.
Then, by Lemma 2.3, there is an X; € (I,,,)* such that [X;]' N Bf = () for each
l € w Let X := e, Xi- Then X € (I,,)* and if t € [X]" then ¢t ¢ B;.
Then [X]<“ is an (I,,)*-tree and so (K [ m ™ s, [X]<*) € PR} . But, by the
construction of X, there is no element of D which extends (& [ m ™ s, [X]<¥).
This contradicts D is dense in PR} . 0. Claim

Claim 3.3.2. E s dense in P7".

Proof of Claim. Let k € w and A € P}'. We find an element of F¥ which extends
[A]om. By the previous claim, for each s € A, there is an I, € w such that
B; is (Ip,)"s-positive. Because (Ip,)* is km-complete, there is an A’ C A and
| € w such that A’ is (I,,)*-positive and I, = [ for every s € A’. Then let
B:={s"t|se€ ANt € Bf}. Because By is (I,,)!-positive for each s € A’,
Bis (I,)*™!-positive, i.e. B € Py",. Then clearly oeri(A) > B in PP, and
5o [A]om > [B]ym. On the other hand, if u € B then there is a T such that
(Rlm~u, T) € D. So [B],m € E. 0. Claim

Return to V[G,].

Because G is (M, P")-generic, G N E # (). Let A be such that [A],m €
G™ N E and A witnesses that [A],» € E, ie. YVt € AIT, (RIm™t,T) € D.
Assume A € P}*. Then A € G}* and so, by Lemma 2.9, & | [m,m + k) €
Jm.m+k(A). On the other hand, because ju, m+r is an elementary embedding
and does not move K [m,

Mm+k F Vte ]m,m—‘rk(A) ElTa </_{rm’\ta T> € jm,7n+k(D) .
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So, in My ik, there exists an (Ini)*-tree T such that (F | m + k, T) €
jm,m+k(D)- Let T := Jimtk,w (T) Then

(KIm+k, T) = jm+k,w(</%'[m—|—k,f>) € jm+k,w(jm,m+k(D)) =D.

Thus it suffices to show that (% [m + k, T) € T'. To see this it suffices to show
that, for every I > 0, (Kimtk, - Kmtkti—1) € T. Assume | > 0. Let n:=m+ k.
Because T is an (I,,)*-tree the I-th level of T', T(;y, is in ((In)")*. So Ty € G}
Then, by Lemma 2.9, (kn, ..., finti-1) € Jnnt1(T(y). Then,

<"<5n7~~~7"<5n+l71> = jn+l,w(<’{n7~~~7’{n+l71>) € jn+l,w(jn,n+l(T(l))) = T(l) .

This completes the proof of the genericity.

Next we show that I is a filter. Clearly IT" is closed upwards. We show that
if (t1,T1) and (t2,T5) are in I' then they are compatible in PR} . (Because of
the genericity of T', this suffices.) Assume (t1,T}), {t2,T) are in I'. Let n € w
be such that ¢1,t2 C K[n. Then let

for i = 0,1. Because R|n € t; " T;, S; is an (I,)*-tree. Then (& [n, S; N.Sy) is
in PR} and is a common extension of (t1,T1) and (t2,T3).
This completes the proof of Theorem 3.3. O. Theorem

Next we generalize Theorem 1.1 for PR™T.

Theorem 3.5. Let P, be the inverse limit of (Py, Tnm | m <n € w). Let G,
be a (V,P,)-generic filter and, for each n € w, let G,, be a (V,P,,)-generic filter
naturally obtained from G,. In V[G,], let (M, H™ , jmn | m <n<w,m < w)
be the iteration of generic ultrapowers of V' by I associated with (G, | n € w).
Then (jon(k) |n € w) is a PR;:W(I)—sequence over M,,.

To prove the theorem we need some preliminaries. Until we complete the
proof of the above theorem, let P,,, G, (Gy, | 7 € W), (Myp, H™, jimn | m <n <
w,m < w) be as in the theorem. In V[G,], let ju, Km, Im, Py, di*, G}, oy,
77", be as in Section 2.2 for each m, k,l € w with k <. Let I, = Jow(I). Note
that H™ = G7".

P,, is the poset such that

o P, is the set of all sequences (A4,, | n € w) such that m, ,,(A,) = A, for
eachm <n € w,

e (A, |new)<(B,|new)iff A, < B, inP, for every n € w.

First we modify P,,. In V, let P be the poset of all I*-trees ordered by
inclusion. We see that P, and P are equivalent. Note that if T is an I™-tree
then the sequence of levels of T', (T{,,) | n € w), is in Py,. Let e : P — P, be the
function defined by e(T) := (T(y,) | n € w).

Lemma 3.6. ¢ is a dense embedding.
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Proof. Clearly e is order preserving. Moreover, if e(T1) < e(T:) in P, then
Ty < Ty in P. So it suffices to show that e[P] is dense in P,,.

Take an arbitrary (B, | n € w) € P,. By induction on n € w, define
A, C B, as follows. Let Ay := By = {()}. Assuming A,, C B, is defined, let
Apy1 :={s € Bpi1 | sIne A,}. Then T := Un@} A, is a tree. Moreover,
because A, C By, = Tpi1.n(Bnt1), {€ € k| s7(§) € App1} € It for each
s € Ap. Thus T is an IT-tree. Hence e(T) = (A, |n€w) < (B, |new). O

We argue using P instead of P,,. Let G := e~ 1[G,]. Then G is (V, P)-generic.
In V, let 7, : P — P, be the function defined by 7, (T') := T, for each T € P.
Then 7, is the composition of e and the natural projection from P, to IP,,. Thus
G, is the filter generated by m,[G] = {T{,,) | T € G}.

As in Theorem 3.3, we need the factor lemma for P and (M,,, H™, jm.n |
m<n<w,m<w). We define P, 7, d” and G™. Let m € w.

Let

o P = j,.(P),
o M= ().

In M,,, P™ is the poset of all (I,,)"-trees ordered by inclusion and 7} is the
function defined by 77" (T') := T().

d™ :P/G,, — P™ is defined similarly to dj*. For each T € P, let fL € V be
the function on ™ such that f.£ (t) = T/t for each t € ™k. Note that fZ(¢) is an
I't-tree for each t € T(,). So if T € P/Gp, iee. T(m% m then [fL]g, € P™.

In V[G,,], define d™ : P/G,, — P™ by d"™(T) = [fm]c. for each T € IP’/G

Lemma 3.7. d™ is a surjective dense embedding.

Proof. This can be shown in the same way as Lemma 2.4. We show only that
d™ preserves incompatibility.

Assume that 71, T, € P/G,, and d™(T1),d™(T3) are compatible in P™. We
show that Ty, T» are compatible in P/G,,. Let g € V be such that [g]g,, is a
common extension of d™(T}) and d™(T,). We may assume g(t) is an IT-tree
for each t € ™k. Because [g]¢,, is a common extension, B := {t € "k | g(t) C
Ty /t, To/t} NTimy N Togm) € G- Because 7, [P] is dense in P,,, there is an
A C B such that A € Gm and A € m,[P]. Then A is the m-th level of some
I"-tree and g¢(t) is an I*-tree for each t € A. So T :=J{t "g(t) | t € A} is an
I'-tree. Moreover T' C Ty, T» and T € P/G,,. Thus T} and Ty are compatible
in P/G,. O

Let G™ := d™|G]. Then G™ is (V[Gy],P™)-generic and thus (M,,,P™)-
generic. We show that each G} is the P}"-generic filter naturally obtained from
G™.

Lemma 3.8. Assume k € w. Then G}' is the filter generated by m'|G™] =
{T(k) | Te Gm}
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Proof. G} is an (M,,, P}*)-generic filter and 7}*[G™] generates an (M,,, Py*)-
generic filter. So it suffices to show that 7}*[G™] C G}'. For each A € P44,
let f24 € V be as in Lemma 2.4. Recall that di*(A) = [f4]g,, for each A €
Protr/Grm and that G = d7' [Gmtk)-

Take an arbitrary B € 7;*[G™]. Then there is an S € G™ such that S(;) =
B. Let T € G be such that d™(T') = S and A := T(y,11). Note that A € G-
Then, for each t € T(,,), fi(t) is the k-th level of fL(¢). So, in My, [f2]c,.
is the k-th level of [f1(¢)]a,,. Thus di*(A) = Sy = B. Because A € Gypp,
B e G} O

Note that (M1, H™ 4 jmykmat | b <1 < w,k < w) is the iteration of
generic ultrapowers of M,, by I,, naturally obtained from G™.
Now we can start to prove the theorem.

Proof of Theorem 3.5.
In V]G], let & := {k,, | n € w) and let

L= {{t,T) € (PR}’;)M‘“ |Vnew,Knet™T}.

We show that T is (M,,, (PR;; )Me)-generic. For simplicity of notation, we write
PR}Z for (PR}:)M" for each n < w.
First we show the genericity. Let D € M, be a dense subset of PRIt. We

show that T'N D # (). There is an m € w and D € M, such that j,, ,(D) = D.
Then D is dense in PR}'M. In M,,, let E C P™ be defined by

E = {T eP"|3kecwvte Ty, (Rim™t, T/t) € D}.

Working in M,,,, we show that E is dense in P™. Take an arbitrary S € P™.
We find a T € F such that T' < S.

Claim 3.5.1. For some k € w,

By = {s€ Sy |39, (RIm,S) > (FIm™s,8") € D} € ((In)5)*.

Proof of Claim. Assume not. Then, for each k € w, there is an X}, € (I,,,)* such
that [X;]¥ N By = 0. Let X := (o, Xx. Then X € (I,,)* and so S N [X]<¥
is an (I,)*-tree. Thus (£ [m, SN [X]<¥) € PR . But if s € SN[X]< then
s ¢ Bjy. Hence there is no element of D which extends (& |m, SN [X]<%). This
contradicts D is dense in PR;:". O. Claim

Let k € w be such that By, is (I,,)*-positive. For each s € By, let S, be an
(I,) T-tree witnessing s € By. Note that s~ Ss C S. Because }*[P™] is dense
in P}, there is an A C By, such that A is the k-th level of some (I,,)*-tree.
Then

T := U{SASS |se A}

is an (I,,,) T-tree. Moreover T' C S and k witnesses that T' € E. This shows that
E is dense.
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Return to V[G]. B
Let T be in G™ N E and let k be the element of w witnessing that T' € E.

Let T = jm.o(T).
Claim 3.5.2. For eachl € w, K[[m,m+1) € Ty.

Proof of Claim. Let | € w. Because T € G™, T(l) € G7" by Lemma 3.8. Thus,
by Lemma 2.9, £ [ [m,m + 1) € jmm+i1(1(;)). Then, because j 11, does not
move K,y for each @ <1, &[[m,m +1) € jmii,0(Gmm+1(Tw))) = Ty O.Claim

Because T € E and k witnesses this,
My, E “Vt €Ty, (RIm™t, T/t) € D.
Thus, because jy, ., is elementary and & [ [m, m + k) € T(),
(RIm " R[[m,m+k), T/R[[m,m+k)) = (Rlm+k, T/RE[[m,m+k)) € D.
On the other hand, by the previous claim,
(RIlm+k, T/R[[m,m+k)) eT.

SoT'N D # 0.

Next we show that I' is a filter. Clearly I' is closed upwards. So, because of
the genericity, it suffices to show that if (¢1,71), (t2,T2) € I" then (t;,77) and
(t2,T») are compatible in PR} .

Assume (t1,T1), (t2,T2) € T and (t1,T1) L (t2,T%) in PR};. Let

D := {{t,T) e PR} |t¢t," Ty Vt ¢ty Tp}.

Then D is dense in PR;L. Let (t,T) € I' N D. Without loss of generality, we
may assume ¢ ¢ t1 Tj. Then, because (t,T) € T, t is an initial segment of &.
Therefore R [|t| = ¢ t; ~Ty. This contradicts that (¢1,7y) € T.

This completes the proof of Theorem 3.5. 0. Theorem

3.3 Observations about PR* and PRT from Theorem 3.3
and 3.5.

If x is a measurable cardinal and U is a normal measure on x then the
Prikry forcing associated with U does not affect V,;. It is known that this can
be generalized for PR* and PR™. In this subsection, we observe this from the
point of view of Theorem 3.3 and 3.5.

First we define strategic closure of ideals.

For each poset Q and § € On, let Q5(Q) be the following two player game
of length §. In Q5(Q), Player I and II in turn choose an element of Q and build
a descending chain in Q, ¢1 > g2 > g3 > ... > q¢ > ge1 > ... . Player I plays ¢
for odd &¢’s and II plays for even and limit £’s. Player II wins if and only if the
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game can be continued to build a descending chain (e | £ € 6 —{0}). Otherwise
I wins.

We say that Q is d-strategically closed if Player I has a winning strategy
in the game Q5(Q). Here, a winning strategy for Player II is a function 7
from the set of all initial plays of Qs(Q) to Q such that if Player II plays
7({gqy | 1 € £ —{0})) in each &-th stage then Player IT wins. An ideal I is called
d-strategically closed if Py is §-strategically closed.

Note that every w + 1-strategically closed ideal is precipitous. In Galvin-
Jech-Magidor [4], it is shown that if x is measurable and .J is a normal maximal
ideal on  then J is w + l-strategically closed in VE°H«1:<#) where J is the
ideal generated by J. In general, if x and J are as above and 7 < k is a regular
uncountable cardinal then J is y-strategically closed in Vol (v.<r),

Lemma 3.9. Let k be a reqular uncountable cardinal and I be a normal ideal
on k. For each m < n € w, let oppp : Prm — P oand 7 : Prn — Prm
be the natural complete embedding and the natural projection associated with I,
respectively.

(1) Assume § < k and I is §-saturated. Then the direct limit of (Prn,omn |
m <n € w) has the §-c.c.

(2) Assume 6 > w and I is d-strategically closed. Then the inverse limit of
(Prn, Tpm | m <n € w) is d-strategically closed.

Proof. For each n € w, let P, := P;» and Gn be the canonical name of a
P,,-generic filter.
(1). Tt suffices to show that Ip, “P,41/G, has the d-c.c.”. We show this by
induction on n € w. Note that if n = 1 then this is true because [ is §-saturated.
Assume n € w and that this is true for each m < n. We show this for n + 1.
Let G,, be a (V,P,)-generic filter and let j, : V — M, = Ult(V,G,,) be
the generic elementary embedding. Because j, is elementary and j, does not
move 0, j,(P;) has é-c.c. in M,,. By the induction hypothesis, in V', P, has the
0-c.c. and so I™ is a k-complete d-saturated ideal. Thus "M, N VI[G,] C M,.
So jn(Pr) has the d-c.c. in V[G,]. By Lemma 2.4, P,,+1/G, and j,(P;) are
equivalent in V[G,,]. Thus P,,11/G,, has the §-c.c. in V[G,].
(2). (2) can be shown in the same way as (1). But we need a slightly long
argument to treat the inverse limit of posets. So here we directly prove that P
in the proof of Theorem 3.5 is J-strategically closed. Recall that P is the poset
of all IT-trees ordered by inclusion and PP is forcing equivalent to the inverse
limit of (Prn,mpm | m < n € w). Let 7 be a winning strategy for Player II in
the game Qs5(Pr). Using 7, we give a winning strategy 7 for Player IT in Qs(P).
Let £ be in § — {0} and (T}, | n € £ — {0}) be a descending sequence in P.
Let S := (), ce_(oy Iy and let

T = {teS|Vkelt|, t(k) € T({(Sucr, (tTk) |nec&—{0}))}.

Note that T' is a tree. Moreover if ¢ € T and (Sucr, (t) | n € £ —{0}) is an
initial play of Qs(P;) in which II has played according to 7 then Sucp(t) =
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7((Sucr, (t) | n € £ —{0})). If T € P then let 7({T;, | n € £ —{0})) be the above
T. Otherwise let 7((T}, | n € £ — {0})) be an arbitrary element of P.
By induction on &, we can easily see:

Assume ¢ is even or limit and (75, | n € £ — {0}) is an initial play in
which II has played according to 7. Let S,T be as in the definition
of 7. Then:

i) For each t € S, (Sucr, (t) | n € £ —{0}) is a play in Q5(P) in
which Player II plays according to 7.

ii) T € Pand T < T, for every n € £ — {0}.
In particular, ii) implies that 7 is a winning strategy for Player IT in Q5(P). O

Theorem 3.10. Let k be a regular uncountable cardinal and let I be a normal
ideal on k.

(1) (Prikry [9]) Assume that 6 < r and I is §-saturated. Let T' be (V, PR})-
generic. Then for each a, < k and f € *B NV, there is an F €
“P(B) NV such that for every £ € a, |F(&)|Y < and f(€) € F(£). (We
say that F' < §-covers f.)

(2) (Shelah [10]) Assume that w < § < k and I is 0-strategically closed. Then
PR}' does not add any bounded subset of 4.

Proof. (1). Assume not. Then there are «, 8 € &, (t,T) € PR} and a PRj}-
name f such that (¢, T forces f € 4 and there is no F' € V which < d-covers f.
Let P,, be the direct limit of (P;» | n € w) with respect to the natural complete
embeddings and let G, be (V,P,)-generic. Let (M, jmn | m < n < w) be as
in Theorem 3.3. Let M = M, j := jow and & = (jon(K) | n € w).

We work in V[G,]. By Theorem 3.3 and Lemma 3.2, t 7K is a PR} -
sequence over M. Let T'; be the (M, PR;(I))—generic filter generated by t~ R

and let f be the interpretation of j(f) by I';. Note that j((¢,T)) € I'; because
j(t) =t and R [n € j(T) for each n € w. So, because j is elementary and does
not move «, 8 and 6§, f € “3 and there is no F € M which §-covers f. On the
other hand, because P,, has the §-c.c. and f € V[G,], thereis an F € *P(5)NV
which < d-covers f. Then F = j(F) € M. This is a contradiction.

(2). We show (2) by almost the same argument. Assume the contrary.
Then there is an o < §, a PRf-name i and (t,T) € PR] such that (t,T)
forces # C « and & ¢ V. Let P, be the inverse limit of (P;n | n € w) with
respect to the natural projections and let G, be a (V,P,)-generic filter such
that (T(,,) | n € w) € Go,. Let (M, jimn | m < n < w) be as in Theorem 3.5.
Let M = M, j := jow and & = (jon(K) | n € w).

Work in V[G,]. Let T’y be a (M, PR;(I))—generic filter generated by ¢~ &.
Let = be the interpretation of j(i) by I';. Then because (T, | n € w) € G,
RIn € j(T) for each n € w and so j({t,T)) € T'y. Then, by the elementarity of
Jj,x Caand z ¢ M. On the other hand, because P, is §-strategically closed,
x € V. Because x C o < k, © = j(x) € M. This is a contradiction. 0
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Next we discuss semiproperness of PR* and PRT. We begin with a review
of semiproperness of posets.

A poset P is called semiproper if for every cardinal A > 22" there is a
club C' C [H)]“ such that for every N € C and p € PN N, there is a p* < p
which forces “N[G] Nw} = N Nw)”. Here G is the canonical name of a P-
generic filter and, for each (V,P)-generic filter G, N|[G] := {Z¢ |  is a P-name
A & € N}. We call the above p* a semimaster condition for N. Recall that
P is semiproper if and only if for “some” cardinal A > 22" there is a club
C C [H]“ such that for every N € C and p € PN N, there is a semimaster
condition for N below p. (See Shelah [10].)

Now we give new conditions for PR} and PR;r being semiproper, which are

related to the iteration of generic ultrapowers.

Theorem 3.11. Let k be a reqular uncountable cardinal and I be a mormal
precipitous ideal on k. Let oy p 2 Pym — Prn be the natural complete embedding
and Ty m : Prn — Prm be the natural projection for m < n € w.

(1) If the direct limit of (P, 0mn | m < n € w) is semiproper then PR} is
semiproper.

(2) If the inverse limit of (Prn,Tpm | m < n € w) is semiproper then PR} is
semiproper.

Proof. (2) can be shown in the same way as (1). So we show only (1). Let P,
be the direct limit of (Prn, 00, | m <1 € Ww).

In VP let (M, jmn | m <n < w) be as in Theorem 3.3 and let M = M,,,
J = jow. For each t € <“k, let I'; be a P,-name for the (M, PR;.‘(I))—generic
filter generated by ¢~ (jo,n(k) | n € w). Note that if ¢ € V is a PR}-name then
j(&) e Misa PR;(I)—name. So there is a P,-name @ € V such that

VB E o«g = j(#&)p, := the interpretation of j(&) by r,”
In V, let A be a cardinal such that
o v, I,P,, PR} € Hj,

o If & € H) is a PR}-name and ¢t € <“k then there is a P,,-name a € H,
such that VP F “g = J@)g, " -

Let F : Hy — H) be a function witnessing the second condition above, i.e.
for each PR}-name & € Hy and t € <“k, F(&,t) is a P,-name such that
VFe & “P(i,t) = j(d)p, 7. Let C C [HA]* be a club witnessing the properness
of P,,.

We show that if NV is a countable elementary submodel of (Hy, €, &, I, F,C)
and (¢t,T) € N N PR} then there is a semimaster condition for N below (¢, T).
Let N and (t,T) be as above. Because N € C and C witnesses the semiproper-
ness of P,, there is a semimaster condition p € P,, for N. Let G, be a (V,P,,)-
generic filter containing p. In V[G,], let j and M be as above. Note that wy is
absolute among V', M and V[G,].
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We work in V[G,]. Let T'y be the interpretation of I, by G,. Because N is
countable in V, j(N) = j[N]. Then, because t € N and N is closed under F,

JIN)Te] ={yr, | § € j(N) Ayis a PR} -name}
={j(&)r, | £ € N A& is a PRj-name}
={F(&,t)g, | T € N Adis a PRj-name}
C N[G.] .

So, because j [w1 = id and G, contains p,
](N)[Ft} ﬁw1 Q N[Gw] ﬂwl = anl g](N) ﬂwl

and thus j(N)[I'y] Nwy = j(N) Nwy. This implies that there is a semimaster
condition for j(N) in T';. Note that j((t,T)) € T'y. Therefore M, F “there is a
semimaster condition for j(N) below j((t,7))”. So, by the elementarity of j,
V E“there is a semimaster condition for N below (t,T)”. O

From Theorem 3.11 and Lemma 3.9, we can obtain the following corollary
immediately. We believe that (1) of the following corollary is already known,
too.

Corollary 3.12. Let k be a reqular uncountable cardinal and I be a normal
ideal on K.

(1) If I is wy-saturated then PR} is semiproper.

(2) (Shelah [10]) If I is w + 1-strategically closed then PR is semiproper.
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