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1 Introduction

Woodin [5] proved that if the forcing axiom for a poset Q holds, then for
any regular § with Q € Hy there are stationary many M € [Hy]“* for which
an (M, Q)-generic filter exists. In this paper we make a remark on this fact
in the standard model of Martin’s maximum (MM).

First we present the precise statement of the above mentioned fact due
to Woodin. For this first we review the notion of (M, Q)-generic filter and

stationary sets:
Definition 1.1. Suppose that Q is a poset.

(1) Let D be a set consisting of dense subsets of Q. A filter H on Q is
said to be D-generic if HN D # 0 for any D € D.

(2) Let M be a set. A subset h of QN M is called an (M,Q)-generic
filter if h is a filter on Q [ (QN M), and hN D # O for any dense
D C Q which belongs to M. (Note that “h N D # 07 is equivalent to
“hnDNM #(D” because h C M.)

Definition 1.2. A set X is said to be stationary if for any function F :
UX]<¥ — UX there exists © € X which is closed under F. For a set A
and a regular uncountable cardinal p, a set X C [A]* (or X C [A]<F) s
said to be stationary in [A]* (or in [A]<*) if X is stationary, and |JX = A.

Remark 1.3. In this paper we adopt the above notion of stationary sets
introduced by Woodin. It slightly differs from the classical definition of
stationary subsets of [A]<H, due to Jech [2]. X is a stationary subset of
[A]<* in the sense of Jech’s classical definition if and only if the set {x €
X |zNp € u} is stationary in [A]<* in the sense of Def.1.2. Moreover X



s a stationary subset of [A]<"+ in the sense of Jech’s definition if and only

if the set {x € X | p C x} is stationary in [A]* in the sense of Def.1.2.

Fact 1.4 (Woodin [5]). Let Q be a poset, and suppose that the forcing axiom
for Q holds, i.e. for every family D of dense subsets of Q with |D| = wq
there exists a D-generic filter. Then for any Q and any reqular uncountable

cardinal 6 with Q € Hy the set
{M € [Hp]** |w1 €M A an (M,Q)-generic filter exists}
is stationary in [Hg]“*.
In this paper we prove the following:

Theorem 1.5. Suppose that k is a supercompact cardinal in V. Let P be
the standard revised countable support iteration of length k forcing MM, and

let W be an extension of V by P.

(1) (Velickovié) In W, for any wi-stationary preserving poset Q and any
reqular cardinal 0 with Q € Hy the set

{M € [Ho]** |w1 €M A an (M,Q)-generic filter exists N MNG € V'}
is stationary in [Hg]“*.

(2) Assume that there are proper class many Woodin cardinals in V. Then
in W, for any wi-stationary preserving poset Q and any regular car-

dinal 0 > kt with Q € Hy the set
{M € [Hg]** | w1 € M A an (M,Q)-generic filter exvists N MMkt ¢ V'}

is stationary in [He|“*.

Thm.1.5 was proved in the course of a joint work with B. Velickovi¢ on
the following result of Vialle and Weiss [4]:

Theorem 1.6 (Vialle and Weiss [4]). Assume that k is an inaccessible

cardinal and that there exists a poset P with the following properties:
(i) P has the k-covering and the k-approximation properties.
(i) P forces that k = ws.

(iii) P forces the proper forcing axziom (PFA).



Then k is a strongly compact cardinal. Moreover if there exists a proper P

with the above properties (i)—(iii), then k is supercompact.

A natural question is whether we need the assumption of properness of P
to obtain supercompactness of k. Our Thm.1.5 (2) shows some difficulty to
drop the assumption of properness. See [4] for details on the relationship
between Thm.1.5 (2) and Thm.1.6.

2 Standard iteration for MM

Here we briefly review the standard iteration forcing MM, which is intro-
duced by Foreman-Magidor-Shelah [1].

Let x be a supercompact cardinal in V.

The iteration is constructed according to a Laver function. Recall that
a Laver function is a function L : k — H, such that for any set a and
any cardinal A > k with a € H) there exists a (k, A)-supercompact em-
bedding j : V — K with j(L)(k) = a, where j : V — K is called a
(k, A)-supercompact embedding if K is a transitive inner model of ZFC
with K* C K, and j is an elementary embedding whose critical point is
x and such that j(k) > A. Recall also that there exists a Laver function
L:kx — H, if k is a supercompact cardinal.

Let L : kK — H,; be a Laver function. Then let (P,, Qg | a < k,B < k) be

the revised countable support iteration such that for each § < &,
° (@5 = L(p) if L(B) is a Pg-name for a semi-proper poset,
e Qp is a Pg-name for a trivial forcing notion otherwise.

Then MM holds in VF=. This follows from the generic elementary embed-

ding argument and the fact below:

Fact 2.1. In VP every wy-stationary preserving poset is semi-proper.

We call (P,,Qp | a < &,3 < &) (or P,) the standard iteration for MM

according to L.

3 Set of models whose traces are in V

In this section we prove Thm.1.5 (1). We use the following lemma:



Lemma 3.1. Suppose that k is a supercompact cardinal and that L : k —
‘Hy is a Laver function. Let 6 be a regular cardinal > K, a be an element
of He and M be a countable expansion of (Hg, €,k,a). Then there exists
M € [Hg|<" such that

(i) M <M,
(i) M Nk is an inaccessible cardinal < K,
(iii) if we let 0 : M — M be the transitive collapse, then
e 0:=MnNOnisa regular cardinal < Kk, and M= Hp,
o L(MNk)=o(a).
Proof. Let j : V — K be a (k,|H} |)-supercompact embedding such that

J(L)(k) = a. By the elementarity of j it suffices to show that in K there
exists M € [Hﬁa)]q“‘) such that

(i) M < j(M),
(i) M Nj(k) is an inaccessible cardinal < j(x),
(iii) if we let o : M — M be the transitive collapse, then
e 0:=MnNOnisa regular cardinal < j(k), and M= 'Hg(,
o J(L)(M N (k) =o(j(a)).
Let M := j[H}]. Then M € K, and clearly M satisfies (i) above. More-
over M N j(k) = K, and hence M satisfies (ii). Finally note that j [ H} is

the inverse of the transitive collapse of M. Then it can be easily seen that

M satisfies (iii) above. O
Now we prove Thm.1.5 (1):

Proof of Thm.1.5 (1). Let k be a supercompact cardinal, L : kK — H,, be a
Laver function and (P, Qp | @ < k,3 < &) be the standard iteration for
MM according to L. Moreover suppose that G, is a P.-generic filter over
V, and let W := VI[G,].

In W take an arbitrary wi-stationary preserving poset @, an arbitrary
regular cardinal § with Q € H}" and an arbitrary function F : [H}']<* —

H}Y. All we have to show is that in W there exists M* € [H}V]“! closed



under F' such that wy C M*, such that an (M™*, Q)-generic filter exists and
such that M* N e V.

Let Q and F be P,-names of Q and F, respectively. By Lem.3.1, in V,
there exists M € [H} ]<" such that

(i) M < (H),€,k,L,(Pa,Qp | a < K, 8 < K),Q, F),
(ii) R := M Nk is an inaccessible cardinal < &,
(iii) if welet o: M — M be the transitive collapse, then
e 0:=MnNOnisa regular cardinal < k, and M = H;{,

o L(k) = 0(Q).

x>

Here note that Q is semi-proper in W by Fact 2.1. Then Pz = o(Px)
forces that L(i) = o(Q) is semi-proper by (i) and (iii) above. Therefore
Qi=0 (Q)-

We work in W below. Let Gz be the Pz-generic filter naturally obtained
from G,. Then note that the elementary embedding o~ ! : M — H} can
be naturally extended to an elementary embedding 7 : M[Gz] — Hy . (For

each Ps-name @ € M let 7(a%%) := 0~'(a)%.) Note also that
M* = 7[M[G:]] = {a%" | ais a Po-name in M} .

Then w; € M* clearly, and M* is closed under F' because F' € M* <
(M}, €). Moreover M* N = M NG € V. Finally recall that Qs = o(Q).
Hence 7(Qz) = Q, where Qz = (QK)G*v Let Hz be the Qz-generic filter
over V[G;] naturally obtained from G,. Then 7[Hy] is an (M*, Q)-generic
filter. Therefore M* is as desired. O

4 Set of models whose traces are not in V

Here we prove Thm.1.5 (2).

We use the stationary tower forcing, which was introduced by Woodin.
First we briefly review basics on the stationary tower forcing. Details can
be found in Larson [3].

For a set X and a set A D |JX let

X1A = {zCAlzn|JX eX}.



Definition 4.1. Let p be an inaccessible cardinal. Then the stationary
tower forcing notion P, is the poset consisting of all stationary X € H,.
Foreach X, Y € P, X <Y iftheset X T(UX)U(UY)\Y T(UX)uUY))

18 nonstationary.

Let u be an inaccessible cardinal, and suppose that I is a P.,-generic
filter over V. Then we can construct the ultrapower Ult(V, I) in V[I]:

Let V(<#) be the class of all functions f € V such that dom(f) = P(A)V
for some A € H}/. For each f € V(<#) and each A € H}/ including | J dom(f)
let fT A be the function on PV (A) such that

[TA@) = fzn(Jdom(f)).
For each functions f,g € V(<# letting A := (|Jdom(f)) U (Udom(g)),
define

def

F=rg % @ eP@) | F1A@) = gTA@)} € 1.

Then =; is an equivalence relation on V(<#). For each f € V(<#) let
(f)r denote the equivalence class represented by f. Moreover for each
(N1, (9)r € VIEW ] = let

def

(Nrer(9)r & {zePA)Y | f1A@) eglA(@)} el
where A = (Udom(f)) U (dom(g)). It is easy to check that e; is well-
defined. Let

UV, 1) == (VIS ) =€)
Moreover let

jr: V.o — U(V,I)
w w
a +—  (ca)r
where ¢, is the function on {0} with ¢,(0) = a for each a € V. The following

is Los’ theorem for this ultrapower:

Fact 4.2. Let p be an inaccessible cardinal in V', and suppose that I is

a P, -generic filter over V. Suppose also that ¢ is a formula and that
fiyeo s fn € VW Let A= (Jdom(f1))U---U(Jdom(f,)). Then

Ult(V, 1) = l(f1)r1,- - -, (fa)1]
& {zePAY |V EfiTA@),.... . TA@)]} €1



Thus Ult(V, I) is a model of ZFC, and j; is an elementary embedding.

As for the well-foundedness of €;, Woodin proved the following:

Fact 4.3 (Woodin). Assume that p is a Woodin cardinal in V.. Then €r is

well-founded for any P, -generic I filter over V.

If €r is well-founded, then we let Ult(V, I) denote its transitive collapse
and j; denote its composition with the collapsing map. Moreover we let
[f]r denote the image of (f); by the collapsing map for each f € V(<H),

Here we give other basic facts on the stationary tower forcing, which are

used in the proof of Thm.1.5 (2). The proof can be found in Larson [3]:

Fact 4.4. Assume that p is a Woodin cardinal, and suppose that I is a

P_,.-generic filter over V.

(1) There exists a unique v < p such that v € I. The critical point of j;

s such v.
(2) ji(p) = p.
(8) <FU(V,I)NV[I] C UV, I).

(4) Suppose that A € H}, and let f be the identity function on P(A)Y.
Then [f]r = ji[A].

(5) Suppose that A is a transitive set in Hl‘f. Let f €V be a function on
P(A)Y such that f(z) is the transitive collapse of x for each x C A.
Then [f]r = A.

This finishes a brief review of basics on the stationary tower forcing. Next
we give a key lemma to Thm.1.5 (2):

Lemma 4.5. Let Q be a poset, 8 be a regular cardinal > w3 with Q € Hy
and p be a Woodin cardinal > 6. Assume that the set

{M € [Hy]** | w1 € M A an (M, Q)-generic filter exists}

is stationary in [Hg]“'. Then for any countable expansion M of (Hy, €)

there exists X € P.,, with the following properties:
(1) Po, | X is wi-stationary preserving.

(ii) In VE<elX there exists M € [H;/]“’1 such that wy € M < M, such that
an (M,Q)-generic filter exists and such that M N (w3)V ¢ V.



In the proof of this lemma we use the following lemma on the Skolem
hull:

Lemma 4.6. Let 0 be a reqular uncountable cardinal, A be a well-ordering
of Hp and M be a countable expansion of (He,€,A). Suppose that A €
M < M.

(1) SKM(MUA)={f(a)| f: <“A—Hg AN fEMAac<“A}.

(2) Suppose that M’ is another countable expansion of (Hg, €, A) and that
M < M. Then Sk™M(M U A) = SKM (M U A).

(8) For any regular cardinal v € M if |A] < v, then sup(SK™(M U A) N
v) =sup(M Nv).

Proof. (2) and (3) easily follow from (1). We prove (1).

Let N be the set in the right side of the equation. Clearly Sk (M UA) D
N. We prove that SkM(M UA) C N. It is easy to see that M U A C N.
Thus it suffices to prove that N < M.

We use the Tarski-Vaught criterion. Suppose that ¢ is a formula, that
c¢* € <“N and that M | Jvpv, c*]. Tt suffices to find b* € N such that
M = b, c].

Because ¢* € <¥N, we can take a function f : <*A — Hy in M and
a* € <“A such that ¢* = f(a*). Then we define g : <A — Hy as follows:
Ifa € <“A, and M |= Juy|v, f(a)], then let g(a) be the A-least b such that
M = @b, f(a)]. Otherwise, let g(a) = 0.

Then g € M by the elementarity of M, and so b* := g(a*) € N. Moreover
M = p[b*, ¢*] by the construction of g and the assumption that M |=
Juplv, ¢*]. Therefore b* is as desired. O

Proof of Lem.4.5. Suppose that M is a countable expansion of (Hg, €).
We find X € P, as in Lem.4.5. We may assume that M is a countable
expansion of (Hy, €, A, Q), where A is some well-ordering of Hy.

Let

Y = {M € [Hp]* | w1 C M Aan (M,Q)-generic filter exists}
X' = {SKM(MUw)|MecY}

It is easy to see that X' is stationary in [Hg]*“? using Lem.4.6 (2) and the

assumption that Y is stationary.



For each N € X’ choose My € Y such that N = SkM(MN Uws). Here
note that M Nwy € wo for each M € Y by the elementarity of M and the
fact that w; € M. Then by Fodor’s lemma we can take v* < wy such that
the set

X = {NEXI|MNQWQ:’V*}

is stationary in [Hg|“?. Then X € P.,. We show that this X is as desired.

First we check the property (i) in Lem.4.5. For this take a stationary
S C wy in V and a P.,-generic filter I over V containing X. Note that
(w3)V € I. So the critical point of j; is (w3)V by Fact 4.4 (1). Then
Jjr(S) = S, and so S is stationary in Ult(V,I) by the elementarity of jr.
Then S remains to be stationary in V[I] by Fact 4.4 (3).

Next we check the property (ii) in Lem.4.5. Suppose that I is a P,-
generic filter over V containing X. In V, foreach N € X let oy : N — N
be the transitive collapse and M ~ be on[My]. Moreover take a function
f eV onP(HY) such that f(N) = My for each N € X. Let M* := [f];.
We prove that M* witnesses the property (ii) in Lem.4.5.

First we prove that w; C M* < M and that an (M*,Q)-generic filter
exists. It suffices to prove that these hold in Ult(V,I). For each N € X
let m be the transitive collapse of M [ N. Take a function g,h € V on
P(HY )V such that g(N) = MN for each N € X and such that h(N) =
on(Q). Then, in V, for every N € X they hold that wy C f(N) < g(N) and
that an (f(N), h(N))-generic filter exists. Thus, by Fact 4.2, in Ult(V, I),
we have that w1 C [f]; < [¢]r and that an ([f]z, [h]1)-generic filter exists.
Here note that [g]; = M and that [h]; = Q by Fact 4.4 (5). So, in Ult(V, ),
w1 € M* < M, and an (M*,Q)-generic filter exists.

Next we prove that M* N (ws3)V ¢ V. First note that

() M0 (w2)V =3jr(7") = 7" < (w2)”

because My N (wg)V = v* for each N € X, and v* < (w3)V = crit(j;).
Note also that sup(My N (w3)") = N Nws for each N € X by Lem.4.6 (3).

Therefore
(#%) sup(M* N (w3)") = (ws)"

by Fact 4.4.
For the contradiction assume that M* N (w3)V € V. Then by (x*) we can
take § € M* N (w3)Y such that [M* N 6|V = (wy)”. Let 7:0 — (w2)" be



the A-least injection. Then 7 € M* because M* < M. So M* is closed
under 7. Then |M* N (wa)V|V = (w2)". This contradicts (*).

Now we have proved that X satisfies the properties (i) and (ii) in Lem.4.5.
This completes the proof. O

Now we prove Thm.1.5 (2):

Proof of Thm.1.5 (2). In V let k be a supercompact cardinal, L : kK — H,
be a Laver function and (IPa,Qg | @ < Kk, < k) be the standard iteration
for MM according to L. Let G, be a P,-generic filter over V. In V[G,]
suppose that Q is an w;-stationary poset, that 6 is a regular cardinal > kT
with Q € Hy and that M is a countable expansion of (Hg, €). In V[G,] we
will find M € [Hp]“* such that w; € M < M, such that an (M, Q)-generic
filter exists and such that M Nk* ¢ V.

In V take a Woodin cardinal 4 > 6. Then p remains to be a Woodin
cardinal in V[G,]. Note that the assumption of Lem.4.5 holds in V[G,]
for Q and 0 by the fact that V[G,] E MM and Fact.1.4. In V[G,] take
X € P., witnessing Lem.4.5 for M, and let R := P, [ X. Note that R is
semi-proper by Fact 2.1. In V let M, Q and R be P,.-names of M, Q and
R, respectively. Moreover, in V, take a sufficiently large regular cardinal
X > W

Then by Lem.3.1 in V we can take N € [H}]<* with the following prop-

erties:
(i) N < (MY, €5, L, (Pa, Qg | & < 5,8 < 1), 0, M, 1, Q,R),
(ii) & := NNk € k is an inaccessible cardinal < &,

(iii) if we let o : N — N be the transitive collapse, then

e {:=NNOnis aregular cardinal < s, and N = H¥7

o L(i)=o(R).

x>
~

Let G be the Pz-generic filter over V' naturally obtained from G,;, and
let

Then the elementary embedding o= : N — H)‘C/ can be extended to the
elementary embedding 7 : N[Gz] — H¥[G”’]. (Let 7(a%#) := o~ (a)% for
each P;z-name @ € N.) Furthermore 7(M) = M, 7(Q) = Q, and 7(R) = R.

10



Here note that Q; = o(R) because L(k) = o(R) is a Pi-name for a
semi-proper poset by the properties of N. Let Hz be the R-generic filter
over V[Gz] naturally obtained from G,. Then, by the choice of R and
the elementarity of 7, in J\AT[G,i * Hz] we can take a set M of size w1 such
that wy € M < M, such that an (M, Q)-generic filter exists and such that
M (#H)N ¢ N. Note that M N (i)Y ¢ V because N = HY.

Let M := 7[M]. Then M € VI[G,]. Moreover, in V[G,], it is easy
to see that w; € M < M, that an (M,Q)-generic filter exists and that
M N K+ ¢ V. The last one follows from the facts that 7((&*)V) = s*,
that M N (/%+)N ¢ V and that 7 |On = 07! |On € V. Therefore M is as
desired. O

References

[1] M. Foreman, M. Magidor and S. Shelah, Martin’s mazimum, saturated
ideals and nonregular ultrafilters I, Ann. of Math. (2) 127 (1988), no.1,
1-47.

[2] T. Jech, Some combinatorial problems concerning uncountable cardi-
nals, Ann. Math. Logic 5 (1972/73), 165-198.

[3] P. Larson, The stationary tower, Notes on a course by W. Hugh
Woodin, University Lecture Series, 32. American Mathematical Society,
Providence, RI, 2004.

[4] M. Vialle and C. Weiss, On the consistency strength of the proper forc-

ing axiom, preprint.

[5] H. Woodin, The Aziom of Determinacy, Forcing Azioms, and the Non-
stationary Ideal, De Gruyter Series in Logic and its Applications; 1,
Walter de Gruyter, Berlin, New York, 1999.

11



