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Abstract
We investigate how weak square principles are denied by Chang’s Con-
jecture and its generalizations. Among other things we prove that Chang’s
Conjecture does not imply the failure of [, 2, i.e. Chang’s Conjecture is

consistent with O, .

1 Introduction

So far many set theorists have investigated the tension between compactness
phenomena, such as large cardinal axioms, stationary reflection principles and
forcing axioms, and incompactness phenomena, such as square principles and
the existence of Aronszajn trees. One of important researches along this line is
to study what kind of weak square principles are denied by each compactness
phenomenon.

First recall weak square principles. The original square principle [J, was
introduced by Jensen [5], and he proved that 00, holds for every uncountable
cardinal v in L and that [J, implies the existence of a vT-Aronszajn tree. So
far various kinds of weak square principles have been considered. Among them

the following (k) and O, , are often discussed:

Notation. Let § be an ordinal. Suppose that (cq | @ < §) is a sequence such
that each cq is club in a. Then a club ¢ C ¢ is said to thread (¢, | o < 0) if

cNa =cq for all a € Lim(c). Moreover suppose that (Co, | oo < §) is a sequence
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such that each Cq, is a family of club subsets of a. Then a club ¢ C § is said to
thread (Co | o < &) if cNa € Cy for all o € Lim(c).

Definition 1.1 (Todorcevié). Let k be a regular cardinal > ws.
O(x) = There exists a sequence (cq | @ < k) with the following properties:

(i) cqo is a club subset of o for each o < k.
(i) cq threads (cg | B < a) for each a < K.

(iii) There are no club C C k threading {cq | @ < K).
A sequence {co | @ < k) witnessing (k) is called a O(k)-sequence.

Definition 1.2 (Schimmerling [7]). Let v be an uncountable cardinal and p be

a cardinal such that 1 < p < w.

O,, = There exists a sequence (Co | @ < vT) such that the following hold

for each o < v :

(i) Cu is a set consisting of club subsets of a of order-type < v.
(i) 1< |Cal < p.
(i11) Every c € C,, threads (Cg | B < ).

A sequence (Co | @ < vT) witnessing O, , is called a O, ,-sequence.

Note that if p < p’, then O, , implies 00, ,». The original square principle
0, is 0,1, and it is easy to see that [J, implies O(v).

As we mentioned before, it have been studied what kind of weak square
principles are denied by each compactness phenomenon. For example, using
the argument by Todorcevié¢ [9], Magidor proved that PFA implies the failure
of O, ., for all uncountable cardinal v. On the other hand Magidor proved
that PFA is consistent with 0J, ,,, for any uncountable cardinal v. For another
example, it is well-known, essentially due to Magidor [6], that the stationary
reflection for subsets of {& < wy | cf(a) = w} implies the failure of O, ..
On the other hand this stationary reflection principle is consistent with O, .,
because it is consistent with CH, and CH implies O, o, -

In this paper we study how weak square principles are denied by Chang’s
Conjecture and its generalizations. Recall Chang’s Conjecture and its general-

izations:



Definition 1.3. Suppose that u and v are infinite cardinals with p < v. Then
(vt,v) - (ut, u) denotes the statement that for any structure X of a countable
language whose universe is v there exists ¥ < X such that |x| = p+ and such

that |z Nv| = p. Chang’s Conjecture is the principle (we,w1) — (w1, w).

Todoré¢evié¢ proved that (v, v) — (u™, u) implies the failure of OJ,.. (See [10]
or [3].) We discuss whether (v*,v) — (u™, 1) implies the failure of O(v1) and
for what p, (v, v) — (ut, ) implies the failure of O, ,.

As for O(v™) we have the following result:

Notation. Let v be an ordinal and P be a poset. P is said to be < v-Baire if
a forcing extension by P does not add any new sequences of ordinals of length

<.

Theorem 1.4. Suppose that p and v are infinite cardinals with p < v and that
(vt,v) > (ut,u) holds. Then there exists a < vt -Baire poset P which forces
both (vt,v) — (u*,u) and O(vT).

It follows from Thm.1.4 that all consistent variations of (v,v) — (u™, )
are also consistent with O(vT).

Next we turn our attention to (v*,v) — (u*, ) and 0, ,. Results depend
on v and p. The case when v is a singular cardinal was investigated by Foreman
[3]. In this paper we discuss the case when v is regular.

First we have the following in the case when p = w:

Theorem 1.5. Suppose that v is a reqular uncountable cardinal and that there
is a measurable cardinal > v. Then there exists a <v-Baire poset P which forces
both (vt,v) - (wi,w) and O, 5.

Corollary 1.6. Assume that ZFC + Measurable Cardinal Axiom is consistent.
Then ZFC + Chang’s Conjecture + O, o is consistent.

As for the case when p > w, we have the following:

Theorem 1.7. Let p be an uncountable cardinal and v be a cardinal > p.

Assume (vT,v) — (u, u). Moreover suppose that either of the following holds:
(1) v<¥ =v.

(1) [{p € Reg | p < p < v} < [{p € Reg | w < p < p}| < w1, where Reg

denotes the class of all reqular cardinals.



Then O, fails.

For example if 4 = wy, and v = wsq, then the condition (II) in the above

theorem holds. Thus we have the following corollary:
Corollary 1.8. (w3,ws2) — (w2, w1) implies the failure of Oy, w, -

Here recall that (w3,ws) — (ws,w) is consistent with 241 = ws and that
29 = wy implies O, o, (The former is due to Kunen and Laver. See [2].)
Thus (w3, ws) — (w2,w;) is consistent with O, o,. In this sense the corollary

above is optimal.

2 Preliminaries

In this section we give our notation and facts used in this paper.

We begin with notation concerned with sets of ordinals: For regular cardinals
p, v with p < v let E} := {a € v | cf(a) = p}. Next let A be a set of ordinals.
Then Lim(A) := {a € A | sup(ANa) = a}, and o.t.(4) denotes the order-type
of A. Moreover, for a regular cardinal p, A is said to be p-closed if sup(B) € A
for any B C A of order-type p.

Next we give statements equivalent to (v,v) — (u™, 1). The proof of the

following is standard and left to the reader:

Lemma 2.1. The following are equivalent for infinite cardinals p, v with p < v:

(1) (vF,v) = (uF, ).

(2) For any function F : <“(vt) — vt there exists © C v such that z is

closed under F', such that |x| = u™ and such that |x Nv| = p.

(8) For any structure M whose universe includes v™ there exists M < M

such that |M Nvt| = pt and such that |[M Nv| = p.

Next we give a lemma and notation on the Skolem hull. For a structure M
and  C M let Sk™(z) denotes the smallest M with € M < M if such M
exists. (Otherwise, Sk™ () is not defined.) We call Sk™(z) the Skolem hull of

2 in M. We use the following lemma:



Lemma 2.2 (folklore). Let 6 be a regular uncountable cardinal and M be a
structure obtained by adding countable many constants, functions and predicates
to (Hg, €). Suppose that BC A€ M < M, and let

N = {fb)|f:<“A—Ho AN fEM ANbE “B}.
Then the following hold:
(1) N =Sk™(M U B).
(2) sup(NNA) = sup(MNA) for all regular cardinals X € M such that A > | A|.

Proof. (1) First note that M U B C N and that if M UB C N’ < M, then
N C N’. So it suffices to show that N < M. We use the Tarski-Vaught
criterion.

Suppose that ¢ is a formula, that ¢ € <“N and that M |E Jvplv,c]. It
suffices to find d € N such that M = ¢[d, c].

Because ¢ € <“N, we can take a function f: <A — Hy in M and b € <“B
such that ¢ = f(b). Then there exists a function g : <A — Hy such that for
any a € <“A if M | Juy|v, f(a)], then M | plg(a), f(a)]. We can take such
g in M by the elementarity of M.

Then d := g(b) € N. Moreover M = ¢[d,c] by the choice of g and the
assumption that M |= Jup[v, c]. Therefore d is as desired.

(2) Fix aregular cardinal A € M with |A| < A. Clearly sup(NNA) > sup(MNA).
On the other hand, for any f: <“A — Hy in M and any b € <“B,

f(b) < sup{f(a)|ae€ <YANAf(a) EAX} € MN.
Hence sup(N N A) < sup(M N A). O

Below we give our notation and a fact on forcing:
Let v be an ordinal. A poset P is said to be v-strategically closed if Player
IT has a winning strategy in the followng game I'(P,v) of length v:

I HPO‘Pl"" ‘ - ‘Pwﬂ"" ‘ - ‘pw+w+1""
HH QO‘Ql“" ‘Qw‘%}+1"" \qu\quﬂ\m

Player I opens the game by choosing an arbitrary py € P, and then Player II
chooses gy < po. In the &-th stage Player I and II move as follows: If £ is
successor, then first Player I chooses pe < g¢—1, and Player II chooses g¢ < pg¢



after that. If £ is limit, then Player I does nothing. Player II chooses a lower
bound ¢¢ of {g, | n < &} if it exists. Otherwise, the game is over at this stage.
Player II wins if the game continued for v-stages, that is, he could choose g¢ for
all limit & < v. Otherwise, Player I wins.

It is easy to see that if P is v-strategically closed, then P is < v-Baire.

Let P be a poset and M be a set. A sequence (pg | £ < () is said to be
(M, P)-generic if it is a descending sequence in PN M, and for any dense open
D C P with D € M there exists { < ¢ with p¢ € D. A condition p € P is said to
be strongly (M, P)-generic if p is a lower bound of some (M, IP)-generic sequence.
For a P-generic filter G over V let M|[G] := {a“ | a is a P-name in M}, where
a% denotes the evaluation of @ by G.

Finally we give our notation on forcing notions for collapsing cardinals. Let v
be a regular cardinal, and let « and /3 be ordinals with o < 3. Then let Col(v, a)
be the poset <"« ordered by reverse inclusions. Moreover let Col(v, <«) be the
< v-support product of (Col(v,7v) | v < ), and let Col(v, [, 3)) be the < v-
support product of (Col(v,7) | @ <~ < ). Thus if « is an inaccessible cardinal,
then Col(v, <a) is the Lévy collapse making o to be v. We use the following

lemma:

Lemma 2.3 (folklore). Let v and k be regular cardinals with v < k. Suppose
that P is a < v-closed poset of size k which forces |k| = v. Then P is forcing

equivalent to Col(v, k).

Proof. Let 7 be a P-name for a surjection from v to P. For each ¢ € Col(v, k),
by induction on dom g, we define a descending function s, : domg — P. We
define s,’s so that if ¢’ < ¢, then sy D s,

First suppose that domg is a limit ordinal. Then let f; := U qomq fare:
Next suppose that f; has been defined. We define f, for each ¢’ < ¢ with
dom ¢ = (domgq) + 1. First take A C P with the followng properties:

(i) Aisamaximal antichain in the suborder of P consisting of all lower bounds

of {f4(¢) | € < domg}.
(ii) |A] = k.
(iii) Every element of A decides 7(dom q).

(iv) If p€ A, and p IF “7(domg) = r”, then either p < rorp L r.



We can take such A by the <wv-closure of P and the fact that P forces || = v.
Let (po | @ < k) be a 1-1 enumeration of A. Then for each ¢’ < ¢ with dom ¢’ =
(domgq) + 1 let fo be the extension of f, such that f,(dom q) = Py (dom q)-

Now we have defined f; for all ¢ € Col(v, k). Let Q be the suborder of
Col(v, k) consisting of all ¢ € Col(v, k) whose domain is a successor ordinal.
Moreover for each g € Q let d(q) = f,((domg) —1). It suffices to show that d is
a dense embedding from Q to P.

Clearly, d(qo) < d(¢q1) in P if and only if g9 < ¢;. Thus it suffices to show
that the range of d is dense in P. Take an arbitrary p € P. We find ¢ € Q with
d(q) < p. First we can take p’ < p and £ < v such that p’ IF “7(£) = p”. Here
note that the set {d(q) | domgq = & + 1} is predense in P by the construction of
f¢’s. Thus we can take ¢ € Q such that domg = £ + 1 and such that d(q) is
compatible with p’. Then d(q) IF “7(£) = p” by the property (iii) above and
the compatibility of d(g) and p’. Then d(q) < p by the property (iv) above and
the compatibility of d(g) and p.

This completes the proof. O

3 (v*,v) — (u*,p) and O(v)
In this section we prove Thm.1.4:

Theorem 1.4. Suppose that p and v are infinite cardinals with p < v and that
(vt,v) - (ut,u) holds. Then there exists a < v -Baire poset P which forces
both (vT,v) — (ut,u) and O(v™T).

This follows from the standard facts below:
e A straight forward forcing notion for (v 1) is v -strategically closed.

o (vT,v) — (uT, ) is preserved by vT-strategically closed forcing exten-

sions.

For the completeness of this paper we give the proof of these facts.
First we present a forcing notion for ((x), which consists of initial segments

of a O(k)-sequence:

Definition 3.1. Suppose that k is a reqular cardinal > we. Then let P(O(k))
be the poset of all p = (cq | & < 8) for some § < & such that the following hold
for each o < §:



(i) cqo is a club subset of .
(i1) co threads (cg | B < a).

po < p1 in P(O(k)) if and only if po is an end-extension of p;.
If p = (ca | @ < 6) € P(O(k)), then each ¢, is denoted as p(a), and § is

denoted as 6.
We show that P(0(k)) is s-strategically closed and forces (k).
Lemma 3.2. P(O(k)) is k-strategically closed for any regular cardinal k > ws.

Proof. Fix a regular cardinal k > wo. Consider the following strategy of Player
II for T'(P(0(k)), x): First suppose that £ is a successor ordinal < wy and that
Player I has choosed pe at the {-th stage. Then Player II chooses g¢ which
strictly extends pe. Next suppose that £ is a limit ordinal < w; and that
(qq | m < &) is a sequence of Player II's moves before the ¢-th stage. Let
c:={dq, | n < &}. Then II plays

ge = (Up<e ) ()

at the &-th stage.

By induction on £ we can easily prove that for each limit £ < k the set
{0q, | m < &} is club in §,, and threads |J, . gy Thus ¢¢ € P(0(k)), and ¢
is a lower bound of {g, | n < &}. Therefore the above is a winning strategy of
Player II. O

Lemma 3.3. Let k be a regular cardinal > wo. Then P(O(k)) forces O(k).

Proof. Let P := P(0(k)), and let H be the canonical P-name for a P-generic
filter. We show that | J H is a O(k)-sequence in V.

First note that the set {p € P | §, > a} is dense in P for any o < k. This
can be easily proved using the x-strategically closure of P. Thus in V¥, UH
is a sequence of length r satisfying the properties (i) and (ii) in the definition
of O(k) (Def.1.1). To check the property (iii), take an arbitrary p € P and an
arbitrary P-name C for a club subset of x. It suffices to find p* < p such that

P IFp “0pe € Lim(C) A CNGpe # P (6pe) 7 .

By induction on n € w take a descending sequence (p,, | n € w) below p and

an increasing sequence {(a, | n € w) in & so that p,11 IF “ min(C \ 6,,) = a,”



and a, < 0p,,, for each n < w. Moreover let ¢ := {a,, | n < w A n: even}.

n+1

Note that any lower bound of {p, | n € w} forces that C' N sup, ., dp, # c.
Then p* := (U,,., Pn) " (c) is as desired. O

Next we show that (vT,v) — (uT, u) is preserved by vT-strategically closed

forcing extensions:

Lemma 3.4. Suppose that p and v are infinite cardinals with p < v and
that (vT,v) = (u*,p). Then (vT,v) — (u™, 1) remains to hold in every vt-

strategically closed forcing extension.

Proof. Suppose that P is a v'-strategically closed poset. Take an arbitrary
p € P and an arbitrary P-name F' for a function from <¢(v*) to v*. It suffices
to find p* < p and z* C vt such that |z*| = ™, such that |[z* Nv| = p and
such that p* IF “z* is closed under F”.

Take an enumeration (ag | € < v) of <“(v*). Using the v'-strategically
closure of P we can easily construct a descending sequence (g | £ < vt) below
p and a sequence (ag | € < vT) in vF such that g¢ I+ “F(ag) = ag” for each
E<vt. Let F: <¥(vt) — vt be the function defined as F(ag) := ag.

Because (v,v) — (uT,p) holds in V, we can take 2* C v+ such that
|z*| = pT, such that |z* Nv| = p and such that =* is closed under F. Moreover
take ¢ < vT such that <“z* C {a¢ | £ < ¢}. Then p* := p; and z* are as
desired. O

It follows from Lem.3.2, 3.3 and 3.4 that P(OJ(v")) witnesses Thm.1.4.

4 (v*,v)—> (u",p) and 0O,

4.1 p=w
Here we prove Thm.1.5:
Theorem 1.5. Suppose that v is a reqular uncountable cardinal and that there

is a measurable cardinal > v. Then there exists a <v-Baire poset P which forces
both (vt,v) - (wi,w) and O, 5.

Let k be a measurable cardinal > v. The desired forcing extension will be
the Lévy collapse Col(v, < k) followed by a straight forward forcing notion for

O, 2. First we present the forcing notion for [, »:



Definition 4.1. Let v be an uncountable cardinal. Then let (0, 2) be the poset
of allp = (Co | @ < &) for some § < vT such that the following hold for all
a<é:

(i) Cu is a family of club subsets of o of order-type < v.
(i) 1< |Cal < 2.
(i1i) Each ¢ € C,, threads (Cg | B < a).

po < p1 in P(O,2) if and only if po is an end-extension of p1.
If p = (Co | @ < 6) € P(O,2), then each Cq,, is denoted as p(a), and § is

denoted as 6.
We prove the following;:

Proposition 4.2. Suppose that v is a reqular uncountable cardinal and that k
is a measurable cardinal > v. Then Col(v, <k) *I?’(D,ﬂ) is < v-Baire and forces
both (vt,v) - (wi,w) and O, 5.

First we present basic properties of P((J, 2) (Lem.4.3, 4.4 and 4.5):

Lemma 4.3. Suppose that v is a regular uncountable cardinal. Then P(0J, 2)

18 v + 1-strategically closed.

Proof. Consider the following strategy of Player II for I'(P(O,2),v + 1): First
suppose that { is a successor ordinal < v 4 1 and that Player I has choosed p¢
at the £-th stage. Then Player II chooses g strictly extending pe. Next suppose
that £ is a limit ordinal < v + 1 and that (g, | n < §) is a sequence of Player
IT’s moves before the £-th stage. Let ¢ := {d,, | 7 < £}. Then II chooses

g = (Upce ) ({e})

at the &-th stage.

By induction on £ we can easily prove that for each limit £ < v + 1 the set
{dq, | m < &} is club in dq, and threads {J, ¢ ¢;- Thus g¢ € P(0(k)), and g¢
is a lower bound of {g, | n < {}. Therefore the above is a winning strategy of
Player II. U

Using the v + 1-strategically closure of P(0,2), we can easily prove the

following:

10



Lemma 4.4. Let v be an uncountable cardinal. Then for any 6 < vT the set
{peP(0,2) |0, >3} is dense in P(0,2).

Then we have the following by the construction of P(0, 2):

Lemma 4.5. Let v be an uncountable cardinal. Suppose that H is o P(O,2)-

generic filter over V.. Then |JH is a O, 2-sequence in V[H].

In Prop.4.2, Col(v, < k) * (0, 2) is < v-Baire by Lem.4.3 and forces [, 5
by Lem.4.5. Thus it suffices for Prop.4.2 to prove the following:

Lemma 4.6. Suppose that v is a reqular uncountable cardinal and that k is a

measurable cardinal > v. Then Col(v, <) * P(0, ) forces (v, v) — (wi,w).

To prove Lem.4.6 we need some preliminaries. Before starting preliminaries

we present the outline of the proof of Lem.4.6:

Outline of proof of Lem.4.6. Let G be a Col(v, < k)-generic filter over V. In
V[G] suppose that p € P(0,2), that F' is a P(0J, 5)-name for a function from
<Yk to k. In V[G] it suffices to find z* C & and p* < p such that |z*| = wy,
such that |z* Nv| = w and such that p* I+ “z* is closed under 7.

For this first we prove that a variant of the Strong Chang’s Conjecture holds
in V[G] (Lem.4.12). (For the Strong Chang’s Conjecture see Shelah [8] Ch.XII
§2 or Foreman-Magidor-Shelah [4].) Using this variant of the Strong Chang’s
Conjecture, in V[G] we construct a C-increasing sequence (M¢ | & < wy) of
countable elementary submodels of (Hyg, €, P(0,2),p, F ) for some sufficiently
large regular cardinal § and a descending sequence (pe | £ < wq) below p with

the following properties:
(i) M¢nv = Mynv for each £ < w;.
(ii) pe is strongly (Mg, P(0,,2))-generic and belongs to M¢41 for each £ < w;.
(iii) {p¢ | &€ < w1} has a lower bound.

Note that M¢yq Nt is strictly larger than Me Nv™ by the property (ii).

Let M* := (J;,, M¢ and z* := M* N vT. Then |z*| = w; by the remark
above, and |z* Nv| = w by the property (i). Moreover let p* be a lower bound
of {pe | £ < wr}. Note that p* is strongly (M*,P(0, 2))-generic. Therefore p*

forces that z* is closed under F. O

11



Now we start preliminaries for the proof of Lem.4.6. For our variant of the
Strong Chang’s Conjecture we use the following forcing notion which adds a

club subset of v of order-type v threading a [J,, o-sequence.

Definition 4.7. Let v be a reqular uncountable cardinal. Suppose that C= (Cq |
o < vt) is a O, o-sequence. Then let C(C) be the poset of all ¢ such that

(i) c is a closed bounded subset of v of order-type < v,

(i) ¢ threads (Co | o < maxc). (This is equivalent to that ¢ € Cmaxc if
maxc € Lim(c).)

—

co < ¢y in C(C) if and only if ¢y is an end-extension of c;.

In fact we use a poset C(|J H) for a P(0J, 2)-generic filter H. We give basic
facts, Lem.4.8, 4.9 and 4.10, on this poset before proceeding to a variant of the
Strong Chang’s Conjecture:

Lemma 4.8. Let v be a regular uncountable cardinal and H be the canonical
P(0, 2)-name for a P(0O, 2)-generic filter. Then

D = {pxécP(0,2)*C(UH)|c€V A J, =maxc}
is a <v-closed dense subset of P(0,2) * C(JH) of size 2”.

Proof. Clearly |D| = 2. We show that D is < v-closed and dense. Let P :=
P(0,5) and C := C(J H).

First we prove the density of D. Suppose that pxé € P«C. Because P is v+1-
strategically closed, we can take p* < p and ¢ € V such that p* I “¢ = ¢'”. By
extending p* if necessary, we may assume that d,+ > maxc’. Let ¢* := /U{d,- }.
Then p* x c¢* < px*¢, and p* * ¢* € D.

Next we prove the < v-closure of D. Suppose that ( is a limit ordinal < v and
that (pe * ¢ | § < () is a strictly descending sequence in D. Let ¢/ := [Jg . ce

and

p* = (Ugeere) ({)) -

Note that ¢’ threads [J;_. pe because each c¢ threads pe. Thus p* € P(0,2).
Let ¢* := ¢ U {supc’}. Then p* * ¢* belongs to D and is a lower bound of

{pexce | € <C} N

12



JFrom Lem.4.8 we have the following easily:

Lemma 4.9. Let v be a reqular uncountable cardinal. Suppose that H is a
P(0, 2)-generic filter over V and that I is o C(|J H)-generic filter over V[H].
Then the following hold:

(1) UI is a club in (vT)Y of order-type v. So |(vH)V| =v.

(2) (UH) ({U1}) € P(O,2)" 110,
(From Lem.2.3, 4.8 and 4.9 (1) we have the followng:

Lemma 4.10. Assume that 2¥ = vt. Let H be the canonical P(0,2)-name
for a P(0,2)-generic filter. Then P(0,5) * C(JH) is forcing equivalent to
Col(v,vt).

We proceed to a variant of the Strong Chang’s Conjecture. The following is
a key lemma. In the following note that if p is a strongly (N,P(0, 2))-generic
condition, then sup(N N k) < ¢, by Lem.4.4:

Lemma 4.11. InV let v be a reqular uncountable cardinal and k be a measur-
able cardinal > v. Suppose that G is a Col(v, < k)-generic filter over V. In V|G|
let H be the canonical P(0, 2)-name for a P(0, 2)-generic filter. Then in V|G|

w

there are club many N € [H+]“ such that for any strongly (N,P(0, 2))-generic

condition p if there is ¢ € p(sup(N N k)) with
plF “cU{sup(N Nk)} is strongly (N[H],C( H))-generic”

then there exists a countable N* < (H,+,€) and p* € P(O,2) N N* such that

(i) N*O N, and N*Nv=NnNuv,

(i) p* <p.
Proof. In V let U be a normal measure over k, let W be the transitive collapse
of the ultrapower of V by U, and let jo : V — W be the ultrapower map.
Moreover let 8 be a sufficiently large regular cardinal.

In V[G] let N := (K1) €) and M := () €, k, U HY, ,G). Moreover
let P be P(0J,, ) defined in V[G] and C be C(|J H). Here note that A is definable
in M and that P, H and C are all definable in \.

In V[G] take an arbitrary countable M < M and let N := M NN. Moreover

suppose that p and c are as in the lemma for N. It suffices to prove the existence
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of a countable N* < N and p* € PN N* with the properties (i) and (ii). For
this we use a generic elementary embedding.

First let ¢/ := cU{sup(NNk)}. Note that p¢ is strongly (N, P C)-generic
and thus that it is strongly (M,P « (C)—generic. Take a P x (C—generic filter
H * I over V[G] containing p * ¢/. Moreover take a Col(v, [s + 1, jo(k)))-generic
filter J over V[G * H = I] containing a strongly (M[H = I|, Col(v, [« + 1, jo(k)))-
generic condition. We can take such J because M[H = I] is countable, and
Col(v, [k + 1,j0(k))) is <v-closed. Let G := G x H % I * J. Below we work in
ViG],

Note that

Col(v, <r) * P(O,2) * C(U H) * Col(v, [x + 1, jo(x)))

is absolute between V and W because "W NV C W. Moreover it is forcing
equivalent to Col(v, < jo(x)) in W by Lem.4.10. Define j; : V[G] — W[G]
as 71(a%) = jo(a)C for each Col(wi, < k)-name @ Then j; is an elementary
embedding which extends jg.

By the elementarity of j; it suffices to show that in W[G] there exist a

countable N* < j1(N) and p* € j1(P) N N* such that

(i) N* D j1(N), and N*Nj1(v) = j1(N) N j1(v),

(i) p* < Jji(p)-
We show that N* := M[H = I « J] N j1(N) and p* := (UH) " ({UI}) witness
this.

Let M := (H(‘;[G], €,k U HY,,G). Note that M[H = I  J] < M.

First we show that p* is as desired. Note that p* is definable in M and be-
longs to j1(N). So p* € N*. Moreover p* € j;(P) by Lem.4.9 (2). Furthermore
p* < p because p € H, and j;(p) = p because the rank of p is below the critical
point & of j;. Thus p* < j1(p).

Next we show that N* is as desired. First note that j;(N) is definable in M.
So N* = M[H=*IxJ)Nj1(N) < j1(N) by the elementarity of M [H xIx.J]. Below
we check the property (i)’. Note that j; [ N is also definable in M and thus
that M[H * I« J] is closed under j; [N. Recall that N = M NN, and note that
J1(IN) = j1[N] because N is countable. So ji1(N) C M[H I+ J]Nj1(N) = N*.
For the latter statement note that M[H I+ J)NOn = M NOn because H * I xJ
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contains a strongly M-generic condition. Hence N*Nv = NNv. But v is below
the critical point  of j1. So N* N ji(v) = j1[N]Nj1(v) = 51(N) N j1(v).
This completes the proof. O

Using the previous lemma we can prove that a variant of the Strong Chang’s

Conjecture holds in VCol¥:<r).

Lemma 4.12. InV let v be a reqular uncountable cardinal and k be a measur-
able cardinal > v. Suppose that G is a Col(v, < k)-generic filter over V.. Then
in V|G] the following holds for any regular cardinal @ > 2%: For any countable
M < (Hg,€,v), any (M,P(0, 2))-generic sequence (p, | n € w) and any club
d C sup(M N k) threading \J,, ., Pn
and p* € P(O,2) N M* such that

there exists a countable M* < (Hy, €, V)

(i) M* DM, and M*Nv=MnNuw.
(i) p* < p, for alln < w,
(1ii) d € p*(sup(M N K)).

Proof. We work in V[G]. Fix a sufficiently large regular cardinal §, and suppose
that M, (p, | n < w) and d are as in the lemma. We find M* and p* as in the
lemma.

First note that H,+ € M because k = v and M < (Hg,€,v). Let Z € M
be a club subset of [H,+]“ witnessing Lem.4.11. Then N := M NH,+ € Z.

Next let P := P(J,5), H be the canonical P-name for a P-generic filter and
C := C( H). Moreover let (D,, | n < w) be an enumeration of all P-names for
dense open subsets of C which belong to M.

Then we can take a sequence (¢, | n < w) of P-names in M such that
- “é, € Dn A épa1 < ¢, 7 for all n < w. Moreover, by Lem.4.3, for each n < w
we can take a bounded closed subset ¢, € M of k such that p,, IF “¢&, = ¢&,”

for some m < w. Let ¢:=J, _, ¢n. Note that ¢ is club in sup(M N k). Let

p = (Uncwrn) (e d}) .

Then p is strongly (N, P)-generic and forces that cU{sup(NNk)} is strongly

(N[H],C)-generic. Here recall that N € Z. Let N* and p* be those obtained
by Lem.4.11 for N and p. Moreover let

M* = {fp") | f:P—Hy A feM} = SK™S (MU}
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(See Lem.2.2.) We claim that M* and p* are as desired.

Clearly p* € PNM™*, and p* satisfies the properties (ii) and (iii) in the lemma
by the choice of p*. Furthermore M* < (Hy, €,v), and M* DO M clearly.

What remains to prove is that M* Nv C M Nwv. For this first note that
M*NH.+ C N* because N U {p*} C N* < (H,+,€), and N = M N H,+.
Moreover N* Nv = N Nv by the choice of N*. Therefore M* Nv C N*Nv =
NNnv=MnNuv. U

Now we prove Lem.4.6 using Lem.4.12:

Proof of Lem.4.6. Let G be a Col(v, < k)-generic filter and P be P(0J,, 2) in V[G].
Working in V[G], we show that P forces (k,v) - (w1,w).

Take an arbitrary p € P and an arbitrary P-name F of a function from <“x
to k. It suffices to find p* < p and z* C k such that |2*| = wq, such that
|£* N v| = w and such that p* IF “z* is closed under F”.

Take a sufficiently large regular cardinal . By induction on £ < w; we
construct a C-increasing continuous sequence (M | £ < wy) of countable ele-
mentary submodels of (Hg, €,r) and a descending sequence (p¢ | € < wi) below

p with the following properties:
(i) p, F € M.
(ii) MeNv = MyNv for each § < wi.
(ili) pe is strongly (Mg, P)-generic and belongs to M¢4 for each § < ws.
(iv) {sup(M, Nk) | n < &} € pe(sup(Me N k)) for each limit € € wq \ {0}.

Below let p_1 :=p.

First take a countable My < (Hy, €,v) with p, F' € M.

Next suppose that £ is successor or equals to 0 and that pe_; and M, have
been taken. Then take pe and M¢i; as follows: First take an (M, P)-generic
sequence (g, | n < w) below pe_q1. Then by Lem.4.12 we can take a countable
Meiq1 < (Hg, €,v) and pe € PN M¢i1 such that Mgy O Mg, such that Mg N
v = M¢ Nv and such that pe < g, for all n < w. Then p; and Mg, satisfy the
induction hypotheses.

Finally suppose that £ is a limit ordinal with 0 < £ < wy and that (M, | n <
&) and (p, | n < &) have been taken. Then take M, ps and M4 as follows:

First let M¢ :=J, _ M,. Note that (p, | n < &) is an (M, P)-generic sequence.

n<§
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Note also that d := {sup(M, Nx) | n < &} threads |J, ¢ py by the induction
hypothesis (iv). Then by Lem.4.12 we can take a countable M1 < (Hg, €, )
and pg € PN Mgy such that M¢1q D Mg, such that M¢; Nv = Mg Ny, such
that pe < p,, for all n < ¢ and such that d € pe(sup(M¢ N«)). Then M, pe and
Me 1 satisfy the induction hypotheses.

Now we have constructed (Mg | £ < wy) and (pe | £ < wy). Let M* :=
Ugcw, Me and z* := M* N k. Then [z* Nv| = w by the property (ii) above.
Note also that M¢11 Nk is strictrly larger than M Nk by the property (iii). So
|2*| = wy.

Next let d* := {sup(M¢N k) | { <wi} and

P* = (Uecw, o)~ {d"}) -

Then p* € P, and p* is a lower bound of {p¢ | £ < wi}. So p* < p, and
p* is strongly (M*,P)-generic. But P,F € M* < (Hg,€). So p* forces that
z* = M* Nk is closed under F. O

This completes the proof of Thm.1.5.

4.2 p>w
Here we prove Thm.1.7:

Theorem 1.7. Let p be an uncountable cardinal and v be a cardinal > pu.

Assume (vT,v) — (ut, u). Moreover suppose that either of the following holds:
(1) v<r =v.

(II) {p € Reg | p < p < v}| <[{p € Reg | w < p < p}| < w1, where Reg

denotes the class of all reqular cardinals.
Then O, ,, fails.
The following is a key lemma:

Lemma 4.13. Assume that p and v are as in Thm.1.7. Let 0 be a regular
cardinal > vt and M be a structure obtained by adding countable many con-
stants, functions and predicates to (Hg, €). Then there exists M < M with the

following properties:

(i) ot.(MNvt)=pu".
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(i) MNv|=pC M.
(i1i) M Nv' is stationary in sup(M NvT).
First we prove Thm.1.7 using Lem.4.13:

Proof of Thm.1.7 using Lem.4.13. For the contradiction assume that p and v
are as in Thm.1.7 and that [, , holds. Let C = (Co | @ < v*) be a O, -
sequence, and let M be the structure (H,++,€,C).

Then we can take M < M with the properties (i)—(iii) in Lem.4.13. Take
an arbitrary ¢ € Cyp(mrw+).- Then o.t.(c) < v, and cf(o.t.(c)) = p* because
ot.(MNvt)=pu*. But |[M Nv|=p Hence M No.t.(c) is bounded in o.t.(c).
By (iii) in Lem.4.13 we can take o € Lim(c) N M such that o.t.(cNa) ¢ M. But
cNa € Cy, and C, C M because C, € M and |Co| < € M. Thus cNa € M,

and so o.t.(cNa) € M. This is a contradiction. O

The rest of this subsection is devoted to the proof of Lem.4.13. For this
we need preliminaries. First we give a lemma which assures the property (i) in
Lem.4.13:

Lemma 4.14 (folklore). Let u and v be infinite cardinals with p < v, and let
0 be a regular cardinal > v. Assume that M < (Hy, €), that |[M NvT| > pt
and that |M Nv| = u. Then ot. (M Nvt) = put.

Proof. For the contradiction assume that o.t.(M Nv*) # u. Then o.t.(M N
vT) > uT because |M NvT| > ut. Let a be the uT-th element of M Nv+.
Here note that v € M because M contains ordinals between v and v*. By
the elementarity of M we can take an injection o : @« — v in M. Note that
oMna] CMnNv. Then vt = |MnNal=|c[MnNa]| <|MNv|=v. Thisis a

contradiction. O

Next we give a lemma relevant to the property (i) in Lem.4.13. In the
following lemma note that Sk™ (M U B) and Sk™ (M U ) exist by Lem.2.2 (1)
and the fact that B,y Cve M < M:

Lemma 4.15. Let p and v be infinite cardinals with p < v, and let 6 be
a regular cardinal > vt. Suppose that M is a structure obtained by adding
countable many constants, functions and predicates to (Hg, €, u,v). Moreover

assume that M is an elementary submodel of M such that |M Nv| = p.
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(1) Assume also (I) in Thm.1.7. Then | Sk (MUB)Nv| = pu for any bounded
subset B of sup(M Nv™) with |B| < p.

(2) Assume also (IT) in Thm.1.7. Then |SK™(M Up) Nv| = p.

Proof. (1) Suppose that B is a bounded subset of sup(M Nv*) with |B| < p,
and let N := Sk™(M U B). We show that [N Nv| < . Take o € M Nt such
that a > sup(B). Note that

Nnv = {fb)|f:Ya—vANfeMAnAnbe<“B}.
Moreover |{f | f : <“a — v}| = v because v<¥ = v. Then
1 <a—vnfeM) = IMny| = p
by the elementarity of M. Then

INAY < {f | f:<a—v A feM}| - |[<“Bl=pu.

(2) Let N := Sk™(M U p). For the contradiction assume that [N N v| # p.
Then |N Nv| > p. Let X be the least cardinal such that [N N A| > pt.

First note that u™ < A\ < v. Note also that there are only countable many
cardinals between p and v by (II) in Thm.1.7. Thus all cardinals between p™
and v belong to M by the elementarity of M. In particular, A € M. Moreover
all limit cardinal between u™ and v have countable cofinality. Thus A must be
a successor cardinal by the choice of .

Then o.t.(NNA) = ut by Lem.4.14. In particular, sup(MNA) < sup(NNA).
This contradicts Lem.2.2 (2). O

Next we present a lemma relevant to the property (iii) in Lem.4.13:

Lemma 4.16. Let k and 0 be regular cardinals with k < 0. Suppose that
M < (Hp,€,k). Moreover suppose that p is a regular cardinal < k and that
cf(sup(M N X)) # p for any regular cardinal A € M with p < A < k. Then
M Nk is p-closed.

Proof. For the contradiction assume that © C M N &, that o.t.(z) = p and that
sup(z) ¢ M N k. Note that sup(z) < sup(M N k) because cf(sup(M N k)) #
p- Let a := min(M \ sup(z)) > sup(z), and take an increasing continuous

sequence (ag | 8 < cf(a)) € M cofinal in o. Then sup(z) = ag for some limit
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B < cf(a) by the elementarity of M. Moreover 8 = sup(M Ncf(«)) again by the
elementarity of M. Note that cf(8) = cf(z) = p. Then cf(sup(M Ncf(a))) =
p < cf(«). Furthermore cf(a) € M. This contradicts the assumption on p. O

Now we prove Lem.4.13:

Proof of Lem.4.13. By expanding M if necessary, we may assume that p and v

are constants of M.

First we prove Lem.4.13 assuming (I) in Thm.1.7. By (v*,v) — (u™,p)
take N < M such that |[N Nv*| = gt and such that [N Nv| = p. Let
po = cf(sup(N Nv)), and take an increasing cofinal sequence (y¢ | £ < po) in
sup(N Nv). Note that py < p.

Then by induction on ¢ < py take Mg as follows: Let My := SkK™M(N U p).
If € is a limit ordinal, then let M, := Un<£ M,,. Suppose that £ < pg and that
Me¢ has been taken. Then let Be be the closure of Mg N~ (with respect to the
ordinal topology), and let Mg := Sk™ (M U By).

Let M := M,,. We claim that M satisfies the properties (i)(iii) in Lem.4.13.

Clearly p € M. Moreover, using Lem.4.15 (1), by induction on & < pg we
can easily prove that |M¢Nv| = p. Thus M satisfies the property (ii). Moreover
IMNvt| > |NNvt|=u", and M < M. So M also satisfies the property (i)
by Lem.4.14.

To check (iii), take a regular cardinal p; < p which is different from po.
We can take such p; because p is uncountable. Then it easily follows from the
construction of M that M Nsup(N Nv) is pi-closed. Moreover sup(M Nv) =
sup(N Nv) by Lem.2.2 (2), and so cf(sup(M Nv)) = pg # p1. Furthermore
cf(sup(M Nv')) = pu* # p1. In summary, cf(sup(M N A)) # p; for every
regular cardinal A € M such that p; < A < v+. Then M Nvt is pi-closed
by Lem.4.16. Because cf(sup(M NvT)) = u > py, it follows that M NvT is
stationary in sup(M Nv™T).

Next we prove Lem.4.13 assuming (II) in Thm.1.7. By (v*,v) — (u™, p)
take N < M such that [N Nv*| = pt and such that |[N Nv| = u. We show
that M := Sk™ (N U p) satisfies the properties (i)-(iii) of Lem.4.13.

Clearly 4 € M, and |M Nv| = p by Lem.4.15 (2). So M satisfies (ii). Then
M also satisfies (i) by Lem.4.14.

To check (iii), take a regular cardinal p < g such that cf(sup(M NA)) # p for
all regular cardinals A\ with p < A < v. By the assumption (II) in Thm.1.7 we
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can take such p. Note that cf(sup(M NvT)) = u™ # p. So M NvT is p-closed
by Lem.4.16. Because cf(sup(M Nvt) = ut > p, it follows that M Nv™ is
stationary in sup(M NvT). O

5 Questions

We end this paper with two questions.

First question is on the large cardinal assumption in Thm.1.5. It is known,
due to Silver and Donder [1], that Chang’s Conjecture is equi-consistent with
the existence of an wi-Erdos cardinal. But in Thm.1.5 we assumed the existence
of measurable cardinal which has stronger consistency than that of an w;-Erdos
cardinal. We do not know whether we need a measurable cardinal for Chang’s

Conjecture together with O, o:

Question 5.1. What is the consistency strength of Chang’s Conjecture together
with thg ?

The second question is whether we can drop the assumption (I) and (II)
from Thm.1.7:

Question 5.2. Let p be an uncountable cardinal and v be a cardinal > . Does

(vt,v) = (ut, w) imply the failure of 0, 57
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