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Notation 1. For a reqular cardinal Kk > wq, an ordinal X > wo and an ordinal £
let Fu(k, A\, &) denote the set of all partial functions f : A — £ with | dom(f)| < k.

Definition 2. Let k be a reqular cardinal > wo, X be an ordinal > k and € be
an ordinal.

(1) An (&, A\, &)-tree is a family T C Fn(k, \,§) such that
o flueT forany f €T and any u C dom(f),
o T, :={feT|dom(f) =u} #0 for all u € [\]<".
(2) A (k, ), €)-tree T is said to be thin if |Tu| < & for all u € [N<%.

(3) A total function F : A — £ is said to be a cofinal branch of a (k, A, £)-tree
Tif FlueT for all u € [\<F.

(4) TP(k,\) denotes the statement that every thin (k, A, 2)-tree has a cofinal
branch.

Remark 3. It is easy to see that TP(k,\) is equivalent to that every thin
(k, A\, w)-tree has a cofinal branch.

Definition 4. Let k be a cardinal and X\ be a regular cardinal > k.

O(\, <k) = There is a sequence (Co | o« < ) with the following properties:
(i) Each C,, is a non-empty family of club subsets of a such
that |Co| < K.
(i) If c € Cqo, and B € Lim(c), then cN G € Cg.
(i1i) There are no club C C X such that C N« € C, for all
a € Lim(C).

A sequence (Co, | @ < ) with the properties (i)—(iii) above is called a O(X\, <k)-
sequence.

We prove the following:

Theorem 5. Let k and A be reqular cardinals with we < k < \. Then TP(k, A)
implies that O(\, < k) fails.



The rest of this note is devoted to the proof of Thm.5.

Fix regular cardinals £ and A with wy < k < A, and assume that O(\, < k).
We prove that TP(k, A) fails.

Let C = (Co | @ < A) be a O\, < k)-sequence. We may assume that
Co = {{a — 1}} for all successor @ < A. For each a@ < X choose ¢, € C,
arbitrarily.

We use minimal walks through (¢, | @ < A). For each a, § with 8 < a < A,
taking a finite decreasing sequence (g, oy, .. ., «y,) such that

e ag = o, and «,, = 3,
e ajy1 = min(cy, \ B) for each k,
let

w(a,ﬂ) = <Oé(),0l1,...,an>,
dla,8) = n.

For each oo < A let d,, : @ — w be the function such that d,(8) = d(«, §).
We show that

T := {dolu|ueN" A a>sup(u)}

is a thin (k, A\, w)-tree without cofinal branches. Clearly T is a (k, A, w)-tree.
Thus it suffices to prove that T is thin and that 7" has no cofinal branches.

To prove these we need some preparations. For each o, 8 with § < a < A
and each ¢ € C,, taking a finite decreasing sequence (g, a1, ..., a,) such that

e ap =, and a,, = 03,

e a; =min(c)\ f),

e ajy1 = min(cy, \ B) for each k > 1,
let

w(a, B) = {ag,01,...,0p),

d(a, ) = n.

(Thus we use c¢ in the first step instead of ¢,.) For each ¢ € C, let df, : @ — w
be the function such that dS(8) = d°(«, ).

Remark 6. c= {8 < a | d%(B) =1} for each a < X and each ¢ € C,.

Lemma 7. Suppose that o < o/ < X\ and that « is a limit ordinal. Then there
exist v < a, ¢ € Co, and m € w such that do/ () = dS(8) +m for all B € o'\ 7.

Proof. If @ = o/, then the lemma is clear. Assume that a < /. Let w(o/, a) be
(ag,ad,...,al,). The proof splits into two cases.
First suppose that ¢,, N« is not unbounded in a. In this case let

v := max{max(co; Na) +1[k<m—1}.



Then v < a. Moreover it is easy to see that for any § € « \ v the walk w(a/, )
goes through a. More precisely, if 8 € o\ v, and w(a, B) = (g, a1, ..., qn),
then

w(d, B) = (ag,al,...,al, =a=ap,a1,...,a,) .
Therefore do/ () = d%(8) +m for all 3 € a'\ 7.
Next suppose that ¢,, N« is unbounded in a. In this case let
v = max{max(co; Na)+1|k<m—1}.

Then v < o. Note that c:=cy  Na € C. by the coherency. We prove that
do/(B) =dS(B)+m—1forall € alry.
Suppose that 5 € a\ 7. Let w(a!,_4,8) = (ag,a1,...,a,). Then

w(d,B) = (ag, .. a1 = o, 01, Q) .
Moreover
w(a, B) = (o, ag, ..., ap)
because ¢,y Na = c. Therefore do/ (B) = dg,(8) +m — 1. O

Using Lem.7 we can easily prove that T is thin:

Proof of that T is thin. By induction on sup(u) we prove that |T,| < k for every
u € [A]<". If sup(u) = 0, i.e. w =0, then this is clear.

Suppose that o < A and that |T,| < & for every u € [A\]<* with sup(u) < a.
If @ is a successor ordinal, then for every u € [A\]<* with sup(u) = a we have
that

|Tu| S |Tuﬂa—lxw| < K

because T, consists of functions from u to w. Suppose that « is a limit ordinal.
Take an arbitrary u € [A]<" with sup(u) = a. Here recall that T,, = {do [u |
o/ > a}. By Lem.7, for each o’ > a we can take v < «, ¢ € C, and m € w such
that do/(8) = d5(8) + m for every 8 € o\ v. Thus

Tul < |(Uy<a Tuny) X Ca xw| < K.

Finally we prove that T has no cofinal branches:

Proof of that T has no cofinal branches. For the contradiction assume that T
has a cofinal branch F. We will construct a club C' C X such that C N« € C,
for every o € Lim(C). This will contradict that € is a (), < x)-sequence.

For each m € w let

Cm = {B <X F(B) =m}.

We claim the following:



Claim. For each o € E2, there ezist v < a, ¢ € Cq and m € w such that
(Crnna)\y=c\7.

Proof of Claim. Fix a € E2, . Take an unbounded b C « of order-type cf(a).

Because F is a cofinal branch of T', for each u € [a]<" we can take a,, € A\«
such that F Ju = d,, [u. Then by Rmk.6 and Lem.7, for each u € [a]<" with
sup(u) = «, we can take v, € b, ¢, € C, and m,, € w such that

(Cr N\ 7 = (cu Nu)\ Yur -

Then we can take v € b, ¢ € C,, and m € w such that there are C-cofinally many
u € [a]<" with (Y, cu,myu) = (7,¢,m). Then v, ¢ and m witness the claim
clearly. Uclaim

For each o € Eéﬁ take v, < a, ¢} € C, and m, € w witnessing the claim
above. By Fodor’s lemma we can take v < A\ and m € w such that the set
By := {a € E2,. | (Yasma) = (7,m)} is stationary in A. Here note that
l{ct. N~ | a* € By}| < X by the coherency of C. Therefore we can take ¢* C ~y
such that the set By := {a € By | ¢}, Ny = ¢*} is stationary.

Let

C = (Ch\y)uc".

Then C'Na = ¢, for every a € B; by the construction of B;. Using this fact,
it is easy to see that C' is club in A and that C N« € C, for every a € Lim(C).
This contradicts that C is a (), < k)-sequence. O

This completes the proof of Thm.5.



