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The talk is based on two preprints:

PBN, Damian Sobota, On sequences of homomorphisms into
measure algebras and the Efimov Problem (arxiv)

PBN, Katarzyna Cegietka, On measures induced by forcing
names for ultrafilters
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Let G be a P-generic over V. Then, in V[G], we may consider A
and ultrafilters on A (old and new).
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Fix a Boolean algebra A and a forcing P.

Let G be a P-generic over V. Then, in V[G], we may consider A
and ultrafilters on A (old and new).

Applications:
reals are ultrafilters on the Cantor algebra,

Stone spaces of old Boolean algebras may provide interesting
examples of topological spaces.

Piotr Borodulin-Nadzieja (University of Wroctaw)



Fix a Boolean algebra A and a forcing P.

Piotr Borodulin-Nadzieja (University of Wroctaw)



Fix a Boolean algebra A and a forcing P.

Let & be a P-name for an ultrafilter on A.

Piotr Borodulin-Nadzieja (University of Wroctaw)



Fix a Boolean algebra A and a forcing P.

Let & be a P-name for an ultrafilter on A.
Consider ¢: A — P defined by

p(A) = [|A € al|.

Then ¢ is a Boolean homomorphism.
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Fix a Boolean algebra A and a forcing P.
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Fix a Boolean algebra A and a forcing P.

Let p: A — P be a Boolean homomorphism.
Consider a P-name & defined by

o ={{Ap(A): Ac A}

Then ¢ is a name for an ultrafilter on A.
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Fix a Boolean algebra A and a forcing P.

For every P-name 4 for an ultrafilter on A there is a Boolean
homomorphism ¢: A — P such that

1o =¢.
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Fix a Boolean algebra A and a forcing P.

For every P-name 4 for an ultrafilter on A there is a Boolean
homomorphism ¢: A — P such that

1o =¢.

Remark. Ultrafilters = homomorphisms to {0, 1}.
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For a cardinal number k define the measure algebra of type x by

MH = BOI‘({O, 1}5)/)%:0.
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For a cardinal number k define the measure algebra of type x by

MK = BOI‘({O, 1}5)/)%:0.

Remarks:
M, supports the standard Haar measure A,
M; = {0, 1},
M, = Bor[0, 1] /o,

Forcing with M, = adding x random reals (for k > w).
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Let A be a Boolean algebra and x > w.
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Let A be a Boolean algebra and x > w.

Let o: A — M, be a Boolean homomorphism. Then ¢ induces a
measure g on A defined by

Remark. By a "measure” we mean here a finitely additive
measure.
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Fix a Boolean algebra A, and a measure algebra M.

Let ¢ be a M-name for an ultrafilter on A. Let u be the measure
induced by .

Suppose that = §, for some ultrafilter v on A (in V).
Then ...
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Fix a Boolean algebra A, and a measure algebra M.

Let ¢ be a M-name for an ultrafilter on A. Let u be the measure
induced by .

Suppose that = §, for some ultrafilter v on A (in V).
Then ...
1l ¢ =il
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Fix a Boolean algebra A, and a measure algebra M.

Let ¢ be a M-name for an ultrafilter on A. Let p be the measure
induced by .

Suppose that p = 0, for some ultrafilter u on A (in V).
Then ...

1l ¢ =il
If 1 is purely atomic, then

1-pe V.
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Let C be Cantor algebra. Fix a measure algebra M.
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Let ¢ be a M-name for an ultrafilter on C (a real). Let i be the
measure induced by .
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Let C be Cantor algebra. Fix a measure algebra M.

Let ¢ be a M-name for an ultrafilter on C (a real). Let i be the
measure induced by .

if 1 is the standard Lebesgue measure, then ¢ is a “random”
real.
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Let C be Cantor algebra. Fix a measure algebra M.

Let ¢ be a M-name for an ultrafilter on C (a real). Let i be the
measure induced by .

if 1 is the standard Lebesgue measure, then ¢ is a “random”
real.

if 11 is non-atomic, then ¢ is a “new"” real.
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Kunen's theorem

Theorem (Kunen)

In the classical random model there are no well ordered chains of
size wy in P(w)/Fin.
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In the classical random model there are no well ordered chains of
size wy in P(w)/Fin.

Assume GCH. Suppose (pa)a<w, is @ sequence of homomorphisms
¢o: C— M,,. Then there is an automorphisms ®: M,,, — M,
such that ® o ¢, = g and ® o pg = @,.
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In the classical random model there are no well ordered chains of
size wy in P(w)/Fin.

Suppose the contrary. l.e.
11k thereis (Tq)a<w, strictly C* -increasing in P(w).
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In the classical random model there are no well ordered chains of
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Suppose the contrary. l.e.

11 there is (Ty)a<w, strictly C* -increasing in P(w).
We may assume that T, = P for a < wp and a
homomorphism ¢, : C — M,,.
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11 there is (Ty)a<w, strictly C* -increasing in P(w).
We may assume that T, = P for a < wp and a
homomorphism ¢, : C — M,,.

Then we have an automorphism ® such that
G[M,] IF P o, CF dops.
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In the classical random model there are no well ordered chains of
size wy in P(w)/Fin.

Suppose the contrary. l.e.

11k thereis (Tq)a<w, strictly C* -increasing in P(w).
We may assume that T, = P for a < wp and a
homomorphism ¢, : C — M,,.

Then we have an automorphism ® such that

G[M,] IF P o, CF dops.

But this means that

My, IF ¢8 C* @a.
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Assume GCH. Suppose (¢a)a<w, is @ sequence of homomorphisms
¢a: C — M,,. Then there is an automorphisms ®: M, — M,
such that ® o o, = @3 and ® o g = pq,.

WLOG: there is a measure p on C such that u = A, o ¢, for
each a.
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Assume GCH. Suppose (¢a)a<w, is @ sequence of homomorphisms
¢a: C — M,,. Then there is an automorphisms ®: M, — M,
such that ® o o, = @3 and ® o g = pq,.

WLOG: there is a measure p on C such that u = A, o ¢, for
each a.
Fix an independent family {C,: n € w} C C generating C.
We say that A € C is a chunk if it is of the form

A= (G A NCGIN(CoNA---NCf)

We say that « and 3 are symmetric if for each chunks A, B
Pa(A) Nps(B) =0 <= ¢s(A) A pa(B) =0
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Claim. There are a < 8 < wp which are symmetric, i.e.
Pa(A) N ps(B) =0 <= ¢p(A) Apa(B) =0

for every chunks A and B.
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Claim. There are a < 8 < wp which are symmetric, i.e.
a(A) Npp(B) =0 <= ¢s(A) Apa(B) =0

for every chunks A and B.

If not, then there is a coloring c: [w»]?> — C x C assigning
"witnesses .
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for every chunks A and B.

If not, then there is a coloring c: [w»]?> — C x C assigning
"witnesses .

GCH + Erdos-Rado implies that there is an uncountable
monochromatic A (WLOG = w1) with color (A, B).
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Claim. There are a < 8 < wp which are symmetric, i.e.
a(A) Npp(B) =0 <= ¢s(A) Apa(B) =0

for every chunks A and B.

If not, then there is a coloring c: [w»]?> — C x C assigning
"witnesses .

GCH + Erdos-Rado implies that there is an uncountable
monochromatic A (WLOG = w1) with color (A, B).

"Then” for each o < f < w1 we have po(A) A pg(B) =0
and QOB(A) A pa(B) # 0.
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For each o < 8 < wy we have po(A) A ¢(B) =0 and
vs(A) A pa(B) # 0.
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For each o < 8 < wy we have po(A) A ¢(B) =0 and
vs(A) A pa(B) # 0.

Let D=V, .y, PalA).
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For each o < 8 < wy we have po(A) A ¢(B) =0 and
vs(A) A pa(B) # 0.

Let D = \/a<w1 ()OOé(A)'
By ccc there is v <wy such that D =V, ¢a(A).
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For each o < 8 < wy we have po(A) A ¢(B) =0 and
vs(A) A pa(B) # 0.

Let D=V, ©val(A).
By ccc there is v <wy such that D =V, ¢a(A).

Then D A ¢, (B) = 0.

But ¢y4+1(A) A py(B) # 0 and ¢,41(A) < D. A
contradiction.
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Claim. There are o and 8 < w» which are symmetric, i.e.
Pa(A) N ps(B) =0 <= ¢p(A) Apa(B) =0

for each chunks A and B.
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Claim. There are o and 8 < w» which are symmetric, i.e.
Pa(A) N ps(B) =0 <= ¢p(A) Apa(B) =0
for each chunks A and B.

So, by Sikorski's Extension Lemma, there is an automorphism
®: M — M such that

®op,=pgand ®oyg=,.
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Claim. There are o and 8 < w» which are symmetric, i.e.
Pa(A) N ps(B) =0 <= ¢p(A) Apa(B) =0
for each chunks A and B.

So, by Sikorski's Extension Lemma, there is an automorphism
®: M — M such that

®op,=pgand ®oyg=,.

and we are done.
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Kunen's theorem

Theorem (Kunen)

In the classical random model there are no well ordered chains of
size wyp in P(w)/Fin.
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In the classical random model there is a Efimov space, i.e. an
infinite compact space without a nontrivial convergent sequences
and without a copy of fw.
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If M is a measure algebra, then dy: M — [0, c0) defined by
dh(A, B) = y(ALB)

is a metric (called Frechet-Nikodym metric).
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metrically pointwise to a homomorphism ¢: A — M if
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If M is a measure algebra, then dy: M — [0, c0) defined by
dh(A, B) = y(ALB)

is a metric (called Frechet-Nikodym metric).

We say that a sequence of homomorphisms ¢,: A — M converges
metrically pointwise to a homomorphism ¢: A — M if

dx(¢n(A), #(A)) = 0.

Remark. Stone topology = pointwise convergence topology.
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Suppose that
M IF (¢n) converges to ¢.

Then (¢n) converges metrically pointwise to .
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Suppose that
M IF (¢n) converges to ¢.

Then (¢n) converges metrically pointwise to ¢. Consequently,
A o @, converges weakly® to Ao .

Piotr Borodulin-Nadzieja (University of Wroctaw)



We say that a sequence (A,) in a Boolean algebra converges
algebraically to A if

VAA= AV A=A
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We say that a sequence (A,) in a Boolean algebra converges
algebraically to A if

VAA= AV A=A

Let Ml be a measure algebra. Then
M I (¢n) converges to ¢

if and only if
(¢n) converges to ¢ pointwise algebraically.
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We say that a sequence of homomorphisms ¢,: A — M converges
uniformly to a homomorphism ¢: A — M if

Ve >0 3dN Vn> N VA € A dy(pn(A), p(A)) < e.
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We say that a sequence of homomorphisms ¢,: A — M converges
uniformly to a homomorphism ¢: A — M if

Ve > 03N Vn> N VA€ A dy(gn(A), o(A)) < .

Let Ml be a measure algebra. If ML I (p,) converges trivially to ¢,
then (¢n) converges to ¢ uniformly.
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We say that a sequence of homomorphisms ¢,: A — M converges
uniformly to a homomorphism ¢: A — M if

Ve > 03N Vn> N VA€ A dy(gn(A), o(A)) < .

Let Ml be a measure algebra. If ML I (p,) converges trivially to ¢,
then (¢n) converges to ¢ uniformly.

If M IF (4n) converges non-trivially to ¢, then (p,) does not
converge to o uniformly.
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Assume 1 IF ¢ # .
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Assume 1 IF ¢ # .
Then _
1F3AcAAcp\ .
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Assume 1 IF ¢ # .
Then _
1F3AcAAcp\ .

There is an antichain (p,) in M and a sequence (A,) of elements
of A such that

pn I Ap € ¢\ 9.
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Assume 1 IF ¢ # .
Then _
1F3AcAAcp\ .

There is an antichain (p,) in M and a sequence (A,) of elements
of A such that

pn I Ap € ¢\ 9.

Can we say anything about A(p,)?
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Shimamura and Komako are painting a picket fence between their
properties. The fence consists of n many rails. Each rail has two
sides—Shimamura’s and Komako's—and those sides have to be
painted in such a way that Shimamura’s side has different colour
than Komako's.
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Shimamura and Komako are painting a picket fence between their
properties. The fence consists of n many rails. Each rail has two
sides—Shimamura’s and Komako's—and those sides have to be
painted in such a way that Shimamura’s side has different colour
than Komako's.

No matter how many colours they use, there is always a set B of
at least n/4 many rails with the following property: the set of
Shimamura’'s colours used in B is disjoint with the set of Komako's
colours used in B.
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Shimamura and Komako are painting a picket fence between their
properties. The fence consists of n many rails. Each rail has two
sides—Shimamura’s and Komako's—and those sides have to be
painted in such a way that Shimamura’s side has different colour
than Komako's.

No matter how many colours they use, there is always a set B of
at least n/4 many rails with the following property: the set of
Shimamura’'s colours used in B is disjoint with the set of Komako's
colours used in B.

[I will present a proof by Dominik Gdesz]
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Let M be a measure algebra. If
MIFJAcA A\,
then there is p € M, A € A such that A(p) > 1/4 and

plFAe g\ .
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Let A be a Boolean algebra, and let Ml be a measure algebra.
Then the following are equivalent:

M I St(A) does not have non-trivial convergent sequences;
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every pointwise algebraically convergent sequence of
homomorphisms from A into M, converges uniformly.
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Let A be a Boolean algebra, and let Ml be a measure algebra.
Then the following are equivalent:

M I St(A) does not have non-trivial convergent sequences;

every pointwise algebraically convergent sequence of
homomorphisms from A into M, converges uniformly.

Every pointwise algebraically convergent sequence of
homomorphisms from P(w)/Fin into M, converges uniformly.
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Every pointwise algebraically convergent sequence of
homomorphisms from P(w)/Fin into M, converges uniformly.
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Every pointwise algebraically convergent sequence of
homomorphisms from P(w)/Fin into M, converges uniformly.

For each k > w and a Boolean algebra A there is a sequence of
homomorphisms from A into M, which converges pointwise
metrically but not uniformly.
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