Weakly o-minimal structures

oo od

goooooooooooboo

oboooooooogog
20110 80 300
oooon

0000 (Ob0o0ooboO0obOo oooo) Weakly o-minimal structures 1/39



o Weakly o-miinmal structures

e Weakly o-minimal ordered groups and fields
e Monotonicity theorem

e Cell decomposition theorem

e References

0000 (Oo0ooboO0oboOo oooo) Weakly o-minimal structures 2/39



Definable sets

goobooooooo
M=(M,<,...)00000O0ODO0ODOOOOO0OOODODOOD

ooooooooboooobooMODOOOOOODLDOOODOOODOO
obooooooobooooooooogonog

0000 (Oo0ooboO0oboOo oooo) Weakly o-minimal structures 3/39



Definable sets

goobooooooo
M=(M,<,...)00000O0ODO0ODOOOOO0OOODODOOD

ooooooooboooobooMODOOOOOODLDOOODOOODOO
obooooooobooooooooogonog

X € MO definable DOOOO0O
X={aeM":MEp(@}000000 ¢(x)00000000000
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Definable sets

Example 0.1

L,2)={xeR:1<xAx<2}0 (R,<,...) 0 definablé]

Example 0.2

R=R,<,+,-f)00 f:R>ROOOO0O0O00O

X:={aeR: fOalOdOO 0000

ooooo
X={aeR:V¥e>0,36 > 0,Vx,|x—al <6 - |f(X) = f(a)] < &}
ogoood

O0000X0O RO definabled O OO
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Convex O O O intervals

Definition 1.1

e ACMO MO convexd OOOOOOO
000 abe ADDODOO(ab)c ADDODOODOOOO

e 00O supA,inf Ae M U {+o0},
O00O0OADO MO intervalD O OO
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Convex O O O intervals

Definition 1.1

e ACMO MO convexd OOOOOOO
000 abe ADDODOO(ab)c ADDODOODOOOO

e 00O supA,inf Ae M U {+o0},
O00O0OADO MO intervalD O OO

Example 1.2

M=(Q,<)00000
(-V¥2, V2)n QO Oconvexd OO0 intervald 00 00O
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Interval topology

M OO openinterval OO0 ODODOOODOODOODOODOODOOOO
oooM"O0O MOOOOOOODOOOOOOOO
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O-minimal (weakly o-minimal) [ O

Definition 1.3

e MO o-minimalD OO O0OOO
000 definabled 0 Ac MOODintervalDODOOOOOOOOOO
oo

e MO weaklyo-minimald O OO 0O O
000 definabled O Ac MOOconvexD OO OOOOOOOOO
agooo
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O-minimal (weakly o-minimal) [ O

Definition 1.3

e MO o-minimalD OO O0OOO
000 definabled 0 Ac MOODintervalDODOOOOOOOOOO
oo

e MO weaklyo-minimald O OO 0O O
000 definabled 0 ACcMOOconvexO O OOOOOOOODOO
goon

@ OO TO o-minimal(weakly o-minima) 0 0 0O OO O
000000 M ETOOo-minimal (weakly o-minimald O O O O
o000
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Example 1.4 (weakly o-minimal)

Q= (Q,<,P), 000 P:=(-V2 V2)nQO
0000 QO Oweakly o-minimal O 0 0O 0O

Example 1.5 (weakly o-minimal)

R =(R,<,+,+,V) O real closed valued field 0 00 O O
000 VO convex non-trivial valuation ring O 0 O O
0000 RODOweakly o-minimal O O O O
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Elementary equivalence

M,NO L-000000
M=NOOOOOO

Th(M)=Th(N)OODOOOO00O

O0O0Th(M) :={000000000000000 : M E @0

Theorem 1.6 (Knight, Pillay and Steinhorn, 1986)
OO0 MO o-minmalDOOOO N=MOOODO

O0O0O0OONO o-minimalD O OO
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Elementary equivalence

M,NO L-O0OO000O
M=NOODOOOO
Th(M)=Th(N)OODOCOOOOOO

O0O0Th(M) :={000000000000000 : M E @0

Theorem 1.6 (Knight, Pillay and Steinhorn, 1986)

OO0 MO o-minimalDOOOO N=MOODOO
O0O0O0OONO o-minimalD O OO

Remark 1.7 (Macpherson, Marker and Steinhorn, 2000)
OO0 MO weaklyo-minimaD OO0 O000000COO0O0O0OOO
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Open problem

Question 1.8 (Cherlin)

OO0 MO weaklyo-minimald OO AC MO convexd OO O OO
OO0O000((M,A)d weaklyo-minimald OO 000 O
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Open problem

Question 1.8 (Cherlin)

OO0 MO weaklyo-minimald OO AC MO convexd OO O OO
OO0O000((M,A)d weaklyo-minimald OO 000 O

Uooooboobbdopen OO0

Theorem 1.9 (Baizhanov, 2001)

OO0 MOOO Th(M) O weakly o-minimald O O O
AcMOconvexd ODOOOO
O00D0O00OTh(M, A) O weakly o-minimall O O O
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Ordered groups

Theorem 2.1 (Pillay and Steinhorn, 1986)

OO0 M O o-minimal ordered groupl O 00 O
OO0000M O abeliand O divisibled 0O O O

Theorem 2.2 (Macpherson, Marker and Steinhorn, 2000)

00 M O weakly o-minimal ordered group O O O
O0O0O0OM O abeliand O divisibleD 0 O O
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Real closed fields

Theorem 2.3 (Pillay and Steinhorn, 1986)

OO0 M O o-minimal ordered ringd O O O
OO0000M DO real closed fieldl O O O

Definition 2.4

ocooMDbDOOoOoOOoooooooOooooooboooooooDo
oond

@ 000100000 f(xeM[x]OODOO a<beMOOOOO
f(a)f(p) <0000 f()=0000 ce(ab000000
Q@ M()ODDDDOO0OO

Q@ D00 aeMODOOOOa>0000 vaeMOOOODOOOOO
O100o0o0oo MOoooooo
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Real closed fields

Theorem 2.5 (Macpherson, Marker and Steinhorn, 2000)

©@ U0 MO o-minimal ordered ringl O 0O O
00000 M O real closed ringl O 0O O

@ 00O MO o-minimal ordered fieldl O O O
00000 M O real closed fieldl O O O
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Real closed fields

Theorem 2.5 (Macpherson, Marker and Steinhorn, 2000)

©@ U0 MO o-minimal ordered ringl O 0O O
00000 M O real closed ringl O 0O O

@ 00O MO o-minimal ordered fieldl O O O
00000 M O real closed fieldl O O O

O0O00M O archimedean valuation vOOOOOdOOO(M,vyOdO0Od
O0D0o00ooooooo

Question 2.6 (Macpherson, Marker and Steinhorn, 2000)

Find a direct proof that every weakly o-minimal ordered field is real closed
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Monotonicity theorem (o-minimal case)

Theorem 3.1 (Pillay and Steinhorn, 1986)

OO0 MO o-minimald OO D € M O definablél

f: D— MO definablel 0 O O

OO000O0OD=XuUlu---ul, 0000000 X0O open intervald; O
000000 constanl O O O strictly monotoné] 0 0 00000
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Definable cuts

c,becMOOOaOd
C<D ﬁ YVceC, deDOOODO ¢c< dOd
e
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Definable cuts

c,becMOOOaOd
C<D ﬁ YVceC, deDOOODO ¢c< dOd
e

O (C,D)yO cut 00O,
C<D CuD=M,Cz0x D00 DODOOODOODODOODOODO

Cut (C, D) O definable cut OO,
C,D0O definable O OO OOOOOO

M :={C,D): (C,D)d M OO definablecut } 0000
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Definable cuts

Vae M OO0 cut {(—o0,a], (8,00)) D00, MCMOOOD
00O
(Cy, D1) < (Cy, D2) = CecC

0o0o,(M,<)0 (M,<) 0000000000
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Definable cuts

Vae M OO0 cut {(—o0,a], (8,00)) D00, MCMOOOD
00O
(Cy, D1) < (Cy, D2) = CecC

000, (M,<)0 (M,<) 0000000000
Remark 3.2
00 MO o-minimalD 00 M=MOOOO

Definition 3.3 (Pillay and Steinhorn, 1986)

M O definably completél O 0O O 0O O

000 definabled 0 ACcMOOMU{zeod OODOOODOOOODOOO
goon

O-minimalC O O definably completél O 0O O
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Definable functions

A C M"[0 definable OO OO

f: A—- MO definable 00O,
(X, yye AxM:y=f(X)} O definable OO O DOOOO0O0O

f:A— MO definable 00,
(X, y) e Ax M: y< f(X)} O definable OO O OOOO0O0O

f: A - MU {0} 0 definable 00,

f: A— MO definable,

000000 ae ADDOO f(a) = oo,

000000 ae ADDOD f(@ == 000000000
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Monotonicity theorem (weakly o-minimal case)

DcMOOODO
f: D— MO locally strictly increaing 00O
000 xeDOOOOOxOODO openinterval | €cDOOOOOOf]I

O strictly increasing OO O0O0O00O0OO
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Monotonicity theorem (weakly o-minimal case)

DcMOOODO

f:Do> MO locally strictly increaing 0O OO

000 xeDOOOOOxOODO openinterval | €cDOOOOOOf]I
O strictly increasing OO O0O0O00O0OO

Theorem 3.4 (Monotonicity theorem, Arefiev, 1997)
OO0 MO weakly o-minimalD 0 0O D € M O definablél
f:D— MO definabled 0 0 O
OO0o0O0OD=Xuliu---ul, 0000000 XO openconvexd O
OO0oooof|l; O locally constanil O O O locally strictly monotoné
oodn
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Cell decomposition theorem (o-minimal case)

Theorem 4.1 (Knight, Pillay and Steinhorn, 1986)
00 MO o-minimald 00O X € M" 0O definablel 0 0O O
Oo0oo0oXOooooooooooo

oobOX=Cu---uCyhyOooOO Cy,...,CrDODDODOD
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Cell decomposition theorem (o-minimal case)

Theorem 4.1 (Knight, Pillay and Steinhorn, 1986)
00 MO o-minimald 00O X € M" 0O definablel 0 0O O
Oo0oo0oXOooooooooooo

oobOX=Cu---uCyhyOooOO Cy,...,CrDODDODOD

Weakly o-minimal OO0 O0OO0O0OO0OOOOMODNETOOOOOOODOO

Question 4.2
Prove cell decomposition theorems for natural weakly o-minimal classes
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00 (o-minimal OO0O)

O-minimal U0 MOOOOOOOOOOOOOOOO:
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00 (o-minimal OO0O)

O-minimal U0 MOOOOOOOOOOOOOOOO:

el {ayo-0ODOO

e MOUODOOO openinterval 0 1-000000
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00 (o-minimal OO0O)

oooceM"O k000000

o f:C—> MUOdefinable OOOOOOOO
000 {x,yeCxM:y=fxX)}O kOOOoOOO
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00O (o-minimal O0OO)

oooceM"O k000000

o f:C—> MUOdefinable OOOOOOOO
000 {x,yeCxM:y=fxX)}O kOOOoOOO

@ g,h: C—> MU{+xoo} O definable 000D DOCO g<hOODDO
goooo
(ghe=kx,yeCxM:gX)<y<h(x)}0 (k+1)-000000
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00O (weakly o-minimal 0O0O0O)

Weakly o-minimal OO MOOOOOODOOOOOOOOGOO:
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00O (weakly o-minimal 0O0O0O)

Weakly o-minimal OO MOOOOOODOOOOOOOOGOO:

el {ayo-0ODOO

e MOUODOOO openconvex OO0 1-0000O0O0O
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00O (weakly o-minimal 0O0O0O)

oooceM"O k000000

o f:C—- MO definable 0O OO0
000 {x,yeCxM:y=fxX)}O kOOOoOOO
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00O (weakly o-minimal 0O0O0O)

oooceM"O k000000

o f:C—- MO definable 0O OO0
000 {x,yeCxM:y=fxX)}O kOOOoOOO

© g,h:C— MU {+oco} 0 definable 000OCO g<hOO0O0O0O
0000
(ghe=kx,yeCxM:gX)<y<h(x)}0 (k+1)-000000
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Cell decomposition theorem (weakly o-minimal case)

Theorem 4.3 (Macpherson, Marker and Steinhorn, 2000)

OO0 MOOO Th(M) O weakly o-minimall X € M" O definabled O O O
Do0o0ooXoOooooooooono

ooooX=Cu---uC,h,0Oooo Cy,...,COODOOODO
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Non-valuational

M = (M,<,+,...) 0 weakly o-minimal orderd abeliangroup 0000

Cut (C, D) O non-valuational OO O0OO00O
infly—x:xeC yeD}=0000000000

M O non-valuational OOOOO0O
0 O 0O definable cut O non-valuational D O0O0OOO0OO0O0OOO
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Non-valuational

M = (M,<,+,...) 0 weakly o-minimal orderd abeliangroup 0000

Cut (C, D) O non-valuational OO O0OO00O
infly—x:xeC yeD}=0000000000

M O non-valuational OOOOO0O
0 O 0O definable cut O non-valuational D O0O0OOO0OO0O0OOO

@ Ryg={aeR:al QUOODO }.
@ P = (-m,m) N Rag.
@ R = (Raig, <, +,+, P).

R 0 non-valuational weakly o-minimal ordered fieldd 00 O
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Valuational

Example 4.5 (valuational)

P={(X,y)eQxQ: x<0IM=Q@xQ,<,+,POIOOO0
O00000MO weakly o-minimal O O O O
(R@@xQ\PyOcutoonono

O00000 aeP, be(@xQ\POOOOOb-a>(0,1)0000
O0000(R(Q@x @)\ P)O valuational cut 0 O O O
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Non-valuational fields

Remark 4.6

MO non-valuationaDDDDMDD +0.-0000000000
ooo0 M,<,+,)00(M,<,+, 00000000000
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M = (M, <,+,-,...) O non-valuational weakly o-minimal ordered field
ogoon

MOMOOOOOO,0000000000000000000
e AcCcM: :OOO
of:A M
goon
fOOxeAOOODOOOODO

f(x+t)—f(x) —
jim XV =10 G
t—0 t

gooooooon
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(ChOOOD COOOODOD COOOO0OoOoOO:
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(ChOOOD COOOODOD COOOO0OoOoOO:

eC={ad000000C:=COO000

e CO MODODOO definable openconvex O0O0O0OO0OO 1-0
DO0O0C:={xeM:3dabeC, a<x<blOOOO
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OOoocceM'O kOOOOoOO

@ f:Co MOdefinable 0000000 f:Co>MOOOOOO
000 I(f)00 k-00OO0(f):=0(f) 0000
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OOoocceM'O kOOOOoOO

@ f:Co MOdefinable 0000000 f:Co>MOOOOOO
000 I(f)00 k-00OO0(f):=0(f) 0000

og,h C—)MU{+oo}[| definable O, 00000
Gh:Co>MU{+0} D00OO0OCOG<hODODOOOODD
(g,h)c:={KaabyeCxM:gl@<b<h(@}dOd (k+1)-000
(g,h)c:={{a,byeCxM:g@<b<h(@}0000

oo f,g,hO C"O0OO0OO0OCOC O00OO0OOO
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Strongly continuous

COOO,f:C— MO definable 0000

foOoooooooDn
f000000f:CoMOOOOOOOODO
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Strongly continuous

COOO,f:C— MO definable 0000

foOoooooooDn
f000000f:CoMOOOOOOOODO

Example 4.7

= (Ra|g, <, +, °y P)l:l |:| |:| |:| P = (—71', ﬂ') n Ra|g|:| /
X x € (0. :
(00 = { (0, 7) 5

X—1 XE€(mb5)

o)
|

fO0OOCOO00O0OO0ODOOOO %
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Strong cell decomposition theorem

Theorem 4.8 (1 O 0O O O, Wencel, 2008)

M O non-valuational weakly o-minimal ordered groug] 00 O
A C M"O definableD O, f : A—> M O definabled O O O
ooooo

Q@ ADDO0D0UOOODOOOO

Q@ ADD0O0D0DODOOD »POUOOOOOOOO CepOOOOOSIC
ooooooog
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C' strong cell decomposition theorem

M O non-valuational weakly o-minimal ordered fieldd 0O O
A C M"O definabled O, f : A— M O definabled 00 O
agooo

QO ADCO0UO0OUODOOOOO

Q A0 C U0O0OU0D SPUO0OOODOOOUO CeDUIOOODO
flco C'oo0ooooooo
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O-minimal homology

Theorem 4.10 (Woerheide, 1996)

M 0O o-minimal ordered field] 00 O O
O O 0O O O simplicial homologyd singular homologyl OO0 OO0 OO
Oood

0 O O O O definable triangulation theorem O 000

Question 4.11
Weakly o-minimal non-valuational ordered fieldd [0 0 homology O O
O0oooooooo
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Definable triangulation theorem

Theorem 4.12 (van den Dries, 1998)

M O o-minimal ordered fieldd O 00 A € M" 0O definabled O 0O O
O00O0OM"OOO finite simplicial comple K OO0 OO0 A D
polyhedronK| O definably homeomorphic O 00 O
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Finite simplicial complexes

Definition 4.13

ap, a1,...,ax € M" O affine independerifl 0 0 O
@ (agy... ak) :={>I tia : tgy...,tx >0, X tj =1} 0 simplex0 OO0

o {aios'“’ah} c {aO’H-,ak}D oood D(aiow--’ah)lj (aO’--"ak)
O faceOD O OO
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Finite simplicial complexes

Definition 4.13

ap, a1,...,ax € M" O affine independerifl 0 0 O
@ (agy... ak) :={>I tia : tgy...,tx >0, X tj =1} 0 simplex0 OO0
@ {ay,...,a ) S{ag...,a} 000000 (@g... &) 0 (agy...,ax)
O faceD O OO

e M"O simplex0 OO OO OO KO finite simplicial complexd 0 0O O
00000 o,00€e KOOOOOcoy) Ncl(oz) =0000
cllcr)) Nclloz) =cl(x) 000 010 oo 0000 facer 000000
ooooo

@ Finite simplicial complexX 0 0 0 0 0O |K] := Ugek o O polyhedron
oooo
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