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Definably complete structures

CDOERRTIEFHLDY,
K= (K, <, +,+...) IBFAEET 5,
F1-definable EEW=EEFIE, NSA—FZFZEATEINET S,

Definition 1.1

K A' definably completet % % & 1%,
EED definableed AC K I, KU {#oo} ICEWVWTLERETRZHEDL

ERR
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Definably complete structures

e(x,y) ZmEXE&T 5,
=1L, X=(XpyeeusXn) E NEH, vE1EHET S,
CEE LEIZERDEBRICERZEDEVNS ANEX

VX[A2VY(p(X, y) = Y < 2) = AZAVY(p(X,y) = V< 2)
AVEVY(p(X,y) » y<t) » z< 1))

EEITH, LI=M>T, definable completeness (&, elementary
equivalence [CEWVWTHRESIND,
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Convex £ & & intervals

Definition 1.2

@ ACKMNK®DconvexEEETH D L1,
FED a,be AIZHLT, (a,b)C ALLGEHILTHD,

@ I 5[ZsupA,inf A € KU {+oo},
DEE, AIXFK D interval &LV,
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Interval topology

K [ZI% open interval ZEABEE L LI-MBEANASTWVEEEZ D,
Ftz, KNIZE K OEBREENIA-STNSET S,

B & FEIESEEMAPER —REER) Definably complete structures



O-minimal (weakly o-minimal) #:&

Definition 1.3

o K A o-minimal T#H 5 & [T,
E£E D definable&Ed A C K (X, intervalDBRIITRESZ L &
T5,

o K A% weakly o-minimalC# % & I,
EE 0 definable e & A C K [, convexEEDEHREMNTRESHZ &
&5,
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Example 1.4
o EHUK (R, <,+,-,...) I& definably completec % % .
@ O-minimal##i&I&L 3 X T definably completec & %,

o FEHIA (Q,<,+,-) [ definably completeC 4z LY,
A={XeQ:X*<2FQIZBWT, ERZEELL,
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Definably connected sets

Definition 1.5

Definable&E& A € K" A¥ definably connecte® & 4 & [,
AD ADZDOD definableh DZE T L) disjoint BN EEDFITEREN
BmWIEET D,
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Definably connected sets

Definition 1.5

Definable(e & A C K" A% definably connecte® &% % & (3,
AD ADZDOD definableh DZE T L) disjoint BN EEDFITEREN
BWIELET D,

Proposition 1.6 (Miller, 2001)

K % definably complete= 9%, A ¢ K™ % definably connected L,
f : A - K" % definablem D continuoust 9%, CO&EE, f(A)D
definably connectet: % 3 ,

COEEX, HEEMGBCEITS EHESDERTRIZLDBITE
BB ELVS T & D definable version T#H 5,
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Intermediate value property

Definition 2.1

K A% intermediate value properég ¥ D & 13,
FEMD abeKTa<blIx LT, EED definablels &R %k
f:labl »KIEf(a) & f(b) DEDITRTHORKDEEXEDZEET S,

B RE FEIESEEMAPR —REER) Definably complete structures



Intermediate value property

Definition 2.1

K A% intermediate value properég ¥ D & 13,

FEMND abeKTa<blzx LT, EE® definablelsE#iRE%k
f:[ab] » K& f(a) & f(b) DMNDTRTOKDEELZBZELT B, |

Theorem 2.2 (Miller, 2001)

RIFFMETH B,
@ K [X intermediate value proper# £ D,
@ K & definable complet& % 5 ,
Q K OEE® interval X definably connectet % 5 .
Q K [Z definably connectet® % 5 .

\
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FI 2.2 MEERA

K AYintermediate value property %% D% 51, definable complete T
HhdLETRT,
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FI 2.2 MEERA

K AYintermediate value property %% D% 51, definable complete T
HhdLETRT,

Proof.

A CK #2ZT7# < definable MO TFICHERET S,

AZ{yeK:Axe A, x<y ) ERYBEZSHZ LT, Aldconvex MDLE
ICERTRHRVWELTHL, inf Ae KETT,
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FI 2.2 MEERA

K AYintermediate value property %% D% 51, definable complete T
HhdLETRT,

Proof.

A C K #ZT# < definable MO TFICERET S,

AZ{yeK:Axe A, x<y ) ERYBEZSHZ LT, Aldconvex MDLE
ICERTRHRVWELTHL, inf Ae KETT,

min A £zl max(® \ A) BEEITNIE, SERAIERHS, L, &1ITHF
TELEWETSE, ALK\AITRAESE LGS, abeKMhDa<bé&
5, CDEE, KoK %

um={a (x ¢ A)

b (xe A
EEETDHE, | [ definable MOEHIZHE D, ThiE, KA
intermediate value property £ DZ EIZFET S, |
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FI 2.2 MEERA

K A% definably connected 7% 5[, intermediate value property %+
CEERT,
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FI 2.2 MEERA

K A% definably connected 7% 5[, intermediate value property %+
CEERT,

Proof.

f :[ab] » K # definable &A% & L, f(a) < f(b) &9 5,
ce (fa), f(b) £ 3.
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FI 2.2 MEERA

K A% definably connected 7% 5[, intermediate value property %+
CEERT,

Proof.

f :[a b] » K % definable &E#ERE%E L, f(a) < f(b) &F 5,
ce (f(a), f(b) &F 3.

fOWLKEELTF . K> K%

f(a) (x< a)
FX)=4f(x) (a<x<h
f(bh) (b<x)

EEET DHE, F [ddefinable M DEHTH S,

F~1((-, ¢)) & F7Y((c, »)) IE, disjoint definable open T#&H5, KA
definably connected T#HBANDT, F Q) #02FY )20 THhb,
& o T, K I&intermediate value property %% D, O

B RE FEIESEEMAPR —REER) Definably complete structures



Real closed fields

FE22 &Y, RO EMNFKYILID,

K A% definably completé: 5 (£, real closed fieldC & 5.

Definition 2.4

IEFFA K MNEFRARTHD LXK, ROENDVEDHPRYIDZILETHD,
QO FEDI1ZEHZER f(X) e K[x] £EEMD a<beKIIHLT,
f(@)f(b) < 0% BIE f(c)= 0 &% ce (ab) ABEET 2,
Q K(i) FR#FARKTH S,

Q@ FEMacKIZHLT, a>0%456E VvaeKhD, EFEOFHR
DI1ZTHLZLERFIK THREL D,
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Definably compact sets

Definition 2.5 (Peterzil and Steinhorn, 1999)

Definable&E & A ¢ K" A definably compacT# % & [,
A A K" T (topologically) closed™ boundedT#H 5 Z & &3 %,
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Definably compact sets

Definition 2.5 (Peterzil and Steinhorn, 1999)

Definable&E & A ¢ K" A definably compacT# % & [,
A A K" T (topologically) closed™ boundedT#H 5 Z & &3 %,

Proposition 2.6 (Weak Definable Choice, Miller, 2001)

A € K™N % definableh D, FE®D x e K™ (Zx L T,

Ay = {y e K": (x,y) € A} ¥ definably compact 5%, ZD & F,
Graph(f) € A &7: 5 definableEf% f : n(A) » K" BEET S,
ZZT, n: K™D o KM (IS ET S,

B 5E FRAIESFEMFR —MiKREH)
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Definably compact sets

Theorem 2.7 (Miller, 2001)

K # definably complete&- 9%, A ¢ K™ % definably compact L,
f : A > K" % definableh D continuoust §%, Ch&EE, f(A)D
definably compadic % %,

COFEEE, CHEEEBICETE Tar/y FESDEKETRICE 518
[EFEa2_9 RIZi B £ULV5 T & D definable version TH 5.
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Max-min theorem

Theorem 2.8 (Max-min theorem)

K % definably complet&= 9%, A € K" % definably compact L,
f: A > K % definableZ#iBi# e 35, CDEE, T ALRKELR
IMEZ#ED,
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Differentiable

Definition 2.9

Definablefd%f f : K » K A x € K TS ATRE & [,
) f(x+ 1) = f(x) _
|Imt_,o+ eK EHBBIELET S,

R CLEEfELERTE S,
Proposition 2.10 (Servi, 2008)

K % definably complet&9 4%, a,be K &L, f:(ab)>K#%
definableC! 8%k &9 5%, EFEMD x e (a,b) [T LT, f/(x) >0 &9 3%,
ZDEZE, flE(ab) L striclyincreasingC# 4.
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Definable family

Definition 3.1

SC K™ & #% definableé 3%, ae K™ &9 5,
Sa={xeK":(a,x)eS} ¢&T 5,

ZDEZE, (Sa)ackm # definable family& Ly5,
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Definable family

Definition 3.1

SC K™ & #% definableé 3%, ae K™ &9 5,
Sa={xeK":(a,x)eS} ¢&T 5,

ZDEZE, (Sa)ackm # definable family& Ly5,

HICSCKH" DL E,

(Sa)acx H' definableincreasingamily T&H % & (&,

FEDND abeKIZHLT, asbiblE, SacSH LD I EET D,
B4k, definabledecreaindamily $# E&T=E %,
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Definably meager sets

Definition 3.2

XCYCK" &L, YIEdefinabled %,

@ X AY Tnowhere dens® H 5 & 1,
inty(Ch(X)) =0 £ B L ET 5,

Q@ X MY T definably meagec$h 5 & [,
X € Utex At £72% Y @ nowhere dens#& definable increasing family
(Atex BNFET D EET D,

© X MY T definably residuaic % % & I,

Y \ X A definably meageic% b 2 & &9 %,

v

Definably meager sé& definableT & % W E (X7,
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Topologically meager sets

Definition 3.4

X ZRHEEMEL, ACXET B,
© A A% X T topologically meage # % & [,
A C Uneny An £75% X M nowhere densE& A, (n € N) BEET S
CEET B,

@ A AH' X T topologically residualc % % & I,
X'\ A A topologically meagelc# 5 Z & &3 5,
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Q@ R IZHLT Cantor&E & 1d nowhere dens& % 5 .,

Q RIZHLT Q [F nowhere dens& (&% L AY, topologically meagerc
Hbd.
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Definably Baire sets

Definition 3.6

K % definably complete= 3%, Y CK" &L, Y [& definablek ¥ %,
Y H definably BaireCdH 5 & 1,

Y DZE T definableBiEB 2 &£ & 1&, Y T definably meagelc &4z Ly,

neN &9 %,

K" & definably Baire <= K" [& K" T definably meagetc % LY
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Definably complete Baire structures

Definition 3.8 (Fornasiero and Servi, 2010)

K A% definably complete Baire structureéd % & [,
K [ definably completé»D definably Bairek 7% Z & &9 5,

Definably complete Baire structure  [&, elementary equivalence [Z&

WTREFSND,

B RE FEIESEEMAPR —REER) Definably complete structures



Topologically Baire spaces

Definition 3.9
I+EZEME X AY BaireZRITH S & 1T,
MELRESOAEEROEBEESN X TRETHS I LET D,

Theorem 3.10

FIFAZEME X ICBVLWTUTIXRETH 5.
Q X (X BaireZERETHS,
Q XDETHULERESX X IZHE LT topologically meageT &4z LY,

Theorem 3.11 (Baire category theorem)
Seim iRt ZE [ (L BaireZETH 5,

Q I% Baire ZERITAELY,
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Definably complete Baire structures

Q R, <, +,...) [ZHBLTIE, X c R" A¥topologically Baire 7 51,
X [& R" ® definably Baire T#H 5.,

Q R:= (R, <, +,+, (A)AQUneN RN) &9 %,
R (280 TIE, definably Baire & topologically Baire [&—9 5.,
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Definably complete Baire structures

Q (R,<,+,-,...) I& definably complete Baire structute# % .

@ O-minimal structurdd definably complete Baire structuréd % .
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Definably complete Baire structures

Example 3.12

Q (R,<,+,-,...) I& definably complete Baire structute# % .
@ O-minimal structurdd definably complete Baire structuréd % .

O-minimal#&:& ® definable nowhere deng@n &8k, BREETH D,
(BRESDIZFE, o-minimalDEZEK Y openintervalb 8L L1272 5,)

\
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Definably complete Baire structures

Example 3.12
Q (R,<,+,-,...) I& definably complete Baire structute# % .

@ O-minimal structuréd definably complete Baire structureé# % .

| A\

Proof.
O-minimalt&:&® definable nowhere deng@n 481, AREATH S,
(BREAEDIHZE, o-minimalDEZR & Y openintervale S 2 &I127:5,)
O-minimal#&:E D FRE A d definable familyik, uniformly finite T#%H %,
& o T, open interval® nowhere densé & ? definable increasing family
DI TEALGLY,

O-minimal structuréd definably complete Baire structuré$ 4%, O
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Uniform finiteness property

Theorem 3.13 (Knight, Pillay and Steinhorn, 1986)

M % o-minimal &9 %,
Y ¢ M™1 % definable& L, EFEND x e M"IZ® L T,
Yy={ye M : (Xy)eY)NERET S,

ZNEE, HBAHANeNIAFHELT, FED xe MMIZHLT, [Yx <N
MY ILD,
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Definably complete Baire structures

Example 3.14

exp, i=exp& L, exp = exp(exp,) EEET %o

BEL ={<+-f} T3,

R(exp,) = (R, <, +,+,eXp,) IZTHWNT, f DER%E exp, £T5Z LT,
L-#8E &9 5,

M(f) # (R(exp,) : n € N,) @& % nonprincipal ultraproduct 9%, Z®
& E, & R(exp,) [& o-minimalzZd T, M(f) [ definably complete Baire
structurelZ7%: %,

v

M(f) A¥ o-minimal THHEIMESMITHMS5NATULVEL, £ L, o-minimal
75 51 exponentially bounded T4 LY o-minimal #EEDRIDHIE 4B,
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Definably complete Baire structures

Conjecture 3.15 (Fornasiero and Servi, 2010)
{£E o definably complete structufe definably BaireCT# %,
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Definably complete Baire structures

Conjecture 3.15 (Fornasiero and Servi, 2010)
{£E o definably complete structufe definably BaireC# 5,

Theorem 3.16 (Hieronymi)
L E2®D conjecturd&iE L LY,
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An application of Baire category theorem

Theorem 3.17 (Weierstrass)
RIZHEWLT, [0,1] LBERTERD DWA R AIRELGEMNEFET S,
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