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Abstract

In this paper, we discuss a fuzzy classifier with polyhe-
dral regions. First, we generate an initial convex hull
with the maximum dimension using the data, included
in a class, in the general positions. Next, we modify
the convex hull using one training datum at a time by
the dynamic convex hull generation method. Finally,
for each convex hull we define a membership function
using the minimum operator and tune the slopes of
the membership functions using the training data. We
demonstrate the effectiveness of our method using two
benchmark data sets.

1 Introduction

Class regions are usually approximated by hyperboxes
[1]. But since performance of fuzzy classifiers is de-
termined by how class regions are approximated, to
improve generalization ability, ellipsoids [2, 3] or poly-
hedrons [4] are used. In approximating class regions by
polyhedrons, in [4], first the multilayer neural network
is trained and the separating hyperplanes are extracted
from the trained network and class regions are approx-
imated by shifting the separating hyperplanes. In [5],
a class region is approximated by a convex hull that is
the minimum convex region that includes the training
data belonging to the class. But this is intended for
clustering.

In this paper we approximate class regions by convex
hulls, define a membership function for each convex
hull, and tune the membership functions. We generate
a convex hull, using the dynamic convex hull gener-
ation method developed for generating the Lyapunov
function [6]. To use the dynamic convex hull genera-
tion method, we need to generate an initial convex hull
whose dimension is the same with that of the convex
hull including the training data for that class. Then
starting from the initial convex hull, we expand the
convex hull adding a training datum one at a time.

In the following, in Section 2, we explain the method
for generating the initial convex hull and the dynamic
convex hull generation method. In addition, we explain
the method for defining the membership function for
the convex hull. In Section 3, we compared the classifi-
cation performance of the proposed method with that
of the fuzzy classifier with ellipsoidal regions using the
iris data [7] and thyroid data [8].

2 Polyhedral Fuzzy Rules

In this section we generate a convex hull, using the dy-
namic convex hull generation method [6] developed for
generating the Lyapunov function. To use the dynamic
convex hull generation method, we need to generate an
initial convex hull whose dimension is the same with
that of the convex hull including the training data for
that class. Then starting from the initial convex hull,
we expand the convex hull adding a training datum
one at a time. If the training datum is in the convex
hull, we do nothing. But if it is outside of the convex
hull, we modify the facets, which are the surfaces of the
convex hull, in front of the training datum.

In the following, in Section 2.1, we explain a general
procedure for generating a convex hull, and in Section
2.2 we discuss a procedure for generating an initial con-
vex hull. In Section 2.3 we explain the dynamic convex
hull generation method. In Section 2.4, we explain how
to define a membership function for a convex hull.

2.1 Generation of a Convex Hull
We generate a convex hull using N d-dimensional input
vectors p0,p1, · · · ,pN−1. To avoid confusion, we do
not affix class labels to the input vectors. Let the con-
vex hull generated by l input vectors p0,p1, · · · ,pl−1

be P (l):

P (l) = conv{p0,p1, · · · ,pl−1}, (1)

where conv {·} denotes the convex hull generated
by the set of points in {·}. Namely, we call the



linear combination of the set consisting of l points
{p0,p1, · · · ,pl−1}:

P (l) =
{
x | x = λ0p0 + · · ·+ λl−1pl−1,

λ0 + · · ·+ λl−1 = 1, λk ≥ 0, k ∈ {0, 1, · · · , l − 1}
}
(2)

a convex hull or a convex polyhedron. If the dimension
of P (l) is j, we denote the convex hull as P j(l) or simply
denote it as P j .

Let the dimension of the convex hull P (N) generated
by points p0,p1, · · · ,pN−1 be dc (≤ d).

2.2 Generation of the Initial Convex Hull
Let the first d+1 points p0,p1, · · · ,pd among N points
p0,p1, · · · ,pN−1 be linearly independent. Then the
initial convex hull can be generated by P d = conv
{p0,p1, · · · ,pd }. The (d−1)-dimensional convex hulls
that form the surface of P d are generated by deleting
one point from p0,p1, · · · ,pd:

F1 = conv{p1,p2, · · · ,pd},
F2 = conv{p0,p2, · · · ,pd},

· · ·
Fd+1 = conv{p0,p1, · · · ,pd−1}.

(3)

We call them the facets of P d and we denote the set as
Fd−1(P d). The k-dimensional convex hulls that are
intersections of P d and the tangent hyperplane are
called the k-dimensional faces and we denote the set
as Fk(P d).

If d + 1 points which are arbitrary chosen from N
points are all linearly dependent, we cannot generate
d-dimensional initial convex hull. To use the dynamic
convex hull generation method, first we need to deter-
mine the rank of the N d-dimensional points. Instead
of calculating the rank, we generate the initial convex
hull reading points one at a time as follows.

1. Generation of a one-dimensional convex
hull Let p0 be a reference point, and read
pi1(i1 
= 0). Calculate the one-dimensional dis-
tance between two points p0 and pi1 and if the
distance for the d1th (0 ≤ d1 ≤ d) input axis is
not zero, a one-dimensional convex hull is gener-
ated. Store pi1 and m1, and go to Step 3.

2. If all the one-dimensional distances between p0

and pi1 are zero, the two points are identical.
Thus read another point pix and repeat Step 1
until a one-dimensional convex hull is generated.

3. Generation of an n-dimensional convex hull

assuming that the (n− 1)-dimensional con-
vex hull is generated For the dkth (k =
1, . . . , n − 1) input axes used to generate the
(n−1)-dimensional convex hull, calculate the fol-
lowing vectors:

qk = pik − p0, (4)

where
pik = [pik

d1
, · · · , pik

dn−1
]t,p0 = [p0

d1
, · · · , p0

dn−1
]t.

Namely, pik and p0 are (n− 1)-dimensional vec-
tors whose n − 1 elements are chosen from pik

and p0, respectively.
4. Using qk, calculate the vector orthogonal to the

(n− 1)-dimensional convex hull:

a = q1 × · · · × qn−1, (5)

where × is the outer product operator and

a = [ad1 , · · · , adn−1 ]
t. (6)

5. Calculate the distance of pin(in 
= ik, k =
1, . . . , n − 1) from the (n − 1)-dimensional con-
vex hull:

d(pin) =
|ad1p

in

d1
+ · · ·+ adn−1p

in

dn−1
− b|√

a2
d1
+ · · ·+ a2

dn−1

, (7)

where b is calculated by substituting p0 into the
equation of the hyperplane including the (n− 1)-
dimensional convex hull:

b = ad1p
0
d1
+ · · ·+ adn−1p

0
dn−1

. (8)

If d(pin) 
= 0, the convex hull is expandable, and
go to Step 6. Otherwise, go to Step 7.

6. Store pin and dn to generate the n-dimensional
convex hull and go to Step 8.

7. Repeat Steps 4 and 5 for the input axes other
than mk (k = 1, . . . , n − 1). If the convex hull
is not expandable for all the dimensions, do the
Steps 4 and 5 for the remaining points.

8. If for all the points and the remaining input
axes the convex hull is not expandable, termi-
nate the algorithm and store the final dimension
as dc (dc ≤ d).

2.3 Dynamic Convex Hull Generation
Let the dimension of the convex hull P (N) generated
by N d-dimensional points p0,p1, · · · ,pN−1 be dc, and
the first dc + 1 points p0,p1, · · · ,pdc be linearly in-
dependent. Then the initial convex hull is given by
Pmc = conv(p0,p1, · · · ,pdc). To generate P (N) by
the dynamic convex hull generation starting from the



initial convex hull P dc , first we generate the convex hull
by adding Pdc+1 to P dc . Namely,

P (dc + 2) = conv
{
P dc ,pdc+1

}
. (9)

In general, for i = 2, . . . , N − dc − i we modify the
convex hull P (dc + i− 1) by

P (dc + i) = conv
{
P (dc + i− 1),pdc+i−1

}
for i = 2, · · · , N − dc − i.

(10)

Here if P dc+1 is included in P (dc + 2),

P (dc + 2) = P dc (11)

and thus we need not modify the convex hull. But if
P dc+1 is not included in P dc , we need to modify P dc .

In the following, according to [6], we explain how to
generate P (n) = conv{P (n− 1),pn} by adding pn to
the dc-dimensional convex hull P (n− 1).

1. We calculate the vector orthogonal to facet Fi ∈
Fd−1(P (n− 1)), ai, by the outer product of two
linearly independent vectors on the facet. Calcu-
lating the outer product of edge vectors bi and
ci in facet Fi, we get

ai = bi × ci. (12)

We need to set ai so that ai is in the outer direc-
tion. To determine the direction of the orthogo-
nal vector, we use the point d that is not on Fi

and modify ai as follows:

ai =
{

ai for at
i · d < 0,

−ai for at
i · d > 0. (13)

2. We paint the facet Fi red, yellow, or blue accord-
ing to whether the given point pj(j > dc) lies
against the facet. Namely, we calculate the dot
product of ai and qj

i that is a vector from an ar-
bitrary point on the facet Fi to pj , and we paint
the facet Fi with the color Ci:

Ci =



Red for at

i · qj
i > 0

Yellow for at
i · qj

i = 0
Blue for at

i · qj
i < 0

(14)

3. After coloring facets in Fi(∈ Fdc−1(P (n)), i =
1, · · · , dc + 1) in Step 2, we color the faces, in-
cluded in the facet Fdc−2(P (n)), that are inter-
sections of facets. The color is determined by
mingling the colors of the facets as listed in Ta-
ble 1.

Table 1: Face coloring according to facet colors
Facet Color

Red Yellow Blue
Facet Red Red Orange Purple

Yellow Orange Yellow Green
Color Blue Purple Green Blue

4. From Step 2, according to the location of pn

against the facets, the set of facets of the dc-
dimensional convex hull P (n − 1), Fdc−1(P (n −
1)), are divided into

Fdc−1(P (n− 1)) = FB
dc−1(P (n− 1)) ∪

FR
dc−1(P (n− 1)) ∪ FY

dc−1(P (n− 1)),
(15)

where the superscripts B,R, and Y denote that
the associated facets are painted blue, red, and
yellow, respectively. Now consider how to modify
the facets. The facets included in FB

dc−1(P (n−1))
are not seen from pn. And thus, we need not
modify the facets. Namely,

FB
dc−1(P (n)) = FB

dc−1(P (n− 1)). (16)

Next, the facets included in FR
dc−1(P (n− 1)) are

seen from pn. Thus, these facets need to be mod-
ified to be the convex hull FR

dc−1(P (n)) including
pn and the faces that connect blue and red facets:

F̂P
dc−1(P (n)) = {conv{E,pn} |

E ∈ FP
dc−2(P (n− 1))}. (17)

Finally, pn is on the extension of the facets in-
cluded in FY

dc−1(P (n−1)). Thus the modified set
of facets, FY

dc−1(P (n)), are given by

FY

dc−1(P (n)) = {conv{E,pn} |
E ∈ FG

dc−2(P (n− 1))}. (18)

Using (15) to (18), we modify the convex hull.

5. We set n ← n+ 1 and if n ≤ N go back to Step
1. Otherwise, we stop the algorithm.

2.4 Definition of Membership Functions
For the convex hull belonging to class c we define the
membership function as follows: the degree of a mem-
bership of x at the center of the convex hull is 1, and it
decreases as x move away from the center (see Fig.1).
Namely, we define the center of a convex hull by the
center of the training data that are included in the con-
vex hull:

cc =
1
|Xc|

∑
p∈Xc

p, (19)
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Figure 1: Membership function for the two-dimensional
input

where Xc is the set of training data belonging to class
c.

The membership function mci(p) is given by

mci(p) = exp (−hci(p))

= exp
(
−dci(p)

αc

)
, (20)

where hci(p) is the tuned distance, αc is a parame-
ter to tune the slope of the membership function, and
dci(p) is the weighted distance in the outer orthogonal
direction from a center cc to p:

dci(p) =

{
at

ci(p−cc)
|aci|wci

for at
ci(p− cc) ≥ 0,

0 for at
ci(p− cc) < 0.

(21)

Here aci is the outer orthogonal vector of facet Fci and
wci is the distance from Fci to cc.

We define the multi-dimensional membership function
mc(p) using the minimum operator for mci(p). Then
mc(p) is given by

mc(p) = min
i

mci(p)

= exp (−hc(p)) , (22)

where
hc(p) = max

i
hci(p). (23)

Instead of using the membership function given by (22),
we can use hc(p).

3 Tuning of Slopes

In this section we consider maximizing the recognition
rate of the training data by changing αc (c = 1, . . . , n)

where n is the number of classes. If we increase αc,
the degree of membership mc(x) (the tuned distance
hc(x)) increases (decreases), and if we decrease it, the
degree of membership (the tuned distance) decreases
(increases). Thus we can improve the recognition rate
by iterate tuning αc one at a time without allowing
new misclassification. By tuning membership functions
successively without allowing new misclassification, the
recognition rate is improved monotonically and reaches
a maximum. This is, however, a local maximum. Thus
to avoid trapping into a local maximum, we allow new
misclassification during tuning.

Now suppose we tune the tuning parameter αc. Up
to some value we can increase or decrease αc without
making the correctly classified datum x be misclassi-
fied. Thus we can calculate the upper bound Uc(x) or
lower bound Lc of αc that causes no misclassification
of x. Now let Uc(1) and Lc(1) denote the upper and
lower bounds that do not make the correctly classified
data be misclassified, respectively. Likewise, Uc(l) and
Lc(l) denote the upper and lower bounds in which l−1
correctly classified data are misclassified, respectively.
Then, for instance, if we set a value in the interval
[Uc(1), Uc(2)) to αc, one correctly classified datum be-
longing to class i is misclassified, where [a, b] and (a, b)
denote the closed and open intervals, respectively.

Similarly, if we increase or decrease αc, misclassified
data may be correctly classified. Let βc(l) denote the
upper bound of αc that is smaller than Uc(l) and that
resolves misclassification. And γc(l) denotes the lower
bound of αc that is larger than Lc(l) and that resolves
misclassification.

Then the next task is to find which interval
among(Lc(l), γc(l)) and (βc(l), Uc(l)) (l = 1, . . .) gives
the maximum recognition rate. To limit the search
space, we introduce the maximum l, i.e., lM . Let
(Lc(l), γc(l)) be the interval that gives the maxi-
mum recognition rate of the training data among
(Lc(k), γc(k)) and (βc(k), Uc(k)) for k = 1, . . . , lM .
Then even if we set any value in the interval to αc, the
recognition rate of the training data does not change
but the recognition rate of the test data may change.
To control the generalization ability, we set αc as fol-
lows:

αc = βc(l) + δ(Uc(l)− βc(l)) (24)

for (βc(l), Uc(l)), where δ satisfies 0 < δ < 1 and

αc = γc(l)− δ(γc(l)− Lc(l)) (25)

for (Lc(l), γc(l)).



4 Performance Evaluation

We compared the classification performance of the pro-
posed method with that of the fuzzy classifier with el-
lipsoidal regions [3] using the iris data [7] and thyroid
data [8].

Table 2 shows the number of inputs, classes, training
data, and test data of the benchmark data sets.

Table 2: Feature of benchmark data

Data Inputs Classes Train. Test
Iris 4 3 75 75

Thyroid 21 3 3772 3428

The thyroid data included 16 discrete input variables
among 21 input variables. And when we generated
convex hulls using the thyroid data, a large number
of facets were generated. Then to reduce the number
of facets, we selected 5 relevant features, namely, 3rd,
17th, 18th, 19th, 21st features, from the 21 original
features using the feature selection method discussed
in [9].

Table 3 shows the results for the proposed method and
the fuzzy classifier with ellipsoidal regions.

Table 3: Comparison of recognition rates (in %) for the
benchmark data

Data Initial Final Ellipsoid
Iris 97.33 (100) 97.33 (100) 98.67 (98.67)

Thyroid 98.10 (98.09) 98.22 (99.53) 97.29 (99.02)

In the table, “Initial” and “Final” columns show the
recognition rates of the test (training) data when the
membership functions were not tuned and tuned, re-
spectively. “Ellipsoid” column shows the best recogni-
tion rates by the fuzzy classifier with ellipsoidal regions.

For the iris data, the recognition rate of the test data
reached 100%, and tuning membership functions did
not improve the recognition rate. But for the thyroid
data, by tuning, the recognition rate of the training
data improved by 1.44% and so did that of the test
data by 0.12%.

Although the recognition rates of the iris data are al-
most the same for both methods, those of the thyroid
data by the proposed method are better than those of
the fuzzy classifier with ellipsoidal regions. Figures 2

and 3 shows the change of the recognition rates of the
iris and thyroid data, respectively, as facets are gener-
ated. The horizontal axis denotes the number of facets
and the vertical axis denotes the recognition rate. From
the figures, it is seen that the recognition rates fluctu-
ate as the facets are generated. This may be caused
by generating facets by selecting the data that are far
away from the convex hull.
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Figure 2: The recognition rates of the iris data
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Figure 3: The recognition rates of the thyroid data

5 Conclusions

In this paper, we discussed the training method of
a fuzzy classifier with polyhedral regions. Namely,
first, we generate an initial convex hull with the maxi-
mum dimension using the data in the general positions.
Next, we modify the convex hull using one training da-
tum at a time by the dynamic convex hull generation



method. Finally, for each convex hull we define a mem-
bership function using the minimum operator and tune
the slopes of the membership functions using the train-
ing data. Using two benchmark data sets, we show that
our method is comparable to or better than that of the
fuzzy classifier with ellipsoidal regions.
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